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Introduction
A non-associative algebra o/ satisfying
xy = yx and x%(xy) = x(x%y) (x, yeH)
is called a Jordan algebra. A triple product (xyz) in o/ defined by
(xyz) = (xy)z + (zy) x — y(x2)

satisfies following two identities:
(JTS1) (xyz) = (zyx),
(JTS2) (uv(xyz)) = ((uvx)yz) — (x(vuy)z) + (xy(uvz)).

In general a triple system satisfying these two identities is called a Jordan triple
system. This definition was given by Meyberg [10], though the word of
Jordan triple system had already been used in limited senses [3], [13]. He
extended the Koecher’s construction of a Lie algebra from a given Jordan
algebra to the case of Jordan triple systems. Kantor [6] extended still more
this construction to the case of generalized Jordan triple systems, which were
triple systems satisfying only the identity (JTS2) by definition. A familiar
example of generalized Jordan triple system and not Jordan triple system is the
space M, ,(R) of m x n real matrices with the product (XYZ) = X'YZ. In a
Lie algebra with an involution o, a subspace U satisfying [[U, 6(U)], U] < U
also becomes a generalized Jordan triple system by the triple product (xyz)
=[[x, a(y)], z]. Starting from a given generalized Jordan triple system,
Kantor constructed a graded Lie algebra, which is called the Kantor algebra for
the generalized Jordan triple system in this paper. A graded Lie algebra %
=Y 72 _ % is said to be of the n-th kind (n > 0) if 4, # {0} and ¥,, = {0} for
|m| > n. To a Jordan triple system, there associates a graded Lie algebra of the
first kind. Since the Lie product in the Kantor algebra was not easy to explain
in general style, Yamaguti [14] gave another interpretation for the Kantor
algebra in case of the second kind. Moreover he defined a symmetric bilinear
form on a generalized Jordan triple system of the second kind. In case of the
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Jordan triple system, the form coincides with the usual trace form. If the form
is positive definite, then the generalized Jordan triple system is said to be
compact. Loos [7] classified the simple Jordan triple systems over an
algebraically closed field. Also he [8] gave the classification of the real simple
compact Jordan triple systems. The classification of non-compact simple
Jordan triple systems was made by Neher [12]. As for generalized Jordan
triple systems, Kantor [6] classified (up to weak isomorphisms) K-simple
generalized Jordan triple systems of the second kind over an algebraically
closed field. The classification of real simple compact generalized Jordan triple
systems of the second kind was given by us [5] in case that their Kantor
algebras were classical simple Lie algebras.

The aim of this paper is to classify the non-compact classical real simple
generalized Jordan triple systems of the second kind. This problem is reduced
to determine a representative system of a certain equivalence classes (see §5.1) of
involutive automorphisms for every compact real simple generalized Jordan
triple system of the second kind. This is not so similar as in Lie algebras or
Jordan triple systems, because the equivalence classes do not necessarily
coincide with the conjugate classes. Our method used to determine a
representative system is different from Neher’s [6] for Jordan triple
systems. Of course, our method is applicable to the case of Jordan triple
systems.

In §1 we summarize some known results, which are used later in this
paper, about generalized Jordan triple systems. Moreover we study about
modifications by involutive automorphisms. Our modifications are different
from ones considered by Neher in Jordan triple systems. In §2 we study about
the structure group of a generalized Jordan triple system and the automorphism
group of its Kantor algebra. In §3 we give classification theorems (Theorem
3.5 and Theorem 3.6). In §4 we recall from [5] the result of classification of
compact simple generalized Jordan triple systems with some arrangements and
improvements. In §5 we classify the non-compact classical simple real
generalized Jordan triple systems of the second kind by using classification
theorems obtained in §3.

§1. Basic results on generalized Jordan triple systems

1.1. Let U be a finite dimensional real vector space and let B: U x U
X U—->U be a trilinear mapping. Then the pair (U, B) is called a triple
system. We shall often write (xyz) instead of B(x, y, z). A triple system (U, B)
is called a generalized Jordan triple system (or shortly GJTS) if the identity

(1.1) (uv(xyz)) = ((uvx) yz) — (x (vuy) z) + (xy (uv2))
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is satisfied for all u, v, x, y, ze U. Furthermore, if the additional condition
(1.2) (xyz) = (zyx) for all x, y,zeU

is satisfied, then (U, B) is called a Jordan triple system (or simply JTS).
Starting from a given GJTS (U, B), Kantor [6] constructed a certain graded
Lie algebra (or in short GLA) #(B)=) 2 __ U;such that U_, = U. We call
% (B) the Kantor algebra for (U, B). We say that (U, B) is of the n-th kind
(n>0)if U,, ={0} for al m>n and U,, # {0}. Let us put

L(a, b)(x) = (abx),  S(a, b)(x) = (axb) — (bxa),
R(a, b)(x) = (xab),  B,(x, y) = (xay).
We say that (U, B) satisfies the condition (A) if B, =0 implies a = 0.
Let (U, B) be a GJTS satisfying the condition (A). It is known that there
exists a grade-reversing involutive automorphism 7, which is called the grade-

reversing canonical involution, of & (B) ([5] Proposition 3.8). The following
two lemmas are essentially due to Kantor [6].

(1.3)

LemMA 1.1 ([1] Theorem 1.1). Let (U, B) be a GJTS of the 2nd kind
satisfying the condition (A), and let tg be the grade-reversing canonical involution
of the Kantor algebra & (B)=Y 72 _ U, for (U, B). Then

i=-2
(i) U_, is the subspace of End(U) spanned by all S(a, b),
U.,=U, U, =1(U-y), U, =15(U-)),
U, is the subspace of End(U) spanned by all operators L(a, b).
(ii) We have the following bracket relations in & (B):

[a, b1 = S(b, a), [L(a, b), t5(c)] = — 15(B(b, 4, 0)),
[L(a, b), c] = B(a, b, ¢), [z5(a), b] = L(b, a),
[t(S(a, b)), c] = 15(S(a, b)c),

[L(a, b), S(c, d)] = S(L(a, b)c, d) + S(c, L(a, b)d),

[S(a, b), t5(S(c, d))] = L(S(a, b)c, d) — L(S(a, b)d, ¢),
[L(a, b), L(c, d)] = L(L(a, b)c, d) — L(c, L(b, a)d),

(1.4)

where a, b, ¢, de U.

We remark that the following identity is also valid:
(1.5) t3(L(a, b)) = — L(b, a).

The following lemma can be proved by straightforward calculations.

