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1. Statement of results

Consider the Navier-Stokes equations in an exterior domain D
<R, n>3:

o

ot
(NS) Vou=0 (xeD, t > 0)

+uVu=4du—Vp (xeD,t>0)

uls=0; ul—o =a.

Here S is the (smooth) boundary of D, x = (x,,---, x,) is a point in R", u
= (u;)j-1 and p denote, respectively, unknown velocity and pressure, a is a given
initial velocity; and u-Vu =) ;u;0;u;, V-u=7y ;0;u;, Vp = (0;p)j=,, 8; = 8/0x;.

In this paper we discuss large time behavior of the L?-norm of weak
solutions of problem (NS) and improve our previous results in [1]. To state
our results, we use the following notation: Cg°,(D) denotes the set of smooth
solenoidal vector fields with compact support in D, and X,, 1 <r < oo, its L'-

closure. Using the Helmholtz decomposition [7]:
LDy =X,®G,, G,={FpeL(D);peLi,(D)}

and the associated projector P = P, onto X,, we define the Stokes operator 4
= A, in X, as

Au= Au= — P,Au, ueD(4,) = X,n{ue W*"(D)"*; u|s = 0}.

As is well known [3], A4, is a closed linear operator in X, with dense domain
D(A,) and — A, generates a bounded analytic semigroup {e *4r;t >0} on
X,. Given aeX,, the function u(f) = e *4a uniquely solves the nonstationary
Stokes system:

%’;=Au—l7p (xeD, t>0)
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(S) Vou=0 (xeD, t > 0)
uls=0;ul=o=a

together with some function p. Let V be the H!-closure of C,(D). We then
easily see that A4, is the positive self-adjoint operator in X, associated to the
bilinear form <(Vu,Vv) on VxV and therefore satisfies | A*2ull,
= ||Fu|,. Given aeX,, a weakly continuous function u: [0, 0)—> X, is
called a weak solution of (NS) if

ueL*(0, T; X,)nL*©, T; V)
for all T> 0, u(0) = a, and the identity:

W) <u, 650 + J [(KPu, Vé) + uVu, ¢>]dv = Cu, ¢ (s) + j {u, ¢') dr

holds for all ¢ C°([0, 0); VNL")nC*([0, 0); X,), where ¢’ = d¢/dt. Here
and hereafter {-,-) denotes various duality pairings. The existence of a weak
solution is now well known [6]. The uniqueness and the regularity of weak
solutions are still open questions. All the weak solutions constructed so far
satisfy the energy inequality:

t
(E) (@13 + ZJ IVul3ds < |al}
0

for all t > 0. Furthermore, in case n = 3, 4, there always exists at least one
weak solution u satisfying the strong energy inequality:

(SE) lu@3 + 2f IVul3de < [us)l3

for s=0, a.e. s> 0, and all ¢t > s; see [8].
In this paper we improve the results obtained in our previous work
[1]. Namely, we shall establish the following three theorems.

THEOREM 1. Given a€ X,, there exists a weak solution u such that, as t
- Qf),
(1) fu@l;—0.
(ii) If |le *all, = O(t™% for some a >0, then

o™ if & <n/4;
lu@®ll, = {O(t_"/4) if a>n/4.

Gii) [u() — e~ *“all, = 0(t¥>~"*) as t > oo.
(iv) If |le *a), = O(t™% for some o> 0, then
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O(t1/2—ma-a) if a<1/2;
lu@t) — e “all, = { O™ if a>1/2;
O(t™"*[logt]?)  if a=1/2.

THEOREM 2. Given a€ X ,, suppose there exists a weak solution u satisfying
the strong energy inequality (SE). Then u possesses the properties (1)—(iv) of
Theorem 1.

The next result concerns only the three-dimensional case, but deals with
general weak solutions satisfying only the energy inequality (E).

THEOREM 3. Let n=3 and let u be any weak solution with u(0)=a
satisfying the energy inequality (E). Then, as t — oo,

(v) [ ulds—o0.

