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Introduction

In this paper, we give a new proof of several relations among axial distances and products
of hook-lengths using a generalized version of Lagrange’s interpolation polynomial (Theo-
rem 0.1). Applying this method to another case, a new relation is obtained (Theorem 0.2).

To state the main theorems, we introduce some terminology and notation following the
books [4, 5]. Let λ = (λ1, λ2, . . . , λl) be a partition of n. The Young diagram or shape
of λ is an array of n boxes having l left-justified rows with row i containing λi boxes for
1 ≤ i ≤ l. The box in row i and column j has coordinates (i, j), as in a matrix. The
conjugate of a partition λ is the partition λ∗ whose diagram is the transpose of the diagram λ.
More precisely, for λ, λ∗ = (λ∗

1, λ
∗
2, . . . , λ∗

l′) is defined by

λ∗
j = |{k; λk ≥ j }| (j = 1, 2, . . . , l′ = λ1) .

The hook-length of λ at (i, j) ∈ λ is denoted by hλ(i, j) and defined by

hλ(i, j) = λi + λ∗
j − i − j + 1 .

For a partition λ, let h(λ) denote the product of all the hook-lengths in λ, namely

h(λ) =
∏

(i,j)∈λ

hλ(i, j) .

For an indeterminate q , we define the q-integer [i] by

[0] = 0 and [i] = qi − q−i

q − q−1 = qi−1 + qi−3 + · · · + q−i+1 (i ≥ 1) .
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Replacing each factor of h(λ) with the corresponding q-integer, we define h[λ] as follows:

h[λ] =
∏

(i,j)∈λ

[hλ(i, j)] .

For each x = (i, j) ∈ λ, the content of x is defined by c(x) = j − i. For an ordered pair
(x, y) of coordinates in a Young diagram, the axial distance d(x, y) is defined by

d(x, y) = c(y) − c(x) .

Let λ,µ be partitions of n and n−1 respectively. If µ is obtained from λ by removing one box,
then we write µ � λ. If there exists a 3-tuple of partitions (ν, µ, λ) such that ν � µ � λ, then
the axial distance d(ν, µ, λ) is defined to be d(ν, µ, λ) = d(µ\ν, λ\µ) = c(λ\µ)−c(µ\ν).
For example, if λ \ µ = {(r1, c1)} and µ \ ν = {(r0, c0)}, then

d(ν, µ, λ) = c1 − r1 − (c0 − r0) =
{

hµ(r1, c0) if r0 ≥ r1 ,

−hµ(r0, c1) if r0 < r1 .

Throughout this paper, we use “Young diagram λ” instead of “the Young diagram of a
partition λ”. Under these preparations, we state the following theorems.

THEOREM 0.1. Suppose that two Young diagrams µ and λ satisfy µ � λ. Let
{λ+

(r)}r=1,2,... ,b(λ) be the set of all the Young diagrams which satisfy λ+
(r) � λ and

{µ−
(s)}s=1,2,... ,b′(µ) the set of all the Young diagrams which satisfy µ−

(s) � µ. Then the fol-

lowing relations hold:

(1)
b(λ)∑
r=1

h[λ]
h[λ+

(r)]
·q±c(λ+

(r)
\λ) = 1 ,

(2)
b(λ)∑
r=1

h[λ]
h[λ+

(r)]
· 1

[d(µ, λ, λ+
(r))]

= 0 ,

(3)
b(λ)∑
r=1

h[λ]
h[λ+

(r)]
· q

±d(µ,λ,λ+
(r)

)

[d(µ, λ, λ+
(r))]2

= h[µ]
h[λ] ,

(4)
b′(µ)∑
s=1

h[µ]
h[µ−

(s)]
·q±c(µ\µ−

(s)
) =

∑
x∈µ

q±2c(x) ,

(5)
b′(µ)∑
s=1

h[µ]
h[µ−

(s)]
· 1

[d(µ−
(s), µ, λ)] = [c(λ \ µ)] ,

(6)
b′(µ)∑
s=1

h[µ]
h[µ−

(s)]
· q

±d(µ−
(s)

,µ,λ)

[d(µ−
(s), µ, λ)]2

= h[λ]
h[µ] − q∓c(λ\µ) .
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Further, let µ′ be a Young diagram which differs from µ and satisfies µ′ � λ, and λ′ a Young
diagram which differs from λ and satisfies λ′ � µ. Then the following relations hold:

(7)
b(λ)∑
r=1

h[λ]
h[λ+

(r)]
· q

±c(λ+
(r)

\λ)

[d(µ, λ, λ+
(r))][d(µ′, λ, λ+

(r))]
= 0 ,

(8)
b′(µ)∑
s=1

h[µ]
h[µ−

(s)]
· q

±c(µ\µ−
(s)

)

[d(µ−
(s), µ, λ)][d(µ−

(s), µ, λ′)] = −q±(c(λ\µ)+c(λ′\µ)).

THEOREM 0.2. Let λ,µ, {λ+
(r)}r=1,2,... ,b(λ) and {µ−

(s)}s=1,2,... ,b′(µ) be as in the previ-

ous theorem. Then the following relation holds:

h[µ]3
b′(µ)∑
s=1

1

h[µ−
(s)]

· 1

[d(µ−
(s), µ, λ)]3

= h[λ]3
b(λ)∑
r=1

1

h[λ+
(r)]

· 1

[d(µ, λ, λ+
(r))]3

.

Theorem 0.1(1) describes the branching rule from the irreducible representations of the
symmetric groups Sn−1 to those of Sn, if we specialize the parameter q to 1. As for this
special case, we already have a proof by induction on the depth of λ which utilize the equation
in [4],I,§1,Ex.1. As we mention later, as for the q-analogue version of this relation, we also
have another proof as well as the other relations in Theorem 0.1. In this paper, however,
we would like to propose the following new approach which utilize a generalized version of
Lagrange’s interpolation polynomial.

By direct calculations or using the equation in [4],I,§1,Ex.1 we find that the ratio h[µ]
to h[λ] (resp. h[λ] to h[µ]) has the following presentation by axial distances {ds =
d(µ−

(s), µ, λ)}(= D) and {er = d(µ, λ, λ+
(r))}(= E):

h[µ]
h[λ] = (−1)|D|·

∏
ds∈D[ds]∏
er∈Ê

[er ] ,(1.2)

h[λ]
h[µ] = (−1)|E|−1·

∏
er∈E[er ]∏
ds∈D̂

[ds] ,(1.5)

where Ŝ = S \ {1,−1}. The important trick for the new proof is the fact that using the
same axial distances in D and E, we obtain the following presentations of h[λ]/h[λ+

(r)] and

h[µ]/h[µ−
(s)]:

h[λ]
h[λ+

(r)]
=

∏
ds∈D̂0

[er + ds]∏
ei∈E\{er }[er − ei ] ,(1.6)

h[µ]
h[µ−

(s)]
= −

∏
er∈Ê0

[ds + er ]∏
di∈D\{ds}[ds − di] ,(1.8)
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where Ŝ0 = S ∪ {0} \ {1,−1}. Summing up both sides of the equations (1.6),(1.8), we find
these presentations are versions of Lagrange’s interpolation polynomial (The former is just
the classical one). Showing a generalized version of Lagrange’s interpolation polynomial, we
prove Theorem 0.1(1)–(6). Theorem 0.1(7) and (8) will follow them. Moreover, we obtain a
new relation in Theorem 0.2.

In the paper [6], Wenzl proved a more general version of Theorem 0.1(1) to show the
existence of a Markov trace for a series of the Iwahori-Hecke algebras {Hn(q)}n of type

A, modifying λ and λ+
(r) ingeniously so that the equation in [4],I,§3,Ex.3 can be applied.

His proof is, in other words, based on the Schur-Weyl reciprocity. By mimicking Wenzl’s
method, we can also prove the other relations in Theorem 0.1. In fact, the author used some of
the relations in Theorem 0.1 to construct irreducible representations of the generalized Hecke
algebra and those of the Hecke category [1, 3]. The relation in Theorem 0.2, on the other hand,
does not seem to be obtained from the Schur-Weyl reciprocity, even in the case q = 1. Our
new method is, however, valid for the proof of Theorem 0.2 as well as Theorem 0.1(1)–(6).

When the author was writing a paper concerning the announcement [2], he found a spe-
cial version (q = 1 version) of the relation in Theorem 0.2. In his study, in the case q = 1,
the main theorems above were used to show the well-definedness of the irreducible repre-
sentations of a new algebra called the party algebra. The party algebra is obtained from the

group algebra of the symmetric group Sk by adding an element which satisfies f 2 = βf and
some other relations. If we specialize the parameter β to a positive integer k, then we find
that the party algebra is isomorphic to the centralizer algebra of the unitary reflection group of
type G(r, 1, k) in the endomorphism ring End(V ⊗n) of tensor space under the condition that
dim V = k ≥ n, r > n and G(r, 1, k) acts diagonally on V ⊗n. The existence of a q-analogue
version of these relations indicates the existence of a q-analogue version of the party algebra.

