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0. Introduction

For a given real number o > 1, let {X(t)} be a d-dimensional diffusion
process such that the distribution P(X(t)edx) has a density u(f, x) and the
generator of {X(¢)} is %,f(x)=(1/2)u(t, x* ' A f(x), where A is the d-
dimensional Laplacian. Then the density function u = u(t, x) has to satisfy

0.1) (Ou/ot) = (1/2) & (u%), (t >0, xeRY

in the distribution sense. The equation (0.1) is called a porous medium equation
([1]) and the process {X(t)} is called a diffusion process associated with (0.1).
In the preceding work ([8]), we defined a simple model of many particles
flowing through a homogeneous porous medium, and constructed the process
{X(¢)} as a macroscopic limit of the path of each tagged particle and the
density u as the same limit of the empirical density of the set of positions of
all particles. In this paper, we consider the long time behaviour of the process
{X(t)} in the following two cases.
Firstly, we consider a random scaling limit. Put

K(t) = J! u(s, X(s))*ds,

0

then
0.2) lim,, , K(t) = o© with probability 1

and
(0.3) lim,,,, E[f(K(t)"'2X())] = j f(x)2m)~%% exp {—|x|*/2}dx
Rd

for each feC,(RY - R) (see Theorem 1 in §1).
Secondly, we consider a non-random scaling limit. Put

K(t)= E[K()] and B =1/d(@— 1)+ 2),



160 Masaaki INOUE

then

0.4) lim,, , K(t)~' - t*# = const.

and

0.5) lim, ., E[f(K(t)~*2X(1))] =f f(x)g,(x)dx
Rd

for each feC,(R? - R), where
(0.6) 9.(x) = {29 {1 — |x]P(}Ye7Y,  (xeRY),
{=(@-1/Qa+d—1), y={1/2}"I(a/(x— 1))/T((d/2) + (&/(x — 1)))

and {x}, = max {x, 0} (see Theorem 2 in §2).

As an application of (0.3) and (0.5), we find a random sequence such that
the limit distribution of the standard normalized sum is non-Gaussian but the
limit distribution of the self-normalized sum is Gaussian (see §3).

1. Random scaling limit

In this section, we show a random scaling limit (such as (0.3)) for a
diffusion process associated with the following non-linear parabolic equation.
Let us consider the Cauchy problem

(1.1) @/00u=(1/) X, @/ (e@w, (¢ >0, xeRY,
(1.2) u(0, x) = uy(x), (xeRY),

where ¢ is a given function satisfying the following conditions:

(1.3) @eC([0, ©)—[0, ©))nC((0, )= (0, ©)) is uniformly Holder con-
tinuous in any finite sub-interval of [0, co) such that ¢’(x) > 0 for x > 0,
and @(x) = ¢(x)- x is convex on [0, o0).

We assume the following conditions for the initial function ug(x):
(1.4) wu, is a probability density function on R? such that u, is uniformly
Holder continuous and satisfies

Jlxlzuo(x)dx + jz;;l 1(8/0x)uo(x)| dx < 0.

By the same arguments as stated in [7] and [8], we have the following

LEmMMA 1.1. Under (1.3) and (1.4), there exists a d-dimensional diffusion
process {X(t)} on (2, #, P) such that the distribution P(X (t)edx) has a density
u(t, x) which is the unique weak solution (in the distribution sense) of the Cauchy
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problem (1.1)—(1.2). And the generator of the process is

1
Y./ (x) = lim, |, " {EL/(X( + )1 X () = x] ~ f(x)} = (1/2)(u(t, x)) & f(x)

for feC3(R? - R).

In this section, we fix the process X(t) and the density u in the above
lemma. The purpose of this section is to prove the following

THEOREM 1. Assume (1.3) and (1.4). Put

T
K(T) = j @ (u(t, X(1))dt,

0

(1.5) lim;_, , K(T) = o0 with probability 1

(16)  limp_, ELA(K(T)™"2X(T))] =J f(x)2m)~ 4% exp {—|x|?/2}dx,
Rd

for each feC,(R?— R).
First we note the martingale property of {X(t)} as follows.