(vi) If e *a|, = 0(t™% for some o.> 0, then

L[ [0 i <34
7] Mwlads =3 00-3m i 4538

(vii) ¢ 1o llu(s) — e *al,ds = o(t™1*).
(viii) If |le *a|, = O(t™*) for some o > 0, then

L o 4~ if 0 <1/2;
;j llu(s) — e *all,ds = { Ot if a>1/2;
0 Ot~ ¥*[logt]*?)  if a=1/2.

Our method for proving Theorem 3 reproduces a result of Masuda [6]:

COROLLARY 4. Let n>3 and let a weak solution u satisfy the energy
inequality (E). Then,

t+1
,lygf lullzds = 0.
t
Theorems 1 and 2 together improve Theorem A of [1], which asserts,

among others, the existence of a weak solution u such that if e *all,
= 0(t™%), then

L o(t™ for « < n/4;
lu@®)l, = O(ts—n/4) for « > n/4,

with an arbitrary 0 < ¢ < 1/4, and
lu(@) — e *al, = 0™

where y=n/4—1/2+a if a<1/2 and 0<y<n/4 is arbitrary in case
o>1/2.
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Theorems 1,2,3 will be proved in Sections 2, 3, 4, respectively, and
Corollary 4 in Section 4. Our basic tools are the L? — L? estimates of Iwashita
[4] for the bounded analytic semigroup {e *4; ¢t > 0}, the estimates of [1] for
fractional powers of A, over exterior domains, the idea of taking the time-
average of various functions, and the use of the weak version of the Holder and
Young inequalities in order to deduce explicit decay rates. It is the use of the
LP-17 estimates for the semigroup that provides us with the above-mentioned
improvement; and by applying the weak version of the Holder and Young
inequalities, we can treat general weak solutions satisfying only the energy
inequality (E) to deduce Theorem 3, which was not discussed in the previous
work [1].

2. Proof of Theorem 1

First we recall that the positive self-adjoint operator 4, in X, admits the
spectral decomposition

Az =J‘ ldEl.

0

Moreover, since || AY2v|, = |Fv||, for veV, the operator A, is injective; so we
get

lim le~*all, =0  for all aeX,.
We begin by establishing the following, which improves [1, Lemma 5.1].
LEMMA 1. Let n>3, and u, weV. Then for all p >0,

(1) NE,e™Pw-P)ull, < Ct™3*p"= 3wl lull ) (17wl I 7ul2)!2.

ProOOF. We use the estimates ([1, 4])

2 le ™ al, < Ct=®P 2| g|,  (1<p<q<);
and
3 [Ve~*4al, < Ct™12-r=mai2|g)  (1<p<gq<n).

Estimate (3) with ¢ = n is due to [4]. Since P = P, is the orthogonal projector
onto X,, it follows from Holder’s inequality and the condition ¥ -w = 0 that,
for yeX,,

[KE,e " P(w-V)u, Y| = [<u, w-Ve "E, |
< N tllow 1wl Ve E ¥ |,

@
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where 1/n'=1—1/n. By the Holder and Sobolev inequalities we get
©) lullzw < CUlulNVUN)25 Iwllzw < CUWILIPW])Y2.
On the other hand, we already know that (see [1])

lvll, < CllA%v|l,

provided «>0,1<qg<n and 1/r=1/q—2a/n. This, together with (3),
implies that

” Ve_'AEpW ”n < Ct—3/4 ” Eplp “2n/3
S Ct7 ¥4 AP IRE ||, < Ce734pt =304 |y | .
Combining this with (4) and (5) yields (1).

ProOF OF THEOREM 1. We use the approximate solutions u = u,, which
are obtained by solving the problem

d
7;—"+ At + P V), = 0; u(0) = G,

where
ﬁk = (I + k~1A)_1—[n/4]uk; &k — (I + k—lA)—1—[n/4]a’

and [b] is the integral part of the real number b. As shown in [8], the
functions u, are found in the space L ([0, 0); D(4,)) and the time-derivatives
u; belong to L?%,.([0, ©); X,). Convergence of u, to a weak solution u is
proved in [8] only when n =3, 4. But, the argument given there applies also
to the higher-dimensional case with slight modification. Since the mode of
convergence given in [8] implies

lu@l, <liminfllu @))2; lu@) — e “al, <liminfllu () — e™“al,
for a.e. t >0, we need only show that the results of Theorem 1 hold for u,

uniformly in k. So, in what follows we omit the subscript k for simplicity in
notation. First observe that

(6) Nl < llulys WPall, = 1 A"2dl, < A ull, = [Pull,.

