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1. Introduction

The field of nonparametric estimation has broadened its appeal in the
last two decades with an array of new tools for statistical analysis. These
new tools have offered sophisticated alternatives to the traditional parametric
models in exploring large amounts of univariate or multivariate data without
making any special distributional assumption. One of these tools is an
estimation method of nonparametric density, which has become a prominent
statistical research topic. Given identically distributed random variables
Xy, X, drawn from a population with density f, the aim is to construct an
estimator of f without making any parametric assumption on the form of
f. The pioneering papers might be due to Rosenblatt (1956) and Parzen
(1962). Since the publication of these early papers, there has been a large
amount of research on density estimation. In particular, theoretical and
applied research on nonparametric density estimation has given noticeable
influence on the related subjects, such as nonparametric regression, non-
parametric discrimination, and so on, for the detail, see Alan (1991), Chao
and Chai (1992), etc.

We consider a linear model

yi=xilﬁ+ei9 i=1,2,, (11)

where x/s are p(> 1)-dimension known vectors and (e RF) is an unknown
regression coefficient vector. The errors es are assumed to be iid. r.v.’s
with a common unknown density function f(x), and

E(e,) =0, 0< Var(e,) = E(e?) < oo. (12)

It is frequently assumed that e; has a normal distribution N(0, ¢?) in usual
regression analysis. Then, an estimator of f based on (xq, y;), -+, (X, y,) 18
obtained by the Least Squares method. The estimator, which is called the
LSE of B, is defined as an unique solution [3 of the following minimization
problem :
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s

y: — xiB)?> = gg,ig Z (v; — xi B)*. (1.3)
i=1

i=1

It is known that the LSE B has some nice properties under the normality
assumption. For a long time the LSE occupied a prominent position in the
field of application. However, the normal assumption is unreasonable in some
practical problems, and in such cases the behavior of the LSE is not as good
enough as we can expect. For the case when the error distribution is
unknown, we need to propose a good estimator for the error distribution and
to consider a goodness-of-fit test for the error distribution.

Another motivation of the study of the error distribution is obtained by
considering the Least Absolute Deviations (LAD) analysis (or be called
minimum L,-norm estimation) in linear models. Recently, the search work
for robust procedures in statistical data analysis has generated considerable
interest in developing statistical methods based on the LAD estimators, which
use the L,-norm rather than the L,-norm. The LAD estimator ﬁ of f in
the model (1.1) is defined as a Borel measurable solution of the minimization
problem :

Ik

|y — x| = min ¥ y; — xip| (1.4)
i=1

i=1

under the condition
med (e;) =0 (1.5)

instead of the LSE ,B of (1.3) under the conditions (1.2).

Historically, LAD estimation of unknown regression parameter vector f
in model (1.1) dates back to Boscovich (1757) and Laplace (1793), but for a
long time it has not attracted much attention. One reason is due to a
computational difficulty, and the other is the lack of adequate theoretical
studies on the LAD method. It is only recently that the LAD method has
come into a prominence. This is due to phenomenal development in
computational methods to solve complex optimization problems and robust
techniques to deal with non-normal distributions and outliers. The computa-
tional problem, see Gentle, Narula and Sposito (1987), was successfully solved
by linking the optimization problem with that of linear programming for which
there are satisfactory algorithms. However, since no explicit form of B is
available, a workable small sample theory has been little done. On the other
hand, the asymptotic sampling theory of LAD estimators is now well developed
both in univariate and multivariate linear models. For example, the basic
problems of consistencies and asymptotic distributions of LAD estimators were
studied by Bassett and Koenker (1978), Amemiya (1982), Bloomfield and
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Steiger (1983), Ivanov (1984), McKean and Schrader (1987), Chen and Wu
(1988), Rao (1988) and Wu (1988), Bai, Chen, Mia and Rao (1990), Bai, Rao
and Yin (1990), Chen, Bai, Zhao and Wu (1990, 1992), Chen, Zhao and Wu
(1993), etc. The LAD estimation method has been also used in a censored
regression model that is widely applicable in econometrics, that is, in the model

y; = max {0, x{§ + u;}, i=1,2,---,n, (1.6)
where the dependent variable y, and the regression vector x; are observed for
each i, while the parameter vector f and error terms u; are not observed. For
such a model, the ordinary LSE for f is not appropriate, and an efficient
censored least absolute deviation (LAD) estimator ﬁ has been proposed by
Powell (1984, 1986).

The asymptotic consistency and normality of § have been established
under some suitable regularity conditions. However, the problém of estimating
f(x) by using [? has been left. It may be noted that this problem is important
because there are less conditions on the unobservable error terms ¢;, i = 1, 2,---,
and hence we need to do regression diagnostics such as whether the model
is appropriate or not. The asymptotic methods for testing linear hypotheses
on f in model (1.1) based on LAD regression estimator have been recently
discussed b a number of authors, but its statistics has been proposed by
estimating an unknown quantity f(0). Rao (1988) has noted that there is no
satisfactory method of estimating f(0). The same note has been done by
Powell (1984), he notes: “The most difficult problem this poses-one which
is generic to estimation methods based on least absolute deviations-is the
estimation of the density function f(-) of the underlying error terms
{e;}”. Furthermore, from these papers, we know that the asymptotic variance
of B depends on an unknown quantity f(0), so, even the asymptotic theory
is now well developed, but there is no satisfactory method of dealing with
f(0), or t=[2f(0)] " (see McKean and Schrader (1987)). Therefore, the
problem of estimating f(x) is a very important work in min L,-norm analysis.

In this paper, we propose a nonparametric method for estimating an
unknown error distribution function f(x) based on the LAD estimator in the
general linear model (1.1) with condition (1.5), and prove that the
nonparametric estimators have not only weak consistency, but also strong
consistency. The asymptotic normality of the nonparametric estimator is also
considered. The most difficulty in our study is: the estimator we propose
here is based on residuals which are not independent, and also do not follow
any fixed rules like those in dependent variables, say mixing variables. We
use its symmetry to overcome this difficulty and the main technique here we
use are similar to those in Chai, Li and Tian (1991) and Chai and Li (1993),
in which we proposed a nonparametric procedure to estimate the unknown
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error distribution in model (1.1) by using the LSE. As our convenience in
comparing these with the ones based on the LAD, we list some main results
of those two papers in section 3, which will be used frequently in section
4. Some basic results in nonparametric kernel density estimators based on
i.i.d. random variables will be listed in section 2. Our main theoretical results
will be given in section 4, and some topics related to our density estimator
will be given in section 5. Further, some computational exmples are given
in section 6 to study a compares of two kinds of nonparametric density
estimators of the unknown error distribution. It may be noted that asymptotic
behaviors of the error distribution in the linear model (1.1) will be made clear
by using the nonparametric kernel density estimators developed in the papers
by Chai, Li and Tian (1991), Chai and Li (1993) and Zhang (1990) as well
as the present paper.