LEMMA 1.2 (= Lemma 5.2 in [8]). Let &%, be the o-field generated by
{X(5): 0 <s <t} and all P-null sets in #. Then, for each feC; ([0, c0) x R
- R) and geC,([0, ©) x R* > R), the process

{f(G(t), X)) — jl Lr (s, X(s))ds: t > 0}

is an F,-martingale on (2, #, P), where G(t) = L')g(s, X(s))ds and
Ly 48, x) = g(s, x) f(G(s), x) + (1/2)p(uls, X)) A f(G(s), x).

Here f, is the derivative of f(t, x) with respect to the first variable te[0, o)
and A is the d-dimensional Laplacian with respect to the variable x eR".

To prove (1.5), we prepare the following
LEmMMmA 1.3, For each ¢ > 0, put i =0,
0% =inf {t > a%: | X(t) — X(c%)| > ¢}
and

Kty =3, X(0n1 ") = X(on A D),



162 Masaaki INOUE

then
E[V(T)/(1 + K(T)’1 <d
for all T>0.

Proor. Put

t

ft, x)=|x—X(@ A T)?*/(1+1t)* and G(t)=K()= j o(u(s, X(s)))ds.
0
By Lemma 1.2, we have
E[V(T)/(1 + K(T))]
< Yo E[IX(@5: 1 AT) = X (05 A T)P/(1 + K(0541 A T))*]

e ReanT _2|X()—X(o, A T)P d
"iLwE[LMT ““&X@”{ (1+K ()’ +u+Kuw}“]

T e XO) | oy 4

The next proof is the main part of the proof of Theorem 1.

Proor oF (1.5). If P(lim;. ., K(T) < o) > 0, then there exists a positive
number M such that P(A4,) >0, where A4, = {weQ:lim;.  K(T)< M}.
Because

P({weAy: X(t)eB}) < j u(t, x)dx
B

for Be #(RY), there exists a function v, = vy(t, x) such that
(1.7) vp(t, x) <u(t, x) and E[f(X(1)1,,]= jf(X)vm(t, x)dx

for any function feL!'(R?— R), where 1, is the indicator function of the set
A. Let g, and ¥(t) be the same as in Lemma 1.3. Let N, be a N-valued
process defined by

N(t)=ne—o0, <t <0541,

then ¢?N,(t) < ¥(¢) < &*{N,(t) + 1}. By Lemma 1.3, we have

AU &N, (1) J
dZE[(T;—KW 1AM]2E[W W R ()}

which implies
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P(weAy: lim,, N, (t) = o) =0.
Put A5 = {weAy: lim,,, N,(t) < oo}, then we get
P(4) = P(4,,) > 0.

Let B,(x) be the e-neighborhood of a point xR, then there exists a sequence
{x}, such that (Ji&, B,(x,) o R%. For each integer m, k > 1, put A%,(m) =
{we Ay |1X(t) — X(m)| < 2¢ for all t >m} and B, , = {weQ: X(m)eB,(x,)},
then we have

P(A5) <Y w_ P(weAy: Ny(t) = N,(m) for all t > m)
<Y PAm) <Y r_ S P(AS(m)n B ).
Therefore there exist integers m, k > 1 such that

0 < P(Ay(m)nB;, ;) < P(weAy: |X(t)— x| <3¢ for all t =m)

< E[lp,, (X (@) - 14,1 = j Up(t, x)dx

|x —xx| <3e

for all t > m. By the convexity of the function @(x) = ¢(x)x, we have

fh(x)¢(vM(x))dx/jh(x)dx >0 (Jh(x)uM(x)dx/ Jh(x)dx),

where h(x) = 1;,_,,<34- It follows that there exists a positive constant
6 = 6(m, k, €) such that

j D(vp(t, x))dx =6
|x—xi| <3¢

for all t >m. By (1.7), we get

T

lim supy.,, E[K(T)-14,,] =limsup; ., E[J o(u(t, X(t)))dt - IAM:|

0
T

> lim supy_ o J E[o(vp(t, X(2))) - 1 4,,]dt > lim supr_, , (T— m)d = oo.

