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Abstract. By means of the polynomial argument, a class of cubic sums of q-binomial

coe‰cients are evaluated in closed forms.

By means of the finite di¤erence method, Chu [3] proved several closed

formulae for the following alternating binomial sums

Xm
k¼0

ð�1Þk m

k

� �
k þ y

mþ e

� �
k � yþ l

mþ e

� �

where m A N0, l; e A Z and y is an indeterminate. This has partially been

motivated by Gould–Quaintance [4], who obtained a closed formula for the

case m ¼ 2n and e ¼ 1þ l, extending an earlier result found by Vosmansky [5].

Define the q-shifted factorial by ðx; qÞ0 1 1 and

ðx; qÞn ¼
Yn�1

k¼0

ð1� xqkÞ for n A N:

We have Gauss’ q-binomial coe‰cient

n

k

� �
¼ ðq1þn�k; qÞk

ðq; qÞk
¼ ðq; qÞn

ðq; qÞkðq; qÞn�k

:

The objective of the present paper is to investigate the following q-binomial

sums

Wnðe; djl; yÞ :¼
X2nþd

k¼0

ð�1Þk 2nþ d

k

� �
k þ y

2nþ e

� �
k � yþ l

2nþ e

� �
q

eþ3n�k
2ð Þ
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where for brevity, the parity of the summation limit is indicated by whether

d ¼ 0 or d ¼ 1. The main tool is the following polynomial argument:

‘‘Two polynomials of degreeam are identical if they agree at mþ 1 distinct

points’’.

As a crucial fact, we first show that Wnðe; djl; yÞ is a Laurent polynomial

in qy consisting of the terms qyl with jlja eþ n (instead of jlja 2nþ d).

According to Euler’s q-binomial theorem (cf. Bailey [1, § 8.1])

ðx; qÞm ¼
Xm
k¼0

ð�1Þk m

k

� �
q

k
2ð Þxk

there exist connection coe‰cients Yði; jÞ (independent of k) such that

Wnðe; djl; yÞ ¼
X2nþd

k¼0

ð�1Þk 2nþ d

k

� �
q

k
2ð Þ
X2nþe

i; j¼0

Yði; jÞqyði�jÞþkð1þiþj�3n�eÞ

¼
X

jlja2nþe

qyl
X2nþe

j¼0

Yðlþ j; jÞ � ðq1þlþ2j�3n�e; qÞ2nþd

where the last line is justified by the substitution i � j ¼ l on summation

indices. Observe that Wnðe; djl; yÞ is a Laurent polynomial of qy consisting of

the terms qyl such that the factorial ðq1þlþ2j�3n�e; qÞ2nþd 0 0 for some j with

0a ja 2nþ e. This can happen only when one of the following two inequal-

ities holds: lþ 2j � 3n� eb 0 and lþ 2j � 3n� e < �2n� d, which can be

reformulated respectively as lb 3nþ e� 2jb�n� e and l < nþ e� d� 2ja

nþ e. This confirms that Wnðe; djl; yÞ is a Laurent polynomial in qy consisting

of the terms qyl with l being restricted between �e� n and eþ n.

To evaluate the q-binomial sum WðyÞ :¼ Wnðe; djl; yÞ for specific e, d and l,

the following procedure will be carried out:
� Determine the ‘‘degree’’ of the Laurent polynomial WðyÞ.
� Figure out zeros of WðyÞ that are identified explicitly by oðyÞ.
� Find out the multiplicative constant b such that WðyÞ ¼ boðyÞ.

We shall examine eleven formulae in the rest of the paper. They are remark-

able examples of the so–called ‘‘almost poised q-series’’ [2], where further

identities can be found. In order to ensure the accuracy, all the formulae

displayed in the paper have been verified by appropriately devised Mathematica

commands.