2. Preliminaries

It is needless to say that nonparametric density estimators are
recommended only if they possess desirable properties. In general, the research
on them has settled on developing large sample properties. Some basic large
sample properties of univariate kernel density estimators based on i.i.d. random
variables have been given by many authors. The most basic works are based
on the results of Parzen (1962). Here, we list some of these results, which
will be used frequently in this paper.

Let x,, x,,---,x, be independent and identically distributed random
variables with a common density function f. Then the Rosenblatt-Parzen
kernel estimator of f is of the form

" X;— X
fox) = (nhy)™" Y K( . > xeR?, 2.1
i=1 n
where K(-) is a Borel measurable function on R' and {h,} is a sequence of
positive numbers. The h, is called window width. Some theoretical results
are obtained for continuity points of f. Basic results on asymptotic

unbiasedness and normality of f,(x) was established by Parzen (1962).

THEOREM 2.1. (Asymptotic Unbiased and Asymptotic Normality of f,(x)).
Suppose that K(-) is a Borel measurable function satisfying the following
conditions:

(l) Sup—oo<u<oo|K(u)l<w;
(ii) [*,1Ku)|du< o}
(iii) lim, ., uK(u)=0;
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(iv) [*,K(u)du
(v) lim,., h, =0.

1;

Let x be a continuity point of x. Then the estimator f,(x) defined by (2.1) is
asymptotically unbiased, that is,

lim E(f,(9) = £ (x). (22)

Further, f,(x) is also asymptotically normal, in the sense that, for every real
number c,

lim P<
n= oo var (f,(x))

where @ is the distribution function of the standard normal distribution given by

509 = E(f,() _ c> _ o0

¢ 1
¢(c)=(2n)‘1j exp{—iyz}dy.

An important large sample property is to show asymptotic consistency of
f+(x). The following basic and simplest results of consistency of f,(x) was
also studied by Parzen (1962) with some more strong conditions on window
width and unknown density function f(x).

THEOREM 2.2. (Consistent in Quadratic Mean of f,(x)). Suppose that K(-)
and h, satisfy the conditions of Theorem 2.1, and lim nh, = 0. Then

lim E[£,(x) — f(x)]* = 0. (2.3)

From Theorem 2.2 it follows that f,(x) has a weak consistency, that is, for
any ¢ > 0,

lim P(|£,(x) — f(x)| > &) = 0. (24)

THEOREM 2.3. (Pointwise Strong Consistency of f,(x)). Suppose that K(-)
and h, satisfy the conditions of Theorem 2.1, and lim,_, ,, nh,/logn = co. Then
at every point of continuity of f(-),

lim £, = (), as. 25)

THEOREM 2.4. (Strong Uniform Consistency of f,(x)). Suppose that f is
uniformly continuous on R, and K(-) and h, satisfy the conditions of Theorem
2.3, then
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lim {sup ;) — f()I} =0,  as. 2.6)

Some extension of the above results to the multivariate case has been
studied. Based on the i.i.d. random vectors x;, an extended multivariate kernel
density estimator is defined by

Lur=mmr1§:K(x;*j, xeR.
j=1 n

For the basic results of this estimator, see Chapter 3.1 of Prakasa Rao (1983).

3. Nonparametric density estimate of f(x) based on LSE lf

The nonparametric density estimator of error distribution was extended
by Chai, Li and Tian (1991), Chai and Li (1993) to the case of model (1.1)
with the condition (1.2). The estimator is based on the LSE ﬂ of f. In
section 4 we introduce an alternative estimator, which is based on the LAD
estimator f of f. One of the main purposes in this in this paper is to study
some basic asymptotic properties of the latter estimator. In the study of these
properties, we also use some results on the density estimator based on the
LSE B, and so some basic results are stated in this section. This will be also
useful in comparison with two estimators based on the LSE [? and the LAD
estimator f.

Consider the linear model (1.1), where the errors e;’s are assumed to be
i.i.d. random variables with a common unknown density function f(x), and
satisfy the conditions (1.2). Let ,B be the LSE of f based on (x;, 1), 5 (Xn, Vu)»
which is given by (1.3). Let é; be the residuals based on B, that is,

é =y, — x{p. 3.1)

Then the Rosenblatt estimator of f(x) is defined as

fo0) = (k) ' S K<é"h_ x>. (3.2)
i=1

i n

Some theoretical properties of this estimator have been obtained only when
the kernel function K(-) has a special form as

if —1<x<1,

1 L
Kx)=—=1I;_,, = .
) P {O, otherwise. (3:3)

In this case, since here K(-) is a discrete function, we can rewrite (3.2) as

fux) = @h) '[F,(x + h) — F,(x —h)],  xeR!,
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or
A n
-1
Ju(x) = (2nh,) Z L hp<ti<xthy xeR', (3.4)
i=1

where F, denotes the empirical distribution function of é,, é,,---,¢, and I, is
an indicator function.

We list some basic conditions restricted to all x;’s and f(x):
(i) There exists a constant M > 0 such that |x;|| < M for all i > 1, where

|- |l is an Euclidean norm in R?;
oy 1 "
(ii) hm,,_,c,o;S,,=Z>0, where S, =Y 1_ x;x/;

(iii) f(x)>0 at x;
(iv) f(x) satisfies the local Lipschitz’s condition at x, that is, there exist
constants d = d(x) >0 and § = d(x) > 0 dependent only on x such that

|f(t) — f(x)] <d|t — x|, whenever te(x —d, x + J).

THEOREM 3.1. (Weak Consistency of f,,(x)). Let e,,---,e,, be iid ruv’s
with density [ in model (1.1), and suppose that (1.2) holds and xs satisfy the
above conditions (i) and (ii). If

h,— 0 and ﬁhn—>w, as n— oo,
then

() Ps f(x), as n— oo, (3.5)

where fn(x) is defined by (3.2), xe C(f) and C(f) is the set of continuity points
of f(-).

THEOREM 3.2. (Point-wise Strong Consistency of fn(x)). Under the
conditions in Theorem 3.1, if

Vnh,

logn

h,— 0 and — 00, as h—> 0,

then
fux) — f(x) a.s. as h —> oo, (3.6)
where xe C(f).