LemMA 1.2. Let (U, B) be a GJTS satisfying the condition (A). Then, it is
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of the 2nd kind if and only if the following identity is valid:
(1.6) S(S(x, y)u, v) = S(x, y) L(u, v) + L(v, u) S(x, y)
Sfor all u, v, x, yeU.

1.2. Let (U, B) be a GJTS. A subspace Vof U is called an ideal (resp. K-
ideal) of (U, B) if the following relation is valid:

B(V,U,U)+ B(U, V,U)+ B(U, U, V)< V
(tesp. B(V, U, U) + B(U, U, V) < V).

A GITS (U, B) is called simple (resp. K-simple) if B is not a zero map and if
(U, B) has no non-trivial ideal (resp. K-ideal). Obviously the K-simplicity
implies the simplicity, but the converse is not always true. In case of compact
(see 1.3) GJTS’s of the 2nd kind, we proved the following

LemMa 1.3 ([1] Theorem 3.8). Let (U, B) be a compact GJTS of the 2nd
kind. Then (U, B) is simple if and only if it is K-simple.

1.3. Now let (U, B) be a GJTS of the 2nd kind. The symmetric bilinear
form ygz on U defined by

(L.7) 8(%, ) = (1/2) Tr {2R(x, y) + 2R(y, x) — L(x, y) — L(y, x)}

is called the trace form of (U, B), where Tr(f) means the trace of a linear
endomorphism f. The form y; was defined by Yamaguti [14] for a wider class
of triple systems. We have following relations concerning the trace form.

LemMA 1.4. (1) The following identity is valid [4]:
(1.8) 18(W, (xy2)) = yp((yxw), z) = yp((Wzy), x).
(2) Let ¢ be an isomorphism of (U, B) onto (U', B'). Then we have

(1.9) e (@(x), () = y(x, y)  for x, yeU.

(3) Let V be an ideal of (U, B) and let us denote by B the restriction of B to
V. Then we have

(1.10) (%, y) = vs(x,y)  for x, yeV.
(4) If (U, B) satisfies the condition (A), then we have
(1.11) 8(%, ) = (= 1/2) B(x, 15()) = (— 1/2) B(z5(x), y)

for x, yeU, where B is the Killing form of the Kantor algebra ¥ (B).

We say that a GJTS (U, B) is compact (resp. non-degenerate) if its trace
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form yp is positive definite (resp. non-degenerate). It is known [1] that the
condition (A) is always satisfied in every non-degenerate GJTS of the 2nd kind.

1.4. For a JTS (U, B), a modification by an involutive automorphism ¢
was defined in [11] as

B«p(x3 Vs Z) = B((p(X), Vs Z) + B(X, (P(y), Z) + B(x’ Vs (P(Z)) - @(B(’Q Vs Z))

But we have trouble to seek B, practically from this definition. So we consider
a different one from this.

Let (U, B) be a GJTS. For any involutive automorphism ¢ of (U, B), we
define a new triple product B, on U by

(1.12) B,(x, y, z2) = B(x, (), 2).
Then (U, B,) also becomes a GJTS. We call (U, B,) the @-modification of
(U, B). We put

Ly(x, )(D) = B,(x, 7,2, R,(x,1)(2) = B,(z x, y),

So(%, Y)(@) = By(x, 2, ¥) — B,(y, 2 x).

Then we have obviously

(1.13) Lo(x, y) = L(x, 9(»)),  R,(x, y) = R(e(x), y),
(1.14) Sy(x, y) = S(x, y)° .

LemMMmA 1.5. Let (U, B) be a GJTS and ¢ an involutive automorphism of
(U, B).
(1) If (U, B) satisfies the condition (A), then so does (U, B,).
(2) If (U, B) is of the 2nd kind, then so is (U, B,).
(3) If (U, B) is non-degenerate, then so is (U, B,).

Proor. (1) is trivial. By straightforward calculations, using (1.13), (1.14)
and Lemma 1.2, we can see that (2) is true. We will prove (3). Since ¢ is an
involutive automorphism, we get

(L15)  Tr(R(e(x), y)) = Tr(R(x, (»))),  Tr(L(e(x), y)) = Tr(L(x, ¢(y))).
By (1.13), (1.15) and (1.7), we obtain that

(L.16) V8,(X, ¥) = 78(X, (y)) = y5(0(x), y).

Hence, if (U, B) is non-degenerate, then so is (U, B,).

ProrosiTION 1.6. Let (U, B) be a GJTS of the 2nd kind satisfying the
condition (A) and ¢ be an involutive automorphism of (U, B). Then £ (B) is
isomorphic to & (B,) as graded Lie algebras.
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PrROOF. Let us define a linear map f: ¥ (B)—» £ (B,) by
S(a, b)— S,(e(a), (), a— ¢(a),
L(a, b)— L,(¢(a), b), tp(a)— 73,(a),
t5(S(a, b)) — 13,(S,(a, b)).
Then, using (1.4), we can check in case by case that f is an isomorphism.

ProrosiTioN 1.7. Let (U, B) be a simple GJTS and ¢ an involutive
automorphism of (U, B). Then (U, B,) is a simple GJTS or the direct sum of
two simple ideals, which are mutually transferred by ¢.

PrOOF. Let V be a non-zero minimal ideal of (U, B,). Since ¢ is also an
automorphism of (U, B,), ¢(V) is an ideal of (U, B,). Hence we see that V
+ @(V) is an ideal of (U, B). Since (U, B) is simple by the assumption, we
must have U = V + ¢(V). On the other hand, from the choice of V, we have
Vne(V) = {0} or (V)= V. Therefore, we see that ¥V + ¢(V) = U (direct sum)
or V=U. In the former case, V is obviously a simple ideal of (U, B,).

ProposiTioN 1.8. Let (U, B) be a compact simple GJTS of the 2nd kind
and ¢ be an involutive automorphism of (U, B). Then the modification (U, B,) is
a simple GJTS of the 2nd kind.

Proor. By Lemma 1.3, it is known that (U, B) is K-simple. Since any K-
ideal of (U, B,) is obviously a K-ideal of (U, B), it follows that (U, B,) is also
K-simple, hence simple.

§2. Structure groups and automorphism groups

2.1. Let (U, B) be a non-degenerate GJTS and yy its trace form. We
denote by y the adjoint operator of ¢ € End (U) with respect to yz. If ¢ is an
automorphism of (U, B), then we get ¢~ ! = ¢ from (1.9). Let us put

T(U, B) = {y e GLU) | ° L(x, y) = LY(x), § "' (1)) oy for x, yeU}.
We remark that the identity

2.1) Yo L(x, y) = LY(x), § 1)y
is equivalent to
22 Y(B(x, y, 2)) = BY/(x), y 1 (»), ¥(2)).

