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ABSTRACT. Let E% be the group of all isometries of the 2-dimensional
taxicab space R%. For the taxicab group E%, the taxicab type of
curves is introduced. All possible taxicab types are found. For every
taxicab type, an invariant parametrization of a curve is described.
The E%—equivalence of curves is reduced to the problem of the E%—
equivalence of paths.

1. INTRODUCTION

The 2-dimensional taxicab space can be introduced using the metric
dr (z,y) = |x1 — y1| + |r2 — y2| instead of the well-known Euclidean metric
dp (1,y) = (11— y1)? + (22 —y2)*]%, where z = (x1,22) ,y = (y1,42) € R?.
This space will be denoted by R%. RZ is also known as the taxicab plane
geometry (shortly, taxicab geometry) [9, 10].

Let B2 = {F: R% - R3 :Fx=gx+b, g€ Dy, b€ R%}, where the
group Dy is the (Euclidean) symmetry group of the square.

The 2-dimensional taxicab group is introduced in [14]. For n > 2, geo-
metric properties in the n-dimensional taxicab space are investigated in
[1, 2, 6, 11]. The taxicab arc length of a curve in the 2-dimensional taxicab
space is defined in [17].

Invariant parametrizations and global properties of curves and paths
in some spaces are considered in papers [3, 8, 12, 13] and some books
[6, 7]. Similar problems for taxicab geometry have not yet appeared in
the literature. These results are important for the theory of curves, the
problems of EZ-equivalence of curves and some physical applications. For
example, the taxicab geometry plays an important role in ecology, fire-
spread simulation with square-cell, grid-based maps [4, 15, 18]. Non-linear
differential equations in taxicab geometry are introduced in [16].

This paper is organized as follows: In Section 2, the definitions of taxicab
curve, taxicab type and the taxicab arc length function of a curve is given.
In section 3, the definition of an invariant parametrization of a curve are
given. Invariant parametrization of a curve with a fixed taxicab type are
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described. In Theorem 3.6, the problems of the EZ-equivalence of curves
are reduced to that of paths.

Future research could include problems and applications concerning E2.-
equivalence of curves as well as the complete system of differential invariants
of a curve in R%.

2. THE TaxicAB TYPE OF A CURVE

Let R be the field of real numbers and I = (a,b) an open interval of R.
Definition 2.1. A C* mapping z: I — R% will be called an I-path
(shortly, a path) in RZ.
Definition 2.2. An I;-path z (t) and an Ir-path y (r) in R% will be called
D-equivalent if a C°° -diffeomorphism ¢: I, — I exists such that ¢ (r) > 0
and y(r) = z(p(r)) for all r € Ir. A class of D-equivalent paths in RZ will
be called a curve in R%. A path z € o will be called a parametrization of
a curve a.

We denote the group {F: R: - R2:Frx=gx+b, g€ Dy be R%} of
all transformations of R2 by FZ, where gz is the multiplication of a matrix
g and a column vector = € R%.

If x(t) is an [-path then Fx(t) is an I-path in R% for any F € EZ. Let
G be a subgroup of EZ.

Definition 2.3. Two [-paths z(t) and y(t) in R% are called G-equivalent
if there exists F' € G such that y(¢t) = Fz(t). This being the case , we write

x(t) < y(t).

Let a = {h,,7 € Q} be a curve in R%, where h, is a parametrization of
a. Then Fao = {Fh,,7 € Q} is a curve in R% for any F € EZ.

Definition 2.4. Two curves « and 3 in R% are called G-equivalent if
8 = Fa for some F' € GG. This being the case, we write « < s.
Let (t) = (z1(t), z2(t)) be an I-path in R%, &' (t) = (2 (t), 24(t)) be the
derivative of the path z(t). For p,q € I = (a,b),p < ¢, we let
q
Lo(pea) = [ (2 (0)] + la(0) .