THEOREM 3.3. (Uniform Strong Consistency of f,,(x)). Under the conditions
of Theorem 3.2, if [ uniform continuous on R, and
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/nh,

h,—0 and >~—"— o0, as n—> o0,
logn

then
sup | fux) = f(x) — 0 as. as n —> oo. (3.7)

The proofs of Theorems 3.1, 3.2 and 3.3 can be seen in Chai, Li and
Tian (1991).

THEOREM 3.4. (L,-Norm Consistency of fn(x)). If
lim h, =0 and inf & >0,
n— o n 10gn

then under the basic conditions (i) and (ii) it holds that for any ¢ >0 and any
feZ,

P(|f,(x) — f(X)|, > &) < cexp {— cne?}, (3.8)

where F is the set of the density functions on R, and c is a positive constant
such that it does not dependent on n and also the parameters in model (1.1).

THEOREM 3.5. (Asymptotic Normality of f,,(x)). If

5/12

lim nh =0 and lim " = o0,

n— oo n—oo ]og n
then under the basic conditions (i)-(iv) it holds that

2nh,
f(x)

THEOREM 3.6. (Law of Iterated Logarith on f,,(x)). Uxnder the conditions
of Theorem 3.5, if

|fux) = £(¥)| L5 N(0, 1), as n— oo. (3.9)

3
fim "™ _ 0 and lim «/nh, loglog n = oo,
n>» Jog log n n=o  (logn)?

then

. / nh, A _
"llrg sup + f(Tlogl—og—n [fax)—f(x)]=1 a.s. (3.10)

The proofs of Theorems 3.4, 3.5 and 3.6 can be found in Chai and Li
(1993). It may be noted that the above results have been proved only for
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the special kernel estimator (3.3). For the general kernel estimator of error
distribution based on LSE, Zhang [51] has obtained certain asymptotic results
which are analogous to the results of Theorems 3.1, 3.2 and 3.3.

4. Asymptotic theory of estimation of f(x) based on L ;-norm in linear model

In this section, we propose a nonparametric method to estimate an
unknown density function f(x) by using the general kernel function based on
alternative residuals in a linear model. In model (1.1), unlike the usual linear
model, we do not assume the existence of the moments of ¢;, but we assume
only that its median is equal to zero, that is,

med (e,) = 0. (4.1)

Obviously, this model will be useful in the many practical problems, since we
make a weak assumption on the model. Following (3.1), consider the
alternative residuals defined by

Ei=yi—x(f,  i=12- (4.2)

Let K(-) be a Borel measurable function on R! satisfying the conditions
in Theorem 2.1. Then the kernel estimator f,(x) of f(x) based on ¢; is defined
as

~ n é; — X
Jax) = (nh,)™" Y K( . ) xeR', (4.3)
i=1 n
where h, > 0 is a window width constant. Obviously, if K(-) is continuous,
fa(x) is a continuous estimation function of f(x) with respect to x. We will
stusy the asymptotic properties of f,(x) in (4.3) in this section.

First of all, we give some lemmas used in the following.

4.1. Some lemmas

The following inequality for the sum of i.i.d. variables is frequently used
in studying asymtotic properties of nonparametric density estimators.

LEMMA 4.1. (Bernstein Inequality). Let Z,, Z,,---,Z, be independent r.v.’s
satisfying |Z;,| <c, a.s. and E(Z)=0, i=1,2,---,n. Then for any t >0 and
n>1,

P(IY, Z| = nt)<2exp {—n?t?/[2 ) var(Z) + (2/3)c]}, (4.4)
i i=1

i=1

where c is an appropriate constant.
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LemMmA 4.2. (Devroye and Wagner (1980)). Let u, and u be the empirical
and theoretical distribution functions, respectively. Further, let I 4 be an interval
with length A>0. Then for any ¢ >0 and A >0 such that 0 < u(I4) <b <1/4,

ne?

—— >+ 8nexp {—nb/10}.
64b+4e} nexp { = nb/10}

4.5)

P(sup {|a(I 4)) — uI 4)| = €}) < 16n* exp {“

The following rsults are basic and important for the asymptotic theoretical
properties of LAD estimator f§ defined by (1.4).

LemMMmA 4.3. (Chen, Bai, Zhao and Wu (1992)). In model (1.1) with (4.1),
suppose that there exist constants 1, >0 and 1, > 0 such that

PO<e<hy=1l,h & P(—h<e; <0)=1,h, whenever he(0,1;), (4.6
and under the assumption that S, ' exists, let

d,= max x/S, 'x,. 4.7

1<i<n
Then the following assertions hold:
(1) d,=o()=p5p;
(2) d,=o(1/logn)=>f—p as.
(3) d, = O(1/n)= B tends to B exponentially in the sense that P(|f — B|| > &) =

O(e™ ) for any &> 0, with a constant c independent of n but possibly
dependent on e.

LEMMA 4.4. Under the same conditions as in Lemma 4.3, we can get that
d,=0(/n)=|B,— Bl =0(mn"?logn)  as. (4.8)

ProOOF. The proof can be obtained by slightly modifying the proof of
Lemma 4.3 as in the following.

Let x* =S8, '%x;, i=1,2,---,n, and B¥ = S}?B. Then model (1.1) can
be expressed as

yi=x¥Bt+e, l<i<n (4.9)
Denote the LAD estimator of & by f* in model (4.9). Then we have

B=S,12p* ¥ xbxt =1, d,= max |x¥|? (4.10)

i=1 1<i<n

IS, = I1Pad, PPyl < 274(S,), 1S, 2B* 1 < I1B*1- 18,721,
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where [|A| =max,;{la;;|} for a matrix A, x| =(}7_, xix)"* and A (A)
denotes the smallest eigenvalue of matrix A.

From the proof of Lemma 4.3, for any ¢ > 0,

P(IIB — Bl = en~'?logn) < P(| f*| = en™*/? log ny/A(S,))

< P(||B*| = en~ % log ny/co/d,)
< P(|B*I = %),

where ¥, = O(logn). Further, from the formula (2.1) in Chen, Bai, Zhao and
Wu (1992), we obtain that the last inequality is upper bounded by exp {— cV,?},
that is,

P(If — Bl = en~ "2 log n) < exp { — c log? n}.
Thus, we get (4.8).

LEMMA 4.5. (Chen, Bai, Zhao and Wu (1990)). In model (1.1), suppose
that e’s are iid with a common density function f(x), and (4.1) is
satisfied. Further, we assume the following two conditions:

(i) There exists a constant A > 0, such that f(u) = F'(u) for |u] < 4, f(0)>0
and f(x) is continuous at x =0;
(iiy d,—0 as n— oo, where d, is defined by (4.7).