§ 1. Formula for Wnðlþ 1; 0jl; yÞ. First, we prove the following q-analogue

for the cubic sum of binomial coe‰cients evaluated by Gould–Quaintance

[4].
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Theorem 1 (n A N0 and l A Z).

X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ lþ 1

� �
k � yþ l

2nþ lþ 1

� �
q

lþ3n�kþ1
2ð Þ

¼
2n
n

� �
2nþlþ1

n

� � y

nþ lþ 1

� �
l� y

nþ lþ 1

� �
qððlþnÞ=2Þð1þlþ3nÞ:

Proof. Define the Laurent polynomial by the q-binomial sum

PðyÞ ¼
X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ lþ 1

� �
k � yþ l

2nþ lþ 1

� �
q

lþ3n�kþ1
2ð Þ

which consists of the terms qyl with jlja nþ lþ 1.

When l < 0, we claim that PðiÞ ¼ 0 for i ¼ 0; 1; . . . ; nþ l. Observing that

the non zero summands in PðyÞ contain both kþi
2nþlþ1

� �
0 0 and k�iþl

2nþlþ1

� �
0 0,

we have k þ ib 2nþ lþ 1 and k � i þ l < 0 simultaneously. Rewriting the

second inequality i � k > l and then adding it to the first one, we get 2i >

2nþ 2lþ 1, which is equivalent to i > nþ l. Hence PðiÞ ¼ 0 for 0a ia

nþ l. According to the symmetry PðyÞ ¼ Pðl� yÞ, we get PðyÞ ¼ 0 for y A
fi; l� i : 0a ia nþ lg.

Now that the q-binomial product y
nþlþ1

� ��
l�y

nþlþ1

�
has the same zeros as

PðyÞ, there is a constant b such that

PðyÞ ¼ b
y

nþ lþ 1

� �
l� y

nþ lþ 1

� �

which can be determined by letting y ¼ nþ lþ 1 as

b ¼ Pðnþ lþ 1Þ
�n�1
nþlþ1

� � ¼
2n
n

� �
2nþlþ1

n

� � qððlþnÞ=2Þð1þlþ3nÞ

because there is only one surviving term corresponding to k ¼ n in

Pðnþ lþ 1Þ.
When lb 0, consider the quotient QðyÞ ¼ PðyÞ

y
lþ1½ � l�y

lþ1½ � . Following the same

procedure above for PðyÞ, we can show that QðyÞ is a Laurent polynomial

of ‘‘degree’’ jlja n with all the zeros fi; l� i : 1þ la ia nþ lg. Then by

determining the constant factor at the same point y ¼ nþ lþ 1, we confirm the

identity displayed in Theorem 1 also when lb 0. r

§ 2. Formula for Wnðl; 0jl; yÞ.

Theorem 2 (n A N0 and l A Z).

191Polynomial argument for q-binomial sums



X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ l

� �
k � yþ l

2nþ l

� �
q

lþ3n�k
2ð Þ

¼
2n
n

� �
2nþl
n

� � y� 1

nþ l

� �
l� y� 1

nþ l

� �
qððlþnÞ=2Þð1þlþ3nÞ:

Proof. Define the Laurent polynomial in qy by the q-binomial sum

PðyÞ ¼
X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ l

� �
k � yþ l

2nþ l

� �
q

lþ3n�k
2ð Þ

whose ‘‘degree’’ is limited by jlja nþ l.

