HIROSHIMA MATH. J.
20 (1990), 619-632

On the invariant field of binary octavics

Takashi MAEDA
(Received October 12, 1989)

Introduction

Katsylo and Bogomolov proved in [7, 1, 2] the rationality of the invariant
field of binary n-forms over the complex numbers field C for all integers n.
The purpose of this paper is to give a set of six generators explicitly along with
the classical terminology, i.e. by symbolic expressions (cf. [5, 6]), in the case of
binary octavics (n = 8) (Theorem B). For a general integer n, we show the
following:

THEOREM A. For each even integer n > 8 (see Remark 1.12 for odd inte-
gers n), there is a homogeneous invariant polynomial M of degree 12 such that the
invariant field of binary n-forms over C is generated by n — 2 (=transcendence
degree over C) rational functions whose denominators are certain powers of M.

One of the culminant of the classical invariant theory is [4], in which von
Gall shows that the set of 70 covariants (including 9 invariants) listed there, is a
complete minimal system of the graded ring of covariants of binary octavics.
About twenty years ago, Shioda[8] determined all the syzygy modules of the
graded ring of invariants of binary octavics, by means of the symbolic method,
generating functions and some technique due to Hilbert. In contrast to the
invariant(covariant) rings, there had been, until now, little attempt to calculate
algebraically independent generators of the invariant fields of binary forms.
The author would like to indicate in the present article that one could apply
the classical symbolic method initiated by Gordan and others [5, 6] to express
the generators not only of the invariant rings, but also of the invariant fields of
binary forms.

It was shown in [7] that the field in question is isomorphic to the invariant
field under an action of a subgroup H of SL(2, C). Analizing this isomorphism,
we give in §1 a correspondence of H-invariant polynomials to the SL(2, C)-
invariant rational functions and prove Theorem A. The method used in §1 is a
variation of protomorphic functions in the classical invariant theory (Remark
1.13, cf. [3]). In §2 we apply the result of §1 in the case of binary octavics and
give a set of generators explicitly. After preparing four lemmas (from Lemma
2.7 to 2.10), the process of constructing the SL(2, C)-invariant rational functions
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from H-invariant polynomials is a formal computation and a routine of the
symbolic method.

Notation. In this paper the ground field is the complex numbers field C.
For an integer n, we denote by V(n), the representation space of the irreducible
representation p, of dimension n + 1 of SL(2, C), or the affine space of dimen-
sion n+ 1 over C, which has the regular action of SL(2, C) induced by p,.
P(V(n)) is the projective space of dimension n over C associated to it. The
representation p, is defined as follows. For a basis {aq, ..., a,} of V(n), let

(@gs - -» @) (X5 X1 )" = Y 1 (':) a;x5"'x! (the basic n-forms),

and

@, ..., ad)(xq, x1)" = (ag, ..., a,)(axqy + cxy, bxy + dx,)",

b
for g= (“ )e SL(2, C).
cd
Then we define p,(g) by
(0.1) ‘@, ..., af) = pu(9)- @0, ---, ay) .
For two binary forms
F = (a()s vy an)(xOs xl)n ’ G = (bO’ EREE) bm)(x05 xl)m })

we denote by (F, G), the r-th transvection of F and G (cf. [5, 6]):

_(a=nm -0, T J"F "G
(F. O = = Zi=o (= D" oxg*oxt oxEoxT*’
0.2)
for 0 <r < min(n, m).
Let

(F, G), = (Co, cees c'l+m—2r)(x0, xl)n+m—2r .

Then the subspace of Z;;Ca;b;=V(n)® V(m) generated by {c;}iZ5~ % is
G-stable and equivalent to V(n + m — 2r).