This paper is organized as follows. In Section 1, we deduce the equation (1.6),(1.8).
Some other relations which will be used to prove the main theorems are also proved. In
Section 2, we prove the generalized version of Lagrange’s interpolation polynomial using the
Vandermonde determinant or the Schur function. Note that we do not do any calculation
concerning the Schur-Weyl reciprocity. Finally, in Section 3 and 4, we prove Theorem 0.1
and 0.2 respectively.

The author would like to thank Professor Masao Ishikawa who suggested his considering
a q-analogue version of the theorems. He also thanks Hideo Mitsuhashi who read carefully
the preliminary version of this paper and gave him useful advice.

1. Preliminaries

First we describe h[µ]/h[λ] and h[λ]/h[µ] in terms of axial distances ds = d(µ−
(s), µ, λ),

(s = 1, 2, . . . , b′(µ)) and er = d(µ, λ, λ+
(r)), (r = 1, 2, . . . , b(λ)).

Let {λ+
(r)}r=1,2,... ,b(λ) and {µ−

(s)}s=1,2,... ,b′(µ) be the sets of all the Young diagrams which

satisfy λ+
(r)

� λ and µ−
(s)

� µ respectively. We assume that they also satisfy c(λ+
(1)

\ λ) <
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FIGURE 1. λ \ µ as an outer corner of µ.

· · · < c(λ+
(b(λ)) \ λ) and c(µ \ µ−

(1)) < · · · < c(µ \ µ−
(b′(µ))

). In other words, the outer corners

of λ are indexed by λ+
(1) \ λ, . . . , λ+

(b(λ)) \ λ from left to right and so are the inner corners of

µ by µ \ µ−
(1), . . . , µ \ µ−

(b′(µ))
from left to right.

Similarly, let {µ+
(r)}r=1,2,... ,b(µ) and {λ−

(s)}s=1,2,... ,b′(λ) be the sets of all the Young dia-

grams which satisfy µ+
(r) � µ and λ−

(s) � λ respectively and assume that they also satisfy

c(λ \ λ−
(1)

) < · · · < c(λ \ λ−
(b′(λ))

) and c(µ+
(1)

\ µ) < · · · < c(µ+
(b(µ))

\ µ). We note that there

exist indices t and u such that µ+
(t)

= λ and λ−
(u)

= µ.

Using these notation we calculate h[µ]/h[λ]. First we regard λ\µ as an outer corner of µ

and put λ\µ = µ+
(t)\µ = {(rt , ct )}. Let x1, . . . , xb′(µ) be the lengths of horizontal edges of µ

and y1, . . . , yb′(µ) the lengths of vertical edges of µ as illustrated in Figure 1 . More precisely,

xk and yk are defined by xk = c(µ \µ−
(k)) − c(µ+

(k) \µ) and yk = c(µ+
(k+1) \ µ) − c(µ \ µ−

(k))

respectively. Then we have the following:

h[µ]
h[λ] =

∏
(i,j)∈µ[hµ(i, j)]∏
(i,j)∈λ[hλ(i, j)]

=
( ct−1∏

j=1

[hµ(rt , j)]
[hµ(rt , j) + 1]

)
×

( rt−1∏
i=1

[hµ(i, ct )]
[hµ(i, ct ) + 1]

)

=
( x1∏

p=1

[x1 + · · · + xt−1 + y1 + · · · + yt−1 − p]
[x1 + · · · + xt−1 + y1 + · · · + yt−1 − p + 1]

·
x2∏

p=1

[x2 + · · · + xt−1 + y2 + · · · + yt−1 − p]
[x2 + · · · + xt−1 + y2 + · · · + yt−1 − p + 1]
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...

·
xt−1∏
p=1

[xt−1 + yt−1 − p]
[xt−1 + yt−1 − p + 1]

)

×
( yb′(µ)∏

p=1

[xt + · · · + xb′(µ) + yt + · · · + yb′(µ) − p]
[xt + · · · + xb′(µ) + yt + · · · + yb′(µ) − p + 1]

·
yb′(µ)−1∏

p=1

[xt + · · · + xb′(µ)−1 + yt + · · · + yb′(µ)−1 − p]
[xt + · · · + xb′(µ)−1 + yt + · · · + yb′(µ)−1 − p + 1]

...

·
yt∏

p=1

[xt + yt − p]
[xt + yt − p + 1]

)

=
( [x2 + · · · + xt−1 + y1 + · · · + yt−1]

[x1 + · · · + xt−1 + y1 + · · · + yt−1]
· [x3 + · · · + xt−1 + y2 + · · · + yt−1]
[x2 + · · · + xt−1 + y2 + · · · + yt−1] · · · · · [yt−1]

[xt−1 + yt−1]
)

×
( [xt + · · · + xb′(µ) + yt + · · · + yb′(µ)−1]

[xt + · · · + xb′(µ) + yt + · · · + yb′(µ)]

· [xt + · · · + xb′(µ)−1 + yt + · · · + yb′(µ)−2]
[xt + · · · + xb′(µ)−1 + yt + · · · + yb′(µ)−1] · · · · · [xt ]

[xt + yt ]
)

.

Here we find that if 1 ≤ s < t then

xs+1 + · · · + xt−1 + ys + · · · + yt−1 = c(λ \ µ) − c(µ \ µ−
(s))

and if t ≤ s ≤ b′(µ) then

xt + · · · + xs + yt + · · · + ys−1 = c(µ \ µ−
(s)) − c(λ \ µ) .

Similarly, we find that if 1 ≤ r < t

xr + · · · + xt−1 + yr + · · · + yt−1 = c(λ \ µ) − c(µ+
(r) \ µ)

and if t ≤ r ≤ b′(µ) then

xt + · · · + xr + yt + · · · + yr = c(µ+
(r+1) \ µ) − c(λ \ µ) .

Hence we have

h[µ]
h[λ] =

( [c(λ \ µ) − c(µ \ µ−
(1)

)]
[c(λ \ µ) − c(µ+

(1) \ µ)]
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· [c(λ \ µ) − c(µ \ µ−
(2))]

[c(λ \ µ) − c(µ+
(2) \ µ)] · · · · · [c(λ \ µ) − c(µ \ µ−

(t−1))]
[c(λ \ µ) − c(µ+

(t−1) \ µ)]
)

×
( [c(µ \ µ−

(b′(µ))
) − c(λ \ µ)]

[c(µ+
(b(µ))

) − c(λ \ µ)]

· [c(µ \ µ−
(b′(µ)−1)

) − c(λ \ µ)]
[c(µ+

(b(µ)−1)
) − c(λ \ µ)] · · · · · [c(µ \ µ−

(t)) − c(λ \ µ)]
[c(µ+

(t+1)
) − c(λ \ µ)]

)

= (−1)b
′(µ)

∏b′(µ)
s=1 [c(λ \ µ) − c(µ \ µ−

(s))]∏
1≤r≤t−1,t+1≤r≤b(µ)[c(µ+

(r) \ µ) − c(λ \ µ)] .

Since

{c(µ+
(r) \ µ) − c(λ \ µ)|1 ≤ r ≤ t − 1, t + 1 ≤ r ≤ b(µ)}

= {c(λ+
(r) \ λ) − c(λ \ µ)|1 ≤ r ≤ b(λ)} \ {1,−1}(1.1)

={d(µ, λ, λ+
(r))|r = 1, . . . , b(λ)} \ {1,−1} ,

if we put

E = {d(µ, λ, λ+
(r)) | r = 1, . . . , b(λ)} , Ê = E \ {1,−1}

and

D = {d(µ−
(s), µ, λ) | s = 1, . . . , b′(µ)} ,

then we find

h[µ]
h[λ] = (−1)|D|·

∏
d∈D[d]∏
e∈Ê

[e] .(1.2)

Thus we also have

h[µ]2

h[λ]2 =
∏

d∈D[d]2∏
e∈E[e]2 .(1.3)

REMARK 1.1. Comparing the cardinality of the sets in the equation (1.1), we have

|Ê| = b(µ) − 1 = b′(µ) = |D| .
Similarly, we can calculate h[λ]/h[µ]. This time we regard λ \µ as an inner corner of λ

and put λ\µ = λ\λ−
(u) = {(r ′

u, c
′
u)}. Let z1, . . . , zb′(λ) be the lengths of horizontal edges of λ

and w1, . . . , wb′(λ) the lengths of vertical edges of λ as illustrated in Figure 2. More precisely,

we define zk and wk by zk = c(λ \ λ−
(k)) − c(λ+

(k) \ λ) and wk = c(λ+
(k+1) \ λ) − c(λ \ λ−

(k))
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FIGURE 2. λ \ µ as an inner corner of λ.