P

Obviously, the finite and infinite limits I, (a, q) = lim,_,4 lo(p, q) < 400
and l;(p,b) = limgpls(p,q) < 400 exist. We have the following four
possibilities:

lz(a,q) < 400, Ilu(p,b) < +o0 (2.1)
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lo(a,q) < 400, Ilz(p,b) =+o0 (2.2)
lo(a,q) = 400, lz(p,b) < 400 (2.3)
lo(a,q) = 400, l(p,b) = +o0. (2.4)

Suppose that the case (2.1) holds for some p,q € I. Then I = [,(a,q) +
l.(p,b) — l.(p,q), where 0 < I < 400, does not depend on p,q € I. In
this case we say that z belongs to the taxicab type of (0,1). In cases (2.2),
(2.3), and (2.4), we say that x has taxicab types (0,400), (—o0,0), and
(—00, +00), respectively. The taxicab type of a path x will be denoted by
L(x).

Remark 2.5. The following examples 2.6-2.9 below show that there exist
paths of all types (0,1), where | < 400, (0,4+00), (—00,0), (—o0, +00).

Example 2.6. Consider the I-path z(t) = (rcost,rsint) in EZ, where
I=(0,7/2) and r > 0. Then

q
le(p,q)=r /(sznt + cost)dt = r(—cosq + sing + cosp — sinp)
P
forall0 <p<g< 3.

Since 1,:(0,q) = limy0 l2(p,q) < 400 and l.(p, 5) = limgz l.(p,q) <
+00, the type of the path is (0,1).

Example 2.7. Consider the I-path z(t) = (¢, ') in EZ, where I = (0, +00).
Then
q
lo(p,q) = /(1 te)dt=q—p+el—e”

P

for all 0 < p < g.
Since 1;(0, q) = limp—0 1 (p, ¢) < 400 and I (p, +00) = limy— 400 lo(p, q) =

+00, the type of the path is (0, +00).

Example 2.8. Consider the I-path z(t) = (t,t?) in E%, where I = (—00,0).
Then
q
Lo(p,q) = /(1 —2t)dt =q—p—q*+p°
P
for all —oo < p < g <O.
Since l;(—00, q) = limy,,_ o 1 (p, ¢) = +00 and I;(p, 0) = limy—o l;(p,q) <
~+00, the type of the path is (—o0, 0).
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Example 2.9. Consider the I-path z(t) = (¢, t?) in EZ, where I = (—o00, +00).
Then

q
lm(p,q)=/(1+2If|)dt=q—p+q2+p2
P

forall p <0 < gq.
Since

l(—00,q) = plm lu(p, q) = +00

and lw(pu +OO) = qli)r{.lo lm(p, q) = +OO7

the type of the path is (—oo, +00).

Proposition 2.10. Let z(t) be an I-path in R%. Then l;(p,q) = ly:(p, q)
forall g € Dy

Proof. Since x(t) is an I-path in R%., gz(t) is an I-path in R% for all g € Dy.
Since the derivative of the I-path z(t) is 2 (t) = (z(t), z5(t)), we have
[g(t)] = ga'(t) for all g € Dy and for all t € I. Then an I-path gz’ (t) can
be written in forms (2 (), 25 (t)), (= (£), z5(t)), (xy(t), —z4(t)), (—z(t),
—2y(0), (@5(8), 7 (1)), (—alt), 7, (1)), (za(t), —2 (1)), (~zalt), —2}(1)).
Clearly, 1;(p, q) = lge(p,q) for all g € Dy. O

Corollary 2.11. Let x(t) be an I-path in R%. Then l.(p,q) = lp.(p,q)
for all F € E3.

Proof. 1t follows from Proposition 2.10. O

Proposition 2.12. Let z(t) and y(t) be two I-paths in R%. Then

2
(i) ifx % y then L(z) = L(y).
(i1) if x,y are parametrizations of a curve o then L(xz) = L(y).

Proof. Tt is obvious. g

The taxicab type of a path x € «, will be called the taxicab type of the
curve o and denoted by L(a). L(«) is an EZ-invariant of a curve a.

Definition 2.13. An I-path z(t) is called regular if z (t) # 0 for all t € I.

