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Abstract. It is shown that the set of finite regular Borel measures with natural spectra for a compact abelian
group & is closed under addition if and only if & is discrete. If G is a non-discrete locally compact abelian group,
then there exists a finite regular Borel measure with natural spectrum such that the corresponding multiplication
operator on L1(G) is not decomposable.

Let G be a locally compact abelian group and G the dual group of G. We denote by
M (G) the measure algebra of all bounded regular Borel measures on G. The subalgebra
My(G) consists of measures 1 € M(G) whose Fourier-Stieltjes transforms /i vanishes at
infinity on G. We say that u© € M (G) has a natural spectrum if the spectrum sp(u) coincides

with the closure i(G) of range of fi. The set of u € M(G) with a natural spectrum is
denoted by NS(G). Williamson [12] proved that N S(G) is a proper subset of M(G) if G
is non-discrete. Rudin [9] and Valopoulos [11] proved that NS(G) N Mp(G) is a proper
subset of Mp(G) for G = R and an arbitrary non-discrete G, respectively. Let Moo(G) be
the radical of L1(G), that is, Mo(G) consists of those i € M(G) whose Gelfand transfrom
vanishes on @y Gy \ G, where @y (G) denotes the maximal ideal space of M(G). Thus
we see that Mpo(G) C NS(G) N My(G). Let M;(G) be the subalgebra of M(G) which
consists of disdrete measures in M(G). Let DM (G) be the set of all u € M(G) such that
the corresponding multiplier 7, defined on L'(G) by T, f = f * u is decomposable. Given
a Banach space X, a bounded linear operator T on X is called decomposable if for every
open covering {U, V} of the complex plane C, there exist T -invariant closed linear subspaces
Xy and Xy of X such that o (T|Xy) Cc U,o(T | Xy) C V and Xy + Xv = X, where
o () denotes the spectrum of an operator. Albrecht [1, Theorem 3.1] proved that DM (G) is
a closed subalgebra of M (G) which contains Mpo(G) and M;(G) (cf. [7, Theorem 2.5]).
Zafran [13, Example 3.2] showed that on an /-group G there exist measures i, v € NS(G)
such that u +v € M(G) \ NS(G). We call G an I-group if every neighborhood of O contains
an element of infinite order. Thus we see that N S(G) is not closed under addition if G is an
I-group. As is pointed out by Albrecht [1], at least one of T, and T, is not decomposable.
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On the other hand, Laursen and Neumann [7, Theorem 4.5] proved, as a generalization of the
results in [1] and [13] that

NS(®) N Mp(®&) = Mpo(®&) = DM (B) N Mp(B)

if & is a compact abelian group. Thus N.S(®) N My (®) is closed under addition. In particular,
decomposability of corresponding multiplier on L!(®) characterizes measures in Mo (&) with
natural spectra. In [4] we proved that if G is a non-compact locally compact abelian group,
then

NS(G) + LY(G) = M(G)
and
NS(G) N My(G) + L1(G) = My(G),

so that N S(G) and N S(G)NMy(G) are not closed under addition if G is non-discrete and non-
compact. It follows that there exists a measure u € N S(G) N Mp(G) of which corresponding
multiplier 7, is not decomposable, which is not the case for compact abelian groups.

The natural question occurs: for a non-discrete compact abelian group &, is the set N S(&)
closed under addition? ‘

First of all we claim that NS(&) + L1(®) is a proper subset of M (&) for non-discrete
compact abelian groups &. Suppose that N S(®) + L! (&) = M(®). Let u be an independent
power Hermitian probability measure in M(®). Such a measure exists by [10, Theorems
- 5.2.6,5.3.2]. Then by a theorem of Bailey, Broun and Moran [2, Theorem 1] we have sp(u) =
{z € C: |z] < 1} (cf [14, Lemma 1.4]). Then there exist v € NS(®) and f e L(®) such

that v = p + f. Since & is discrete, a closed set f (@5) is at most countable, where each

point except O is isolated, and f(B) C R, we see that the imarginary part J0(®) is at most
countable. Let @ /(@) be a maximal ideal space of M(®) and & denote the Gelfand transform
of o € M(®). Since sp(u) = (P p(e)) and & cC D p(®), We have

{zeC:lzl <1,Tz# 0} C APy \ 8).

We also have f (DPme) \ &) = {0}. Therefore every real number x with 0 < |x| < 1 is

contained in IV(Pp () \ 65), which is a contradiction sinse v € N S(G) and 31”)(@5) is at most
countable. Thus we see that NS(&) + L1 (&) is a proper subset of M (&).
Next we show that the equaliy

NS(®B)+ NS(®) + My(6) = M(®)

for every compact abelian group @&. It follows by this equation and‘ a theorem of Williamson
that N S(®) is not closed under addition for every non-discrete compact abelian group &.

THEOREM 1. Let & be a compact abelian group. Then we have M(®) = NS(®) +
NS(®) + My(8).

PROOF. Suppose that & is discrete. Then M (&) = LY(®), so M(®) = NS(®) and the
conclusion holds. We shall give a proof for non-discrete &.
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We denote by &, the group & with the discrete topology. Then the dual group @ is the
Bohr compactification of &. Let

B:6—> By
be defined by
By)X) =y(x), ved, xe&,.