When la 0, we have PðiÞ ¼ 0 for i ¼ 1; 2; . . . ; nþ l because the non zero

summands in PðyÞ contain both kþi
2nþl

� �
0 0 and k�iþl

2nþl

� �
0 0 that are equivalent

to i þ kb 2nþ l and i � k > l respectively. Combining with the symmetric

property PðyÞ ¼ Pðl� yÞ, we get PðyÞ ¼ 0 for y A fi; l� i : 1a ia nþ lg.
Since the q-binomial product y�1

nþl

� ��
l�y�1
nþl

�
has the same zeros as PðyÞ,

there is a constant b such that

PðyÞ ¼ b
y� 1

nþ l

� �
l� y� 1

nþ l

� �

which can be determined at y ¼ 0 as

b ¼ Pð0Þ
�1
nþl

� �
l�1
nþl

� � ¼ 2n
2nþl

� �
q

lþn
2ð Þ

�1
nþl

� �
l�1
nþl

� � ¼
2n
n

� �
2nþl
n

� � qððlþnÞ=2Þð1þlþ3nÞ

where Pð0Þ contains essentially the only term corresponding to k ¼ 2n.

When l > 0, observing that QðyÞ ¼ PðyÞ
y�1
l�1½ � l�y�1

l�1½ � is, in fact, a Laurent poly-

nomial of ‘‘degree’’ jlja nþ 1 with all the zeros fi; l� i : la ia nþ lg and

then determining the constant factor at the same point y ¼ 0, we prove the

identity in Theorem 2 also when l > 0. r

§ 3. Formula for Wnðlþ 2; 0jl; yÞ.

Theorem 3 (n A N0 and l A Z).

X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ lþ 2

� �
k � yþ l

2nþ lþ 2

� �
q

lþ3n�kþ2
2ð Þ

¼
q 2n

n

� �
2nþlþ2

n

� � y

nþ lþ 2

� �
l� y

nþ lþ 2

� �
qððlþnÞ=2Þð3þlþ3nÞ:
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Sketch of proof. Define the Laurent polynomial by the q-binomial sum

PðyÞ ¼
X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ lþ 2

� �
k � yþ l

2nþ lþ 2

� �
q

lþ3n�kþ2
2ð Þ

which consists of the terms qyl with jlja nþ lþ 2.

When l < 0, the theorem can be shown by verifying the following

statements:
� All the zeros of PðyÞ are given by y A fi; l� i : 0a ia nþ lþ 1g, that

are the same as the zeros of the q-binomial product y
nþlþ2

� ��
l�y

nþlþ2

�
.

� The constant factor is determined at y ¼ nþ lþ 2 where PðyÞ contains

only two surviving terms corresponding to k ¼ n and k ¼ nþ 1.

When lb 0, Theorem 3 can be confirmed by examining the following quotient

QðyÞ ¼ PðyÞ
y

lþ2½ � l�y
lþ2½ � , which is a Laurent polynomial of ‘‘degree’’ jlja n with all the

zeros fi; l� i : lþ 2a ia nþ lþ 1g, and then determining the constant factor

at the point y ¼ nþ lþ 2 analogously. r

§ 4. Formula for Wnðlþ 2; 1jl; yÞ.

Theorem 4 (n A N0 and l A Z).

X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ lþ 2

� �
k � yþ l

2nþ lþ 2

� �
q

lþ3n�kþ2
2ð Þ

¼
q 2n

n

� �
ð1� q2nþ1Þ
2nþlþ2

n

� � y

nþ lþ 2

� �
l� y

nþ lþ 2

� �
qððlþnÞ=2Þð3þlþ3nÞ:

Sketch of proof. Define the Laurent polynomial in qy by the q-binomial

sum

PðyÞ ¼
X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ lþ 2

� �
k � yþ l

2nþ lþ 2

� �
q

lþ3n�kþ2
2ð Þ:

whose ‘‘degree’’ is restricted to jlja nþ lþ 2.

When l < 0, the theorem can be proved by verifying the following

assertions:
� All the zeros of PðyÞ are given by fi; l� i : 0a ia nþ lþ 1g, that are

the same as the zeros of the q-binomial product y
nþlþ2

� ��
l�y

nþlþ2

�
.

� The constant factor is determined at y ¼ nþ lþ 2 where PðyÞ contains

only two surviving terms corresponding to k ¼ n and k ¼ nþ 1.