respectively. Then we have the following:

h[λ]
h[µ] =

∏
(i,j)∈λ[hλ(i, j)]∏
(i,j)∈µ[hµ(i, j)]

=
( c′

u−1∏
j=1

[hλ(r
′
u, j)]

[hλ(r ′
u, j) − 1]

)
×

( r ′
u−1∏
i=1

[hλ(i, c
′
u)]

[hλ(i, c′
u) − 1]

)

=
( z1∏

p=1

[z1 + · · · + zu + w1 + · · · + wu−1 − p + 1]
[z1 + · · · + zu + w1 + · · · + wu−1 − p]

·
z2∏

p=1

[z2 + · · · + zu + w2 + · · · + wu−1 − p + 1]
[z2 + · · · + zu + w2 + · · · + wu−1 − p]

· · · · ·
zu−1∏
p=1

[zu−1 + zu + wu−1 − p + 1]
[zu−1 + zu + wu−1 − p] ·

zu−1∏
p=1

[zu − p + 1]
[zu − p]

)

×
( wb′(λ)∏

p=1

[zu+1 + · · · + zb′(λ) + wu + · · · + wb′(λ) − p + 1]
[zu+1 + · · · + zb′(λ) + wu + · · · + wb′(λ) − p]

·
wb′(λ)−1∏

p=1

[zu+1 + · · · + zb′(λ)−1 + wu + · · · + wb′(λ)−1 − p + 1]
[zu+1 + · · · + zb′(λ)−1 + wu + · · · + wb′(λ)−1 − p]

· · · · ·
wu+1∏
p=1

[zu+1 + wu + wu+1 − p + 1]
[zu+1 + wu + wu+1 − p] ·

wu−1∏
p=1

[wu − p + 1]
[wu − p]

)
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=
( [z1 + · · · + zu + w1 + · · · + wu−1]

[z2 + · · · + zu + w1 + · · · + wu−1]
· [z2 + · · · + zu + w2 + · · · + wu−1]
[z3 + · · · + zu + w2 + · · · + wu−1]

· · · · · [zu−1 + zu + wu−1]
[zu + wu−1] · [zu]

[1]
)

×
( [zu+1 + · · · + zb′(λ) + wu + · · · + wb′(λ)]

[zu+1 + · · · + zb′(λ) + wu + · · · + wb′(λ)−1]
· [zu+1 + · · · + zb′(λ)−1 + wu + · · · + wb′(λ)−1]
[zu+1 + · · · + zb′(λ)−1 + wu + · · · + wb′(λ)−2]

· · · · · [zu+1 + wu + wu+1]
[zu+1 + wu] · [wu]

[1]
)

=
( [c(λ \ µ) − c(λ+

(1)
\ λ)]

[c(λ \ µ) − c(λ \ λ−
(1))]

· [c(λ \ µ) − c(λ+
(2)

\ λ)]
[c(λ \ µ) − c(λ \ λ−

(2))]

· · · · · [c(λ \ µ) − c(λ+
(u−1) \ λ)]

[c(λ \ µ) − c(λ \ λ−
(u−1))]

·[c(λ \ µ) − c(λ+
(u) \ λ)]

)

×
( [c(λ+

(b(λ)) \ λ) − c(λ \ µ)]
[c(λ \ λ−

(b′(λ))
) − c(λ \ µ)] ·

[c(λ+
(b(λ)−1) \ λ) − c(λ \ µ)]

[c(λ \ λ−
(b′(λ)−1)

) − c(λ \ µ)]

· · · · · [c(λ+
(u+2) \ λ) − c(λ \ µ)]

[c(λ \ λ−
(u+1)) − c(λ \ µ)] ·[c(λ

+
(u+1) \ λ) − c(λ \ µ)]

)

= (−1)b
′(λ)

∏b(λ)
r=1 [c(λ+

(r) \ λ) − c(λ \ µ)]∏
1≤s≤u−1,u+1≤s≤b′(λ)[c(λ \ µ) − c(λ \ λ−

(s))]
.

Since

{c(λ \ µ) − c(λ \ λ−
(s))|1 ≤ s ≤ u − 1, u + 1 ≤ s ≤ b′(λ)}

= {c(λ \ µ) − c(µ \ µ−
(s))|s = 1, . . . , b′(µ)} \ {1,−1}(1.4)

= {d(µ−
(s), µ, λ)|s = 1, . . . , b′(µ)} \ {1,−1} (= D \ {1,−1}) ,

if we put D̂ = D \ {1,−1}, then we obtain

h[λ]
h[µ] = (−1)|E|−1·

∏
e∈E[e]∏
d∈D̂

[d] .(1.5)

Further, we find that

h[λ]2

h[µ]2
=

∏
e∈E[e]2∏
d∈D[d]2

.(1.3′)
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This is consistent with the equation (1.3).

REMARK 1.2. Comparing the cardinality of the sets in the equation (1.4), we have

|D̂| = b′(λ) − 1 = b(λ) − 2 = |E| − 2 .

Now we prove a formula among the axial distances in the sets D and E.

LEMMA 1.3. Let D, D̂, E and Ê be sets of axial distances previously defined:
D ={ds = d(µ−

(s), µ, λ) | s = 1, . . . , b′(µ)} , D̂ = D \ {1,−1} ,

E ={er = d(µ, λ, λ+
(r)) | r = 1, . . . , b(λ)} , Ê = E \ {1,−1} .

Then the following identity holds:∑
ds∈D̂

ds +
∑
er∈E

er =
∑
ds∈D

ds +
∑
er∈Ê

er = −c(λ \ µ) .

PROOF. Put D̂0 = D̂ ∪ {0}. By the equation (1.4), we have

D̂0 = {c(λ \ µ) − c(λ \ λ−
(s)) | s = 1, . . . , b′(λ)} (recall that λ−

(u) = µ)

and

E = {c(λ+
(r) \ λ) − c(λ \ µ) | r = 1, . . . , b(λ)} .

Hence we obtain∑
ds∈D̂

ds +
∑
er∈E

er =
∑

ds∈D̂0

ds +
∑
er∈E

er

= c(λ \ µ) · b′(λ) −
b′(λ)∑
s=1

c(λ \ λ−
(s)) +

b(λ)∑
r=1

c(λ+
(r) \ λ) − c(λ \ µ) · b(λ)

=−c(λ \ µ) +
b(λ)∑
r=1

c(λ+
(r) \ λ) −

b′(λ)∑
s=1

c(λ \ λ−
(s)) .

Let λ+
(r) \ λ = {(rr , cr )}, (r = 1, . . . , b(λ)) and let λ \ λ−

(s) = {(r ′
s, c

′
s )}, (s = 1, . . . , b′(λ)).

Then we find that (r ′
s, c

′
s ) = (rs − 1, cs+1 − 1) for s = 1, . . . , b′(µ). Hence we find

b(λ)∑
r=1

c(λ+
(r) \ λ) −

b′(λ)∑
s=1

c(λ \ λ−
(s))=

b(λ)∑
r=1

(cr − rr ) −
b′(λ)∑
s=1

(c′
s − r ′

s )

=
b(λ)∑
r=1

(cr − rr ) −
b′(λ)∑
s=1

(cs+1 − rs)

= c1 − rb(λ)
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= 1 − 1

= 0 .

Thus we obtain ∑
ds∈D̂

ds +
∑
er∈E

er = −c(λ \ µ) .

Similarly, using the equation (1.1) we can check that∑
ds∈D

ds +
∑
er∈Ê

er = −c(λ \ µ) .

�

Next we calculate h[λ]/h[λ+
(r)] and h[µ]/h[µ−

(s)].
Replacing µ and λ with λ and λ+

(r) respectively in the calculation of h[µ]/h[λ], we have

the following:

h[λ]
h[λ+

(r)]
= (−1)b

′(λ)
∏b′(λ)

s=1 [c(λ+
(r) \ λ) − c(λ \ λ−

(s))]∏
1≤i≤r−1,r+1≤i≤b(λ)[c(λ+

(i) \ λ) − c(λ+
(r) \ λ)]

= (−1)b
′(λ)

∏b′(λ)
s=1 [c(λ+

(r)
\ λ) − c(λ \ µ) + c(λ \ µ) − c(λ \ λ−

(s)
)]

(−1)b(λ)−1
∏

1≤i≤r−1,r+1≤i≤b(λ)[c(λ+
(r) \ λ) − c(λ+

(i) \ λ)]

=
∏b′(λ)

s=1 [d(µ, λ, λ+
(r)) + c(λ \ µ) − c(λ \ λ−

(s))]∏
1≤i≤r−1,r+1≤i≤b(λ)[d(µ, λ, λ+

(r)) − d(µ, λ, λ+
(i))]

.