Ther:
2/0)S)*(B— B> N©,1,), asn— oo.

COROLLARY 4.1. If (1/n)S,—> X, as n— oo, then, under the conditions of
Lemma 4.5 it holds that

JnB—p-LNO 2/0172Y 7Y,  asn—s 0. @.11)

4.2. Main results

In the following, we will study the large sample properties of f.(x). First
of all, we start our study from the asymptotic consistency.

LEMMA 4.6. In model (1.1), suppose that e;s satisfy the conditions of
Lemma 4.5, and also the following conditions are satisfied:

1
1) lim,.,-S,=X>0,
n

2) h,—0, /nh, —> o0, as n —> 0.
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Then for a ’true’ parameter vector P, and for any positive constant a > 0,
it holds that for xeC(f),

(nh,)~* Z s+ ahp<er<x+atn+ M| F~pol) £ 0, as n —> 0. (4.12)
i=1
Proor. For a fixed xe C(f), let

Jr(x) = (nhn)—l Z 1(x+ah,.5e,-gx+ah,.+M||/7—/30||) . (4.13)
i=1

From Corollary of Lemma 4.5, for any ¢ > 0 there exists an # > 0 such that

P(/n 1B —Boll > m) <,
for large n. Therefore, for any ¢, > 0
P(J¥(x) > o) < P(/n | B — Boll > 1) + PUJF(x) > &0, /1 I1B — Boll <m)
<+ PUFX) > 60, /0B = Boll <m)

=&+ P(i=zl I(x+ah,,se.~sx+ah..+Mn/~/;) > nh"go)' (414)
Noting that xe C(f), and using Chebyshev inequality, it can be seen that the
second term in (4.14) is upper bounded by
Mn

ﬁ h,&o

(hyeo) ' P(x + ah, < e, < x + ah, + Mn//n) = F(x)(1 + 0(1)).

Therefore, from the condition (2) it follows that

lim sup P(J}(x) > &) <,

n— oo X

and hence, J*(x) 50 as n—> 0. So, we get (4.12). U

THEOREM 4.1. (Weak Consistency of f,(x)). Suppose that the conditions
of Lemma 4.5, 4.6 and the following conditions are satisfied:

(1) There exists a constant M > 0, such that |x;|| < M,
(2) K(-) is a bounded Riemann integrable p.d. function on R',
(3) There exists a constant p > 0 such that K(u) =0, for |u| > p.

Let x be a continuous point of f. Then

F0-Bf(x), asn—> oo. (4.15)
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Proor. For a fixed xe C(f), let

.mm=mmrﬁiK(“;x)

Then we have

| 7a(0) = £ ()] < 1Fax) = 1,01 + 1 £ulx) = FGO,
and from Theorem 1.2, we know

P(fy(x) — f(x)| = &) —0,  as n — co.
So we need only to prove that

P(f.(x) — f,(x)| > &) — 0, as n —> 0. (4.16)

Suppose that K is a non-negative, bounded Riemann integrable function
on R'. Then, by Lemma 3 of Devroye and Wagner (1980), for each ¢, 8, p > 0,
we can find a function K*(u) such that

K*(u) = i a;1 4, (), ueR?!, 4.17)

i=1
where I,, is the indicator function, and

(i) a,,---,ay are non-negative real numbers,

(ii) A,,---,Ay are disjoint intervals contained in [— p, p],

(iii) K*(u) < sup, K(u) = k*, ueR?,

(iv) |K*(u) — K(u)| <& on [— p, p] except on a set D,

(v) D < B= ¥ B, where B,,--, By, are intervals from [ — p, p], whose union
has Lebesgue measure less than §, where u is the Lebesgue measure on R*.

We can write

J = fo(x) = £,()]

Here
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u—Xx u—Xx

— -1 K* _K*
th”ﬂ(m) (h)
JK*(u;x>dﬁn(u)—jK*(u;x)d#n(u)

where [, and p, denote the empirical distributions of €; and e; respectively,
and u is the distribution function of e;.

d i (),

b

Jy=h"!

Use the same notations as in Chai (1984):
D, =S¢ phyN(x + h,D), D3 =S ,,N(x+ h,D), (4.18)
Sy = {utlu—x| < ph,}, x+h,D={x+h,a:aeD}. (4.19)

Noting that xe C(f), we can that there exists a constant 6, > 0 and a constant
M, > 0 such that when |h,t| < d,, teD,=|f(x + th,)| < M,, where M, may
depend on x. Then we obtain

du,(u) + ﬁh,."j dp,(u)

D3

J, szk*hglj

D,
< 2k*h, 1 (u(D2) + [1a(D3) — u(Dy)]) + ehy M (u(D3) + |1a(D3) — pu(D3)])
<2k*Myd + 2eMyp

+ 2k*h, ! | un(D2) — w(Dy)| + ehy, |, (D3) — u(D3)l. (4.20)

Similarly

J, szk*h;lj

D>

df,(u) + eh, 1J d i, (u)

D3
< 2k*h, H(u(Dy) + | fy(D5) — u(D,)]) + ehy *(u(D3) + |2,(D3) — u(D3)])
<2k*My0 + 2eMyp

+ 2k*h, | py(D2) — w(Do)| + ehy ! |, (D3) — (D))

+ 2k*hy U f1,(D2) — pa(D)| + ehy M 2(D3) — wa(D3)]- (4.21)

Now we consider

n N
J3 = (nhn)—ll Z Z ai[l(é“je(x+Afhn)) - I(eje(x+A.-hn))]|

j=1i=1
N n
<Y a;[(nh,)"" Z e+ ey — Liejex+ a1 (4.22)

i ji=1

Noting that A; = (a;, b)) = [— p, p] are disjoint intervals, a; < b;, a; # b;, we
have
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~1n
(nh,) Zj:l II(E,«e(x+A|-hn)) - I(eje(x +Aihn))|

n
_ -1
- (nhn) Z (I(Eje(x+Aihn))ﬂ(ejs(x+A.-h,,)‘) + I(Eje(x+Aihn)‘)n(ejs(x+Afh,.))
j=1

n

-1

_<_(nh,,) Z I(x+aihn—Mllﬁ‘ﬂ0H<eij+aihn)
ji=1

n
-1
+(nhn) Z I(x+aih,.<ejsx+aihn+MIlﬁ'ﬂo|I)
j=1

n

-1

+ (nh,) Z T x4 bihp—M || F=Bo || <e5<x+bihn)
j=1

n
+ (nhn)_l Z I(x+b.-h,.ge,-<x+b,~h,,+MIlﬁ—BoII)' (4-23)
ji=1

From Lemma 4.6 it follows that the four terms in (4.23) converge to zero in

probability as n— oo. This implies J; 50 as n — co.