When lb 0, Theorem 4 can be confirmed by considering the following quo-

tient QðyÞ ¼ Pð yÞ
y

lþ1½ � l�y
lþ1½ � , which is a Laurent polynomial of ‘‘degree’’ jlja nþ 1
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with all the zeros fi; l� i : lþ 1a ia nþ lþ 1g, and then determining the

constant factor at the point y ¼ nþ lþ 2 similarly. r

For the remaining seven formulae, the identified zeros are not enough to

determine Laurent polynomials for the absence of a pair of key zeros.

According to the symmetric property WðyÞ ¼ Wðl� yÞ, there is an extra factor

aþ bðqy þ ql�yÞ to be figured out. By choosing two particular values of y so

that WðyÞ can be easily evaluated, we shall find out a and b by resolving a

linear system of two equations concerning both unknowns a and b.

§ 5. Formula for Wnðl; 1jl; yÞ.

Theorem 5 (n A N0 and l A Z).

X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ l

� �
k � yþ l

2nþ l

� �
q

lþ3n�k
2ð Þ

¼
2nþ1
n

� �
2nþl
nþ1

� � y� 2

nþ l� 1

� �
l� y� 2

nþ l� 1

� �
qððlþnÞ=2Þð1þlþ3nÞ

� ql þ ql�1 þ qlþ1þn � q�n � qy � ql�y

qð1� qnþlÞ :

Proof. Define the Laurent polynomial by the q-binomial sum

PðyÞ ¼
X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ l

� �
k � yþ l

2nþ l

� �
q

lþ3n�k
2ð Þ

which consists of the terms qyl with jlja nþ l.

When la 3, it is not hard to check the following statements:
� For the q-binomial product y�2

nþl�1

� ��
l�y�2
nþl�1

�
, its zeros fi; l� i : 2a ia

nþ lg are also 2nþ 2l� 2 zeros of PðyÞ.
� There is an extra factor aþ bðqy þ ql�yÞ such that

PðyÞ ¼ faþ bðqy þ ql�yÞg y� 2

nþ l� 1

� �
l� y� 2

nþ l� 1

� �

which can be determined by resolving the following linear system:

Pð0Þ ¼ �2

nþ l� 1

� �
l� 2

nþ l� 1

� �
faþ bð1þ qlÞg;

Pð1Þ ¼ �1

nþ l� 1

� �
l� 3

nþ l� 1

� �
faþ bðqþ ql�1Þg:

8>>><
>>>:
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Noticing further that there are two surviving terms with k ¼ 2n and k ¼ 2nþ 1

in Pð0Þ and one surviving term corresponding to k ¼ 2nþ 1 in Pð1Þ, we get

Pð0Þ ¼ �q
lþn�1

2ð Þ 2nþ 1

2nþ l

� �
ð1þ qnÞð1� qlþnþ1Þ

1� q
;

Pð1Þ ¼ �q
lþn�1

2ð Þ 2nþ 2

2nþ l

� �
:

Substituting them into the last system of equations and then resolving it, we

find, after simplifications, the following solution:

a ¼ � qððlþnÞ=2Þð1þlþ3nÞ

qð1� qnþlÞ

2nþ1
n

� �
2nþl
nþ1

� � ðq�n � ql � ql�1 � qlþnþ1Þ;

b ¼ � qððlþnÞ=2Þð1þlþ3nÞ

qð1� qnþlÞ

2nþ1
n

� �
2nþl
nþ1

� � :
Therefore we have determined the extra factor

aþ bðqy þ ql�yÞ ¼ qððlþnÞ=2Þð1þlþ3nÞ
2nþ1
n

� �
2nþl
nþ1

� � ql þ ql�1 þ qlþ1þn � q�n � qy � ql�y

qð1� qnþlÞ

and consequently proved the theorem for la 3.