Then B is a continuous isomorphism and 8 (é) is dense in (7571 [10, Section 1.8]. The Fourier
transform of g € L1(®,) is denoted by §. For g € L!(®,) and a Borel set E, put

wg(E) = / XE(®)g(x)dx

where dx denotes the normalized Harr measure on &,. Then we have ug(E) = 3 xeE 9(%),
and ug € M (®). Hence we have that

g(y) =Y y(—x)g(x)
xe®

for every y € &. We also have that

360 = [ B xg@dx = 3009,

henceforce

() = 5B
forevery y € &. Let Upand U; be a pair of non-empty open sets with disjoint closures of @d
Since L!(®,) is a regular Banach algebra and since & is compact, there exists f € L!(&,)
such that

~ 09 pEFO
flp) = {1, o Ty,

Since & is non-discrete, &, is infinite, hence @ is non-discrete. By [5, Theorem 41.5,
Theorem 41.13] there exists a Helson set Ko C Up (resp. K1 C Ujy) which is homeomorphic
with Cantor’s ternary set H. Let 7o (resp. 1) be a homeomorphism from Ko (resp. K1)
onto H. Let c be the restriction to H of Cantor’s function defined on the unit interval I.
Then c¢(H) = I. Let p be a continuous function defined on I onto the closed unit disk
A ={z¢€C:|z] <1}. Then pocom (resp. poc o) is a continuous function on
Ko (resp. K1). Since Ko (resp. K1) is a Helson set and since LY(&y) is regular, there exists
go € L'(&,) (resp. g1 € Ll((’ﬁdp\such that §o(Ko) = A (resp. §1(K1) = A)and go =0
(resp. g; = 0) on &, \ Up (resp. &4 \ Uy).

Let u € M(®). Put o = p * uy and u; = p — po. We denote the spectral radius of o
(resp. p1) by ro (resp. ri). Put vo = po+rofgy, Vi = p1+r1ihg, and va = —roilg, —riihg,-
Then we have a decomposition of i : u = vo + v1 + v2 and v, € My (®). We show that
vo € NS(®). In the same way we see that v € NS(B).
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Since B(8~! (Tp)) is dense in Up and §j is continuous on &, we see that
{z € C: |z| < ro} = rogo(Ko)
c ro§o(@o) C rogo(BB~"(Uo))) C rofigs(®) -
We have (15 * tgy) (y) = Oforevery y € &, since

(f* 1gy) () = FBUNFo(BG))

and f(Up) = 0 and 90(Ug) = 0. Henceforce uo * pg, = 0 since po = u * py. We also see
that ip = 0 on 8~ 1(Up). Thus we have

roGo(B(B™"(T0))) = rofigy (B~ Uo)) = 16(B~ W) C 16(B),

so that

0 € ip(®).
Since uo * ng, = 0 we see that
7(8) C 10(B) U (rofigy (B)) -
Since rg is the spectral radius of 1o, we have
To(B) C {z € C: |z| <ro).
Henceforce
U0(B) C rofig, (&) .

Suppose that y € &. If go(¥) = 0, then rofig,(y) = 0 € 5o(®). If ILgo(¥) # O, then
fo(y) = O since po * pg, = 0. Thus rofig,(y) = Vo(y), therefore we see that

rollge(®) C 7(®).
It follows that

(&) = rofig;(®).
Let @y (@) be the maximal ideal space of M(®). We denote the Gelfand transform of v €

M (&) by v. We may suppose that & is a subset of Ppw) and V = D on &. Since \3?)(@5) C
Vo(Pp(e)), we have 0 € vo(Ppy(es)). Since po * g, = 0, we have that o(p) = 0 or
rotg,(p) = O for every p € @y (@), 5O
Vo(Pum (@) C Ho(Pum(@)) Y (rorgy (Pu(e))) -
Since
Ho(Prp(ey) C {z € C: |z| < ro} C rofigg(B) C rotlgy(Pu(e))
. we see that
Vo(Pu(@)) C rotgy(Pm(s)) -

Suppose that p € D). If ropwg, (p) = 0, then ropg,(p) = 0 € Vo(Pum(w))- If rowy, (p) #
0, then o(p) = 0. Thus

roige (p) = vo(p) € Vo(Pum(®)) -
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Therefore we have that
Vo(Pm(&)) = rotge(Pu(s)) -
Since pg, € My(®) and My(S) C NS(®) we see that

roflgg(B) = rotge(Pm(s)) -
It follows that

70(B) = vo(Pp(s)) »
that is, vg € NS(&). O

Note that a slight stronger version of Theorem 1 holds. Let &g be a locally compact
abelian group induced by & with a stronger topology than the original one. Then we may
suppose that LY(®s) C M(®) and the dual group 6} is contained in the Bohr compactifi-
cation of & (cf. [6, p. 84]). Then, in a way similar to the above, we have that M(®) =
NS(®) + NS(®) + L1(65). Theorem 1 corresponds to the case where &g is the discrete
group.

COROLLARY 2. Let G be a non-discrete locally compact abelian group. Then N S(G)
is not closed under addition. ‘

PROOF. If G is not compact, then by [4, Theorem 1] we see that
NS(G) + NS(G) = M(G)
since L1(G) ¢ NS(G). If G is compact, then by Theorem 1 we see that
NS(G)+ NS(G) + NS(G) = M(G)

since My(G) C NS(G). It follows by a theorem of Williamson that NS(G) is not closed
under addition. O

COROLLARY 3. Let G be a non-discrete locally compact abelian group. Then there
exists a measure i € N S(G) such that the corresponding multiplier on LY(G) is not de-
composable. Furthermore, if G is not compact, then we can choose such a measure i in

Mo(G).

PROOF. DM(G) is a subset of NS(G) and is closed under addtion by a theorem of
Albrecht [1, Thorem 3.1]. It follows by Corollary 2 that DM (G) is a proper subset of N S(G).
Unless G is compact, then a set NS(G) N Mp(G) is not closed under addition [4, Corollary
3], henceforce DM (G) N My is a proper subset of NS(G) N Mp(G). O

ADDED IN PROOF. After submitting the paper [LN] was published.
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