Since λ \ λ−
(u) = λ \ µ, using the equation (1.4) we have

{c(λ \ µ) − c(λ \ λ−
(s))|s = 1, . . . , b′(λ)}

= {d(µ−
(s), µ, λ)|s = 1, . . . , b′(µ)} ∪ {0} \ {1,−1} .

Hence putting

D̂0 = {ds = d(µ−
(s), µ, λ)|s = 1, . . . , b′(µ)} ∪ {0} \ {1,−1}

and

E = {ei = d(µ, λ, λ+
(i))|i = 1, . . . , b(λ)}

we have

h[λ]
h[λ+

(r)]
=

∏
ds∈D̂0

[er + ds]∏
ei∈E\{er }[er − ei] .(1.6)
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By Remark 1.2, we find that |D̂0| = |E| − 1. Hence we have∏
ds∈D̂0

[er + ds]∏
ei∈E\{er }[er − ei ] =

∏
ds∈D̂0

(qer+ds − q−er−ds )∏
ei∈E\{er }(qer−ei − qei−er )

=
∏

ds∈D̂0
(q−er+ds )(q2er − q−2ds )∏

ei∈E\{er }(q−er−ei )(q2er − q2ei )

= q−|D̂0|er ·q
∑

ds∈D̂0
ds

q−(|E|−1)er · qer−∑
ei∈E ei

·
∏

ds∈D̂0
(q2er − q−2ds )∏

ei∈E\{er }(q2er − q2ei )

= q−er ·q
∑

ds∈D̂0
ds+∑

ei∈E ei ·
∏

ds∈D̂0
(q2er − q−2ds )∏

ei∈E\{er }(q2er − q2ei )

(
∑

ds∈D̂0
ds + ∑

ei∈E ei = −c(λ \ µ) by Lemma 1.3)

= q
−c(λ+

(r)\λ)·
∏

ds∈D̂0
(q2er − q−2ds )∏

ei∈E\{er }(q2er − q2ei )
.

Thus we have obtained

h[λ]
h[λ+

(r)]
= q

−c(λ+
(r)\λ)·

∏
ds∈D̂0

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )

.(1.7)

Similarly, replacing λ and µ with µ and µ−
(s) respectively in the calculation of h[λ]/h[µ],

we have the following:

h[µ]
h[µ−

(s)]
= (−1)b

′(µ)
∏b(µ)

r=1 [c(µ+
(r) \ µ) − c(µ \ µ−

(s))]∏
1≤i≤s−1,s+1≤i≤b′(µ)[c(µ \ µ−

(s)) − c(µ \ µ−
(i))]

=
∏b(µ)

r=1 [c(µ+
(r) \ µ) − c(λ \ µ) + d(µ−

(s), µ, λ)]
(−1)b

′(µ)
∏

1≤i≤s−1,s+1≤i≤b′(µ)[−d(µ−
(s), µ, λ) + d(µ−

(i), µ, λ)]

= −
∏b(µ)

r=1 [c(µ+
(r) \ µ) − c(λ \ µ) + d(µ−

(s), µ, λ)]∏
1≤i≤s−1,s+1≤i≤b′(µ)[d(µ−

(s), µ, λ) − d(µ−
(i), µ, λ)] .

Since µ+
(t) \ µ = λ \ µ, using the equation (1.1) we have

{c(µ+
(r) \ µ) − c(λ \ µ)|r = 1, . . . , b(µ)}
= {d(µ, λ, λ+

(r))|r = 1, . . . , b(λ)} ∪ {0} \ {1,−1} .

Hence putting

Ê0 = {er = d(µ, λ, λ+
(r))|r = 1, . . . , b(λ)} ∪ {0} \ {1,−1}
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and

D = {di = d(µ−
(i)

, µ, λ)|i = 1, . . . , b′(µ)}
we have

h[µ]
h[µ−

(s)]
= −

∏
er∈Ê0

[ds + er ]∏
di∈D\{ds}[ds − di] .(1.8)

By Remark 1.1, we find that |Ê0| = |D| + 1. Hence we have∏
er∈Ê0

[ds + er ]∏
di∈D\{ds}[ds − di] = 1

(q − q−1)2
·

∏
er∈Ê0

(qds+er − q−ds−er )∏
di∈D\{ds}(qds−di − qdi−ds )

= 1

(q − q−1)2 ·
∏

er∈Ê0
(qer−ds )(q2ds − q−2er )∏

di∈D\{ds}(q−di−ds )(q2ds − q2di )

= 1

(q − q−1)2 ·
∏

er∈Ê0
qer∏

di∈D\{ds} q−di
· q−|Ê0|ds

q−(|D|−1)ds

×
∏

er∈Ê0
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )

= q

∑
er ∈Ê0

er+∑
di∈D di−ds · q(−|Ê0|+|D|−1)·ds

(q − q−1)2

×
∏

er∈Ê0
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )

(Lemma 1.3)

= q−c(λ\µ)−ds · q−2ds

(q − q−1)2 ·
∏

er∈Ê0
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )

= q
−2c(λ\µ)+c(µ\µ−

(s)
)

(q − q−1)2 · q−2ds
∏

er∈Ê0
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )
.

Hence we have obtained the following:

h[µ]
h[µ−

(s)]
= −q

−2c(λ\µ)+c(µ\µ−
(s)

)

(q − q−1)2 ·q
−2ds

∏
er∈Ê0

(q2ds − q−2er )∏
di∈D\{ds}(q2ds − q2di )

.(1.9)

Before concluding this section, we show an identity among the contents of the outer
corners and the inner corners of a Young diagram µ.

PROPOSITION 1.4. Let {µ+
(r) \ µ}r=1,... ,b(µ) be the set of all the outer corners of a

Young diagram µ and {µ\µ−
(s)}s=1,... ,b′(µ) the set of all the inner corners of the Young diagram
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i0

j0 j1

i1

H

i0

j0 j1

i1

A

FIGURE 3. {Contents in H } = {Contents in A}.

(1) (2)

FIGURE 4. {Contents in (1,1) hook of λ} = {Contents in the rim of λ}.

µ. Then the following identity holds.

(q + q−1 − 2)
∑
x∈µ

qc(x) =
b(µ)∑
r=1

q
c(µ+

(r)
\µ) −

b′(µ)∑
s=1

q
c(µ\µ−

(s)
) − 1 .

To prove this proposition, we use the following lemma.

LEMMA 1.5. Let λ = (α1, . . . , αr |β1, . . . , βr ) be a Young diagram by the notation
due to Frobenius. Namely, let αi = λi − i [resp. βi = λ∗

i − i] be the number of nodes in
the i-th row [resp. column] of λ to the right [resp. below] of (i, i), for 1 ≤ i ≤ r . Here, we
suppose that the main diagonal of the diagram λ consists of r nodes (i, i) (1 ≤ i ≤ r). Then
contents in (1, 1) hook of λ coincide with contents in the rim of λ, i.e.

{c(x)| x ∈ (α1|β1)}
= {c(x)| x ∈ (α1, . . . , αr |β1, . . . , βr ) \ (α2, . . . , αr |β2, . . . , βr )} .

PROOF. It is easy to check that two sets of contents in a hook and in the corresponding
arm coincide (See Figure 3).

Iterative use of this fact shows that the contents in (1,1) hook of λ and the contents in the
rim of λ coincide (See Figure 4(1)(2)). �

PROOF OF PROPOSITION 1.4. Let S = ∑
x∈µ qc(x). Then

(q − 1)S =
∑
x∈µ

qc(x)+1 −
∑
x∈µ

qc(x) =
l(µ)∑
i=1

qc((i,µi+1)) −
l(µ)∑
i=1

qc((i,1)) ,(1.10)
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FIGURE 5. Interpretation of the equation (1.10) and (1.11).
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FIGURE 6. Interpretation of Proposition 1.4.

where {(i, µi + 1)|i = 1, . . . , l(µ)} is the union of outer vertical rims of µ and {(i, 1)|i =
1, . . . , l(µ)} is the first column of µ (See Figure 5(1)) . Similarly,

(q−1 − 1)S =
∑
x∈µ

qc(x)−1 −
∑
x∈µ

qc(x) =
µ1∑
j=1

q
c((µ′

j+1,j)) −
µ1∑
i=1

qc((1,j)) ,(1.11)

where {(µ′
j + 1, j)|j = 1, . . . , µ1} is the union of outer horizontal rims of µ and {(1, j)|j =

1, . . . , µ1} is the first row of µ (See Figure 5(2)).
Hence we obtain

(q + q−1 − 2)
∑
x∈µ

qc(x) =
l(µ)∑
i=1

qc((i,µi+1)) +
µ1∑
j=1

q
c((µ′

j+1,j)) −
l(µ)∑
i=1

qc((i,1)) −
µ1∑
i=1

qc((1,j))

=
l(µ)∑
i=1

qc((i,µi+1)) +
µ1∑
j=1

q
c((µ′

j+1,j))

−
∑

x∈{the rim of µ}
qc(x) − qc((1,1)) .