If x(t) is a regular path and a path y(¢) for all ¢ € I is D-equivalent to
x(t), the y(t) is also a regular path for all t € I. A curve « is called regular
if it contains a regular path.
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3. INVARIANT PARAMETRIZATION OF THE TAXICAB CURVE

Now we define an invariant parametrization of a regular curve in R%.
Let I = (a,b) and x(t) be a regular I-path in R2.. We define the taxicab
arc length function s, (t) for each taxicab type as follows. We put s,(t) =
l.(a,t) for the case L(z) = (0,1), where | < 400, and s,(t) = —I,(¢,b)
for the case L(z) = (—00,0). Let L(x) = (—o0,+00). We choose a fixed
point in every interval I = (a,b) of R and denote it by a;. Let ay = 0 for
I = (—00,400). We set s,(t) =l (ar,t).

Since s, (t) > 0 for all t € I, the inverse function of s, (t) exists. Let
us denote it by t,(s). The domain of t,(s) is L(z) and ¢, (s) > 0 for all
s € L(x).

Proposition 3.1. Let I = (a,b) and z be a regular I-path in R%. Then
(1) spu(t) = s.(t) and tpi(s) = t.(s) for all F € E2.;
(ii) the equalities 54(,)(1) = s2(¢(r)) + 50 and (ty(x) (s + 50)) = te(s)
hold for any C*°-diffeomorphism ¢ : J = (¢,d) — I such that
@' (r) > 0 for all v € J, where sg = 0 for L(x) # (—o00,400) and
so =l (p(ay),ar) for L(x) = (—o0, +00).
Proof. The statement (i) is obvious. Let us prove statement (7). Let
L(z) = (—o00,+00). Then we have

(1) = / (|5erteton] + | aatetrn)) ar

_ / % (|| + | sratiotrn) ) an
L (plar), ) = Lo(ar, o) + La(pla) ar)

Thus, s;(,)(r) = sz(¢(r)) + s0, where sg = l.(p(as),ar). This implies
that ¢(t,(4)(s +50)) = tz(s). For L(z) # (=00, +00), it is easy to see that
S0 = 0. O

Let a be a regular curve, © € o. Then x(t,(s)) is a parametrization of
a.

Definition 3.2. The parametrization of the form z(t;(s)) of a regular
curve « is called an invariant parametrization of a.

Denote the set of all invariant parametrizations of o by Ip(«). Every
y € Iy(a) is a J-path, where J = L(«).

Proposition 3.3. Let a be a reqular curve, x € a and = be a J-path, where
J = L(a). Then the following conditions are equivalent:
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(1) x is an invariant parametrization of «;
(i%) ‘xll(s)‘ + ‘x;(s)‘ =1 for all s € L(a);
(13i) sy(s) =s for all s € L(w).
Proof. (i) — (ii). Let « € I,(c). Then there exists y € a such that z(s) =

y(ty(s)). By Proposition 3.1, s,(s) = sy(ty)(s) = sy(ty(s)) + s0 = s + so,
where sq is as in Proposition 3.1. Since sy does not depend on s, we have

= o) ()] + [r(s)] = 1 for all s € L(a).

ds
(15) — (iti). Let ‘a:,l(s) + ‘a:,z(s) =1 for all s € L(«). Using the
definition of s, (t), we get ds;—s(s) = ’x;(s)’ + ’x;(s)’ = 1. Therefore s,(s) =

s+cfor some ¢ € R. In the case L(x) # (—o0, +00), conditions s, (s) = s+c¢
and s;(s) € L(a) for all s € L(«) implies ¢ = 0, that is, s;(s) = s. In the
case L(a) = (—o0,+00), equalities s,(s) = lz(as,s) = 1,(0,s) = s + ¢
implies 0 = 1,(0,0) = ¢, that is , s;(s) = s.

(#7) — (4). Since s,(s) = s implies t,(s) = s, we get z(s) = z(t4(s)) €
I (o). O

Proposition 3.4. Let « be a reqular curve and L(a) # (—o0,+00). Then
there exists a unique invariant parametrization of c.