But, by the definition of A,,, we see
M > lim sup;_ , E[K(T)-1,,,].
It is a contradiction. [

LeEMMA 1.4. Put A(t) = K~ 1(t) be the inverse of K(t), then there exists a
Brownian motion {B(t)} starting at 0eR? such that a—''> X(A(at)) converges
to B (t) in law as a — 0.
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Proor. Put B(t) = X(4(t)) — X(0), then the process

{f(B(t)) —f (1/2)Af(B(s))ds: t > 0}

0

is an #,,-martingale for each feC}(R’>R). That is, {B(t)} is an -
Brownian motion and X(¢f) = X(0) + B(K(t)). For each a >0, put X, (t)=
a”Y2X (A(at)), then

X, (1) =a"Y*{X(0) + B(at)}.
By checking the conditions of the weak convergence in the space C (see [3]),

we see that {a”'/?B(at)} converges to a certain Brownian motion {B ()}
(starting at 0eR?) in law as a—» 0. [J

ProOF OF THEOREM 1. By Lemma 1.4 and Skorohod’s theorem ([9]),
there exist a diffusion process {X(f)} on a probability space (2, P) and a

Brownian motion {B,(t)} on (€, P) such that {X(r)} z (X (@)}, {B,(t)} Z
{B,(1)} and
lim,,, a~"2X(A(at)) = B, (t)

with probability 1, where A(t)= K !(t) and K(t) = [ o(u(s, X(s)))ds. Put
=1 and a = K(T), then we get

limy_ ., E[f(K(T)"Y2X(T))] = limq_, E[f(K(T)"*2X(T))]
= E[lim,, f(K(T)""2X(T))] = E[lim, ., f(a™""* X (4(a)))]
=E[f(B,(1)]= J f(x)(2m) =42 exp {—|x|?/2}dx,

which implies (1.6). Thus we complete the proof of Theorem 1. [

2. Non-random scaling limit

In this section, we show the non-random scaling limit (0.5) for the diffusion
process associated with the porous medium equation (0.1).

THEOREM 2. For given o> 1, let {X(t)} be the d-dimensional diffusion
process in Lemma 1.1 with @u) =u""'! and u = u(t, x) be the density of the
distribution P(X(t)edx). Put

R(t) = EU u(s, X(s))““lds] and B =1/d(@— 1)+ 2),

0

then
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@1 lim,, , K(t)™! - t?f = const.
and
22) lim,_, E[f(K(t)"'?X(t))] = ff(x)ga(x)dx

where g, is the function given by (0.6).

To prove this, we will use the analytic results for the porous medium
equation as follows. For each 4, t,, x,€R?, put

W(ta X, A5 tO) xO) = (t + tO)_dﬂ{A - C,X - x0|2/(t + tO)Zﬂ}}F/(a_l)

where ¢ = (¢ — 1)f/2a, f=1/((x — 1)d + 2) and {x}, = max {x, 0}, then the
function w(t, x) = w(t, x; 4, ty, Xo) is a solution of the porous medium equation
w, = A(w%. The explicit solution w = w(t, x) was discovered by Barenblatt
[2]. For the general solution of the Cauchy problem of the porous medium
equation, Friedman and Kamin [5] proved the following

LemMMA 2.1. (Friedman-Kamin [5]) Let vy be a bounded continuous function
on R? such that vy >0 and voe L*(R)NL2(RY). Let v =u(t, x) be the unique
weak solution of the Cauchy problem

2.3) v, = A", (t>0, xeR?), v(0, x) = vy(x), (xeRY,

then
lim,, , t*|v(t, x) — w(t, x; 4,0, 0)| = 0

uniformly with respect to x in any set |x| < Mt*(M > 0), where the positive
constant A is determined by

j vo(x)dx = j w(t, x; A4, 0, 0)dx (t > 0).
Rd R4

By using Lemma 2.1, we have the following

LEMMA 2.2.
2.4 lim,, {K(a)} " *?!-a=D
and
(2.5) lim,_, ,, u(at, K(a)*'?x)K(a)*? = u,(t, x)

uniformly in each compact subset of (0, ) x R%, where
(2.6) U (t, X) = (V29179 {1 — |x |22y YD)
D = (@@ — 1)/a)BL 12y
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and v, {, are the same as in (0.6).