By the standard energy method we get
d 2 1/2 2
g 1ullz + 2 A7 uliz =0.

Integrating this gives
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0

1 1
||VuI|§dtSEIIaII§ Sillalli-

™ lu@ll, < llall, < llall2; J

0

Moreover, using the estimate

IIA”ZuH%Zf idilEzuH%ZpJ‘ d||E;ull} = p(lull3 — 1 Epul?)

, 4

for any p > 0, we obtain
d 2 2
Zllull o lullz + 2pllully < 2p 1 E,ulls.
Since [|Eyull, < ull,,
d
® gpula +pllulls < pllE,ull,.

On the other hand, from the integral equation

t
u(t) = e '1a — J e 9P -V)u(s)ds
0

we obtain
t
IE,u@®)l, < lle”"al, +j I E,e” =94 P (@ V)u(s)ll,ds,
0
since |e"*4a|, < |e"*a|,. Applying Lemma 1 and (6) then yields

t
IE,u®)l, < lle™“all, + Cp‘"’”’“j (t =97 ull2Vul(s)ds
0

©) —td -3)/4
= [le7"al, + Cp"~Y4F ().

By the Schwarz inequality, we obtain

t 1/2 t 1/2
F() < [I (=97 u(S)llﬁdS] [J (t—95)7% Vu(S)H%dSJ
0 0

(10) - 1/2 12
= F(t)"*F,(2)

so that
(11) IE,u@)ll; < lle™*all, + Cp® 34 F (t) /2 F, ().
From (8) and (11) we have

d
(12) g el + pllulls < plle™all, + Co" "V F, ()2 Fo ()2,
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Now, take in (12) p = m/t with large m > 0, multiply both sides by t™, and then
integrate in t, to get

(13)
1 t 1 t 1/2 1 t 1/2
lu@)l, < — | ms™ e *4alds + Ct®~™* = | F,ds —| Fds| .
" Jo tJo tJo

We now prove (i) and (ii) of Theorem 1. First observe that (7) implies

t 1 t t
(14) %j F,(s)ds < Ct™3/4, ;j F,(s)ds < Ct‘mj | ull2ds.
0 0

0

From (13) and (14) we obtain

1 t t 1/2
(15) lu@ll, < t_'"_[ ms™~1|le”*al|,ds + Ct_"“(f |lu||§ds> :
0 0
The last term is O(tY/2~"4); so assertion (i) follows. If | e *a|, = O(t™%), then
(15) yields
(16) lu@ll, < C@E™* + 12774,

This proves (ii) in case o <n/4 —1/2. When a>n/4 —1/2, (16) implies
lu@®)l, = 0@~ '*). Thus, (15) yields

17 lu@ll, < CE™* + 1774

which shows (ii) in case a <n/4 —1/4. When a > n/4 — 1/4, (17) implies
lu@®l2 = O((t + 1)712); so (15) gives

(18) lu@l, < Ct™*+t "*log(t + 1))

and this shows (ii) for o« < n/4. When a > n/4, (18) implies ||ul|,€L?. So, (15)
yields

lu@ll, < CE™ + 7"%).
This completes the proof of (). We next prove (iii) and (iv). Let

w(t) =u(t) —u°(t); u°(t) = e 'a.