Proof. Let z,y € o,  be an I;-path. Then there exists a C°°- diffeomor-
phism ¢ : Iy — I such that ¢'(r) > 0 and y(r) = z(p(r)) for all r € I. By
Proposition 3.3 and L(a) # (—o0, +00), we obtain y(t,(s)) = z(p(ty(s)) =

O

2((ta(p)(5)) = x(ta(s)).

Proposition 3.5. Let « be a regular curve, L(a) = (—o0,4+00) and = €
I (). Then L,(a) ={y:y(s) =z(s+¢),c € (—00,+0)}.

Proof. Let z,y € Ip(a). Then there exist h,k € « such that z(s) =
h(tn(s)), y(s) = k(tx(s)), where h is an I;-path and k is an I>-path. Since
h,k € « there exists ¢ : Is — I such that ¢/(r) > 0 and k(r) = h(p(r))
for all r € I,. By Proposition 3.1, y(s) = k(tk(s)) = h(p(ts(s)) =
h((th(p)(s)) = h(tn(s = s0)) = x(s = s0)-

Let z € Ip(a) and s' € (—o0,400). We proof z(f) € I,(«), where
6(s) = s+ s’. By Proposition 3.3, ’x;(s)‘ + ‘x;(s)’ =1 and s,(s) = s.
Put z(s) = x(0(s)). Since 0 is a C*°-diffeomorphism of (—o0, +00) onto
(=00, 4+00), then z = x(0) € . Using Proposition 3.1 and s,(s) = s, we
get 5.(s) = 54(0)(5) = 52(0(s)) + 51 = (s + 8') + 51, where
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for s € L(a).
This, in view of ‘xll(s)‘ + ‘x;(s)‘ =1, implies s = —6(0) = —s’. Then
s:(s) = (s+ ') — s’ = s. By Proposition 3.3, z € I,,(«). O

Theorem 3.6. Let «, 8 be regular curves and x € Iy(a),y € I,(8). Then
2 2
(i) for L(a) = L(B) # (—00,+), « £ B if and only if x £ Y5

(i) for Lia) = L(B) = (=00,+00), o = 5 if and only if % y(s.)
for some ¢ € (=00, +00), where P.(s) = s+ c.

2
Proof. (i). Let « ) B and h € a. Then there exists F' € EZ such that
B = Fa. This implies Fh € 5. Using Propositions 3.1-3.4, we get x(s) =
h(tn(s)),y(s) = (Fh)(trn(s)) and Fa(s) = F(h(tn(s))) = (Fh)(ta(s)) =
2 2
(Fh)(trn(s)) = y(s). Thus x £ y. Conversely, let x £ y, that is, there
2
exists F' € F2 such that Fz =y. Then « % B.

2
(i7). Let o Fos B. Then there exist J-paths h € a, k € B and F € EZ such
that k(t) = Fh(t). We have k(ti(s)) = k(trn(s)) = k(tn(s)) = (Fh)(tn(s)).
By Proposition 3.5, x(s) = k(tx(s + s1)),y(s) = h(tn(s + s2)) for some
$1, 82 € (—00,400). Therefore, (s — s1) = Fy(s — s2). This implies that

2

E} E
x ~ y(1.), where ¥.(s) = s+c and ¢ = 51 — s3. Conversely, let x ~ y(t.)
for some ¢ € (—o0, +00), where 9. = s+ c. Then there exists F' € EZ such

2
that y(s + ¢) = Fx(s). Since y(s + ¢) € 3, then « E) . O

Theorem 3.6 reduces problems of the E%-equivalence regular curves to
that of paths only for the case L(«) = L(f) # (—o00,4+00). Let G be a
subgroup of EZ.

Definition 3.7. J-paths x(t) and y(t) will be called
[G, (—00, +00)]-equivalent, if there exist g € G and d € (—o0,+00) such
that y(t) = gz(t +d) for all ¢t € J.

Theorem 3.6 reduces problems of the G-equivalence of regular curves to
[G, (—00, +00)]-equivalence of paths for the case L(a) = L(B) = (—o0, +00).
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