Proor. Note that the density function u is the unique weak solution of
the initial value problem (0.1)—(1.2). By Veron [10], there exists a positive
constant C, such that

.7 SUP,pa U(t, X) < Cot ¢

for all t > 0. Note

t
K@) = J dsj u(s, x)*dx,
0 R4
then

(2.8) K(t) < C&1(2p)~1¢?F

for all t > 0. By the comparison theorem for the porous medium equation,
there exist constants A, t, > 0 and x,€R? such that

u(s, x) = w(s/2, x; A, ty, Xo)

for ae. (s, x)e(0, ©) x R?, where w is the Barenblatt’s explicit solution.
Therefore there exists a constant C, > 0 such that

(29) K(t) = Cy((t + to)** — t3¥)
for all t > 0. By (2.8) and (2.9), we have
0 < liminf,, , {K(t)} */?# -t < lim sup,_, {K(t)} " Y*# -t < o0.

Let o be the set of all increasing sequences {a,} satisfying a, 1 o0 as n —» oo and
D be one of accumulating points of the set {K(a,) '*/-a,:n>1, {a,} e}
e

(2.10) lim,. , {K(a,)}~'/**-a, = D.

We will show that the positive constant D is independent of the choice of the
sequence {a,}e/. Put v(t, x) = u(2t, x), then v is the weak solution of (2.3)
with the initial value v(0, x) = uy(x). Let B be the positive constant satisfying
[w(t, x; B,0,0)dx=1 (¢>0). Put w(t, x)=w(t, x; B, 0, 0), then w(at, a*x)a’?
= w(t, x) for any a >0. By Lemma 2.1,

|v(at, afx)a®® — w(t, x)] — 0  (as a —> ©)
uniformly in {(t, x): |x| < Mt#} for each M > 0. It follows that
lim,_, , u(at, a*x)a®? = w(t/2, x)

uniformly in each compact subset of (0, ) x RY. Put u_(t, x)
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=w(t/2, D" #x)D %, then
(2.11) lim,_, ., u(a,t, K(a,)!*x)K(a,)*? = u(t, x),
212) (@/00)u, = D/ Ay in (0, 00) x RY), lim, oty (¢, X) = 0(x).

Because
Ld |x*u(a, K(a)'*x)K(a)"*dx = {K(a)} 'E[|X(@)]*)] —d  (as a — o),
we have

@.13) L X |2u, (1, X)dx = d.

By the condition (2.13) and the uniqueness of the solution of (2.12) ([4]), u,
and D coincide the explicit form (2.6). By the uniqueness of the limits u,
and D, (2.10) (resp. (2.11)) yields (2.4) (resp. (2.5)). O

Proor oF THEOREM 2. Note
(2.14) E[f(R(@™"2X (a))] = f f(x)u(at, K(@)''x)K (@) dx,

and u, (1, x) = g,(x), then Lemma 2.2 implies Theorem 2. []
Moreover, we can see the following

PROPOSITION 2.3.  Put X,(t)=K(a)~ "> X (at), then the process X, = {X,(t)}
converges in law to a diffusion process X , = {X ,(t)} as a— oo such that the
distribution P(X (t)edx) has a density u(t, x) and the generator of {X ,(t)} is

(2.15) G2 f(x) = (D/2)ug(t, x)* 1 A (%)
for feC3(R* - R). Here the density u,, is the function given by (2.6).