§1. Proof of Theorem A

Let X be an algebraic variety over C which has a rational action of an
algebraic group G. For a subgroup H of G and an irreducible algebraic
subvariety Y (not necessarily closed) of X, Katsylo in [7] defined Y to be a
(G, H)-section of X if
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(0) hyeYforany he H and ye Y,

(1) the rational map G x Y - X, (g, y) — gy, is dominant,

(2) for a general point y of Y, if g€ G and gy € Y, then g € H.
When these conditions are satisfied we see that the inclusion Y — X induces a
birational map Y/H — X/G, where Y/H (resp. X/G) is an algebraic variety over
C whose function field is isomorphic to the invariant field C(Y)¥ (resp. C(X)%).
We note the existence of the (G, H)-section of X is equivalent to the following
condition:

(1.1) There is a G-equivariant rational map @: X — G/H such that the fibre
¢ [e] of the class [e] of H, is irreducible.

When (1.1) is satisfied, the irreducible subvariety ¢ ! [e] of X is a (G, H)-section
of X.
We fix an even integer n > 8 and denote G = SL(2, C) from now on. Let

B _ 1 CS CS B C—l 0 B
H—<a—ﬁ<c7 CS),1—<O C>>, { =expn./—1/8),
Y ={(a,0,6b,0,a)a,beC} = V(4).

Then the subgroup H of SL(2, C) is isomorphic to the central extension of
Z/2Z by the symmetric group of degree 4 and Y is a (G, H)-section of V(4)
(cf. [7]). Let y: V(4) > P(V(6)) be a G-equivariant rational map defined by

(1.2) ¥(Qo, ..., Qa) = (to:...:t6)

4 - 6 .
where Q = Z;‘=0<i)Qix‘3_'xi and ((00),0), = Z?=0< >t,.x8“‘x;. Then we see

i
by direct calculations that the (G, H)-section Y is mapped to the one point
Pob=(0:1:0:0:0:—1:0) by y. Hence, in view of (1.1), the image of y is
birational to G/H and the class of H corresponds to the point P,.
We denote the orbit map #:G — V(6) at the point 130 =
©,1/6,0,0,0, —1/6, 0) by

(1.3) #(g) = (Mo, - -, g) »

and by n: G —» P(V(6)), the composition of # and the natural projection V(6) —
P(V(6)). Let ¢: V(n)— V(4) be the G-equivariant morphism defined by the
(n — 2)-th transvection:

(1.4) 0@ =(Qo; ---» Qd)

i
find an irreducible component Z of ¢ !(Y) which is a (G, H)-section of

. 4 o
where f = Z;;O(?)aix{;"x'l and (f, f),—2 =2;‘=0< )Qix?,“x'l. Then we can
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V(6)([7]). Let G-Z be the image of the morphism y: G x Z - V(n), y(g, z) =
g-z and let U be the G-invariant open set V(n)\V(n)\ G- Z, which is non-empty
because G- Z is dense in V(n) by the definition of the (G, H)-sections.

Now we consider the fibre product X of G and U over G/H:

X ={(9,9€G x Uln(g) = yo(@} .
Then the induced action of H x G on X is given by

(1.5)

d((‘;), Yag, ---» a,,)) = ((:5> (:Z), ‘(a0,>. - a,,)) for o= (:Z) eH,
g b b
((:5>, Yags ...» a,,)) = ((Z) (:6)’ pa(9)ay, ..., a,,)) for g= (Zd) eG.

Since Z is birational to the image of the morphism ¢: X — V(n) defined by
#(g, a) = g"'a, the generic point (b) = (b, ..., b,) of Z is written by

t _ o - t
(16) (bOS""bn)_pn<_,y (X) (a09"~9an)'

If we define the action of H x G on Z = ¢(X) so as to the morphism
¢ is H x G-equivariant, then (1.5) implies the G-invariance of the elements
b,(0 < j < n) and the action of H on {b;} is given by

(1.7) by, ..., °b) = po(0) " (bos ..., b,) for o= (:Z) cH.