When l > 3, Theorem 5 can be confirmed analogously by examining the

quotient QðyÞ ¼ PðyÞ
y�2
l�3½ � l�y�2

l�3½ � , which is a Laurent polynomial of ‘‘degree’’ jlja
nþ 3 with identified zeros fi; l� i : l� 1a ia nþ lg, and then determining

the extra factor aþ bðqy þ ql�yÞ by letting y ¼ 0 and y ¼ 1. r

§ 6. Formula for Wnðlþ 1; 1jl; yÞ.

Theorem 6 (n A N0 and l A Z).

X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ lþ 1

� �
k � yþ l

2nþ lþ 1

� �
q

lþ3n�kþ1
2ð Þ

¼
2nþ1
n

� �
2nþlþ1
nþ1

� � y� 1

nþ l

� �
l� y� 1

nþ l

� �
ql þ q1þnþl � qy � ql�y

1� q1þnþl
qððlþnÞ=2Þð1þlþ3nÞ:

Proof. Define the Laurent polynomial in qy by the q-binomial sum

PðyÞ ¼
X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ lþ 1

� �
k � yþ l

2nþ lþ 1

� �
q

lþ3n�kþ1
2ð Þ

whose ‘‘degree’’ is limited to jlja nþ lþ 1.
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When la 1, we can verify the following assertions:
� For the q-binomial product y�1

nþl

� ��
l�y�1
nþl

�
, its zeros fi; l� i : 1a ia

nþ lg are also 2nþ 2l zeros of PðyÞ.
� There is an extra factor aþ bðqy þ ql�yÞ such that

PðyÞ ¼ faþ bðqy þ ql�yÞg y� 1

nþ l

� �
l� y� 1

nþ l

� �

which can be determined by resolving the following linear system:

Pð0Þ ¼ faþ bð1þ qlÞg �1

nþ l

� �
l� 1

nþ l

� �
;

Pðnþ lþ 1Þ ¼ faþ bðqnþlþ1 þ q�n�1Þg �n� 2

nþ l

� �
:

8>>><
>>>:

Evaluating both Pð0Þ and Pðnþ lþ 1Þ by

Pð0Þ ¼ � 2nþ 1

2nþ lþ 1

� �
q

lþn
2ð Þ;

Pðnþ lþ 1Þ ¼ ð�1Þnþlþ1 2nþ 1

n

� �
q�ð2nþlþ1Þ;

and then resolving the last linear system, we get the following solution

a ¼
2nþ1
n

� �
2nþlþ1
nþ1

� � 1þ qnþ1

1� qnþlþ1
qððlþnÞ=2Þð1þlþ3nÞþl;

b ¼
2nþ1
n

� �
2nþlþ1
nþ1

� � qððlþnÞ=2Þð1þlþ3nÞ

qnþlþ1 � 1
:

This leads explicitly to the following extra factor

aþ bðqy þ ql�yÞ ¼ qððlþnÞ=2Þð1þlþ3nÞ
2nþ1
n

� �
2nþlþ1
nþ1

� � ql þ qlþ1þn � qy � ql�y

1� qnþlþ1

and proved accordingly the theorem for la 1.

When l > 1, Theorem 6 can be confirmed similarly by considering the

quotient QðyÞ ¼ PðyÞ
y�1
l�1½ � l�y�1

l�1½ � , which is a Laurent polynomial of ‘‘degree’’ jlja
nþ 2 with identified zeros fi; l� i : la ia nþ lg, and then determining the

extra factor aþ bðqy þ ql�yÞ by letting y ¼ 0 and y ¼ nþ lþ 1. r

§ 7. Formula for Wnðlþ 3; 1jl; yÞ.