It is easily seen that I'(U, B) becomes a group with the composition of
mappings and that I'(U, B) contains the automorphism group Aut(U, B) of
(U, B). The following lemma is well known in case that (U, B) is a JTS.
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LemMMA 2.1. For any non-degenerate GJTS (U, B), the group T'(U, B) is
self-adjoint, that is, yeT'(U, B) for any Yy eI'(U, B).

Proor. For any y eI'(U, B), using (1.8), we have
8@ (xy2), u) = y5((xy2), Y () = v5(z, BO, x, Y (1))
=10 @), BU ' 0), ¥(x), w) = 15(BU (), ¥ 0), ¥ (@), ).
Since yg is non-degenerate, we get
V(B(x, y, 2)) = BW(), ¥~ (), ¥(2)).

This means l/;EF(U, B). Hence I'(U, B) is a self-adjoint group.
The group I'(U, B) is called the structure group of (U, B).
ExamPLE. Let (U, B) be a GJTS as follows (see §4):

U=M,,C); B(X,Y,2Z)=XY*Z+ZY*X —ZX*Y.

For any pair (P, Q)e GL(p, C) x GL(q, C), we define a linear endomorphism
[P, Q] on U by [P, Q](X)=PXQ~'. Using the relation ([1])

78(X, ¥) = 2(p + 29)Re(Tr (X Y*)),

where Re(x) means the real part of a complex number «, we obtain [P, Q]
= [P*, 0*]. If Q is a unitary matrix, then [P, Q]eI'(U, B). Furthermore, if
P is also a unitary matrix, then [P, Q]€Aut(U, B).

PROPOSITION 2.2. Let ¢ and Y be involutive automorphisms of a non-
degenerate GJTS (U, B). Then two modifications (U, B,) and (U, B,) are
isomorphic with each other if and only if there exists an element wel' (U, B)
satisfying @oy°w = @.

Proor. The “if”-part is easily proved. Now we assume that w is an
isomorphism of (U, B,) onto (U, B;). Then, from (1.16) and (1.9), we have

78(@(x), ¥ o @(y)) = yp, (0(x), @(y)) = yp, (x, y) = ya(x, @(¥)).

Since yj is non-degenerate, we get @°yow = @. On the other hand, since w is
an isomorphism, we have

o(B(x, (), 2)) = 0(B,(x, , 2)) = By(w(x), (y), w(z))
= B(CO(X), ‘// 060(_})), Q)(Z))
Substituting y by ¢~ !(y) in this identity, we get

w(B(x, y, 2)) = B(w(x), y e w° ¢~ (), 0(2) = B(w(x), &' (y), »(2)).
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This implies we'(U, B), which completes the proof of the “only if’-part.

2.2. The following lemma is analogous to our previous one ([5] Lemma
3.11).

LemMA 2.3. Let (U, B) be a non-degenerate GJTS of the 2nd kind and
I'(U, B) be its structure group. Then any element Y € '(U, B) induces a grade-
preserving automorphism £ (V) of & (B). Furthermore it satisfies

23) LW etp=15LWY).

Proor. Using Lemma 1.1, we define a linear transformation & (y) on
2 (B) as

S(a, b)— SW(a), ¥ (b)), X (%),
(24) L(a, b)— Ly(a), §10),  t50)— 150 1),
15(S(a, b)) — 5(SW 1 (a), ¥ ~1(b))

for any a, b, x, ye U. Then it is easy to check that ¥ () is a grade-preserving
automorphism of £ (B). Moreover, from the definition of £ (¥), we have

2.5) (t5° L @) = (0~ (X)) = L W) (5(x) = (£ W) o 15) (%),
(2.6) (t5° L @) s0) = o) = Y0) = (£ ¥)°78) (150)-

Hence we see that (2.3) is valid on U_, + U,. Since #(B) is generated by
U_,+U,, it is also valid on £ (B).

Next we put
Aut, & (B) = {oceAut(Z (B))| o is grade-preserving},
Aut_ Z(B) = {ce€Aut(¥ (B))|o is grade-reversing},
Aut, (£ (B), 15) = {o€Aut, Z(B)|o°15 = 15°0}.

Let us consider a map £ : Y+ &£ (Y) of I'(U, B) into Aut, £ (B). The map &
is a monomorphism. In fact, the identity

@7 LWeo)=2LWY)Z(9)

is obviously valid on U = U_,. Furthermore, by use of (2.4), it is valid on
U,. Hence it is also valid on £ (B). It is clear that & is injective.

For any involutive automorphism t of #(B), we define a symmetric
bilinear form g, on % (B) by

B.(X, Y) = B(X, «(Y)),
where f is the Killing form of % (B).
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LeMMA 2.4. Let (U, B) be a non-degenerate GJTS of the 2nd kind. Then
we have

(2.8) 1ge0°oty = (6%)"!  for ceAut(Z(B)),
(29) 2W) =2 W) for yeT'(U, B),

where o* denotes the adjoint operator of @ with respect to ..

ProOOF. Let ceAut(&(B)). Then we see that
B(X, Y) = p(o(X), 0(Y)) = B.5(0(X), 10 0(Y))
= Bp(X, 0*°1500(Y)) = B(X, t5° 0% o 15°0(Y)).
Since B is non-degenerate, we get tz°6* 1500 = 1, where 1 denotes the identity
map on & (B). This implies (2.8). Next let Yy e'(U, B). By use of (2.3) and
(2.7), we have
BEW(X), Y) = BX, 2() (V) = BX, 2(J~)(Y))
= B(X, 15> L () 15(Y)) = B, (X, L (¥)°15(Y))
= Bep (£ W)* (X)), 15(Y)) = B(ZL W)*(X), Y).
Hence we get .,S”(l/;) = 2L ()*.

THEOREM 2.5. Let (U, B) be a non-degenerate GJTS of the second kind and
% (B) be its Kantor algebra. Then the following relations are valid:

(2.10) 2 (T(U, B)) = Aut, Z(B),
2.11) Z(Aut(U, B)) = Aut, (£ (B), 1p).