In fact

0'5 _qﬁ
t(o a — t
( b09"'a bn) pn(_o-y 0“) (aOa“-,an)

= yb+6d —oab— pd),
_p"<<—ya—5c aa + fc (@, ..., a,) by (L.5)

_ d —b\[ & =B\,
(T

= pn(o-—l) t(bo, LR ] bn) .
Next we show the following.
(1.8) C[G]® = C[m;m;(0 < i,j < 6)], where m; is the polynomial defined by (1.3).

For the centralizer H, of G at the point P, = (0, 1/6,0, 0,0, —1/6, 0) of V(6) is
the subgroup of H such that H/H, is isomorphic to Z/2Z. Hence P, is a
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G-stable point of V(6) and the image #(G) of # is closed in V(6). Therefore

G/H, is isomorphic to n(G) by Zariski Main Theorem: C[G]?+=C[r,, ..., ng].

The assertion (1.8) follows because H = (H,, {) and { transforms =#; to —m;.
Let ¢, = be the 6-forms corresponding to the rational maps  and =:

t=1(tgs-->te) (X0 X1)®, = (Tg,..., ) (X, X1)° -
Since X is the fibre product of G and U over G/H, we put
(1.9) t=An ie., t; = Am; 0<i<¥).
Apply the 6-th transvection to (1.9):
(t, ) = A*(m, m)s
= A%(m, Mel, =9y because (m, m)g is G-invariant ,
(1.10)
= A22(mgmg — 6Ty 75 + 1571y — 1073)],= a9
= A22(—6)(1/6)(—1/6) = A?/3.
Summing up, we have the following equalities:
C[b,,...,b,]% = C[a, B, 7,8, by, ..., b,]¥*¢  because b; is G-invariant
=C[o, B, 7,9, ag, ..., a,17*¢ by (1.6)
= C[mmi(0 < i,j < 6), ao, ..., a,]¢ by (1.8)
(1.11)
= C[t;t;/3*(0<i,j<6),a,...,a,]° by (1.9)
= C[t:t;/(t, )6(0 < i,j < 6), ao, ..., a,]° by (1.10)
< C[aO, sevy an]G[l/M] ’
where M = (t, t)¢ is a G-invariant polynomial of degree 12.

Hence, in order to complete the proof of Theorem A, we have only
to show that there are (n —2) polynomials in C[b,, ..., b,]% which gener-
ates C(by,...,b,)! = Cl(ay,...,a,)° This follows from the existence of an
H-subspace W, of dimension n — 2 of the vector space generated by b, ..., b,

such that C(W,) = C(b,, ..., b,) and that W, contains an irreducible H-subspace
of dimension 3. We omit the detailes (cf. §2, [7]).

REMARK 1.12. In the case of an odd integer n > 5, Katsylo proved the
rationality using a (G, N)-section, where N is the normalizer of a maximal torus
of G. By the above observation, we find a G-invariant polynomial M of degree
4 for which the same statement in Theorem A holds. In fact, M can be taken
as (g, q),, where g = (f, f), and f is the basic n-forms.
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ReMARK 1.13. As pointed out in the introduction, the above method is
not different in principle from protomorphic functions. Let U be the upper
triangular unipotent subgroup of G and let Y = {(a,, 0, a,, ..., a,)|a;€ C} be
the subvariety of V(n). Then we see easily that Y is a (U, {1})-section of V(n)
and the U-invariant a, only appears as the donominator. Hence we get a
system of protomorphic functions as in [3].

§2. Proof of Theorem B

In this section we apply the result of §1 to the case of binary
octavics(n = 8.) First we give a set of generators of the H-invariant field
C(by, ..., bg)? which is the function field of the (G, H)-section Z of V (8).

