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Abstract. In this paper we treat the intersection of fixed point subgroups by the involutive automorphisms
of exceptional Lie group G = Fy4, Eg, E7. We shall find involutive automorphisms of G such that the connected
component of the intersection of those fixed point subgroups coincides with the maximal torus of G.

1. Introduction

It is known that the involutive automorphisms of the compact Lie groups play an impor-
tant role in the theory of symmetric space (c.f. Berger [1]). In [8], [9] Yokota showed that
the exceptional symmetric spaces G/H are realized definitely by calculating the fixed point
subgroup of the involutive automorphisms 7, 7', &, ', 7 of G, where 7, 7', &, 6’ are induced
by R-linear transformations y, ¥’, o, ¢’ of J and 7 is induced by C-linear transformation ¢ of
3. Here y,y’ € G» C F4 C E¢ C E7ando,0’ € F4 C E¢ C E7andt € E7. For
the cases of the graded Lie algebras g of the second kind and third kind, the corresponding
subalgebras gy, g,,, 8.4 of g are realized as the intersection of those fixed point subgroups
of the commutative involutive automorphisms ([3], [6], [7], [10], [11], [12]).

In [2], [4], [5] we determined the intersection of those fixed point subgroups of the
involutive automorphisms of G when G is a compact exceptional Lie group. We remark that
those intersection subgroups are maximal rank of G.

In general, let G be a connected compact Lie group and o1, 02, ..., 0, commutative
involutive elements of G. Set G°1°2% = {a € Gloja = wao;,i = 1,...,k}. We
expect that the group G?1-92% ig a maximal rank subgroup of G. Consider the following
degreasing sequence of subgroups of G:

GUI B GO']vU'Z BREEEES) GO'] ,,,,, Om )

Let 7! be the maximal tours of G. In this paper we would like to find o7, 0, ..., 6, such
that the connected component subgroup (G?1-92%)g of the group G?1-92:-% is isomorphic
to T! when G is simply connected compact exceptional Lie groups G2, Fy, Eg or E7. For the
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case G = Gy, we prove that the group ((Gz)y*”/)o ~ 72 by [5], Theorem 1.1.3. Then we
shall prove the following:

(1) (F)r7 o0y = T4,
Q) (Ee)V o)y =T°,
3) (Bpr7 oo =T7.

For the case G = Eg, we conjecture that the group ((Eg)”*”/"”"/“)o =~ T8 where v3 € Eg
(As for vs, see [3]).

2. Group Fy

The simply connected compact Lie group Fy is given by the automorphism group of the
exceptional Freudenthal algebra J :

Fy={o €lsop@) |a(X xY)=aX xaY}.

We shall review the definitions of R-linear transformations y, y’, o, o’ of J([8], [10],

[12]).
Firstly we define R-linear transformations y, y’ and y; of Jc & M (3, C) = J by

yX+M)=X+ym,my,m3) =X+ (ymy, ymy, ym3),
Y'(X +M)=X+y'(m, mp,m3) = X + (y'my, y'my, y'ms),
NX+M)=X+M, X+MecJcodM@3.C) =7,
respectively, where Jc = {X € M(3,C)| X* = X}, the right-hand side transformations
v,y : C* — C3 are defined by

ni ni ni —nj
/
1% na =|—-ny), vy np = n» , neC.
n3 —n3 n3 —n3

Theny,y',y1 € G2 C Fy,andy2 =y"> = 92 = 1.
Further we define R-linear transfomations o and o’ of Jc ® M (3, C) = J by

o(X+M)=0X+ (my, —mp, —m3),
o X+M)=0c'X+(-m,—my,m3), X+MecJcdM3,C) =7,

respctively, where the right-hand side transformations o, ¢’ : J¢ — J¢ are defined by

&1 x3 X2 &1 —x3 —Xx2 &1 x3 —Xx2
cX=0|x3 & x1]|=|-x & X1 , o'X=| 13 &  —xi
x2 X1 & —X3 X1 & —X2 —X &
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Theno,0’ € Fyand 62 = o’ =1.
The group Z, = {1, y1} acts on the group U (1) x U(1) x SU(3) by

ri(p,q, A = (p,q, A).

Hence the group Z, = {1, y1} acts naturally on the group (U (1) x U(1) x SU3))/Z3.

Let (U(1) x U(1) x SU3)) - Z> be the semi-direct product of those groups under this
action.

1 3
Hereafter, w; denotes —5 + %el ec.

PROPOSITION 2.1. (F4)V>V' =U)xU)xSUQB)/Zs3) - 71>, 25 ={(1,1,E),

(w1, w1, 0 E), (012, 012, 012 E)).