By Lemma 1.5 and Figure 6(1)–(3), we will find that the last term is equal to

b(µ)∑
r=1

q
c(µ+

(r)\µ) −
b′(µ)∑
s=1

q
c(µ\µ−

(s)) − 1 .

This completes the proof. �
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2. Lagrange’s interpolation polynomial

In this section we show a version of Lagrange’s interpolation polynomial.
For an arbitrary integer sequence γ = (γ1, . . . , γn) of size n on which the symmetric

group Sn acts by transposition of the components, we define aγ (x1, . . . , xn) by

aγ (x1, . . . , xn) = det[xγj

i ] =
∑
w∈Sn

(sgn w)xwγ .

The Schur function sγ is defined by

sγ (x1, . . . , xn) = aγ+δ(x1, . . . , xn)

aδ(x1, . . . , xn)
,

where δ is the sequence (n − 1, n − 2, . . . , 1, 0).

LEMMA 2.1. Let X = {x1, . . . , xn} be a set of indeterminates whose cardinality is
equal to n. Then the following identity holds:

∑
xr∈X

x
j
r∏

xi∈X\{xr}(xr − xi)
= s(j−n+1,0,... ,0)(x1, . . . , xn) .

PROOF. Let ∆n(z1, . . . , zn) be the simplest alternating function in the variables z1, . . . ,

zn:

∆n(z1, . . . , zn) =
∏
i<j

(zi − zj ) .

As is well known, this is equal to aδ(z1, . . . , zn). Using this notation, the lemma is verified
by the following direct calculation:

s(j−n+1,0,... ,0)(x1, x2, x3, . . . , xn)

=

∣∣∣∣∣∣∣∣∣∣∣∣

x
j

1 xn−2
1 xn−3

1 · · · x1 1

x
j

2 xn−2
2 xn−3

2 · · · x2 1

x
j

3 xn−2
3 xn−3

3 · · · x3 1
...

...
...

. . .
...

...

x
j
n xn−2

n xn−3
n · · · xn 1

∣∣∣∣∣∣∣∣∣∣∣∣
· {∆n(x1, x2, x3, · · · , xn)}−1

=

⎛
⎜⎜⎜⎝x

j

1 ·

∣∣∣∣∣∣∣∣∣

xn−2
2 xn−3

2 · · · x2 1
xn−2

3 xn−3
3 · · · x3 1

...
...

. . .
...

...

xn−2
n xn−3

n · · · xn 1

∣∣∣∣∣∣∣∣∣
− x

j

2 ·

∣∣∣∣∣∣∣∣∣

xn−2
1 xn−3

1 · · · x1 1
xn−2

3 xn−3
3 · · · x3 1

...
...

. . .
...

...

xn−2
n xn−3

n · · · xn 1

∣∣∣∣∣∣∣∣∣
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+ · · · + (−1)n−1 · x
j
n ·

∣∣∣∣∣∣∣∣∣∣

xn−2
1 xn−3

1 · · · x1 1
xn−2

2 xn−3
2 · · · x2 1

...
...

. . .
...

...

xn−2
n−1 xn−3

n−1 · · · xn−1 1

∣∣∣∣∣∣∣∣∣∣

⎞
⎟⎟⎟⎟⎠

×{∆n(x1, x2, x3, · · · , xn)}−1

= x
j

1 · ∆n−1(x2, x3, x4, . . . , xn)

∆n(x1, x2, x3, . . . , xn)
− x

j

2 · ∆n−1(x1, x3, x4, . . . , xn)

∆n(x1, x2, x3, . . . , xn)

+ · · · + (−1)n−1 · x
j
n · ∆n−1(x1, x2, x3, . . . , xn−1)

∆n(x1, x2, x3, . . . , xn)

= x
j

1 · ∆n−1(x2, x3, x4, . . . , xn)

∆n(x1, x2, x3, . . . , xn)
+ x

j

2 · ∆n−1(x1, x3, x4, . . . , xn)

∆n(x2, x1, x3, . . . , xn)

+ · · · + x
j
n · ∆n−1(x1, x2, x3 . . . , xn−1)

∆n(xn, x1, x2, . . . , xn−1)

=
∑
xr∈X

x
j

i∏
xi∈X\{xr }(xr − xi)

.

�

EXAMPLE 2.2. If 0 ≤ j < n − 1 = |X| − 1, then we have

∑
xr∈X

x
j
r∏

xi∈X\{xr}(xr − xi)
= 0 .(2.1)

If |X| − 1 = n − 1 ≤ j , then we have

∑
xr∈X

x
j
r∏

xi∈X\{xr }(xr − xi)
= s(j−n+1,0,... ,0)(x1 . . . xn) = hj−n+1(x1, . . . , xn) .

Here hr(x1, . . . , xn) is the r-th complete symmetric function. In particular, if j = n = |X|
then we have ∑

xr∈X

x
|X|
r∏

xi∈X\{xr}(xr − xi)
= h1(x1, . . . , xn) =

∑
xi∈X

xi ,(2.2)

and if j = n − 1 = |X| − 1 then we have

∑
xr∈X

x
|X|−1
r∏

xi∈X\{xr }(xr − xi)
= h0(x1, . . . , xn) = 1 .(2.3)

On the other hand, if j is negative, then putting j = −k we have

∑
xr∈X

x
j
r∏

xi∈X\{xr}(xr − xi)
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= s(−k−n+1,0,... ,0,0)(x1, . . . , xn)

= (x1 · · · xn)
−k · s(1−n,k,... ,k,k)(x1, . . . , xn)

= (−1)n−1 · (x1 · · · xn)
−k · s(k−1,k−1,... ,k−1,0)(x1, . . . , xn) .

In particular, if j = −1 then we have

∑
xr∈X

x−1
r∏

xi∈X\{xr}(xr − xi)
= (−1)n−1s(0,... ,0)(x1, . . . , xn)

x1 · · · xn

= (−1)|X|−1

x1 · · · xn

,(2.4)

and if j = −2 then we have

∑
xr∈X

x−2
r∏

xi∈X\{xr }(xr − xi)
= (−1)n−1s(1,1,... ,1,0)(x1, . . . , xn)

(x1 · · · xn)2

= (−1)|X|−1 ∑
xr∈X(

∏
xi∈X\{xr} xi)∏

xi∈X x2
i

.(2.5)

3. Proof of Theorem 0.1

In this section, we prove Theorem 0.1 one by one using Example 2.2. Throughout this
section we follow the notation in Lemma 1.3. We note that although the equations (1), (3),
(4), (6), (7) and (8) contain both plus and minus signs in the exponents of the parameter q , if

we prove the equations hold for either sign then replacing q with q−1 we find that they also
hold for the other sign.

First we prove (1)–(3).

PROOF OF (1). Using the equation (1.7), we find

b(λ)∑
r=1

q
c(λ+

(r)
\λ)· h[λ]

h[λ+
(r)]

=
∑
er∈E

∏
ds∈D̂0

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )

.

By Remark 1.2 we find |D̂0| = |D̂| + 1 = |E| − 1. Hence using the equations (2.1),(2.3) we
obtain the following:

∑
er∈E

∏
ds∈D̂0

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )

=
∑
er∈E

(q2er )|E|−1∏
ei∈E\{er }(q2er − q2ei )

= 1 .

Thus (1) holds. �

PROOF OF (2). Similarly, using the equation (1.7) we have

b(λ)∑
r=1

1

[er ] ·
h[λ]

h[λ+
(r)]

=
b(λ)∑
r=1

q − q−1

qer − q−er
·q

−c(λ+
(r)

\λ) ∏
ds∈D̂0

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )
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=
b(λ)∑
r=1

q
−c(λ+

(r)
\λ)+er (q − q−1)

q2er − q0 ·
∏

ds∈D̂0
(q2er − q−2ds )∏

ei∈E\{er }(q2er − q2ei )

= q−c(λ\µ)(q − q−1)
∑
er∈E

∏
ds∈D̂0

(q2er − q−2ds )

(q2er − q2·0)
∏

ei∈E\{er }(q2er − q2ei )

( D̂0 = D̂ ∪ {0} )

= q−c(λ\µ)(q − q−1)
∑
er∈E

∏
ds∈D̂

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )

= 0 .