2.1. Generators of C(b,, ..., b,)"

Recall that the set {b,}5, is a basis of V(8) on which the subgroup H of
G = SL(2, C) acts as defined in (0.1). The decomposition of the H-module V(8)
into simple components is given by

V(8)=8®02®63®(03®8_),

where g(resp. ¢7) is the identity (resp. the alternating) representation and 6, is an
irreducible representation of H of dimension d. We denote 6 = 6, and 65 =
0, ® e. We set basis of the representations as follows:

& Co=b0+14b4+b8,
{cl — by — 10b, + bg ,
6,

¢, =b, + bg,
c3=b, —bs,
2.1) 03 < ca=b, — b,
cs=by—b,,
ce =b, + Tbs,

05 3 ¢ = by — bg
CS=7b3+b7.

We defined in (1.4) the G-equivariant morphism ¢: V(8) —» V(4) as the 6-th
transvection (cf. (0.2)):
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where
Qo = 2(apas — 6a,as + 15a,a, — 10a?),
0, = 4(apa, — S5a,a¢ + 9a,as — Sasa,),
Q, = 2(apag — 2a,a, — 8a,as + 34asas — 25a3),
0, =4(a,ag — Sa,a, + 9asas — Sazas),
Q. = 2(ayag — 6aza; + 15a,a¢ — 10a2).

Since (b) = (b, ..., bg) is a generic point of Z (see (1.6)), we have Q,(b) =
05(b) = Qo(b) — Q4(b) = 0. Substituting (2.1) into them, we have

12Q, = —10c5co + (—1lcs +3cg)cy +12(—1lcz+cg)c, + Files, - -5 ¢s)
12Q5=10c3co+(11c3+3cg)cy +12(11cs +cg)c, + Fy(cs, .. .5 Cg)
24(Qy — 04)=20c,co—44c ey +24c,¢,+ Fy(cs, ..., C5)

where F,, F,, F, are integral quadratic forms on c;, ¢y, ..., cs.

In these relations the determinant formed by the coefficients of c,, c;,
¢, is non-zero. Hence the remaining six elements c3, c4, ..., cg generate
C(co, ..., cg) = C(bg, ..., bg). The action of H on them is given by

a

C3 i =2 i\ /cs3 C3 —i C3
1
e |=5 1 0 —1]lcs> ¢, |= -1 e li=v-1),
CS _i ‘—2i —i CS CS i CS
“[ce —i =i i\ [cg *lce —i Ce
|
cq =5 -2 0 —2flec|, ¢, |= 1 cq
Cg —i i i/ \cg Cg i \cg

Now we set six polynomials as follows:

I, = c3c5 — 2,
I = C4(C§ - Cg) ’
I, = c§ + c% + 2c3(6¢c5c5 + €3),

2.2)
Jy =V (—c3, ¢4, ¢5) “(Co» €75 C5)
J3 =V (4cycs, —c5 + c3,4c3cq) (coy €75 Co) 5
Jy = (A1, A3, A3) “(c6» €75 C3) 5

where
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V =(c} + c}){(c} — c?)* — 16¢i(ci + c5¢5)}
Ay = —cj(c3 + c2) + 2cs(cycs + 2¢2),

2.3)
Ay = —2¢4(c3 + ¢3),

Ay = cs(c2 + ¢2) — 2c5(c5cs + 2c2).

Then we see by the following that these polynomials are H-invariant.

(1) The polynomial ring C[I,,I;,1,] is equal to the H-invariant ring
Clcs, cq, cs1¥. Note that [T ,deg I; = 4! = |H|/2 and —(identity) acts trivially
on V(8).

(2) In J, and J5, ¥ is a basis of the alternating representation ¢~ of H.

(3) {—c3,cq,cs} and {—4dcycs, —c3 + 2, 4csc,) are basis of the contra-
gradient representation of 67 which is equivalent to 605 .

(4) {A,, A,, A3} is a basis of the contragradient representation of 63
which is equivalent to 05 .

Since the determinant

—C; 4c,cs Ay
ca —Cc3+c: A,
Cs 4c;cs A,
formed from J,, J;, J, is non-zero, the six polynomials (2.2) generate the

H-invariant field C(cs, ..., cg)? = C(by, ..., bg)".