Theorem 7 (n A N0 and l A Z).
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X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ lþ 3

� �
k � yþ l

2nþ lþ 3

� �
q

lþ3n�kþ3
2ð Þ

¼
2nþ1
n

� �
2nþlþ3
nþ1

� � y

nþ lþ 2

� �
l� y

nþ lþ 2

� �
qððlþnÞ=2Þð1þlþ3nÞ

� qlþn þ ql�1 � qlþnþyþ1 � q2lþn�yþ1

1� q3þnþl
:

Sketch of proof. Define the Laurent polynomial by the q-binomial

sum

PðyÞ ¼
X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ lþ 3

� �
k � yþ l

2nþ lþ 3

� �
q

lþ3n�kþ3
2ð Þ

which consists of the terms qyl with jlja nþ lþ 3.

When l < 0, the theorem can be proved by checking the following

statements:
� For the q-binomial product y

nþlþ2

� ��
l�y

nþlþ2

�
, its zeros fi; l� i : 0a ia

nþ lþ 1g are also 2nþ 2lþ 4 zeros of PðyÞ.
� The extra factor aþ bðqy þ ql�yÞ such that

PðyÞ ¼ faþ bðqy þ ql�yÞg y

nþ lþ 2

� �
l� y

nþ lþ 2

� �

is determined, by letting y ¼ nþ lþ 2 and y ¼ nþ lþ 3, as

follows:

aþ bðqy þ ql�yÞ ¼ qððlþnÞ=2Þð1þlþ3nÞ

1� q3þnþl

2nþ1
n

� �
2nþlþ3
nþ1

� �

� fqlþn þ ql�1 � qlþnþyþ1 � q2lþn�yþ1g:

When lb 0, Theorem 7 can be confirmed analogously by examining the

quotient QðyÞ ¼ Pð yÞ
y

lþ2½ � l�y
lþ2½ � , which is a Laurent polynomial of ‘‘degree’’ jlja

nþ 1 with identified zeros fi; l� i : lþ 2a ia nþ lþ 1g, and then determin-

ing the extra factor aþ bðqy þ ql�yÞ by letting y ¼ nþ lþ 2 and

y ¼ nþ lþ 3. r

§ 8. Formula for Wnðlþ 4; 1jl; yÞ.

Theorem 8 (n A N0 and l A Z).
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X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ lþ 4

� �
k � yþ l

2nþ lþ 4

� �
q

lþ3n�kþ4
2ð Þ

¼
2nþ1
n

� �
2nþlþ4
nþ1

� � y

nþ lþ 3

� �
l� y

nþ lþ 3

� �
qððlþnÞ=2Þð5þlþ3nÞ

� qþ q2 þ q�n � q3þy � q3þl�y � q5þlþn

1� q4þnþl
:

Sketch of proof. Define the Laurent polynomial in qy by the q-binomial

sum

PðyÞ ¼
X2nþ1

k¼0

ð�1Þk 2nþ 1

k

� �
k þ y

2nþ lþ 4

� �
k � yþ l

2nþ lþ 4

� �
q

lþ3n�kþ4
2ð Þ

whose ‘‘degree’’ is restricted to jlja nþ lþ 4.

When l < 0, the theorem is proved by verifying the following assertions:
� For the q-binomial product y

nþlþ3

� ��
l�y

nþlþ3

�
, its zeros fi; l� i : 0a ia

nþ lþ 2g are also 2nþ 2lþ 6 zeros of PðyÞ.
� The extra factor aþ bðqy þ ql�yÞ such that

PðyÞ ¼ faþ bðqy þ ql�yÞg y

nþ lþ 3

� �
l� y

nþ lþ 3

� �

is determined, by letting y ¼ nþ lþ 3 and y ¼ nþ lþ 4, as follows:

aþ bðqy þ ql�yÞ ¼
2nþ1
n

� �
2nþlþ4
nþ1

� � qððlþnÞ=2Þð5þlþ3nÞ

1� q4þnþl

� fqþ q2 þ q�n � q3þy � q3þl�y � q5þnþlg:

When lb 0, Theorem 8 can be confirmed similarly by considering the quotient

QðyÞ ¼ PðyÞ
y

lþ3½ � l�y
lþ3½ � , which is a Laurent polynomial of ‘‘degree’’ jlja nþ 1 with

identified zeros fi; l� i : lþ 3a ia nþ lþ 2g, and then determining the extra

factor aþ bðqy þ ql�yÞ by letting y ¼ nþ lþ 3 and y ¼ nþ lþ 4. r

Finally, we are going to present three q-binomial formulae without

l-parameter.