ProoF. By the martingale property, we have
at m
(216)  E[I1X.() — X.()*™1 < ([T'-, Ci){K(a)}_"'{J (sup, u(®, x)"")d(?}

for each integer m > 1, where ¢; = i{2(i — 1) + d}. By the estimates (2.7), (2.9),
(2.16) and | |x|*ug(x)dx < oo, we see that the family of probability measures
{Py,} is tight. Then there exist an increase sequence {a,}(a,1 0 as n— )
and a process X ,, = {X,(t)} such that X, converges in law to X,. By (2.5)
and (2.14), we have

P(X (t)edx) = uy(t, x)dx.
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By (2.4), (2.5), (2.14) and the martingale property, the process
{f(t, X, (1) — J {£i(s, X () + (D/2)u (s, X o (8))* ™1 A f (s, Xw(S))}dS}
0

is a martingale for each feCZ((0, ) x R* > R). By the same method as
the proof of Lemma 5.3 in [8], we see that {X_(t)} is a Markov process
with the generator (2.15). The uniqueness of the solution of (2.12) implies
the uniqueness of the distribution of the Markov process {X(¢)}. Therefore
any finite distribution of X, converges to that of X as a—> 0. O

3. Note for the martingale central limit theorem

Let us consider the results (0.3) and (0.5), then we can find an example
of random sequence which does not satisfy the central limit theorem (cf. [6])
as follows. For fixed a > 1, let {X(t)} be the 1-dimensional diffusion process
associated with (0.1) (= the same process as in Lemma 1.1 with ¢(u) = u*~!
and d =1). Let {a,: n>0} be a non-random sequence satisfying

3.1 ay=0,a,<a,,, and lim,,  a,= oo.
Put
(3.2) o= X(a,) — X(a,-4),

then E[{,] =0 and E[¢&,-¢,]=0 for n# k. For the martingale-difference
sequence {,}, we have the following

THEOREM 3. Let &, be the random sequence defined by (3.2) with the
condition (3.1). Put

S =Yho1 G/ Qo ELIESPDY? and S, =Y _ &/ i |&DY,
then

(3.3) lim,_ , ELf(S)] = J. S (%)g.(x)dx

for each fe C,(R - R), where g, is the function given by (0.6) with d =1. If
3.4) a,—a,_<n’"

Jor some constant re[0, 11n((3 — a)/4, 1], then

(3.5) lim, .., E[£(S)] = f f()@m) M2 exp { — x2/2}dx,
R
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for each feCy(R —R).
PrROOF. Put
Bn=Z:=1E[|§k|2} and Cn=Z:=1lék|2'

By the martingale property, we have

ak

B, = ¥_, E[IX(@) — X(a_ )] = z:=1E[ f

Ak -1

u(s, X(s)*~ 1ds:I = K(a,),
which implies
S, = {X(a,) — X(0)}/(K(a,)"'>.

By Theorem 2, we get (3.3). Next we show (3.5). By the martingale property,
we have
]

E[IC, — K(a)1=Y]_, E[

|&l? = rk u(s, X(s))*~'ds

Ak -1

= Z:=1E[J ‘ 4u(s, X(s))* | X (s) — X(ak_l)lzds]

Ak -1

=< z:= 1 2 {J‘ak (Supxell u(s, x)a— l)ds}z

Ak -1

By the estimate (2.7) and the assumption (3.4), there exists a positive constant
M satisfying

E[IC, - K(@)P1<M
for all n > 1. By (1.5), we have
3.7 lim,_ . |(C,/K(a,)) — 1] =0 with probability 1.
By Theorem 1, (3.7) implies (3.5). [
REMARK. Let {a,} be the sequence defined by a, =0 and
a,=inf{t >a,_ ,: K(t)— K(a,_,) > 1},
then E[|&,2] = 1:1i.e.

§n=Z:=1fk/ﬁ-

It is the standard normalized sum. But the limit distribution is [* _ g,(y)dy,
and is non-Gaussian.
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