2.2. G-invariant rational functions corresponding to (2.2)
In this subsection we give the symbolic expressions of the H-invariant
polynomials (2.2).
We use the following notations in the rest of the paper:

f=(ag,...,ag)(xq, x;)%: the basic 8-form,
0= fs> t=(0,(0, 0)) > 0=(f, 06,

2.4
0=2,0),, J=(t 1)1, 4=0d—Ppy(=1),
p=0axge+ yX; , q = Bxq + 0x, .

Then by the definition (1.6), b; is expressed by the transvection:

2.5) b, = (—1)(f, p’q®)s for0<j<8.

By (2.5) we get the following relations.
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LEMMA 2.7. With the notation of (2.1) and (2.4), we have
des =(0,4%);, Aca=—0,p9):, Acs=(0,p%),.
PROOF. Since t = An = Apq(p* — q*) by (1.9), we have
Acy = Mby — bs) = A{—(f,pq")s + (£, P°¢*)s} by (2.9)
= (f, 2pa*(p* — 4*))s = (£, 4*1)s

=((£.064*)2=(0,9%), -
The rests are proved similarly. Q.E.D.

In the construction we use the following classical formula.

LEMMA 2.8 (Gordan series [5,6]). For n-forms F;, F, and m-forms H,, H,
(n = m), we have

(Fl’ FZ)n(Hla Hz)m = 72"=0 'l'i((Fls Hl)ia (F29 H2)i)n+m—2i s

0

Apart from the explicit non-zero constants 4;, the representation theoretic
meaning of the above formula is as follows. Both of V(n)® V(n) and V(m) ®
V(m) contain ¥ (0) with multiplicity one and their tensor product corresponds
to the left hand side. On the other hand, since

where

Vin)@Vm=Vn+mdVhn+m-2)@ - ®@V({n—m,

{(Vin@® V(m)} ®{V(n)® V(m)} contains V(0) with multiplicity m + 1, which
corresponds to ((Fy, H,);, (F;, H,);)p+m—2: (0 < i < m) of the right hand side.

The following two equalities follows easily from the definition (0.2), so we
shall omit the proof.

Lemma 2.9. (1) (p'q’, p*q™), = ud'p*+*rqi*hr.
(2) (8, 6%), =0 for any odd integer r,

(6%, 60%),, = v 072", where
i+ k+ R\ G, Ar\(i+i—r\(k+h—r
= () O e (TR,
_ e (27 (27 s J(2r\(2i—2r 2j—2r>
"‘(‘”2<i> <;> F"“”(s)(i—s)(j—s '
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Since the action of H on {p,q} is the same as on {a, f} and {y,4} of
(1.5), it is known classically that the H-invariant ring C[p, q]? is equal to
C[A2Z, Ag, AgA,,], where

A = pa(p* — q*),
Ag = —18(AgA4),/4% = p* + 14p*q* + ¢°,
Ap, = —6(AgAg) /4 = p'? — 33p*q*(p* + ¢*) + ¢'2,

with a relation 1084% — A3 + 4%, = 0. Recall that we have put t = 144 in
(1.9)

Lemma 2.10. (1) (¢, t)g = 4543, (2) (&, ), = —A%4244/18. (3) ((¢, D)z 0),
(=j) = 43434, ,/108.

ProoF. (1) follows from (1.10). By Lemma 2.9(1), we have (pq, p°q), =
—4%p%/18, (pqg®, pa®) = —4%¢°/18 and (p°q, pa®), = (pq°, p°q), = 74°p*q*/18.
Hence (tt), is equal to

A(pa(p* — 4*), pa(p* — ¢*)), = —224%(p® + 14p*q* + ¢°)/18
= —124%44/18
and (2) is proved. (3) is proved similarly. Q.E.D.