§ 9. Formula for Wnð1; 0j3; yÞ.

Theorem 9 (n A N0).
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X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ 1

� �
k � yþ 3

2nþ 1

� �
q

3n�kþ1
2ð Þ

¼ ð1þ q1þnÞ y� 3

n

� �
�y

n

� �
1þ q1þ3n ð1� qy�1Þð1� q2�yÞ

ð1� q1þ2nÞð1� q2þ2nÞ

� �
qðn=2Þð5þ3nÞ:

Proof. Define the Laurent polynomial by the q-binomial sum

WðyÞ ¼
X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ 1

� �
k � yþ 3

2nþ 1

� �
q

3n�kþ1
2ð Þ

which consists of the terms qyl with jlja nþ 1.

Then the theorem can be shown by justifying the following statements:
� For the q-binomial product y�3

n

� � �y
n

� �
, its zeros fi; 3� i : 3a ia nþ 2g

are also 2n zeros of WðyÞ.
� The extra factor aþ bðqy þ q3�yÞ such that

WðyÞ ¼ faþ bðqy þ q3�yÞg y� 3

n

� �
�y

n

� �

can be determined by resolving the following linear system:

Wð2Þ ¼ faþ bðq2 þ qÞg �1

n

� �
�2

n

� �
;

Wðnþ 3Þ ¼ faþ bðqnþ3 þ q�nÞg �n� 3

n

� �
:

8>>><
>>>:

By evaluating further

Wð2Þ ¼ q
nþ1
2ð Þ 2nþ 2

2nþ 1

� �
;

Wðnþ 3Þ ¼ ð�1Þn 2n

n� 1

� �
ð1� q2nþ2Þð1þ qn þ qnþ1Þ

1� qnþ2
;

we get the solution

a ¼ 1� q2nþ1 � q2nþ2 þ q1þ3n þ q2þ3n þ q3þ4n

ð1� qnþ1Þð1� q2nþ1Þ qðn=2Þð5þ3nÞ;

b ¼ �qðn=2Þð5þ3nÞþ3n

ð1� qnþ1Þð1� q2nþ1Þ ;

which gives rise to the following explicit expression

aþ bðqy þ q3�yÞ ¼ ð1þ q1þnÞ 1þ q1þ3n ð1� qy�1Þð1� q2�yÞ
ð1� q1þ2nÞð1� q2þ2nÞ

� �
qðn=2Þð5þ3nÞ: r
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§ 10. Formula for Wnð1; 0j�3; yÞ.

Theorem 10 (n A N0).

X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ 1

� �
k � y� 3

2nþ 1

� �
q

3n�kþ1
2ð Þ

¼ ð1þ q1þnÞ y

n

� �
�3� y

n

� �
1þ q1þn ð1� q�y�1Þð1� q2þyÞ

ð1� q1þ2nÞð1� q2þ2nÞ

� �
qð3=2Þðn

2�3n�2Þ:

Sketch of proof. Define the Laurent polynomial in qy by the q-binomial

sum

WðyÞ ¼
X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ 1

� �
k � yþ 3

2nþ 1

� �
q

3n�kþ1
2ð Þ

whose ‘‘degree’’ is limited to jlja nþ 1.