Here we applied the equation (2.1) using the fact that |D̂| = |E| − 2. �

PROOF OF (3). Similarly as in the proof of (1) and (2), using the equation (1.7) we
have

b(λ)∑
r=1

q−er

[er ]2 · h[λ]
h[λ+

(r)]
=

b(λ)∑
r=1

(q − q−1)2q−er

(qer − q−er )2 ·q
−c(λ+

(r)\λ) ∏
ds∈D̂0

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )

=
b(λ)∑
r=1

(q − q−1)2qer

(q2er − q0)2 ·q
−c(λ+

(r)
\λ) ∏

ds∈D̂0
(q2er − q−2ds )∏

ei∈E\{er }(q2er − q2ei )

=
b(λ)∑
r=1

(q − q−1)2q−c(λ\µ)

(q2er − q2·0)2 ·
∏

ds∈D̂0
(q2er − q−2ds )∏

ei∈E\{er }(q2er − q2ei )

( D̂0 = D̂ ∪ {0} )

= (q − q−1)2q−c(λ\µ)
∑
er∈E

∏
ds∈D̂

(q2er − q−2ds )

(q2er − q2·0)
∏

ei∈E\{er }(q2er − q2ei )

= (q − q−1)2q−c(λ\µ)
∑
er∈E

∏
ds∈D̂

((q2er − 1) − (q−2ds − 1))

(q2er − 1)
∏

ei∈E\{er }((q2er − 1) − (q2ei − 1))

( |D̂| = |E| − 2 by Remark 1.2 and apply the equation (2.1),(2.4) )

= (q − q−1)2q−c(λ\µ)·
(

(−1)|D̂| ∏
ds∈D̂

(q−2ds − 1)

)
· (−1)|Ê|−1∏

er∈E(q2er − 1)

= −(q − q−1)2q−c(λ\µ)·
∏

ds∈D̂
(1 − q−2ds )∏

er∈E(1 − q2er )
.
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On the other hand, by the equation (1.5) we have

h[µ]
h[λ] =

∏
ds∈D̂

[ds]
(−1)|E|−1

∏
er∈E[er ]

( |D̂| = |E| − 2 by Remark 1.2 )

= −(q − q−1)2 ·
∏

ds∈D̂
(qds − q−ds )

(−1)|E| ∏
er∈E(qer − q−er )

= −(q − q−1)2 ·
∏

ds∈D̂
(qds )(1 − q−2ds )

(−1)|E| ∏
er∈E(q−er )(q2er − 1)

= −(q − q−1)2 · q
∑

ds∈D̂
ds+∑

er∈E er ·
∏

ds∈D̂
(1 − q−2ds )∏

er∈E(1 − q2er )

( Lemma 1.3 )

= −(q − q−1)2 · q−c(λ\µ) ·
∏

ds∈D̂
(1 − q−2ds )∏

er∈E(1 − q2er )
.

Hence (3) holds. �

Next we prove (4)–(6).

PROOF OF (4). Using the equation (1.9) we have

b′(µ)∑
s=1

q
−c(µ\µ−

(s)
)· h[µ]

h[µ−
(s)]

= − q−2c(λ\µ)

(q − q−1)2

∑
ds∈D

q−2ds
∏

er∈Ê0
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )
.

Since Ê0 = Ê ∪ {0}, we have |Ê0| = |D| + 1 by Remark 1.1. Thus applying the equa-
tions (2.1),(2.2),(2.3),(2.4) we find

∑
ds∈D

q−2ds
∏

er∈Ê0
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )

=
∑
ds∈D

(q2ds )|D|∏
di∈D\{ds}(q2ds − q2di )

+
∑
ds∈D

(q2ds )|D|−1 ∑
er∈Ê0

(−q−2er )∏
di∈D\{ds}(q2ds − q2di )

+
∑
ds∈D

(q2ds )−1 ∏
er∈Ê0

(−q−2er )∏
di∈D\{ds}(q2ds − q2di )

=
∑
ds∈D

q2ds −
∑

er∈Ê0

q−2er + (−1)|D|−1
∏

ds∈D

q−2ds
∏

er∈Ê0

(−q−2er )

( |Ê0| = |D| + 1 by Remark 1.1 )
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=
∑
ds∈D

q2ds −
∑

er∈Ê0

q−2er + q
−2(

∑
ds∈D ds+∑

er∈Ê0
er )

( Lemma 1.3 )

=
∑
ds∈D

q2ds −
∑

er∈Ê0

q−2er + q2c(λ\µ) .

Thus we obtain

b′(µ)∑
s=1

q
−c(µ\µ−

(s))· h[µ]
h[µ−

(s)]
=− q−2c(λ\µ)

(q − q−1)2

( ∑
ds∈D

q2ds −
∑

er∈Ê0

q−2er + q2c(λ\µ)

)

=− 1

(q − q−1)2

( b′(µ)∑
s=1

q
−2c(µ\µ−

(s)) −
b(µ)∑
r=1

q
−2c(µ+

(r)\µ) + 1

)
.

On the other hand by Proposition 1.4 we have

∑
x∈µ

q−2c(x) = 1

(q − q−1)2

( b(µ)∑
r=1

q
−2c(µ+

(r)
\µ) −

b′(µ)∑
s=1

q
−2c(µ\µ−

(s)
) − 1

)
.

Hence we obtain (4). �

PROOF OF (5). Similarly using the equation (1.9), we have

b′(µ)∑
s=1

1

[ds] ·
h[µ]

h[µ−
(s)]

= −
b′(µ)∑
s=1

q − q−1

qds − q−ds
·q

−2c(λ\µ)+c(µ\µ−
(s))

(q − q−1)2 ·q
−2ds

∏
er∈Ê0

(q2ds − q−2er )∏
di∈D\{ds}(q2ds − q2di )

= − 1

q − q−1

∑
ds∈D

q−c(λ\µ)−ds

q−ds (q2ds − q2·0)
·q

−2ds
∏

er∈Ê0
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )

( Ê0 = Ê ∪ {0} )

= −q−c(λ\µ)

q − q−1

∑
ds∈D

q−2ds
∏

er∈Ê
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )

( |Ê| = |D| by Remark 1.1 and apply the equation (2.1) )

= −q−c(λ\µ)

q − q−1

∑
ds∈D

(q2ds )|Ê|−1 + (−1)|Ê| · (q2ds )−1 ∏
er∈Ê

q−2er∏
di∈D\{ds}(q2ds − q2di )

( apply the equations (2.3),(2.4) )

= −q−c(λ\µ)

q − q−1 (1 + (−1)|Ê|+|D|−1 · q− ∑
ds∈D 2ds q

− ∑
er ∈Ê

2er )

( |Ê| = |D| by Remark 1.1 and use Lemma 1.3 )
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= −q−c(λ\µ)

q − q−1
(1 − q2c(λ\µ))

= [c(λ \ µ)] .

�

PROOF OF (6). Similarly as in the proof of (4) and (5), using the equation (1.9) we have
the following:

qds

[ds]2 · h[µ]
h[µ−

(s)]
=−qds (q − q−1)2

(qds − q−ds )2 ·q
−2c(λ\µ)+c(µ\µ−

(s)
)

(q − q−1)2 ·q
−2ds

∏
er∈Ê0

(q2ds − q−2er )∏
di∈D\{ds}(q2ds − q2di )

=−q
ds−2c(λ\µ)+c(µ\µ−

(s)
)

q−2ds (q2ds − q2·0)2
·q

−2ds
∏

er∈Ê0
(q2ds − q−2er )∏

di∈D\{ds}(q2ds − q2di )

( Ê0 = Ê ∪ {0} )

=−q−c(λ\µ)· 1

(q2ds − q2·0)
·

∏
er∈Ê

(q2ds − q−2er )∏
di∈D\{ds}(q2ds − q2di )

.

Hence we have

b′(µ)∑
s=1

qds

[ds]2 · h[µ]
h[µ−

(s)]
=−q−c(λ\µ)

∑
ds∈D

1

(q2ds − 1)

∏
er∈Ê

((q2ds − 1) − (q−2er − 1))∏
di∈D\{ds}((q2ds − 1) − (q2di − 1))

( |Ê| = |D| by Remark 1.1 and apply the equation (2.3), (2.1),(2.4) )

=−q−c(λ\µ)

(
1 + ((−1)|Ê| ∏

er∈Ê

(q−2er − 1))· (−1)|Ê|−1∏
ds∈D(q2ds − 1)

)

=−q−c(λ\µ)

(
1 −

∏
er∈Ê

(1 − q−2er )∏
di∈D(1 − q2di )

)

=−q−c(λ\µ)

(
1 −

∏
er∈Ê

q−er (qer − q−er )∏
di∈D qdi (q−di − qdi )

)

=−q−c(λ\µ)

(
1 − q

− ∑
er ∈Ê

er−∑
ds∈D ds ·

∏
er∈Ê

(qer − q−er )

(−1)|D| ∏
ds∈D(qdi − q−di )

)

( Lemma 1.3 and Remark 1.1 )

=−q−c(λ\µ) + (−1)|D|·
∏

er∈Ê
[er ]∏

di∈D[di]
( the equation (1.2) )

=−qc(λ\µ) + h[λ]
h[µ] .
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This completes the proof of (6). �

PROOF OF (7). First we note that it is easily checked that the following identity holds
for an arbitrary pair (d, e) of non-zero distinct integers:

1

[d][e] = 1

[e − d]
(

qd

[d] − qe

[e]
)

.