PROOF. We define a mapping ¢4 : (U(1) x U(1) x SUQ3)) - Zy — (F4)V*V/ by

pa((p, g, A), DX + M) = AXA* + D(p, )M A*,
0a((p, 4. A), y)(X + M) = AXA* + D(p, ) M A,
X+MejceM@3,0) =7,
where D(p, q) = diag(p, q, pq) € SU(3). Then ¢4 induces the required isomorphism (see
[5] for details). O
LEMMA 2.2. The mapping ¢4 : (U(1) x U(1) x SUQ)) - Zy — (F4)V’V/ satisfies

o=@((1,1,E1 ), 1), o =@, 1, E_1 1), 1),

where Ey _1 = diag(1, —1, —1), E_; 1 = diag(—1, —1, 1) € SU(3).
We denote U(1) x --- x U(1), (1,...,1) and (wx, ..., o) (I-times) by U(1)*!, (1)<

and (wy)*!, respectively.
Now, we determine the structures of the group (F4)V’V/"”"/ = ((F4)V*V/)"*"/.

THEOREM 2.3. ((Fy)?'7 99" = U(1)*.

PROOF. For a € (F4)?7°"  (F4)", there exist p,q € U(l) and A € SU(3)
such that « = @a((p,q, A), 1) or @« = @a((p,q, A), y1) (Proposition 2.1). For the case of
a = ¢4((p, q, A), 1), by combining the conditions of cao = « and 6’0’ = o with Lemma
2.2, we have

0s((p,q, E1,1AE1—1), 1) = p4((p, q, A), 1)

and

o4((p,q, E_11AE_11), 1) = pa((p, g, A), 1).
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Hence
p=wip p=w’p
() E;,.1AE|_1=A, (i) {q=wq (iii) { g = wi%g
E|1AE| -1 = wA, Ei1AE| 1 = w1’A
and
p=wp p=w’p
(iv) EClLilAE_11=A, (V) {g=wiq vi) { g =wi’q
E_11AE || = wA, E_11AE_11 = wi’A.

We can eliminate the case (ii), (iii), (v) or (vi) because p # 0 or ¢ # 0. Hence we have
p,q e U(l)and A € S(U(1) xU(1) x U(1)). Since the mapping U (1) x U(1) — S(U(1) x
U) x U(1)),

h(ay, a2) = (a1, az, a1az)

is an isomorphism, the group satisfying with the conditions of case (i) and (iv) is
(U(1)**)/Z3. For the case of @ = ¢4((p, g, A), y1), from 4((p, g, A), y1) =4((p. q, A),
Dyt ea((1, 1, E1—1), Dy1 = y1ea((1, 1, E1 1), 1) and @4((1, 1, E_1,1), Dy1 = y1ea((1,

1,E_11), 1) , this case is in the same situation as above. Thus we have (F4)V~V/"’"’/ =
(UYN/Z3) - Lo, Z3 = (1), (w1)**, (w1?)**}. The group (U (1)**)/Zs is naturally

isomorphic to the torus U (1)**, hence we obtain (F4)V>V/>">"/ = (U(1)**) - Z,. Therefore
we have the required isomorphism of the theorem. O

3. The group E¢

The simply connected compact Lie group Eg is given by
Ee = {o € Isoc(3€) |aX x aY = tat(X x Y), (@X,aY) = (X, Y)}.

R-linear transformations y, y’, y1, o and o’ of § = Jc® M (3, C) are naturally extended
to the C-linear transformations of y, ¥’, 1, o and o’ of 3¢ = (J¢)€ @ M (3, C)€. Then we
have y, y’, y1,0,0’ € Eg.

The group Z, = {1, y1} acts on the group U(1) x U(1) x SU3) x SU(3) by

vi(p,q,A, B) = (p,q, B, A).

Hence the group Z; = {1, y;} acts naturally on the group (U (1) xU (1) xSU(3) xSU (3)) /Z5.
Let (U(1) x U(1) x SU@3) x SU(3)) - Z; be the semi-direct product of those groups
under this action.
PROPOSITION 3.1. (E¢)”" = (U(1) x U(1) x SU(3) x SUQB)/Z3) - 1o, 23 =
{(1,1,E, E), (01, 1, 01 E, 01 E), (01%, @12, 01’ E, 01*E)}.
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PROOF. We define a mapping ¢¢ : (U(1) x U(1) x SUQ3) x SUQ)) - Z, — (Eg)y*yl
by
v6((p.q, A, B), )(X + M) =h(A, B)Xh(A, B)* + D(p,q)Mth(A, B)*,
v6((p.q. A, B), y))(X + M) = h(A, B)Xh(A, B)* + D(p,q)Mth(A, B)*,
X+Me@o) a@M3.0° =3°.
Here D(p,q) = diag(p,q,pq) € SUB)and h : M(3,C) x M(3,C) — M(6, O)F€ is
defined by

A+B A-B
h(A, B) = > + i 2 er.