Proor. We have already proved that £ (I'(U, B)) < Aut, £ (B). For
any o€ Aut, &£ (B), we denote by y the restriction of ¢ on U. Then we have

(2.12) a*(y) =¥ (y) for yeU.
In fact, using (1.11), we have
10, 2) = 7505 ¥(2)) = (= 1/2) Bzs(y), ¥(2)
=(=1/2) B, (v, 6(2)) = (= 1/2) B, (6* (), 2)
= (= 1/2) B(a*(y), 15(2)) = v5(a*(¥), 2).
Using (2.8) and (2.12), we have
Y(B(x, y, 2)) = a(L[7p(), x], z]) = [[o°15(), 6(x)], 0(2)]
= [[t5°(6*)7' (), 0(x)], 0(2)]
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= B(o(x), (6%)7' (), () = BW (), ¥ (), ¥(2)).
This means that Y e'(U, B). Moreover, using again (2.4), (2.8) and (2.12), we
have
£ W) x + t30)) = ¥ (%) + 1 1)) = 0 (%) + 15((6*) ' ()
= 0(x) + o(tp(y)) = o(x + 75(y))-

This means that £ (y) =0 on U_; + U,, hence on #(B). Therefore we see
that ¥ maps I'(U, B) onto Aut, #(B). Next we get from (2.3) that
£ (Aut(U, B)) = Aut, (¥ (B), 15). Conversely, for any oe€Aut, (Z (B), tp),
there exists Yy el (U, B) such that £ (Y)=o0. Hence we have L (Y)°1p
=15°%(Y). From this and Lemma 2.4, we get 2(1/7‘1)=$(n/1), hence
Y !=y. This means yYeAut(U, B). Therefore we have proved that
£ (Aut(U, B)) = Aut, (£ (B), 1p).

COROLLARY. Let (U, B) be a non-degenerate GJTS of the 2nd kind. Then
we have

I'(U, B) = {oly|c€Aut, £ (B)},
Aut(U, B) = {g|y|o€Aut, (£ (B), 1)},

where a|, denotes the restriction of o on U.

§3. Classification Theorems
3.1. At first, we show the following

THEOREM 3.1. Let (U, B) be a non-degenerate real GJTS of the 2nd kind
and ty the grade-reversing canonical involution on & (B). Then there exists a
grade-reversing Cartan involution ¢ commuting with tg.

Proor. Since Z(B) is semisimple ([1] Proposition 2.4), there exists a
grade-reversing Cartan involution v of #(B). Then the form S, is negative
definite by definition. Now we put p = tgov. Then the automorphism p of
& (B) is self-adjoint with respect to the inner product, which is defined by

(3.1) X, V)= —-B,X, ).
In fact, we have
(p(X), Y) = — B(rgov(X), v(Y)) = — B(v(X), 1o v(Y)) = (X, p(Y)).

It follows that p? is a positive definite symmetric operator. Therefore, there
exists a derivation D on % (B) satisfying



Generalized Jordan triple systems 473

(3.2 expD = p2.
Now let us put
(3.3) o =exp(l/4)Doveexp(— 1/4)D.

Then we see that ¢ is a Cartan involution commuting with 7 (see [9] p.153).
Moreover, since p is grade-preserving, the automorphism exp(1/4)D is also
grade-preserving. It follows from (3.3) that ¢ is grade-reversing.

3.2. Let (U, B) be a GJTS satisfying the condition (A). An involutive
automorphism ¢ of (U, B) is called a Cartan involution if the @-modification
(U, B,) is compact.

THEOREM 3.2. For every non-degenerate GJTS (U, B) of the 2nd kind, there
exists a Cartan involution on it.

Proor. By Theorem 3.1, there exists a grade-reversing Cartan involution ¢
of #(B) commuting with 7;. Put

3.4 @ =0°1g|y.

Then ¢ is an automorphism of (U, B) by Corollary of Theorem 2.5. 1t is trivial
that ¢ is involutive. Using (1.11), (1.16) and (3.4), we have the relation

78, (%, X) = yp(X, 0(x)) = (= 1/2) B(x, 15° 9(x))
= (= 1/2)B(x, a(x)) = (= 1/2) B,(x, x).
Hence the form yg, is positive definite, hereby ¢ is a Cartan involution.

Let (U, B) be a non-degenerate GJTS of the 2nd kind and ¢ be a Cartan
involution of it. Then ¢ is also an automorphism of the compact GJTS
(U, B,). Obviously (U, B) is the ¢-modification of (U, B,). Hence we have
the following

THEOREM 3.3. Any non-degenerate GJTS of the 2nd kind is obtained by a
modification of a compact GJTS.

3.3. For a given GJTS (U, B), let us consider the direct sum (U + U, B
+ B) as triple system. This direct sum also becomes a GJTS. A linear map
¢@: U+ U—-U + U defined by ¢((x, y)) = (y, x) is an involutive automorphism
of (U + U, B + B). Hereafter we shall denote by (U, B) the ¢-modification of
(U + U, B + B), that is,

(35) E((xla x2)’ (yla y2)9 (Zli 22)) = (B(xl’ Y2, zl): B(xZ, Y1, 22))~

We call (U, B) the special direct sum of (U, B).
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ProposITION 3.4.  If (U, B) is a compact simple GJTS of the 2nd kind, then
(U, B) is a simple GJITS of the 2nd kind.

PROOF. Let W be a non-zero ideal of (U, B). Let us put
V={xeUl|(x, 0)e W}.

We will prove that V is a non-zero K-ideal of (U, B). Let us assume that V
= {0}. From the assumption of W being nonzero, there exists a non-zero
element (x, y) in W. For any u, ve U, we have

(By(u’ v), 0) = (B(“’ Y, D), 0) = E((“a 0), (x: y)a (U, 0)ew.

Since V = {0}, we get B, (u, v) =0, hence B, = 0. Since a simple GJTS satisfies
the condition (A) ([1] Proposition 2.5), it follows that y =0, that is,
(x, 0)e W. Using again the assumption V= {0}, we obtain x =0, which
contradicts to the choice of (x, y). Therefore V is the non-zero subset of
U. For x, yeU and zeV, we have

(B(z, x, y), 0) = E((Z, 0), (0, x), (v, 0))e W,
(B(x, y, 2), 0) = B((x, 0), (0, ), (z, 0)) e W.

Hence we see that B(z, x, y) and B(x, y, z)e V. Therefore V is a K-ideal of
(U, B). On the other hand, since (U, B) is also K-simple by Lemma 1.3, we
must have V= U. It follows that U + {0} ¢ W. Using this relation, we get

©, B(x, y, z)) = B((0, x), (%, 0), (0, 2)) e W

for any x, y, zeU. Since B(U, U, U) = U, we get {0} + U = W. Therefore
we have W=U + U =1T.