Putting d = d(µ, λ, λ+
(r)) and e = d(µ′, λ, λ+

(r)), we have the following:

q
−c(λ+

(r)\λ)

[d(µ, λ, λ+
(r))][d(µ′, λ, λ+

(r))]

= 1

[c(λ \ µ) − c(λ \ µ′)]
(

q−c(λ\µ)

[d(µ, λ, λ+
(r))]

− q−c(λ\µ′)

[d(µ′, λ, λ+
(r))]

)
.

Hence using the result of (2), we have the following:

b(λ)∑
r=1

q
−c(λ+

(r)
\λ)

[d(µ, λ, λ+
(r))][d(µ′, λ, λ+

(r))]
· h[λ]
h[λ+

(r)]

= 1

[c(λ \ µ) − c(λ \ µ′)]
b(λ)∑
r=1

(
q−c(λ\µ)

[d(µ, λ, λ+
(r))]

− q−c(λ\µ′)

[d(µ′, λ, λ+
(r))]

)
· h[λ]
h[λ+

(r)]

= q−c(λ\µ)

[c(λ \ µ) − c(λ \ µ′)]
b(λ)∑
r=1

1

[d(µ, λ, λ+
(r))]

· h[λ]
h[λ+

(r)]

− q−c(λ\µ′)

[c(λ \ µ) − c(λ \ µ′)]
b(λ)∑
r=1

1

[d(µ′, λ, λ+
(r))]

· h[λ]
h[λ+

(r)]
= 0 .

This proves (7). �

PROOF OF (8). In the same way as in the proof of (7), we have the following partial
fraction:

q
c(µ\µ−

(s))

[d(µ−
(s), µ, λ)][d(µ−

(s), µ, λ′)]

= 1

[c(λ′ \ µ) − c(λ \ µ)]
(

qc(λ\µ)

[d(µ−
(s), µ, λ)] − qc(λ′\µ)

[d(µ−
(s), µ, λ′)]

)
.
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Hence using the result of (5), we have the following:

b′(µ)∑
s=1

q
c(µ\µ−

(s)
)

[d(µ−
(s), µ, λ)][d(µ−

(s), µ, λ′)] ·
h[µ]

h[µ−
(s)]

= qc(λ\µ)

[c(λ′ \ µ) − c(λ \ µ)]
b′(µ)∑
s=1

1

[d(µ−
(s), µ, λ)] ·

h[µ]
h[µ−

(s)]

− qc(λ′\µ)

[c(λ′ \ µ) − c(λ \ µ)]
b′(µ)∑
s=1

1

[d(µ−
(s), µ, λ′)] ·

h[µ]
h[µ−

(s)]

= qc(λ\µ)[c(λ \ µ)] − qc(λ′\µ)[c(λ′ \ µ)]
[c(λ′ \ µ) − c(λ \ µ)]

= −q(c(λ\µ)+c(λ′\µ)) .

This completes the proof of (8). �

4. Proof of Theorem 0.2

Finally, we prove Theorem 0.2. By the equation (1.3) our goal is to show the following:

( ∏
ds∈D

[ds]2
) b′(µ)∑

s=1

1

[ds]3 · h[µ]
h[µ−

(s)]
=

( ∏
er∈E

[er ]2
) b(λ)∑

r=1

1

[er ]3 · h[λ]
h[λ+

(r)]
.(4.1)

In the proof of the equation (6) in the previous section, we have calculated that

1

[ds]2 · h[µ]
h[µ−

(s)]
= −q−c(λ\µ)· q−ds

q2ds − 1
·

∏
er∈Ê

(q2ds − q−2er )∏
di∈D\{ds}(q2ds − q2di )

.

Using this, we can calculate the left hand side of the equation (4.1) as follows:

( ∏
ds∈D

[ds]2
) b′(µ)∑

s=1

1

[ds]3
· h[µ]
h[µ−

(s)]

=−q−c(λ\µ)

( ∏
ds∈D

[ds]2
) ∑

ds∈D

q − q−1

qds − q−ds
· q−ds

q2ds − 1
·

∏
er∈Ê

(q2ds − q−2er )∏
di∈D\{ds}(q2ds − q2di )

=−(q − q−1)q−c(λ\µ)

( ∏
ds∈D

[ds]2
) ∑

ds∈D

∏
er∈Ê

(q2ds − q−2er )

(q2ds − 1)2
∏

di∈D\{ds}(q2ds − q2di )

=−q−c(λ\µ)
∏

ds∈D(qds − q−ds )2

(q − q−1)2|D|−1
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×
∑
ds∈D

(q2ds − 1)−2 ∏
er∈Ê

((q2ds − 1) + (1 − q−2er ))∏
di∈D\{ds}((q2ds − 1) − (q2di − 1))

( |Ê| = |D| by Remark 1.1 and apply the equation (2.1) )

=−q−c(λ\µ)
∏

ds∈D(qds − q−ds )2

(q − q−1)2|D|−1

×
∑
ds∈D

(
(q2ds − 1)−1 ∑

er∈Ê
(
∏

ei∈Ê\{er }(1 − q−2ei ))∏
di∈D\{ds}((q2ds − 1) − (q2di − 1))

+ (q2ds − 1)−2 ∏
er∈Ê

(1 − q−2er )∏
di∈D\{ds}((q2ds − 1) − (q2di − 1))

)

( apply the equations (2.4),(2.5) )

=−q−c(λ\µ)q− ∑
ds∈D 2ds

∏
ds∈D(q2ds − 1)2

(q − q−1)2|D|−1

×
(

(−1)|D|−1·
∑

er∈Ê
(
∏

ei∈Ê\{er }(1 − q−2ei ))∏
ds∈D(q2ds − 1)

+(−1)|D|−1· (
∏

er∈Ê
(1 − q−2er ))

∑
ds∈D(

∏
di∈D\{ds}(q

2di − 1))∏
ds∈D(q2ds − 1)2

)

=−q−c(λ\µ)q− ∑
ds∈D 2ds (−1)|D|−1

(q − q−1)2|D|−1

×
(( ∏

ds∈D

(q2ds − 1)

) ∑
er∈Ê

( ∏
ei∈Ê\{er }

(1 − q−2ei )

)

+
( ∏

er∈Ê

(1 − q−2er )

) ∑
ds∈D

( ∏
di∈D\{ds}

(q2di − 1)

))

( |D| = |Ê| by Remark 1.1 )

=−q−c(λ\µ)q− ∑
ds∈D ds q

− ∑
er ∈Ê

er (−1)|D|−1

(q − q−1)|D|+|Ê|−1

×
(( ∏

ds∈D

(qds − q−ds )

) ∑
er∈Ê

(
qer

∏
ei∈Ê\{er }

(qei − q−ei )

)

+
( ∏

er∈Ê

(qer − q−er )

) ∑
ds∈D

(
q−ds

∏
di∈D\{ds}

(qdi − q−di )

))

( Lemma 1.3 )
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= (−1)|D|
(( ∏

ds∈D

[ds]
) ∑

er∈Ê

(
qer

∏
ei∈Ê\{er }

[ei]
)

+
( ∏

er∈Ê

[er ]
) ∑

ds∈D

(
q−ds

∏
di∈D\{ds}

[di]
))

= (−1)|D|
( ∏

f∈D	Ê

[f ]
)( ∑

er∈Ê

qer

[er ] +
∑
ds∈D

q−ds

[ds]
)

.