Now we consider the terms appeared in the last expressions of (4.20) and
(4.21). Note that

By D) — @) = ()" 1Y (e — Lioseny)!
i=1

n
-1
< (nh,) Z II(EjeDZ) - I(e,»epz)l, (4.24)
Jj=1
and
II(E',-eDz) - I(ejeDz)l = 1(5,—enzm(e,»eng) + I(?jeD‘i)n(e,-ebz)‘ (4.25)

Since D, is an union of the disjoint intervals = [— p, p], we can make the
same statement as in (4.23) to get

hy ' fi(Dy) — (D) B 0. (4.26)

Similarly, it holds that

hy ' 1Ay(D3) = pa(D3)| =2 0. (427)
From Lemma 4.1, we know that for any ¢ > 0,
P«maﬂy;;mﬂm—P@ﬁD»Mze%=Pq;umw”—P@ﬁDQszm)

< 2exp {— Cnhe}, 4.28)
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where C is an appropriate positive constant. Because the last expression in
(4.28) is upper bounded by C/n™* (x > 1) for large n, it holds that

Y exp {— Cnh,e} < o, (4.29)

n=1

and hence, by Borel-Cantelli lemma, we get

hy ' | 1a(D3) — u(Dy)| #3550, as n— oo. (4.30)

Similarly we can prove
by ia(D3) — p(D3)| 2250, as n— co. (4.31)

So, J;, 50, J,50, as n—> oo and this completes the proof of the theorem.

O

LEMMA 4.7. Assume that the conditions of Lemmas 4.3,4.5 and 4.6 are
satisfied. If

h, — 0 and /nh,/logn — ©,  as n—> (4.32)
and d, = O(1/n), then for any a >0 and xe C(f),

n
(1) ™1 Y Lxtahy<eisxtamnt Ml F-pol) =20,  as n— oo (4.33)
i=1

Proor. From lemma 4.4, we know that if d, = O(1/n), then
|B~Boll =0 **logn)  a.s.
Fix an xeC(f), and let
f*¥(x) = h,; *P(x + ah, < e; < x + ah, + Cn~'/? log n). (4.34)
Then, since x is a continuous point of f,
209 < Cf () (12, /log ),

when n is large. From condition (4.32), we obtain

f¥x) —0, as n— 0. (4.35)
Let
A, ={lB—Boll = Cn~"*logn}.

Then from Lemma 4.4 it holds that
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P(A4,) < exp {— Clog? n} < g,
when n is large. Using (4.13), we have

P(J¥(x) > &)= P(JF > ¢ | B — Boll < Cn~'2logn) + P(4,)

n
< ) + P((nhn)—l z I(x+ah,.se.-sx+ah,,+Cn'%logn))'
i=1

Let
I{'__ I(x+ah,.sei5x+ah,,+Cn"%logn) - P(X + ahn <eg <x+ ahn + Cn-l/z IOg n)a

i=1,2,---,n. Then ¥ are independent, |¥| <1, E(}))=0, 1<i<n and

i

var (V) < Cf(x)n~'?logn, for large n. Therefore from Lemma 4.1 and
condition (4.32), it follows that for any ¢ > 0

PUJF() — f*()] > &) < P('S. K| > nhye)

i=1
< 2exp {— Cnh,e?/(C(log n//nh,) f(x) + &)}
< 2exp {— Cnh,e}.
Applying Borel-Cantelli lemma to this result, we get
J¥(x)— f¥(x) — 0 a.s. as n—> 0. (4.36)
From (4.35) and (4.36), we obtain J*(x) — 0 a.s. as n — oo, which implies (4.33).

From Lemma 4.7 and (4.23), we can get, as n — o©

-1 n
(nhn) Zj= 1 lI(EjE(x+Aihn)) - I(e,-e(x+Afhn))|

n
-1
S ()™ Y List asha— 11 F= ol <e; < x-+ashn)
i1

n
-1
+ (nhn) Z I(x+a.-hn<ej5x+a.-hn+M||l7—ﬂ0”)
Jj=1

n
-1
+ (nhn) Z I(x+bihn-Ml|F-ﬂoIIsej<x+bihn)
j=1

n
-1
+ (1)1 Y Lspihnse;<x+bihmt Mol
i1

a.s. 0

This means J; “30 as n — co. By the arguments similar to the above method,
we can get
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(nh,) ™ 1A,(D2) = p,(D5)] 4550

and

(nhy) ™| 4(D3) — py(D3)| #250
as n— oo.
Finally, combining these results to (4.30) and (4.31), we get
fu®) = fu(x) — 0 as. as n—> oo,
which is summarized as follows:

THEOREM 4.2 (Pointwise Strong Consistency of f,,(x)). Suppose that the

conditions of Theorem 4.1 are satisfied. Then, if h,—0 and ﬁhn/log n— oo
as n— oo, it holds that for xe C(f)

f,,(x) — f(x), a.s. as n— 0. 4.37)
LEMMA 4.8. In the addition to the conditions of Lemma 4.7, suppose that
f is uniformly continuous on R'. Then

n
-1 a.s.
s‘ip (nhn) Z I(x+ahnseisx+ah"+MI]ﬁ—ﬁoll) O’ as n 0. (438)
i=1

Proor. From the proof of Lemma 4.7, it is vident that sup, f,*(x)— O,
as n— o0. So, to prove (4.38), we need only to prove

sup |J¥(x) — f,¥(x)] — 0, a.s. as n—> o0. (4.39)

Note sup, f(x) = f, < o0, which follows from the uniform continuity of
f. So, when n is large, we obtain 0 < ¢, = fyMb, < 1/4, and

sup u([x + ah,, x + ah, + Mb,]) < c,, (4.40)
where b, = Cn™ '/ log n.
By Lemma 4.2, with A5 = {||f — Boll < Cn~'/?logn}, it holds that for
any ¢ > 0 and large n
P(sup, |15 (x) — f* (x)| = &)

n
< P(Sl}lcp (”hn)—1| Z Iixt any < er < x+atn + Mbr)
i=1
n

— Y P(x + ah, < x + ah, + Mb,)| > ¢)
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< P(sgp |ua(x + ah,, x + ah, + Mb,) — u(x + ah,, x + ah, + Mb,)| > ¢h,)
< 16n? exp {— nh2&*/(64Cb, + 4h,e)} + 8nexp {— nCh,/10}
< 16n2 exp {— nh,e?/(64C log n/\/nh, + €)} + 8nexp {— C/n logn}.