THEOREM 3.5.  Any non-compact simple GJTS of the 2nd kind is obtained as
(1) a modification of a compact simple GJTS of the 2nd kind by an involutive
automorphism, or
(2) the special direct sum of a compact simple GJTS of the 2nd kind.

Proor. Let (U, B) be a non-compact simple GITS of the 2nd kind. Since
it is non-degenerate ([1] Theorem 2.8), by Theorem 3.3, there exist a compact
GJTS (U, B) and an involutive automorphism ¢ of (U, B)) such that B
= B,. We remark that we also have B, = B. Now we assume that (U, B') is
not simple. Then, by Proposition 1.7, we see that U = V + ¢(V) (direct sum)
and V is a simple ideal of (U, B). We denote the restriction B'|,, ., by the
same symbol B'. From (1.10), we see that an ideal of a compact GJTS of the
2nd kind is also a compact GJTS. Hence (V, B’) is a compact simple GJTS of
the 2nd kind. Identifying ¢(V) and V, we see that (U, B) is isomorphic to
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(17, §’). In fact, we define a linear map f:U— 14 by f(x + o)
=(x,y) (x,yeV). Then we have

SBu+ o), w+ 0(x), y + 0(2))) = f(B' + 0(v), x + o), y + ¢(2))
=f(B'u, x, y) + ¢(B' (v, w, 2))) = (B'(4, x, y), B'(v, w, 2))
=B ), W, %), (%, 2)) = B(f(u + 0®), S + ¢(x)), f (v + ¢(2)))

Hence f is a homomorphism of (U, B) to (I~/, B’). Since f is obviously bijective,
we have proved that (U, B) is isomorphic with (¥, B’). Therefore (U, B) is
isomorphic to the special direct sum of the compact simple GITS (V, B').

THEOREM 3.6. Let (U, B) be a non-degenerate GJTS of the 2nd kind, and let
¢ and y be involutive automorphisms of (U, B). Then the modification (U, B,) is
isomorphic with (U, By) if and only if there exists a grade-preserving
automorphism o of & (B) such that

(3.6) o letge Z(p)oo =13° L ().

ProOOF. Assume that (U, B,) and (U, By) are isomorphic with each
other. From Proposition 2.2, there exists an element weI'(U, B) such that
dopew=1y. Hence we get L(D)°ZL(p)° ¥ (w)=ZL ). It follows from
(2.3) that

L) etge L(9)° L () =15° L WY).

Conversely, let ¢ be a grade-preserving automorphism of £ (B) satisfying
(3.6). Then, by Theorem 2.5, there exists ueI'(U, B) such that % (u)
=g¢. Using (2.8), we get L (W*° L (p)e L (1) = £ (). Hence, using again
(2.9), we get jicpou=y. It follows from Proposition 2.2 that (U, B,) and
(U, B,) are isomorphic with each other.

§4. Compact classical simple GJTS’s of the 2nd kind

In [5], we gave the classification of compact classical simple GJTS’s of the
2nd kind. Here again we will write it down by another representation with
some improvements. Throughout this section, we will use following notations.

R(resp. C, H): the set of all real (resp. complex, quaternion) numbers,

'X : the transposed matrix of a matrix X,

X*: the transposed conjugate matrix of X,

I, : the identity matrix of degree n,

Jn=(a;): the matrix of degree n such that a;=9;,,,_; where §,;
denotes the Kronecker’s delta,
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7 01®J_ 0 J, iole 0 1
"\-10 " \-J, 0) nTrEN -1 0)

i 0 L .
K,=J,® < (l) ; ), where i denotes the imaginary unit,
J;
An,i= In—2i s Atll,i=An,i®12’
J;

M, (K): the vector space of all p x q matrices with entries in K, where
K =R, C, ) )

M, (H)={XeM,,,(O|XJ],=J,X},

M,(K) =M, ,(K),

Alt,(K) = {Xe M, (K)|'XJ, + J,X =0}.

THEOREM 4.1 ([S]). Compact classical real simple GJTS’s (U, B) of the 2nd
kind are classified (up to isomorphisms) as follows:

1' U=Mp,q(K)XMq,r(K)s K=R,C,H, Pﬁr;
B X, Y, Z\\_ (X2, +Z,Y*X, - Z, X, Y
X, )\, )’\2,)) \XoY3*Z, + Z,Y}X, - Y*X,Z, )
2. U=M,,(R), 2<p;

B.(X, Y, Z)= X'YZ + Z'YX — ZA, ,'XYA,,,,

0<r<gq/2 if g is odd or (p, q) = (2, 2),
0<r<gq/2 otherwise.

3. U=M,,(O);
B(X, Y, Z)= XY*Z + ZY*X — ZA, , X*YA,,,

0<r<gq/2 ifqisoddor(p,q) =(l2),(1,4),2?2),
0<r<gq/2 otherwise.

4. U=M,,,(K), where K=R,C, (p,q)#(1,1);
B(X,Y,Z)= XY*Z + ZY*X + ZJ X YJ,.
5. U=M,,(0), 2<p, (p,9d#(2,2);
B(X,Y,Z)=XY*Z + ZY*X — Z'XY.
6. U=M, (H);
B.(X,Y,Z)=XY*Z + ZY*X — ZA, X*YA,,, 0<r<gq/2
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7' U = Mp,q(H)’ (ps q) # (13 1)3 (ls 2),
B(X, Y, Z)= XY*Z + ZY*X + ZK X *YK,.
8. U=M,,(K)x Alf)(K), where K=R, C, 4<n;
B X, , Y , Z,
X, Y, \Z,
([ X\YF}Z, + Z,Y*X, — Z,X, Y
C\XYP}Z, + Z,Y3X, - YX,Z, — Z,0,' X, Y J,)

§5. Clssification of non-compact classical simple GJTS’s

Throughout this section, we keep the notations in the previous
section, We will also use following notations for matrices:

P _Ii 0 . S(P, i)=1p (l<0)9
““”‘(0 Ir) O<i<Ph sp,9="1, (>0
-I; 0 0
0 0 J;
K(q;j, k) = ( 0 H(@—2%,k 0 ) 0<j<q/2,0<k+j<q/2),
J; 0 0
L(g,r;j, k) =
1 S(r, k)+S(r,j) 0 (S(r’ k)—'S(r’.’))Jr
- ( 0 2J_S(@—2r,k—r)J,_,, 0 )
J.(8(r, k) — S(r, j) 0 J(8(r, k) + S(r, j))J,

O<j<r,0<k<qg-—r),
§@ﬁ=8@ﬂ®< °1>
-1 0
S'(p, i) = S(p, ) ® I, = S2p, 2i),
L' r;j k)=Lg, r;J), @ I,.