Then ¢g induces the required isomorphism (see [5] for details). O

LEMMA 3.2. The mapping ¢e : (U(1) x U(1) x SUB) x SUQ)) - Zr» — (EG)V’V/
satisfies

o=¢s(1, 1,Ei—1,E1—1), 1), o =¢s((1,1,E_1 1, E_11),1).
The group Zo = {1, y1} acts on the group U (1)*° by
vi(p,q,a1,a2,a3,a4) = (p, q, a3, as, ap, az) .

Let (U(1)*%) - Z, be the semi-direct product of those groups under this action.

Now, we determine the structures of the gruop (E6)V’V/v""’/ = ((EG)V’V/)""’/.
THEOREM 3.3. ((EG)V*V/"’"’/)O = U)*e.

PROOF. Fora € (Eg)" %% C (Eg)?""”', there exist p,q € U(1) and A, B € SU(6)
such that = @¢((p, g, A, B), 1) ora = ¢6((p, q, A, B), y1) (Proposition 3.1). For the case
of « = ¢s((p,q, A, B), 1), by combining the conditions caoc = « and ¢’ac’ = o with
Lemma 3.2, we have

ws((p,q, E1,1AE —1, E1,-1BE1—1), 1) = 9s((p, q, A, B), 1)

and
os((p,q, E.11AE 11, E.11BE_11),1) = ¢s((p.q, A, B), 1).
Hence
p=wp p=w’p
| E1,-1AE| 1 =A .. | 9 =0w1q ... |a=w’q
(1) (i) (iii) )
Ei,1BE{, -1 =8B, E{, 1AE| 1 =wlA Ei,1AE| 1 =wi"A

Ei{, 1BE| -1 =wB, E|_1BE| -1 = »’B
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and
p=wp p=w’p
. E_11AE_11=A q = wiq | g=w?q
(iv) (V) (vi) )
E_1WBE_11 =8B, E_11AE_1 1 =wA E 11AE_ 11 =w1"A
E_11BE_1) =w1B, E_11BE_11 = a)lzB.

We can eliminate the case (ii), (iii), (v) or (vi) because p # 0 or ¢ # 0. Thus we have
p.geU()and A, B € S(U(1)*3). Since the mapping U (1)** — S(U (1)),

h(ai, az, a3, as) = (a1, az, a3, a4, ajaxazas)

is an isomorphism, the group satisfying with the conditions of case (i) and (iv) is
(U(1)*)/Z3. For the case of @ = ¢s((p,q, A, B), y1), from ¢6((p,q, A, B),y1) =

v6((p,q, A, B), Dy1, 96((1,1, E1 -1, E1-1), D1 = »iee((1, 1, E1 -1, E1,—1),1) and
we((1, 1, E_11, E_1.1), Dy1 = viwe((1,1, E_1,1, E_1,1), 1), this case is in the same situ-

ation as above. Thus we have (Eg)?"? %% = (U(1)%®)/Z3) - Z», Z3 = {(1)*°, (w1)*®,
(wlz)X6}. The group (U(l)X6)/Z3 is naturally isomorphic to the torus U(I)X6, hence we

obtain (EG)V’V/>">"/ = (U(1)*%) - Z,. Therefore we have the required isomorphism of the
theorem. O

4. Group E7
Let ‘BC =3@3°®CaC. The simply connected compact Lie group E7 is given by

E7 = {a € Isoc(PE) |a(P x Q)a™' =aP x aQ, (@P,aQ) = (P, 0)}.

Under the identification (B¢c)C @ (M3, C)¢ & M3, C)€) with PE€ : (X, Y, &, ),
(M,N)) = (X + M,Y + N, £, 1), C-linear transformations of y, y', ¥, o and ¢’ of J€ are
extended to C-linear transformations of B¢ as

yX+MY+NEN=X+yM,Y+yN,§n),
Y X+M,Y+N,EN=X+y M, Y+y'N,&n),
VX +MY +NEm=X+MY+NEn,
oc(X+M,Y+N,E,n)=(0X+oM,cY +0N,&, 1),
y(X+M,Y+N,&En=0'X+0'M,0'Y+0'N,& 1),

where y M = diag(1, —1, —1)M, y'M = diag(—1, —1, )M, oM = Mdiag(1, —1, —1) and

o'M = Mdiag(—1, —1, 1).