On the other hand, using the equation (1.7) we can calculate the right hand side of the
equation (4.1) as follows:

( ∏
er∈E

[er ]2
) b(λ)∑

r=1

1

[er ]3 · h[λ]
h[λ+

(r)]

=
( ∏

er∈E

[er ]2
) b(λ)∑

r=1

(q − q−1)3

(qer − q−er )3 · q
−c(λ+

(r)\λ) ∏
ds∈D̂0

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )

=
( ∏

er∈E

[er ]2
) ∑

er∈E

(q − q−1)3

q−3er (q2er − 1)3 · q−er−c(λ\µ)
∏

ds∈D̂0
(q2er − q−2ds )∏

ei∈E\{er }(q2er − q2ei )

= (q − q−1)3q−c(λ\µ)

( ∏
er∈E

[er ]2
) ∑

er∈E

q2er

(q2er − 1)2

∏
ds∈D̂

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )

( −c(λ \ µ) = ∑
ds∈D̂

ds + ∑
er∈E er by Lemma 1.3 )

= (q − q−1)3 · q
∑

ds∈D̂
ds+∑

er ∈E er ·
∏

er∈E(qer − q−er )2

(q − q−1)2|E|

×
( ∑

er∈E

1

q2er − 1
·

∏
ds∈D̂

(q2er − q−2ds )∏
ei∈E\{er }(q2er − q2ei )

+
∑
er∈E

1

(q2er − 1)2 ·
∏

ds∈D̂
(q2er − q−2ds )∏

ei∈E\{er }(q2er − q2ei )

)

= (q − q−1)3 · q
∑

ds∈D̂
ds · q− ∑

er ∈E er ·
∏

er∈E(q2er − 1)2

(q − q−1)2|E|

×
( ∑

er∈E

(q2er − 1)−1 ∏
ds∈D̂

((q2er − 1) + (1 − q−2ds ))∏
ei∈E\{er }((q2er − 1) − (q2ei − 1))
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+
∑
er∈E

(q2er − 1)−2 ∏
ds∈D̂

((q2er − 1) + (1 − q−2ds ))∏
ei∈E\{er }((q2er − 1) − (q2ei − 1))

)

( |D̂| = |E| − 2 by Remark 1.2 and apply the equations (2.1),(2.4),(2.5) )

= q
∑

ds∈D̂
ds−∑

er ∈E er
∏

er∈E(q2er − 1)2

(q − q−1)2|E|−3

×
(

(−1)|E|−1 ·
∏

ds∈D̂
(1 − q−2ds )∏

ei∈E(q2ei − 1)

+(−1)|E|−1 ·
∑

ds∈D̂
(
∏

di∈D̂\{ds}(1 − q−2ds ))∏
ei∈E(q2ei − 1)

+(−1)|E|−1 · (
∏

ds∈D̂
(1 − q−2ds ))

∑
er∈E(

∏
ei∈E\{er }(q

2ei − 1))∏
ei∈E(q2ei − 1)2

)

= (−1)|E|−1 · q
∑

ds∈D̂
ds−∑

er ∈E er

(q − q−1)2|E|−3

×
(( ∏

er∈E

(q2er − 1)

)( ∏
ds∈D̂

(1 − q−2ds )

)

+
( ∏

er∈E

(q2er − 1)

) ∑
ds∈D̂

( ∏
di∈D̂\ds

(1 − q−2di )

)

+
( ∏

ds∈D̂

(1 − q−2ds )

) ∑
er∈E

( ∏
ei∈E\{er }

(q2ei − 1)

))

( 2|E| − 3 = |E| + |D̂| − 1 by Remark 1.2 )

= (−1)|E|−1 · q − q−1

(q − q−1)|E|+|D̂|

×
(( ∏

er∈E

(qer − q−er )

)( ∏
ds∈D̂

(qds − q−ds )

)

+
( ∏

er∈E

(qer − q−er )

) ∑
ds∈D̂

(
qds

∏
di∈D̂\{ds}

(qdi − q−di )

)

+
( ∏

ds∈D̂

(qds − q−ds )

) ∑
er∈E

(
q−er

∏
ei∈E\{er }

(qei − q−ei )

))

= (−1)|E|−1
(

(q − q−1)

( ∏
er∈E

[er ]
)( ∏

ds∈D̂

[ds]
)
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+
( ∏

er∈E

[er ]
) ∑

ds∈D̂

(
qds

∏
di∈D̂\ds

[ds]
)

+
( ∏

ds∈D̂

[ds]
) ∑

er∈E

(
q−er

∏
ei∈E\{er }

[ei]
))

= (−1)|E|−1
( ∏

f ∈D̂	E

[f ]
)(

(q − q−1) +
∑
di∈D̂

qdi

[di] +
∑
ei∈E

q−ei

[ei]
)

.

Hence it is suffice to prove the following:

(−1)|D| ∏
f ∈D	Ê

[f ]= (−1)|E|−1
∏

f ∈D̂	E

[f ] ,(4.2)

∑
ds∈D

q−ds

[ds] +
∑
er∈Ê

qer

[er ] = q − q−1 +
∑
ds∈D̂

qds

[ds] +
∑
er∈E

q−er

[er ] .(4.3)

First we verify the equation (4.2). Since the right hand side of the equation (4.2) contains no
zero factor, we have the following:

(−1)|E|−1 ∏
f∈D̂	E

[f ]
(−1)|D| ∏

f ∈D	Ê
[f ] =

(−1)|E|−1 ∏
f∈D̂	Ê

[f ] ∏
f ∈E\Ê[f ]

(−1)|D| ∏
f ∈D̂	Ê

[f ] ∏
f∈D\D̂[f ]

= (−1)|E|−|D|−1

∏
f ∈D\D̂[f ]∏
f ∈E\Ê[f ]

= (−1)|E\Ê|−1

∏
f∈D\D̂[f ]∏
f ∈E\Ê[f ] .

Here we used the fact that |D| = |Ê| and that E contains Ê. Although D\D̂ (resp. E\Ê)
varies depending on the position of λ \ µ (See Figure 7 and Table 1), it is easily checked that
the last term of the equation above is identically equal to 1. Thus the equation (4.2) is verified.

Finally we find that the equation (4.3) holds as follows:

q − q−1 +
∑
ds∈D̂

qds

[ds] +
∑
er∈E

q−er

[er ] −
( ∑

ds∈D

q−ds

[ds] +
∑
er∈Ê

qer

[er ]
)

= q − q−1 +
∑
ds∈D̂

qds − q−ds

[ds] −
∑
er∈Ê

qer − q−er

[er ]

−
∑

ds∈D\D̂

q−ds

[ds] +
∑

er∈E\Ê

q−er

[er ]
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case (4)

λ / µ

case (2)

λ / µ

case (3)

λ / µλ / µ

case (1)

FIGURE 7. Possible positions of λ \ µ.

TABLE 1. D \ D̂ and E \ Ê

D \ D̂ E \ Ê

case (1) {+1,−1} ∅
case (2) {+1} {+1}
case (3) {−1} {−1}
case (4) ∅ {+1,−1}

= q − q−1 +
∑
ds∈D̂

(q − q−1) −
∑
er∈Ê

(q − q−1)

−
∑

ds∈D\D̂

q−ds

[ds] +
∑

er∈E\Ê

q−er

[er ]

= (q − q−1)(1 + |D̂| − |Ê|) −
∑

ds∈D\D̂

q−ds

[ds] +
∑

er∈E\Ê

q−er

[er ]

( |D̂| = |E| − 2 by Remark 1.2 and E ⊃ Ê )

= (q − q−1)(|E \ Ê| − 1) −
∑

ds∈D\D̂

q−ds

[ds] +
∑

er∈E\Ê

q−er

[er ]

=

⎧⎪⎪⎨
⎪⎪⎩

(q − q−1)·(−1) − (q−1 − q) + 0 (case (1))
(q − q−1)·0 − q−1 + q−1 (case (2))
(q − q−1)·0 − (−q) + (−q) (case (3))
(q − q−1)·1 − 0 + (q−1 − q) (case (4))

= 0 .

Thus we have completed the proof of Theorem 0.2.



228 MASASHI KOSUDA

References

[ 1 ] M. KOSUDA, The irreducible representations of the Hecke category, J. Algebra. 215 (1999), 135–184.
[ 2 ] M. KOSUDA, Party algebra and construction of its irreducible representations, Formal Power Series and Al-

gebraic Combinatorics, FPSAC’01, 13-th International Conference, Arizona State University, Local Pro-

ceedings, (2001), 277–283.
[ 3 ] M. KOSUDA and J. MURAKAMI, Centralizer algebras of the mixed tensor representations of quantum group

Uq(gl(n, C)), Osaka J. Math. 30 (1993), 475–507.
[ 4 ] I. G. MACDONALD, Symmetric Functions and Hall Polynomials, Second edition, Oxford University Press

(1995).
[ 5 ] B. E. SAGAN, The Symmetric Group: Representations, Combinatorial Algorithms, and Symmetric Functions,

Second edition, Springer (2001).
[ 6 ] H. WENZL, Hecke algebras of type An and subfactors, Invent. Math. 92 (1988), 349–383.

Present Address:
DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF THE RYUKYUS,
SENBARU, NISHIHARA-CHO, OKINAWA, 903–0213 JAPAN.
e-mail: kosuda@math.u-ryukyu.ac.jp