Therefore, using Borel-Cantelli lemma, we have

sup | J¥(x) = f*(x)| — 0 a.s. as n— o0,

which proves (4.39), and hence (4.38). O

THEOREM 4.3. Under the conditions of Theorem 4.2, if f(x) is uniformly
continuous on R!, then

Sgplfn(X) —fx)—0, as (4.41)
Proor. From Theorem 2.4, we know
sup | fux) — f(x)] — 0 a.s. as n — .
So it is sufficient to prove that
sup | £,(x) = f,()| — 0 as., as n— oo, (4.42)
that is,
~ 3
sup J = sup | f,(x) — f,(x)| < sup . J; — 0.
X X =

13

We use the same reductions as in the proof of Theorem 4.1. Let S be the
set of all intervals in R!, and s = [b, d]€S. Then from (4.17), (4.22) and (4.23)
we have

JK*((u — x)/h,)d i, () — JK*((u — x)/hy)dp, (1)

sup J; = sup h, !

< Nk* sup h, ' | fi,(s) — pa(s)]

seS

= Nk* Sug {(nhn)_l I Z [I(E'J-es) - I(ejes)l}
se j=1

1

< Nk* S‘u‘? {(nhn)_ ! |I(Ejes) - I(ejes)l}
s& =1
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< Nk*sup {(nh) ™" 3. Lo mi7-poll se; <y}

ji=1

N

+ Nk* sup {(h) ™" Y Tpce;<pemif-pol)

j=1

n

+ Nk*sup {h) ™YY Lo py5-pol <e;<ar)
ji=1

i=
+ Nk*sup {(h) ™' Y Ta<e,<asmif-pol) (4.43)
ji=1
So, by Lemma 4.8, we can get

supJ; — 0 a.s. as n — oo. (4.44)

Since f(x) is uniformly continuous on R!, there exists a constant M, > 0
such that | f(x)| < M. Let

M* = max {My, M}.
Then, from (4.20) and (4.21) in the proof of Theorem 4.1 we obtain
sup Jy + sup J, < 4k*M*6 + deM*p
+ (4k*/hy) sup | (D) — u(D,)]
+ (2¢/hy) sup | iy (D3) — (D)l
+ (2k*/h,) sup [4,(D3) — 4n(D5)]

+ (¢/hy) sup |24,(D3) — p,(D3)l. (4.45)

By the arguments similar to (4.44), we get

h, ! Sup | 4,(D3) — in(D2) 4350 (4.46)
and
ht sup | 4,(D3) — 1n(D3)l %50 (4.47)

as n — oo.
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Using Dvoretsky-Kiefer-Wolfowitz inequality (see Dvoretsky, Kiefer and
Wolfowitz (1956)) and (28) and (29) in Chai (1984), we have

hy ' sup |, (D3) — p(Dy)| 450 (4.48)
and
hy ' sup |4, (D3) — u(D3)| 420 (4.49)

as n-— oo. Therefore, (4.42) follows from the arbitrariness of ¢ 6 and
(4.44) ~ (4.49). O

THEOREM 4.4 Suppose that the conditions of Theorem 4.2 are satisfied.
Then it holds that (i) if f(x) satisfies the local Lipschitz condition at x, and
xeC(f), then

fulX) = f(x) = O(n™"* log n); (4.50)

and (ii) if f(x) is uniformly continuous on R,
sup | /,00 — f(x)] = O™ V*logn)  as. (4.51)

For the definition of the local Lipschitz condition, see the basic conditions
(iv) in section 3. The results (4.50) and (4.51) can be proved by the method
similar to arguments as in the proofs of Theorem 4.2 and 4.3 and letting
h,=n"14
In the following we will give the asymptotic normality of f,,(x) when K(-)
has the special form given by
1 .
-, if —1<x<1,
K(x) = /91, =1 2
0, otherwise.

This is a special case of (4.3). In this case, we can simply rewrite f.(x) as

fu¥)=Qh)"VY Iyop<zicximy  XERL (4.52)
i=1

First we state two important lemmas.

LemMA 4.9 (Chai and Li (1993)). If lim,. ., nh? =0, then
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20k, () (f,(x) — f(x)) L5 N(O, 1),
where f,(x) is defined by (2.1).
LeEmMA 4.10 (Chai and Li (1993)). If

lim h,=0 and lim n>/'%h,/logn = oo,

then as n— o0,
(1/\/ nhn) o sup I Z (I(x:{:hmxd:h,.+mi)(ei) - /"'(x + hn7 x hn + mz))l = Op(l),
<mi<cnp =1

for i=1,2,---,n, where c,=Cn~ 12,

THEOREM 4.5 (Asymptotic Normality of fn(x)). Suppose that the basic
conditions on x;’s and f(x) given by (i) ~ (iv) in section 3 are satisfied and

fO>0. If

lim nhy =0 and lim n®'2h,/logn = oo,

then
20,/ f(3) 1 fu(x) = f(x)] L5 N (O, 1). (4.53)
Proor. To prove (4.53), it is sufficient to show that
V 2nh, [ f(xX) (f(x) — f(x)) —> N(O, 1) (4.54)
and

1, (f(x) = £,(x)) = 0,(1). (4.55)

The first result follows from Lemma 4.9. The second result can be proved
by the same way as in the proof of Theorem 3.5, and so we give only a brief
sketch here. Using the Corollary of Lemma 4.5, for any ¢ > 0 there exists a
n > 0 such that

P(max \/n|xi(f—f)| >n) <e (4.56)

for large n. Since (4.56) is the same result as the (3.7) in Chai and Li (1993),
so we could use Lemma 4.10 to get (4.55) directly.