Now we shall give the symbolic expressions of the H-invariant polynomials
(2.2) by use of Lemmas 2.7, 2.8, 2.9 and 2.10. The G-invariants corresponding
to 1,, I, I, are as follows.

LemMa 2.11. (1) 221, = A200/2. () A*I, = (6%, t)s.
(3) %I, = — 18(6%, (t1),)s/4%72 — 34*01%/10.

Proor. (1) We have
A, = 12(c3c5 —c3)=(6, ‘12)2(0, p?), — (6, P‘I)%
= ((6, 0)2, (4% p?)2)0/3 — ((6, 0),, (P4, P9)2)0/3 -

Since (p?, %), = 4% and (pq, pq), = —4%/2 by Lemma 2.9(1), we get the desired
equalities: A2, = ([1/3)(34%/2) = 4*[]/2.

(2) We have
Iy = 23c4(c3 — 3) = —(6, pa)2{(6, 4*)5 — (6, P*)3}
= (6% p°q — pq°)s -
Since t = Apg(p* — q*), the assertion (2) holds.
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(3) We eliminate c2 in I, by I, = cyc5 — ¢3;
I, = (c% + c%) + 2(cscs — I)(Teses — 1)
= (c} + ¢ + 14c3c?) — 16cyc51, + 212 .
Hence
(%) A*1, = (0%, q° + P®)s + 14(6%, *)a(6%, p*)s — 16(6, 4*),(6, p*), 4%, + 2(A%L,)* .
We calculate (62, g*),(6%, p*), and (0, ¢*),(6, p?),:
(62, 4*)a(6%, p*)a = (0%, 4*p*)s + 12((6%, 6%)2(q*, P*)2)a/T + (6%, 6%)s, (4%, P*)a)o/5
= (6% q*p*)s + 12(006%/3, 4°p*q%)4/T + (203%/3, 4*)o/5.

The last equality follows from Lemma 2.9: (6%, 6%), = [16%/3, (62 62), = 2[1%/3,
(¢*, p*), = 4°p*4% (g%, p*), = 4*. Similarly

(6, 4°)2(0, p*), = (6% 4°P*)s + (6, 0)2, (4% P*)2)o
= (6% ¢°p*), + O4*.
Substituting them and A%I, = 42[]/2 into (*), we get
AL, = (6% q° + p%)s + 14{(0%, q*p*)s + 4004%(6%, p2q*)s/7 + 200%4%}

— 16{(6% q*p*), + 14%/3}4%001/2 + 4*00?%/2

(6%, q® + p® + 14p*q*)s — 34*0%/10

—18(84, (11),)s/4%4* — 34*0%/10 by Lemma 2.10 2). Q.E.D.

Next we calculate V in (2.3).
LEMMA 2.12. 1%V = 108(65, j),,/4323.

ProOOF. We eliminate ¢3 in V by I, = c5c5 — c3:
V = (3 + c3){(c3 — ¢2)*> — 16(c3cs — I,)(2cscs — 1)}
(%) = (3 + c2){(c§ — 34c3c? + c?) + 161,(3cscs — 1)}
= {(c§ + ¢§ — 33c3ck(c} + c2)} + 161,(c} + c2)(3cses — 1) .

The following equalities hold by use of Lemmas 2.7, 2.8, 2.9 and 2.10:
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A*c3es = (0%, q°p?)s + 34°00(6%, 4*)a/7 .
Acsed = (0%, q°p%)s + 3420062, p*)a/7 .
A%¢3cd = (6%, q°p*)1, + 847[0(6°%, q°p)s/11 + 44*[0%(F%, 4%)4/21 .
A8c3ct = (65, q*p®)1, + 84%0(6% q*p®)s/11 + 44*[02(62 p*)s/21 .
Hence we have
A8{(c§ + c§) — 33c3cd(c + c3)} = (6% ¢ + p'? — 33¢*p*(¢* + P12
—244°00(6% P*4*(p* + q*))s
— 33-44*00%(0% p* + q*)4/21,
and
16A%1,(c% + c2)(Bcscs — 1)
= 84%[{34%;cs(c? + c2) — A%(ck + ¢2)4*0/2}
= 84200{3(6* p*q*(p* + 4*))s + 94°00(0% p* + q*)a/7
— 4700(0% p* + 4*)4/2}
= 84700{3(6% p*q*(p* + q*))s + 114°00(6%, p* + q*)4/14} .
Substituting them into (), we get
AV = (6% q** + p'? — 33¢*p*(p* + q*))12 -