Moreover we will use following notations for mappings:

[P, O, R](X, Y) = (PXQ—l’ QYR_l)’
o(X, Y)= (X’ ?), (X, Y)= (—!Ya -'X),
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for (X, Y)eM, ,(K) x M, ,(K);
[P, Q1(X)=PXQ™!, w(X)=X
for XeM, ,(K).
5.1. Let (U, B) be a compact simple GJTS. We put

Inv (U, B) = the set of all involutive automorphisms of (U, B),
Inv (& (B)) = the set of all involutive automorphisms of % (B),
Inv_ (£ (B), 1) = Inv(Z (B))nAut_ (£ (B), 1p).

For o, pelnv_ (% (B), t5), we say that o is equivalent to p (denoted by a ~ p) if
(7 logol =p for some EcAut, (Z(B)). We denote by # a representative
system of equivalence classes of Inv_ (% (B), tz) under this equivalence
relation. Moreover, we put

& = {1go0|y|loeR}.

For ¢, Yy e Aut(U, B), we say that ¢ is equivalent to  under I'(U, B) if there
exists an element weI'(U, B) such that @°@cw = . Then we see that the set
& is a representative system of equivalence classes under I'(U, B) of Inv (U, B).

For classification of non-compact simple GJTS’s, by Theorem 3.5 and
Theorem 3.6, it is sufficient to decide the set &, equivalently the set &, for every
compact simple GJTS.

5.2. Let (U, B) be a compact classical real simple GJTS of the 2nd
kind. It is known ([1]) that its Kantor algebra .# (B) is a non-compact simple
Lie algebra and the grade-reversing canonical involution tz is a Cartan
involution of &£ (B). For brevity we put 4 = ¥ (B). Let ¥ =X + 2 be the
Cartan decomposition of ¢ by 7, that is,

H={XeY|y(X)=X}, P={Xe¥|u(X)=—X}.

Let G be a connected classical simple Lie group, whose Lie algebra is
isomorphic to ¥, and let K be the analytic subgroup of G corresponding to
A'. Let us denote by Inn(¥9) (resp. Inn(%, t5)) the set of all inner
automorphisms (resp. inner automorphisms commuting with tg) of 4. Then it
is known that Inn(%) = Adg(G), Inn(%, t5) = Ady(K) and Inn(%, 15) is a
maximal compact subgroup of Inn(%4). Furthermore, since G is the self-adjoint
subgroup of GL(n, C), we can obtain the group K as K = GnU(n), where U(n)
denotes the group of unitary matrices.

The following proposition is used in process of deciding representative
systems &% in §5.5.
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ProOPOSITION 5.1 ([2]). Let G be a compact but not necessarily connected
Lie group and S be a Cartan subgroup of G generated by z. And let G (resp. S;)
be the connected component of the identity of G (resp. S). Then any ge G,z is
conjugate to an element of S,z via conjugation by an element of G,.

5.3. For example, we will firstly consider about the following GIJTS
(U, B):

U=M,, R xM,(R), p<r;
(X1 (1) (Z1)) o (Xi' 2+ Z0NX, - Z,X,'Y,
X, )’\Y,)'\z,)) \X,'Y,Z, + Z,'Y,X, —'Y,X,Z, )’
In this case, we have following results:
Kantor algebra: 4 = #(B) = sl(n, R), where n=p +q +r,

Cartan involution: 15(X) = —'X,

Characteristic element:

q

@-1I, 0 0
E=( —7
0 0 (@—1I,

0 ol 0 ),whereoz=pn R

Inn (%) = Ady (SL(n, R)),
Aut (%) = Ady(SL' (n, R))Utg° Adg(SL'(n, R)), where
SL'(n, R) = {PeGL(n, R)|detP = + 1}.
Now we assume that p <r. Then we have

Aut, % = {Ad(P)|Ad(P)E = E}

P,
P= ( P,
P

Py
Aut_(g,r,,)={rBoAd(P)|P=( P, )eO(n)},
P

3

P,eM,(R),
= { Ad(P) )eSL’(n, R), P,e M,(R), } :

Pye M, (R)

3
Inn_% = ¢,

If 150 Ad(P)elnv_ (%, 1), then we have P2 =1 or P? = — I, where the latter
occurs only when n is even. If P2 =1, then P is a symmetric orthogonal
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matrix. Hence we get

S(p, 1)
Ad(P) ~ Ad ( S(q, J) )
S(r, k)

(0$i$p,0£jg%,0£k$r>

under Aut, (9, tg). Therefore we see
S(p, 1)
(5.1) 15°Ad(P) ~ 150 Ad ( S(q, j) )
S(r, k)

<Osisp, 0513%, OSksr>.

If P2= —1, then P;(i=1, 2, 3) is a skew-symmetric orthogonal matrix. Hence,
we have that p, g and r are all even and that
Ad(P) ~ Ad(J,,)

under Aut, (¥4, 15). Hence we also get

(5.2) TBOAd(P) ~ TBOAd(Jn/z).
From (5.1) and (5.2) we see that

S(p, i)
9?={tB°Ad( (g, j) ><Osi3p,03js%,0sksr>,
S(r, k)

tBOAd(jn,z) if p, ¢ and r are even}.
Since any element X = (X X 2)€U is imbedded in .#(B) as

0 X, 0
X—':(O O Xz),

0 0 O
we have
0 pP,x,pP,! 0
Ad(P)X = PXP ! = ( 0 0 P,X,P,7! )
0 0 0

Therefore we get
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S ={[S(p, 1), 8, )),S(r k)] 0<i<p0<j<q/2,0<k<r),
[jp/za jq/Z, j,-/z] if D, q and r are even}.
Next we assume that p =r. Then we have

Py
Aut_(.(f,tn)={rB°Ad(P)|P=( P, )eO(n)}

Py

g,
U{Ad(Q)|Q=( 2, ) €0(n)}.
0,

Let Ad(Q)eInv_(%, 15). Then Q is a symmetric or skew-symmetric (the latter
occurs only when g is even) orthogonal matrix. If Q is symmetric (resp. skew-
symmetric), then there exist matrices T;, T, and T; satisfying

T1Q1T3_1=Ip! Ty, T;eSL'(p, R),
T,0,T,”' = S(q,j) for some j (resp. T,Q,T, ! = jq/Z)'

Therefore, putting

T,
T=( T, )eSL’(n,R),
T

3

we have

IP IP
TQT ! = ( S(q, j) ) (resp. TQT ! = < jq/2 ) ).
I, —1

p

Hence we get

IP IP
S(g, J) ) or Ad(Q) ~ Ad ( Jo2 )
-1

p p

(5.3) Ad(Q) ~ Ad (
1

under Aut, 4. Therefore we see that

S(p, 1) g
'@={TBOAd< S(q’.]) ) <O—<—lspa0S]s§aOSkSr),

S(r, k)
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II’
Ad ( 54, J) > 0<j<qg:,
1

) 4
IP
Ad < Jo2 ) if g is even,
— Ip

‘EBOAd(j,,/z) if p, ¢ and r are even}.