Then the theorem can be proved by checking the following assertions:
� For the q-binomial of product y

n

� � �3�y
n

� �
, its zeros fi;�3� i : 0a ia

n� 1g are also 2n zeros of WðyÞ.
� The extra factor aþ bðqy þ q�3�yÞ such that

WðyÞ ¼ faþ bðqy þ q�3�yÞg y

n

� �
�3� y

n

� �

can be determined, by letting y ¼ �1 and y ¼ n, as follows:

aþ bðqy þ q�3�yÞ

¼ ð1þ q1þnÞ 1þ q1þn ð1� q�y�1Þð1� q2þyÞ
ð1� q1þ2nÞð1� q2þ2nÞ

� �
qð3=2Þðn

2�3n�2Þ: r

§ 11. Formula for Wnð�1; 0j1; yÞ.

Theorem 11 (n A N).

X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2n� 1

� �
k � yþ 1

2n� 1

� �
q

3n�k�1
2ð Þ

¼ 1þ qn

q

y� 2

n� 1

� �
�1� y

n� 1

� �
1� ð1þ qnþ1Þð1� qn�1Þð1� q2nþ1Þ

q1þ3n�yð1� qyþ1Þð1� qy�2Þ

� �
q3

nþ1
2ð Þ:

Sketch of proof. Define the Laurent polynomial by the q-binomial sum

WðyÞ ¼
X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2n� 1

� �
k � yþ 1

2n� 1

� �
q

3n�k�1
2ð Þ

which consists of the terms qyl with jlja n� 1.
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Then the theorem can be demonstrated by verifying the following claims:

� For the q-binomial product
y�2
n�1½ � �1� y

n�1½ �
ð1�qy�2Þð1�q�1�yÞ , its zeros fi; 1� i : 3a ia ng

are also 2n� 4 zeros of WðyÞ.
� The extra factor aþ bðqy þ q1�yÞ such that

WðyÞ ¼ aþ bðqy þ q1�yÞ
ð1� qy�2Þð1� q�1�yÞ

y� 2

n� 1

� �
�1� y

n� 1

� �

is determined, by letting y ¼ 1 and y ¼ 2, as follows:

aþ bðqy þ q1�yÞ
ð1� qy�2Þð1� q�1�yÞ ¼ q3

nþ1
2ð Þ�1ð1þ qnÞ

� 1� ð1þ qnþ1Þð1� qn�1Þð1� q2nþ1Þ
q1þ3n�yð1� qyþ1Þð1� qy�2Þ

� �
: r

Before concluding the paper, we would like to point out that these 11 iden-

tities are not exhaustive. For instance, by making use of the same method, we

are able to show also the two summation formulae displayed in the following

theorems.

Theorem 12 (Formula for Wnð3þ l; 0jl; yÞ: n A N0 and l A Z).

X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ lþ 3

� �
k � yþ l

2nþ lþ 3

� �
q

3þlþ3n�k
2ð Þ

¼
2n
n

� �
2nþlþ3

n

� � y

nþ lþ 3

� �
l� y

nþ lþ 3

� �
q3þððlþnÞ=2Þð5þlþ3nÞ

� 1þ qnþ1ð1� qnÞð1� q3þnþlÞ
ð1� q2þnþyÞð1� q2þnþl�yÞ

� �
:

Theorem 13 (Formula for Wnð4þ l; 0jl; yÞ: n A N0 and l A Z).

X2n
k¼0

ð�1Þk 2n

k

� �
k þ y

2nþ lþ 4

� �
k � yþ l

2nþ lþ 4

� �
q

4þlþ3n�k
2ð Þ

¼
2n
n

� �
2nþlþ4

n

� � y

nþ lþ 4

� �
l� y

nþ lþ 4

� �
q6þððlþnÞ=2Þð7þlþ3nÞ

� 1þ qnþ1ð1þ q� qn � q2nþ1Þð1� q4þnþlÞ
ð1� q3þnþyÞð1� q3þnþl�yÞ

� �
:

However, it will be more di‰cult to determine the extra polynomial factors

appearing in closed formulae when the discrepancy between two integer param-

eters e and l becomes large.
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