3.4. Remarks

First we examine certain differences between the conditions restricted to
asymptotic theory of two types of density estimators f,(x) and f,(x) which are
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based on LS and LAD methods, respectively. From Theorem 4.1 ~ 4.5 we
can note that the basic conditions on error terms e; in model (1.1) for obtaining
asymptotic properties of f,(x) are those from Lemma 4.3 and 4.5, that is

med (e;) =0
and there exist constants I, > 0 and [, > 0 such that
PO<e<h)=>1,h & P(—h<e; <0)>1,h,

for all he(0, l,), i =1, 2,---,n. The latter condition requires that there should
be enough concentration of probability of e; in the vicinity of median zero
instead of certain assumptions on moments of e;. This can be gone back to
LAD estimator ﬁ of B in (1.1) with condition (4.1). From Chen, Zhao and
Wu (1993), we can see that the key assumption in the asymptotic theory of
B is a local behavior of the distribution of e; in the vicinity of 0. On the
other hand, for obtaining asymptotic properties of fn(x), it required that e;’s
satisfy certain moment conditions as in (1.2). Further, from section 3, we
know that asymptotic properties of f",,(x) only require f(x) > 0 at x. Therefore,
we can ignore the behavior of e; about the point zero when we hold those
conditions for e;’s moments.

Conditions on the design points are the same for both two kinds of
nonparametric estimators in model (1.1), that is, the condition

1 n
lim *Sn > 0, Sn = Z xixlf
n i=1

plays an important role in the asymptotic theory of the estimator f,(x) as
well as the estimator f,(x).

Next we see a relationship between the density estimators of the
observations y;’s and the error e;’s. For this, consider the simplest linear
model given by

yvi=pf+e, i=1,,n, 4.57)

where the errors e;’s are i.i.d. r.v. with a common unknown density function
f and B is unknown. This is a special case of model (1.1). Then y,s are
i.i.d. r.v.’s with the density

gy =fly—p. (4.58)

Based on the sample of size n, we have an estimator of g,

én(y)=(nhn)-li1<<&h;f), ceR.
i=1

t n
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On the other hand, we have proposed two types of estimators f, and f, for
f given by (3.2) and (4.3), respectively. Here we note that there exists a
natural relationship between these estimators, that is, given by

4ny) = fuy — B)
=fay = B).
Various asymptotic properties of f,(y — ) or f.(y — p) follow from the
results in section 2.
Lastly, from the present paper, Chai, Li and Tian (1991) and Chai and
Li (1993) it is possible to use asymptotic consistent nonparametric estimators
of an unknown error density function f in the linear model (1.1) based on
both two kinds estimators of . The error density estimation can be used
to check on appropriateness of the model, i.e. it will give a direct impact on
diagnostics of the model. Therefore, estimating f(x) in a nonlinear regression
model is a more important problem. However, this problem seems to have
been little treated. Ahmad (1992) noted this problem and gave his
consideration about estimation of f(x), but the main formula (A4.3) he used
in his proofs seems to be not correct. Naturally, we hope we can extend our
results to a nonlinear regression model. This will be our future work.

5. Some related topics

In this paper, we have proposed an estimator fn(x) for f in model (1.1)
with condition (4.1). This will be wuseful in the diagnoses of model
(1.1). Further we note that we need to estimate f(0) since the asymptotic
covariance matrix of § involves a unknown f(0). In this section we see the
other cases in which the estimator fn(x) based on LAD estimator are useful.

5.1. Estimation of Error Distribution in the LAD Test
In model (1.1) with condition (4.1) we consider a general linear hypothesis
Hy,: A =0, (5.1)

where A is a ¢ x p matrix of rank ¢q. Let
=n;=n Z _xﬁ| m]n2|y1 lﬁ|

Then by an analogy with the least squares theory, it has been proposed to
use a test statistic
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B
F = << 52
/2 e
where T is an estimator of t =[2f(0)]*. So we need to get at least one
consistent estimator of f(0). The fact that t is related to the test statistic
will be understood as follows. Bai, Rao and Yin (1987) gave an important
result on asymptotic distribution of B, that is, under H,

B =f(0)(B — BYS.(B — B) + 0,(1). (53)
Therefore using Lemma 4.5, it holds that under H,

4£(0)B ~Ls y2(m), (54)
which requires to find an estimator of f(0). Rao (1988) mentioned that several
suggestions have been made to estimate f(0) consistently. But he notes that
there is no satisfactory method of estimating f(0). In view of difficulties in
estimating f(0) in usual way, Rao gave the way to estimate f(0) by rewrite
model (1.1) when the sample size is sufficiently large. Here, we suggest to
use £,(0) as an estimator of f(0).
From (4.3), we can get the estimator of f(0) as

7(0) = (nh,)~" z K(Z) (5.5)

n

The following is obtained as a special result of Theorem 4.1, 4.2 and 4.4.

THEOREM 5.1. Suppose that h,—0 as n— oo. Then under conditions of
Theorem 4.1 it holds that

(1) if /nh,> o0, [0S f(0);
() if /nh/logn— oo, f,0)—f(0) as.
(3) if /nh,/logn— oo and h,=n"'"

fa(0) — £(0) = O(n~*/*log n).

5.2. Nonparametric estimator of the scale parameter for the rank analysis of
model (1.1)

There has been a considerable development in robust methods of linear
models by using rank statistics. The details can be seen in Chapter 4 of
[17], Jackel (1972), Koul, Sievers and McKean (1987). Under model (1.1),
the rank estimator of f is defined as the values of  which minimizes Jackel’s
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(1972) dispersion function given by
D,(p) = _Z (R(yi — xi B)) (vi — xi B), (5.6)

where R(z;) denotes the rank of z; among z,---,z, and the rank scores are

generated as a(i) = cp(ﬁ) for a non decreasing function ¢ defined on
n

(0, 1). In this rank analysis it is important to estimate the scale parameter

y=y(f)= defp(F) (5.7)

in the model (1.1). Note y = [¢'(F(x))f?(x)dx when ¢ is differentiable. The
estimator of y is used to stangardize test statistics. The quantity y also appears
in comparisons of rank procedures, and so it is of interest to estimate . Some
estimators have been proposed in Koul, Sievers and McKean (1987). In this
section we propose an alternative estimator based on f,,(x) (Or similarly, based
on f,(x)). Using (24) in Koul, Sievers and McKean (1987), an estimator of
the scale parameter y can be made as

Pn= ff (X)do(F,(x) = X.(p(i/n) — o((i — 1)/n) ], (58)
Here, F, is the empirical d. f. of &, i=1,2,---,n, and f,(x) is the same as
(3.2). We make the following assumptions:
(1) There exist S, ' =(./_ x;x))”" for all n>p and

d=maxxS x,—0.

" 1<i<

(2) F(x) has a uniformly continuous, bounded density function f(x), f(x) >
a.e., f(x) >0 as x - £ oo.
(3) There exists a M > 0, such that ||x;|| < M for any i.

It may be noted that conditions (1) and (2) are the same as (Al) and (A2) in
Koul, Sievers and McKean (1987), but condition (3) is much weaker than
(A3). In addition to a condition on window width constant h,, that is,

h, — 0 and ﬁh,,/logn—»oo, as n— o0,

then we have the following theorem.