From the following identity

0 —Q,X,0,7") 0
(tpo Ad(Q)) X = ( 0 0 —1Q:X,Q,7Y) ) ,
0 0 0

we se€e

S ={[S(, 1), S(g)),Sr k] (O0<i<p0<j<q/2,0<k<r),

to[l,, S(q, ), 1,] 0<j<4q/2),
to[l,, fq/z, —1,] if g is even,
[fp/z, jq/Z’ f,/z] if p, q and r are even}.

5.4. For another example, we will consider about the following GJTS
U=M,,R), 2<p;
B.(X, Y, Z)= X'YZ + Z'YX — ZA,,'XY4,,, 0<r<gq/2

For brevity, we put m=p +r,n=p+ q —r. In this case, we have following
facts:

Kantor algebra: ¥ = £ (B) = so’(m, n)
= {XESI(m + n, R)IIXAm+n,m + Am+n,mX = 0}’
Cartan involution: 15(X) = —'X = Ad(A4p.m X,

— Ip
Characteristic element: E = ( 0, ) R
IP
Inn (%) = Adg(SO'(m, n)°), where
S0'(m, n) = {PeSL(m + n, R)|'PA, 4 mP = Apsnm}>

SO’(m, n)° = the identity connected component of SO’(m, n),
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Aut(%) = Adg(0'(m, n)), where
O'(m, n)={PeGL(m + n, R)'PApipmP = Apynm}s

Py
Aut+g = {Ad(P)'P = ( Pz > 60’(m’ n)}9
Py

0,
Aut_9 = {Ad(Q)|Q = ( 0, ) €0'(m, n)},
0,

0,
Aut_(¥%, 15) = {Ad(Q)|Q = ( Q, ) €0'(m, n)nO(m + n)}.
02

Let Ad(Q)eIlnv_(¥, 15). Then we have

+1 if mand n a
Q?ethe center of SO'(m, n) = mn 'C 1 afe even,
Iin otherwise.

Let us assume that Q2 = 1. Then we have
Ql EO(P)’ QZEO’(r’ q— r)ﬂ O(q)’ Q3 = JleJpa
Q.2 =1, 0:0:=1, detQ, = (—1)".

Since Q3;=Q,”', we have (Q,J,)* =1 Furthermore, since Q,J, is an
orthogonal matrix, it is symmetric. Hence there exists

T,€0(p)  such that T,Q,J,)T, ' =S(p,i) 0<i<p).

As for Q,, the problem is troublesome. In case of Q,eSO'(r, g —r)°, there
exists a matrix T,eSO'(r, ¢ — r)°n0O(q) such that

T2Q2’TZ—l = L(q’ r, 2], 2k)Aq,r (0 S 2] S r, 0 —<— 2k S q - r)'

If Q, is not contained in SO'(r, g — r)°, then we examine about the conjugacy of
Q, in case by case. For example, let us assume that Q,eSO'(r,q—7r)
— 80'(r, g —r)°. Now we put

co S(r, 1) 0 )
_< 0 JS@-r1J,)

Since Q,eC°S0'(r,q —r)°, by Proposition 5.1, there exists a matrix
T,eS0'(r, ¢ — r)°n0(g) satisfying T,Q,T,”! = CoL(q, r; 2j, 2k) A, ,. On the
other hand, it is easily seen that CeoL(q, r; 2j, 2k) A,,, is conjugate to L(q, r;
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2j—1,2k —1)A,,. Hence we may consider that T,Q,T, ' = L(q, r; 2j — 1,
2k —1)A,,. Incase of Q,¢S0'(r, g — r), similarly we see that Q, is conjugate
to L(g,r; 2j —1,2k) A, , or L(q, r; 2j, 2k — 1) A,,. Hence we get together that
Q, is conjugate to L(g, r; j, k) A,,, by an element of SO'(r, g —r)°n0O(q). Let

us put
T,
T= ( T2 ) .
J,T.J,
Then TeSO'(m, n)°n0O(m + n) and
S(p, )J,
TwQT—1 = ( L(q: r;j’ k)Aq,r )

J,S(p, i)
0<i<p0<j<r,0<k<g-r).

Therefore we get

S(p, i)J,
Ad(Q) ~ Ad ( L(g, r; ], k)Ag, ) :
J,S(p, i)
Since Ad(T)elInn, (9, 15), we have
S, J,
(54  tp°Ad(Q)~15°Ad ( L(g, r; j, k) Ag,» )

7,5, )

Since any element X eU is imbedded in % (B) as

0X 0
X=(0 0 X’), X'=—A,,'XJ,

00 O
we have
0 Q,J,XA,,05! 0
(TB°Ad(Q))X=< 0 0 —taXQa—l)

0 0 0

for every matrix
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0,
Q=( 0, ) .
0,

Hence, considering the restriction of the map (5.4) on U, we obtain an element
[S(, i), L(g, r; j, k)] of &. Since [P, Q] = [— P, —Q], we may assume that i
runs from 0 to p/2.

Next let us assume that Q> = —I. Then Q,J, and Q, are alternative
matrices and satisfy (Q,J,)> = —1,Q,>= —1. Hence p,q and r must be
even. There exist T, €0(p) and T,eSO'(r, ¢ — r)°n0(q) such that

T (Q )Ty =T, To0,T, ' =S(q/2,1/2) A,

Putting T as above mentioned, we get

0 0 T2 d,
(5.5) TQT ! = 0 S@/2r/24,, 0 )
Jod o2 0 0

Hence we also see [f /2 S(g/2,r/2)1€e¥. Therefore we get
S ={[8@ ), Lgr;j, k)] (O0<i<p/20<j<r0<k<q-r),
[fp/z, S(g/2, r/2)] if p, ¢ and r are even}.