Then,
d
D+ Aw+ P@-V)u =0,
dt
and so
d 5 2 _
(19) —lwllz + 2[Pwlz = — 2<a-Vu, w).

dt
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Since
G- Vu,wd = <w-Pul, wd + {u® Tul, wd,

the Holder and Sobolev inequalities yield, with 1/2* =1/2 — 1/n,

20KV, w| < 201 W0 |76 Wil + 17601, 1) 6 [0 [ wll)
< Clwlla (17wl 17u®lly + 1761l [7u°],)
< [Pwli + Clwl I7u®llz + Cllwlo 17Ul 17Ul

Substituting this into (19) and applying (2) and (3) gives
%IIWII% +IPwIZ < Ceom2 w3 + Ce 24 [u(/2) ||, [ wll,-

As in the proof of (i), we obtain
(20) %IIWNZ +olwly <plEwl, + Ct™"*|wl, + Ct= 24 u(/2)|,.
On the other hand, as in the proof of (i),

IE,wl, < CP‘”“"’”"L:(t — )7 ully |Vul2ds < Cp" =P F, (1) 2 F, ().
We thus obtain from (20)

%IIWII: +plwly < CLP™ VEFI2F2 + 172wy + 7" 24 u0(t/2) |,].

Now take p = m/t with large m > 0, apply (14) and proceed as in the proof of
(i), to get

t 2 [t
w®)ll, < Ct"'“(f ||u||5d8> + ;,;J ("2 wll, 4 ™R u0(s/2) | ,)ds.
0 0

We thus have
(21 [w@)ll, < I,(t) + I,(e) + I5(2),

where I;(t), (j =1, 2, 3), are written via the Schwarz inequality as

t 12
Il(r)=cw2—"/4[§ f fluﬂ%ds] :
0

1 t 1/2
I, = Ctl_"/z[?f “Wllgds:l ;
0
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I3(0) = Ct”z’""‘[%jt lu°(s/2) IlidS]m-
0

Since |u(t)||, >0 as t > oo, we obtain
[w@)l5 = o("2 %) + 0t ~"2) + o(£/2 ") = o(¢}/2~"%)

and this proves (iiij). Suppose now that |u°(t)|, = Ot~ %), for some 0 <«
< 1/2. Since o < n/4, (ii) shows that |u(t)|, = O~ %. It follows from (21)
that

Iw@)ll, = 0@ 27"~
Suppose next that « > 1/2. Then (ii) shows ||u|l,eL?. Hence (21) yields
lw@ll, = 0@™™4).

Finally, if « = 1/2, then (i) shows that |u(t)|, = O((t + 1)~ /%), because 1/2
<n/4. From (21) we get

Iw(®)ll, = O(t™"*[log]'/?).

This completes the proof of (iv).

3. Decay results for turbulent solutions

This section establishes Theorem 2. Following Leray [5], we call a weak
solution satisfying (SE) a turbulent solution. The existence of a turbulent
solution was established in [5] for the Cauchy problem in R3, and in [8] for
the case of exterior domains of dimensions n = 3,4. Observe that (SE) implies

® 1
22 lu@llz < lall2; J‘O [Pulzds <5 lal3.

In this section we need also the following

LemMA 2. Let O<a<1, $>0. Then, as t > o0,

, 0@ =" i B<1;
f (t—s)"*1+s)Pds = ‘ o™ if B>1;
0 ot *log(t+1) if B=1.

PrOOF. In case 0 < f <1 we have

t

f (t—s9)"*1 +s)Pds < j (t—s) s Pds=Ct* *#

0 0
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with C = C(a, f). When f > 1, we split the domain of integration [0, ¢] into
[0, t/2] and [t/2, t] to get

t/2

f(t —5)7*(1 + 5)Pds < (t/2)""j (1 +s)~Pds + (1 + t/2)"’ft (t — s)~2ds.
0 t/2

0
The result now follows immediately.

ProOF OF THEOREM 2. Since (i) and (iii) are already proved in [1], we need
only establish (ii) and (iv). To this end, we shall use the following decay result,
which is obtained in [1, Theorem A]: if || e "all, = O(t™%), then for any 0 < ¢
<1/4,

—a . 4.
(23) lu@l, = {3&_3/4) Z Z ; Z/ ;