THEOREM 5.2. Under the assumptions mentioned above it holds that
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sup [, —y(f)|—0  as. (5.9)

peC

where C is a class of score functions satisfying C = {¢: [0, 1] > [0, 1], ¢ non
decreasing, right continuous and bounded, ¢(0) =0, ¢(1) = 1}.

Proor. From (5.7) and (5.8)

sup [§, —yl = Uf..(X)dco(Fn(x)) - ff(X)dqo(F(X))

peC

1 1
f JulETH©)do (1) — f SETH)do()
0 0

<sup |f,(F, (1) = f(F~* (1))
<sup | f,(F; 1 (©) = f(F; )] + sup |f(F; 1 (0) = f(F (1))

< sup 1F0) = fO)] + sup | f(F, (1) = f(F~1 (1)),
where for each te[0, 1],
F;'(t) =inf {x: F,(x) > t}.
By using a transformation

j wF(x)dco(F(x))=j tdo(t),

- 0

we can see that the first term in the last expression convergences to 0
a.s. From the condition (2) in the above, we get (5.9). O

If f(x) satisfies the local Lipschitz’s condition at x we get the following
theorem.

THEOREM 5.3. Suppose that the conditions of Theorem 5.2 are satisfied.
Then

sugl?.,—v(f)l =0(m " '*logn), a.s. (5.10)
Qe

ProofF. From the proof of Theorem 5.2 and the Corollary of Theorem
4 in Chai, Li and Tian (1991), it follows that

Sup| /() = ()| = O(n™"/*logn)  as.

and hence we get (5.10) immediately by using the same reductions as in the
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proofs of Theorem 5.1. U

6. Numerical examples

In this section we give some examples to illustrate behaviors of two types
of estimators for the density of error distribution in a linear regression
model. One is

fulx) = (nh,)! Z K<é"h_x>, (6.1)
i=1 n

which is based on the least absolute deviation estimator (LAD) of model (1.1)
with the median condition (1.5); and the other is

Jal0) = (b)Y K(e"h x>, (6.2)

i=1 n
which is based on the least square estimator (LSE) of model (1.1) with the
moment conditions (1.2). We employ the regression model that was used to
describe the relationship between the heights of the old generation and the
younger generation in Chai, Li and Tian (1991). Let x be the height of the
older generation and y be that of the younger generation. Suppose that the
n independent observations (x;, y;), i=1,---,n on (x,y) follow a linear
regression model:

yi=a+bxi+ei, i=1a"'ana (63)

where a = 85.6742, b = 5.16, and e; are unobservable errors with an unknown
density function f(x). Here we consider two cases when (i) f(x) is the normal
density function on N(O, 1/4), and (ii) f(x) is the density function of the
student t-distribution T(2) with 2 degree of freedom. Note that both densities
are symmetric about zero, but no moments exist for the second case. In
order to see behaviors of two estimators, we made new observations on y for
each x; by using the relation (6.3) and producing samples from the two error
distributions. So, we have the following two new regression models:

yij=a;+bix;+ej i=1--,n, (6.4)

where j = 1, 2, ¢;,’s are random samples from N (0, 1/4), and e;,’s are random
samples from T(2). From now on, in (6.4) it is assumed that a; and b; are
unknown. Further, we take the sample size n as 30 and 150. First we obtain
the LS and LAD estimators of a; and b;, which are denoted by a;, Bj and
a;, ~j, respectively. These values are given in Tables 1. Here the LAD
estimators were obtained by using the Fortran program in Armstrong and
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Kung (1978). The r denotes the correlation between the observed values y;;

and the predicted values J;; or j;;, where j;; and ;; are computed by using
(d;, b)) and (a;, b;), respectively.

Table 1. LS and LAD estimators

sample estimation

fx) size method a b r
T(2) n =30 LS 97.0267 4.4549 0.7886
LAD 89.0014 4.9445 0.8133
T(2) n =150 LS 84.1474 5.2578 0.8765
LAD 86.0427 5.1413 0.8717
N(0, 1/4) n =30 LS 89.756 4.8957 0.9803
LAD 86.9946 5.0677 0.9809
N(O, 1/4) n =150 LS 87.3449 5.0481 0.9786
LAD 86.5222 5.0992 0.9789

Now with two residuals
éj=9i;—y and &;=73;— . (6.5)

we can easily compute (6.1) and (6.2) with a given kernel function K(-) and
a window width h,. Here, we employed the following four different kernel
density functions in our study.

(i) uniform kernel function:

1
K (x)= 2’
! 0 (6.6)

(ii) parabola type kernel function:
HVE RV SR R RN

0, if x2>(/5)%. €7

(iii) cosine type kernel function:

K,(x) =

1
—COS X, if —z/2<x<m/2,
K;(x) = 2

6.8
0, otherwise. (68)
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These three kernel functions, with bounded support, hold all requirements of
kernel function K(-) for the asymptotic properties of fn(x) and f,,(x) we
discussed in section 3 and 4. Since a popular choice of univariate kernels is
the normal kernel function, we also include it in our numerical study, even
it has an unbounded support.

(iv) normal type kernel function:
1
K,(x)=(@2n)~1/? exp{—zxz}, — 0 <X < 0. (6.9)

Letting K(x) = K,(x), i = 1, 2, 3,4 in (6.1) and (6.2), all different f,(x), f,(x)
can be easily calculated at 41 test points in the range of xe[— 2, 2] for the
sample sizes n = 30 and n = 150. We set window width h, as h, = n~'/* for
N(0, 1/4) and h, = n"'/5 for T(2). These are given in Figures 1 ~ 16. Here
we use the following abbreviations and notations:

From these figures, we can see that if these errors come from a normal
distribution, two nonparametric estimators show almost the same roles for
fitting the error density function. Roughly, we can say that cosine kernel
shows better smoothing than the other two kinds of bounded kernels. On
the other hand, when errors come from T(2) distribution and »n is small, f,,(x)
shows some left bias about the center of the true density function T(2) for
all four kinds kernels and f,(x) is much better. We can see that the probability
of f,(x) concentrates about the center of true density function. An interesting
point is appeared for the cases of using K,, that is, Figure 4,8, 12 and
16. They all show considerable good fitting and smoothing to the true density
function even they do not meet the condition of bounded support in our
theorems. This might suggest a need to extend our theoretical results to the
case of kernels with certain unbounded support. We also can note that the
choice of the window width h, is also a topic left for further work.
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