5.5. In this last paragraph, we list up the representative systems & of
equivalence classes of involutive automorphisms for all compact classical simple
GJTS's of the 2nd kind.

1. U=M,, R xM,,(R), p<r,;
B X, Y, Z, _ X{Y121+ZI'Y1X1—ZIX2‘Y2)

x,)’\v,)'\z, X,'Y,Z, + Z,'Y,X, — 'V, X,Z, )

(1) In case of p<r:
(S 1), 8(g, ), S, k)]  (0<i<p,0<j<q/2,0<k<),
[f,,/z, fq,z, f,,z] if p, q and r are even.

(2) In case of p=r:
[S@, i), 84, S, K] ©O<i<k<p,0<j<gq/2),

[fp/z, jq,z, fp/z] if p and g are even,
to[,, 8(4,)), 1] 0<j=<4q/2),

tol— I, Jg2, I,] if g is even.
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2. U=M,,(C)xM,,(C), p<r;
B((Xl) <Y1> <Zl>> _ (X1Y1*21 +Z,Y*X, — lezYz*)
X,)’\Y,)'\Z, X, Y*Z,+Z,Y*X, - Y*X,Z,
(1) In case of p<r:
[S(, i), S(g, j), S(r, k)] 0<i<p0<j<q/2,0<k<T),
,
wO[fp,z, fq,z, f,/z] if p, ¢ and r are even.

(2) In case of p=r:

(5@, 1, 5(,), S, ] (O<i<k<p,0<j<gq/2),

,

T,
woto[l, S@i 1,1 (0<j<4q/2),
to[— 1, fq,z, I1,] if q is even,)
wo[fm, Jor2> f,,,z] if p and g are even.

3. U=M,,(H)xM,,H), p<r;
B X, Y, Zi\\ _ X\ WZ, +Z, "X, - Z, X, Y
X,)'\Y,)'\ 2, X, Y}Z, + Z,Y}X, - Y*X,Z, )
(1) In case of p<r:

[S@ 1,5 Srk] (0<i<p0<j<q/2,0<k<r),

.
(2) In case of p=r:

(5@ 1),5@0)SP,k] O0<i<k<p,0<j<4q/2),
@,
T,
WoT.
4. U=M, (R, 2<p;
B.(X, Y, 2)=X'YZ + Z'YX — ZA,/XYA,,, 0<r<gq/2
[S(, i), L(q, r; j, k)] 0<i<p/2,0<j<r,0<k<q-—r),
[fp,z, §(q/2, r/2)] if p, q and r are even.
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U=M,,(R), 2<p, (p,q)#(21);

B(X,Y,Z2)=X'YZ + Z'YX — ZJ,/XYJ,,.
[S(,1),KQ2q;j,k)] ©0<i<p/2,0<j<q,0<k<q-—)),
[S(p, 1), S(24, 9)] 0<i<p/2),
[ 2> J4] if p is even.

U=M,,R), @9 +#Q11);

B(X, Y, Z)= X'YZ + Z'YX + ZJ }XYJ,.
[S(p, 1), H(2q, j)] 0<i<p/2,0<j<g9),
[S(. i), $(29, 9)] 0<i<p/2),

~

[Jy2 J,H2g, )1 (0<j<gq)  if pis even.

U= Mp,q(C);
B(X,Y,Z)=XY*Z + ZY*X — ZA,, X*Y4,,, O0<r<gq/2
[S(p, i), L(g,r;j, k)] (0<i<p/2,0<j<r,0<k<gq-r),
,

wO[fp/z, §(q/2, r/2)] if p,q and r are even.

U=M,,,(C), 4<p+gq;
B(X, Y, Z)= XY*Z + ZY*X — ZJ,, X*YJ,,.
[S(, i), K(2q;j,k)] (0<i<p/2,0<j<q,0<k<q-—})),

(S, 1), S(24, 9)] 0<i<p/2),
@,

w°[1, S(q, 9)],

a)O[fp/z, fq] if p is even.

U= Mp,lq(C)a (pa 61) # (1, 1),
B(X,Y,Z)= XY*Z + ZY*X + ZJ XY,

[S(p, 1), H(2q, j)] 0<i<p/2,0<j<q),
[S(, i), S(29, q)] (0<i<p/2),
@,

wO[jp,z, qu(Zq,j)] 0<j<yg if p is even.
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10 U=M,,(C), 2<p, (p,q9) #(22);
B(X,Y,Z)=XY*Z + ZY*X — Z'XY.
(S, i), S)] ((0<i<p/2,0<j<q),
wo[l,, S(g. /)] (0<j<q/2),
a)o[fp,z, .74,2] if p and q are even.
1. U=M, (H);
B(X,Y,Z)=XY*Z + ZY*X — ZA, X*YA,,, 0<r<gq/2
[S'(p, i), L'(g, r; ], k)] 0<i<p/2,0<j<r,0<k<gq-7),
w.
12. U=M,,,(H);
B(X,Y,Z)=XY*Z + ZY*X — ZJ;, X*YJ},.
[Sp, ), K'(2q;j,K] (0<i<p/2,0<j<q,0<k<q—)),
[S'®, i), $'(2q, 9)] 0<i<p/2),
o,
we[Iy,, §'(29, 9)].
13. U=M, (H), (g #(11),(l2);
B(X,Y,Z)=XY*Z + ZY*X + ZK X*YK,.
[S'p 1), K'(g;4 k)] (0<i<p/2,0<j<q/2,0<k<q/2-)),
o,
[S'(p, i), S'(q, q/2)] 0O<i<p/2) if g is even,
14. U=M,,(R) x Alt)(R), 4<n;
o((3) (%) (%))
_ <X1‘YIZI +Z,'Y, X, — Z,X,'Y, )
X, Y2Zy+ Z, Y, Xy — 'Y X Zy — 2,01 X Y T, )
[, S, i), J,S(mi)J,] ©O<i<n). '
15. U=M,,(C)x Alt)(C), 4<n;

5((% ) (3)(2))



[1]
[2]

[3]
[4]

[5]
[6]

[7]1
(8]

[91
[10]

[11]
(12]
[13]
[14]
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_ X1Y1*Zl+ZIY1*X1—ZIX2}’2*
T \X,Y}Z, + Z,Y$X, - Y¥X,Z, - Z,J,'X,Y,J,)’
[y, S(n, i), J,S(m, i)J,] (0 <i<n),

.
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