First observe that the application of the estimate
20Pullz = A(lul3 — I E;ul3)
to (SE) yields

t

(24) lu@3 + f p(@)llu(@)l3dr < lu@)l3 + J PO E,qu(@)|3dr,

s

for a.e. s > 0 and all ¢ > s, where p(7) is a positive smooth function of 7 to be
fixed later. On the other hand, the identity (W) with ¢(7) = e ©“"?4E,y and
estimate (3) together yield, for y e C5,(D),

IKE u(s), )| < [<e™*a, )| + JSKu, u-Ve CTO4E ) de
0

< Hl//llz[lle‘“allz + Ci"‘””“f (s =) *ul,IVu llzdf];
0
whence

(29) IE;u(s)ll, < [le™*4all, + CA® =34 F (5)/2 F ()"
for all s >0. From (24) and (25) we obtain

lu@3 + f p@u@@)|3dr < [u(s)3 + g(t, )

N

for a.e s> 0 and all t > s, where

g(t s) = Cft lo()lle™™all + p(1)"~ V2 F, Fy(t)]dr.
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We now take p(t) = m/t with large m > 0, multiply ™ and let s —» 0 to get, as in
[1, Sect. 5],

t

C
lu@13 < t—,,,f ms™ ™' e”*all3ds + H(),
0

where
C t
H@) = t_"'j smrA-mI2ZE F,(s)ds.
0

Now, Lemma 2 and the decay result (23) together show that if ||e™'“4a|,
= 0(t™* for some o > 0, then

Ot/ if 2a < 1;
(26) Fy(t) = [ 0(t~3%) if 20> 1;
Ot 3*log(t+1)) if 2a=1.

Hence, estimate (14) for F,(t) yields

O(t* 22 if 20 < 1;
H(t) = [ 0(t~"?) if 20> 1;
Ot "log(t + 1))  if 2a= 1.

We thus obtain

C(t—Za + tl-—n/2—2a) if 20 < 1,
lu@l3 < l Cit™ 2 +1t7"?) if 2a>1;
Ct™ >+t "log(t+1) if 2a=1.

This proves assertion (ii). To prove (iv), recall that an argument in [1, Sect. 5]
gives

t t
Iw®13 + ZJ IPwlide < [w(s)lZ + ZJ Cu-Vu, u®>dr

for a.e. s > 0 and all ¢t > s, where w(t) = u(t) — u°(t). We estimate the last term
to get

21<u-Fu, u®>| = 2|<w-Vu, wd + {u®-vu, w)|
< 207Ul (1w liZe + N6z w2
< CIPull(IPwlizllwlly + 1u®ll2 7wl
<|Pwl + CIPu® 12 (Iwli3 + 11u®l13).

Using (3) to treat ||Fu°|, and applying the spectral decomposition to estimate
[Vw]|,, we obtain
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t

Iw(®1I + J p(@)w()3dr < [w(s)lI5 + CJ PO Eqw(r)[3dt

N s

t
N cJ 2 (w2 + 16 13) ()de

for a.e. s>0 and all t >s. Since
IE,wll, < Cp®"~¥*F {2 F;2,
this yields
t

Iw@®13 + f p(@) | w@)lI3dr < [w(s)llZ + A, s)

s

for a.e. s> 0 and all t > s, where
t
h(t, s) = CJ [o(@)"~ V2 F Fy(x) + v~ "2([lwll3 + |u®13) ()] dx.

Taking p(t) = m/t with large m > 0 and letting s — 0, we obtain as in [1, Sect.

5]

t
Iw® 3 < Ct—"'f L™~ "2(Iwl3 + [[u(|3) + s™~ @~ D12 F F,]ds
0
t t
< Ctl_"/z[t"lf (Iwll3 + |u® Ilg)ds:| + Ct’"‘j sm= 2 F,ds.
0 0

Assertion (iv) now follows from (14) and (26). The proof is complete.

4. General weak solutions

In this section we restrict ourselves to the case n = 3 and prove Theorem 3
for general weak solutions satisfying only the energy inequality (E). Our basic
tools in this section are presented in the following Lemma 3 and Lemma 4.