Moreover we define a C-linear transformation ¢ of ‘BC by

WX +M,Y+N,En)=(—iX—iM,iY +iN,—i&, in).
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The group Z; = {1, y1} acts the group U (1) x U(1) x SU(6) by

e T T 0 E
vi(p.q. A) = (p.q. (AdJ3)A), Js==(_E 0)'

Hence the group Z, = {1, y;} acts naturally on the group (U (1) x U(1) x SU(6))/Z3.
Let (U(1) x U(1) x SU(6)) - Z> be the semi-direct product of those groups under this
action.

PROPOSITION 4.1. (E7)V’V’ SUA)xUN) xSU(6))/23) -1y, 23 ={(1,1,E),
(1, 1, 1 E), (@12, 012, 017 E)}.
PROOF. We define a mapping ¢7 : (U(1) x U(1) x SU(6)) - Z> — (E7)V’V/ by
@1((p. q. A), DP = =1 ((D(p.q). A)(fP))
91((p,q, A), y)P = [ ((D(p, q), A)(friP)), PeRC.

Here D(p, q) = diag(p, q, pq) € SU(3) and the mapping f is defined in [9], Section 2.4.
Then ¢7 induces the required isomorphism (see [5] for details). O

LEMMA 4.2. The mapping ¢7 : (U(1) x U(1) x SU(6)) - Zr — (E7)V’V/ satisfies
o=¢r((1,1,F1-1), 1), o' =¢((1, 1, F-1 1), 1),
where Fy _1 = diag(l, -1, -1, 1, —1, —1), F_y; =diag(—1,—-1,1, -1, —1,1) € SU(6).
The group Zo = {1, y1} acts on the group U (1)*7 by
Y1(p,q.a1,a2,a3,a4,as) = (p,q, as, as, ai, az, as) .
Let (U(1)*7) - Z, be the semi-direct product of those groups under this action.
Now, we determine the structures of the group (E7)V’V/*"*"/*‘ = ((E7)V’V/)"*"/".
THEOREM 4.3. ((E7)?"7"99"t) = U(1)*,

PROOF. Fora € (E7)V’V/"”"/" - (E7)V*V/, there exist p,q € U(1) and A € SU(6)

such that « = ¢7((p,q, A), 1) or ¢ = ¢7((p, g, A), y1) (Proposition 4.1). For the case of

a = ¢7((p,q, A), 1), by combining the conditions caoc = @, ¢’ac’ = « and we !l =«

with Lemma 4.2, we have

01((p,q, F1,-1AF —1),)=¢7((p, q, A),1), 07((p, q, F-11AF-11),1)=¢7((p, q, A),1).
and
©1((p. 4. Fo AFe, ™). 1) = 7((p.q. A). 1).
Hence
p=wip p=w’p
(i) Fi,.1AF, 1 =A, (i) | ¢ =wiq (i) { ¢ =wi’q
Fi,_1AF 1 = wA, Fi_1AF| _1 = w%A,
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p=wp p=w’p
(v) FL11AF_11=A, (V) { g =wigq (vi) { ¢ =wi’q
F_11AF 11 =wA, F_11AF_11 = w’A.
and
p=wip p=w?p
(vii) F, AF,, ' = A, (vii)) { ¢ =wigq (ix) ¢ =wi’q
Fo AF,, ' =wiA, Fo AF, ' = w?A.

We can eliminate the case (ii), (iii), (v), (vi), (viii) or (ix) because p # 0 or g # 0. Thus we
have p,g e U(l) and A € S(U(1)*®). Since the mapping U(1)*5 — S(U(1)*9),

h(ay, az, a3, as, as) = (ai, az, az, a4, as, a1a2a30405)

is an isomorphism, the group satisfying with the conditions of case (i), (iv) and (vii) is
(U(1)*7)/Z3. For the case of a = ¢7((p. g, A), y1), from ¢1((p, g, A), y1) =@7((p. q. A),
Dy, o7((L, L, Fi—1), Dyi = vier((4, 1, Fi,-1), 1), @7((L, 1, F-1.1), Dy = yier((1,
1, F_1,1), 1),and o7((1, 1, F), Dy1 = y197((1, 1, Fe,), 1), this case is in the same situation
as above. Thus we have (E7)?"7" %" = (U(1)*")/Z3)-Za, Zs = {(1)*7, (w))*7, (w12)*7}.
The group (U (H*7 /Z3 is naturally isomorphic to the torus U ()*7, hence we obtain

(E7)V’V/"’"’/" = U (1)*7) - Z>. Therefore we have the required isomorphism of the theo-
rem. O
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