Hence we have the desired result by Lemma 2.10(3). Q.E.D.

LemMa 2.13. (1) AL/V = 18((6, f)y, (5 1),)s/dA% (2) J3/V =
—108(6%1, j);2/A°4% — 144%((6%, £)s, )6/34°. (3) —Ju = —54(f0%,))14/4°4> +
135((f; 0%);1, 7)12/7A%4% + 1404*((f, 63),, t)6/332.

Proor. Since the calculations of (2) and (3) are similar to that of (1), we
shall prove only the assertion (1). By the definition (2.2), the left hand side of
(1) is equal to

A(—c3¢6 + €47 + C5Cg)
= —(60, ¢*)2(by + Tbs) — (6, pq);(bo — bs) + (6, p*),(7bs + b,)
(*) = (6, 4*)2(f, P> (Tp* + 4*))s — (6, Pa)2(f, 4° — P°)s
— (6, p*),(f; P*a(0* + 79%))s
= (0f, E10)10 + 8((6f)1, Es)s/5 + T((6f )2, Z6)6/9 »
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where
Eio-2 = (@ pa*(Tp* + ¢*)i — (pg, 4® — P®) — (P?, PPa(p* + 79*)):

is a covariant of order 10 — 2k for k=0, 1, 2. It is easy to see that =, =0.
By Lemma 29(1) we have (g% p°¢), = —54p*q*/8, (4% pq’), = —4q°/8,
(g, %), = 49°/2 etc. and hence

)

s =(q%70°¢ + pa’): + (g, ¢° — p°)1 — (P%, "9 + TP°9°),
= —54(q® + 14p*q* + p®)/8 = —54/8 — 18(11),/4%12,
Ee = (q% 70°a*> + pq"); + (pq, 4° — p°)2 — (P>, P79 + TP°¢%),
= 7-104%p3q>/28 — 7-104%p3¢3/28 = 0.
Hence the assertion follows from the substitution of them into (x). Q.E.D.

By the identity (1) in Lemma 2.10, we eliminate A in the relations obtained
in Lemmas 2.11, 2.12 and 2.13. Then we have finally

THEOREM B. The invariant field of binary octavics over C is generated by
the following six algebraically independent rational functions I,, ..., J,:
L=(00,/M, IL=(1sM*, I, =(0%@tt))s/M>,
Jy = ((0)1(t1),)8(6% j)12/M® ,
Jy = {3667, j)12/M” + 14((8%, f)3t)s/9IM} (65, j)12/M? ,
Jo = =2(f0% t(t1)2)1a/M> + 5((, 6°)1 /)12/21M> + 140((£, 6°)42)6/29TM?,

where f=a® (the basic form), Q= (ff)s (deg2,ord4), t=((Q0),0);
(deg 6,0rd 6), 0 = (f,t)s (deg7,0rd 2), M = (tt)s (deg 12, invariant) j = ((tt),t),
(deg 18, ord 12).

ReMARK. The denominator M = (tt)¢ in Theorem B coincides with the
discriminant of the binary quartic @ = (ff)s. Hence, in the notation in [8], the
denominator M = (tt)e is equal to

(IR — 6J2)/24 = (J3 — 6J2)/24 .
But it seems to be so complicated to express the numerators in Theorem B by

the nine fundamental invariant polynomials listed in [8].
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