LEMMA 3. Let L%, 1 <p < oo denote the Banach space of measurable
Sfunctions f on the real line with norm

IS 1lp,w ES%pIEI_”””J |fldt < + o
E

where |E| is the Lebesgue measure of a measurable set E.
(i) If fel®,gell, and 1/p+ 1/q=1/r, then fge L, and we have

1fgllrw < CUA N wligllg,w
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with C > 0 depending only on p and q.
(i) If fel®, gell and 1/p + 1/q =1+ 1/r, then the convolution fxg is in
L', and there is a constant C > 0 depending only on p and q so that

1% gl < CUL N, wllg g,

(iii) If feL®, and ge L', then fxgelL?, and we have

1/ *glpw <1 fllpwlgls-

It is easy to see that LP — L% with continuous injection. A typical
example of L?, functions that we need below is
t"Yr (£t >0)
t) =
YU {0 t<0).

Also, notice that feL? implies the estimate

1 t
—J | flds < Ct~ P,
tJo

This property of L2 -functions will be frequently used in order to deduce the
desired decay rates (see the proof of (vi) below).

Lemma 3 (i) is the weak version of Holder’s inequality, while (i) and (iii)
are the weak version of Young’s inequality. Although these inequalities seem

to be well known (see [9, p. 32] for (ii)), we give here an elementary proof for
the reader’s convenience.

Proor. First we show that f is in L%, if and only if
Ifl7w= fggth(lfl > )Y < + o0,
where R(|f|>t) = {seR;|f(s)| > t}, and that
@ e N LA

Let E,=R(|f|>t)n[—r,r] for any r>0. Then Chebyshev’s inequality
yields

t|E,| SJ |f1ds < 1L fllp,wlE "7
E

r

so that t|E,|'” < | f|,. Letting r—co, we obtain the first inequality in
(27). To show the second, we recall the formula [10]:
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(28) f|f|d5=f |E(1f] > t)ldt

E 0
for any measurable E. The definition of | f|%, then gives, with S
= fl5wIEI"Y,

|E| O<t<p),

|E(|f|>t)|-<—{(”f“;w)pt—1’ t=p).

Direct calculation thus yields
0 B )
J [E(1f] >t)ldt=LIE(lfl>t)ldt+J |E(1f] > t)ldt
0 8

1 p
<|E B } * E 1-1/p * E 1-1/p
—| l 1“f”p,w| | 1 ”f”p,wl I ’

which completes the proof of (27).
We shall now prove Lemma 3 (i). Applying the classical Young’s
inequality :

r r
lfal < ;8p/'lf|p/’ + as"‘”’lgl‘”’

for any ¢ > 0, we obtain
R(Ifgl > t) = R(If] > c;e” ' "P)UR(Ig| > c,et™)
with ¢; and ¢, depending only on p and q. Direct calculation thus gives
(I fgl%.)y < Cie?(If17,W)° + C2e7 (g 11Z,w)*
for all ¢ > 0, where C, and C, depend only on p and g. The result (i) follows
by taking the minimum with respect to ¢ > 0.
(ii) We fix « >0 and write |f(7)] = K; + K,, where

(@ (@<
K@= {0 (@) > o).

Then we have
(29) If*gl(s) < Ky #1gl(s) + K2xIgl(s) = I1(s) + L2(5).
By the definition of the Lebesgue integral [10] we obtain

11(S)=jwdtf lg(7)|dr < Ilgllq,wflelll—I/th,
o E: 0
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where E, = {1; K;(s —1)>1t}, so |E|<(|fl}¥,Pt"?, and |E|=0 if ¢
>o. Since p(1 —1/q) <1 by assumption, we obtain, with 1/¢'=1—1/q,

o

Ii(s) < |Igllq,w(llf||;‘,‘,w)"""f 7P dt = Co' P | gl (ILf 1 W7

0o

with C depending only on p and q. We thus have
(30) J 1y(s)ds < Ca' "PIE|- || gllg (Il £ 130077
E
On the other hand, denoting by 1 the indicator function of the set E, we have
j I,(s)ds = jJIE(s)KZ(s — 1)|g(7)|dsdz
E
= flg(r)ldrflE(s + 1)K, (s)ds = sz(s)dsflE(s + 17)|g(7)|dt
< ||gll.,,wIEI“”"sz(S)dS-
Since [E(If| > Ol < (I flw)7t"7, (28) yields

JKz(S)dS =alE(lfI > )] + Jw |E(|f] > t)|dt

a

SCU S al™?

with C depending only on p and q. Hence,
€3] le(S)dS < Col PIEI" TV gl g (IS 1 W)
Combining (29), (30) and (31) gives
I |f*glds < Cligllgw o "4 (I f 150" 1El + o 2 (1L f 137 | EIT 14T
E
Taking the minimum with respect to a > 0 yields
j |f+glds < ClfI}wlglgw EI' M
E

and this proves (ii).
(iii) Direct calculation gives

j |f*glds < Hla(S)lf(s —1)|-1g(7)| dsdz
E
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- f l9(@)lde J 15(s + DI $)1ds < Nglly 1f I, B,

This proves (iii).

LEMMA 4.  Let f be a measurable function on the real line, and suppose there
exist constants M >0, C>0 and p>qg>1 so that 0<f< M and

f fds < C(|[E|*~YP 4 |E|*~ 19
E
for all measurable subsets E. Then, there is another constant C' > 0 such that
f fds < C'|E|'7P
E

for all measurable E.

ProOF. Since 1—1/p>1-—1/q, the result is obvious for E with
|[E| > 1. So we may assume |E| < 1. Then, since

J fds <2C|E|* 14,
E
Holder’s inequality yields, with 8 = 1 — q/p,
J‘fds < M"j fi-%ds
E E

1-0
< M°|E|0“fds] < M°(2C)! °|E|* "1,

which completes the proof.
The next lemma is needed in proving Theorem 3 (viii).

LEMMA 5. Let L, (R) denote the set of all measurable functions f such that
IF1E,w = sup|R(If] > 7)| < + oo.
If feLinL®™, then there is a constant C > 0 with

t
j]fldsSClog(t+e), for all t > 0.
0

PrOOF. The definition of the Lebesgue integral [10] implies that if we
write
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MA@ = [0, ]InR(f|>7)| and o=]f],,

jt |flds = r A(7)dT.
0 0

t ift<t™ U fII%.
THIfIE. T .

Denoting f=t"'| f||¥,, we obtain

then

By assumption we have

L(1) < {

t B a
J |f|dssf tdr + llfllf,wj 17 1d7 < Clog(t + e)
0 0 B

which completes the proof.

ProoF OoF THEOREM 3. First, the energy inequality (E) implies (22), so we
see that |u|,eL® and |Ful,eL?. Second, estimate (25) takes the form

(32 lu(s)ll2 < lle™**all, + CF(s)

because the right-hand side of (25) is independent of A > 0 and so we can let A
— oo in the left-hand side. Since ||u],||Vull,€L?, the Hardy-Littlewood-
Sobolev inequality [9, p. 31] implies FeL*. So we get

t+1 t+1 1/4
'[ Fdss[f F“ds] —0
t t

as t - o0. Hence (32) implies that

t+1 t+1 t+1
j [lullzdssj Ile“‘allzds+Cj Fds — 0.

t t t

This shows assertion (v). We now prove (vi). Without loss of generality we
may assume 0 < a < 1. From (32) and the assumption, we get

(33) lu@)ll, < Cls™ + F(s))-

From now on we regard |u|, and ||Full, as defined on R by defining them to
be zero on the negative real axis, and systematically apply Lemmas 3 and
4. First, (33) shows |ul,eLY*+ L*< L}/*+ L}; so Lemma 4 implies
|ull,e LY provided o < 1/4. Hence we get (vi) for « < 1/4. When a > 1/4,
Lemma 4 and (33) together imply |ul,€L}, and so Lemma 3 (i) gives
llull, |Vul,eL&3. Since 3/4 +3/4=1+ 1/2, Lemma 3 (ii) implies Fe L2, so
we obtain (vi) for « < 1/2. When a > 1/2, Lemma 4, (33) and the boundedness
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of ||ul|, together yield ||u|,eL%nL® < L4, for all 2 < g < . Hence, Lemma
3 (i) implies ||ul|, ||Vu|,€L’, with 1/r =1 — ¢ for any ¢ > 0. Lemma 3 (ii) then
shows FelLS, with 1/s=3/4 —¢, and this proves (vi) for « <3/4. When
a > 3/4, (33) and the foregoing result together show that ||u|,eL}/* + L%, with
1/p=3/4—¢ So, Lemma 4 yields |ul,€L%. But, the definition of the
Lebesgue integral and (22) then yield

(34) r lul2ds = 2ft|E,|dz,
0

0

where y=|all, and E,= R(J|u|,>1t). Since we can choose p>4/3
arbitrarily close to 4/3, we may assume that —1<1—p< —1/3. It then
follows from (34) and the estimate t|E,| < Ct' "7 that ||u|,eL? and therefore
lull,|Vul,eL*. Hence Lemma 3 (iii) mplies FeL}?®. This completes the
proof of (vi).

We next prove (vii). Let w(t) = u(t) — u°(t) with u® = e **a. Since
(35) lw(s)ll, < CF(s) < Fy(s)"*F(s)'?

because n = 3, integrating this and applying (14) gives

1 t 1 t 1/2
(36) ~j IIWIlzdsSCt'”“[—f IIullidS} :
tJo tJo

Since (v) implies
1 t
—J llull3ds — 0,
tJo

it follows from (36) that
1 t
—f lwllzds = o(¢™1).
tJo

This proves (vii). We now prove (viii). If « < 1/2, then ||u|/,e LY* by (vi); so
we get Fel?, with 1/p =1/4 + « by Lemma 3. This, together with (35), shows
the first part of (viii). When « > 1/2, the proof of (vi) shows Fe L with 1/q
=3/4 —e. Thus, Lemma 4 and (33) imply |u|,€L%, and so applying (34)
yields ||u|,e L?>. Hence we obtain FeL*? by Lemma 3 (iiij). This shows the
second part of (viii). Suppose finally « = 1/2. The proof of (vi) shows in this
case ||ull,eL%nL®, so |u|2eLinL®. Hence Lemma 5 applies to deduce

t
f lull3ds < Clog(t + e),
(1]
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and therefore (36) yields

1 t t 1/2
?J lwl,ds < Ct‘”‘*(f |Iu||§ds> = O(t~¥*[logt]'?).
0 0

This completes the proof of Theorem 3.

We finally prove Corollary 4. From (25) with fixed A >0 we get, as ¢t
— 00 .

t+1 t+1 t+1 1/4
j IIE,'ullzdssj ||e‘SAa||2ds+Cl(”‘3’/4[j F“ds] — 0.

t t t

Since |Vul|,eL?, the estimate
2
|7 “”% > fl(llull,% — EA“”%)

implies

t+1 t+1
J ||u]|2dsSC,1J‘ (I1Ezull; + 1Vull,)ds

t t

t+1 t+1 1/2
SCAU ||E1u||2ds+<f ||Vu||%ds> ]
t t

—0
as t —» oo. This proves Corollary 4.

REMARKS. (i) In case n = 3, Theorem 2 is directly obtained from Theorem
3. For example, the strong energy inequality (SE) implies ||u(t)||, < ||u(s)|l, for
a.e. se(0, t). Integrating this gives

1 t
@l s;j Ll ds.
0

Assertions (i) and (ii) immediately follow from (v) and (vi), respectively.
Assertions (iii) and (iv) are similarly obtained from (vii) and (viii), respectively,
but the details are omitted here.

(i) Employing Lemmas 3 and 4, we can also discuss L? decay for Navier-
Stokes flows in arbitrary unbounded domains of space dimensions n < 4, only
with the aid of the L?-theory for the Stokes operator A. Since in this case no
LP-theory for A is available, except in the case of halfspaces and exterior
domains, we cannot obtain so good decay rates as deduced in this
paper. However, this approach enables us to treat the stability problem for
exterior stationary flows in R®. The details are given in [2] and will be
published elsewhere.
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