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Asymptotics of the hitting probability for a
small sphere and a two dimensional Brownian
motion with discontinuous anisotropic drift
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We provide an approximation of the hitting probability for a small sphere for the following two dimensional
process: In x-direction it is just a Brownian motion with positive constant drift, whereas in y-direction the process
Y; is a Brownian motion with drift given by a negative constant times the sign of Y;. This process can be seen as
the solution of a certain stochastic optimal control problem. It turns out that the approximating function can be
expressed as the sum of a term involving a modified Bessel function and an ordinary Lebesgue integral.
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1. Introduction

The calculation respectively the determination of the asymptotic behavior for hitting probabilities under
various assumption is a classical topic in probability theory. For example, there exists a vast literature
in ruin theory, where the aim is, to estimate the probability that a certain stochastic process hits the
negative real numbers. The most classical result in this direction stems from F. Lundberg [12], where
the underlying process is a compound Poisson process, and it is shown that, under certain assumptions,
the ruin probability can be estimated by an exponential function, depending on the initial value of the
process. An overview of this topic can be found in the monograph [1].

Another problem would be to consider the multidimensional situation, and to ask for large deviation
results for the probability that a process hits a certain set, see [4] and the references therein.

In our paper, we want to consider the hitting probabilities for small spheres. It is well known that for
a two-dimensional Brownian motion this probability is equal to one, since the process is recurrent for
discs, and for higher dimension there exists a well known formula for this probability, see, for example,
[9]. The problem for a Brownian motion with constant drift in dimension d > 2 is considered in [17],
where a Laplace-Gegenbauer transform for hitting time and place is calculated, and as corollary an
infinite series for the hitting probability is given (see [16] for the case without drift).

Here we want to consider the two dimensional situation only, and we shall assume that the process
in x-direction is given by a Brownian motion with positive constant drift and volatility, whereas the
process in y-direction, say Y;, is a Brownian motion with drift given by a negative constant times
sgn(Y;). It is well known, see [6], that |Y;| is a representation of reflected Brownian motion with
negative drift.

Moreover, we shall show in Section 5 that this two-dimensional process solves the following stochas-
tic optimal control problem. Consider a particle in a streaming fluid, where the controller can influence
only the movement perpendicular to the streaming. The aim is to maximize the hitting probability
for some small disc. Let us note that a similar problem in dimension one has been considered in [2],
problem 1, where the solution process is of a similar type (see also [9], Section 6.5).
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The paper, which is closest to ours is [13] (see also [10] for the problem in dimension greater than
2). There an asymptotic result for the hitting probability is derived for certain diffusion processes. The
result of [13] assumes Holder continuous coefficients, which is clearly not the case in our model. Our
main result will be an approximation of the hitting probability, which can be expressed as the sum
of a term involving a modified Bessel function and an ordinary Lebesgue integral. Let us close this
introduction by mentioning a paper on hitting probabilities for a uni-modal isotropic Levy process [7].

The schedule of the paper will be the following. In Section 2, we give some preliminary notions, and
we formulate and prove our main result. In Section 3, we show that our process solves the stochastic
control problem mentioned above, and finally, in Section 4, we consider some degenerate cases, where
one of the volatilities is set to zero. Two numerical examples are also provided in this section.

2. The model, preliminary definitions and the main result

We start with the introduction of the basic model. Let Z; := (X¢, ¥;) given by

X,:x+u1t+01W,(l), 0

t
2
Y,=y— Mz/ sgn(Yy)ds + (Tth( ),
0

where 1, (2, o1, oo are positive constants, and WD and W@ are independent Brownian motions.
We note that the second SDE has, by a result of Zvonkin [18], a unique strong solution.
Furthermore, let K := B(0, §) a circle with radius § and the origin as center, and define

t:=inf{t > 0|Z, € K}. 2)

Our aim is to find an approximation of the quantity P(z < co), for small § and (x, y) fulfilling x? +
2 2
ye=4
As usual, we write f(x,y,d6) ~ g(x,y,d), if we have

fx,y,8)
5—0 g(x,v,8)

We state now the main result of the paper

Theorem 2.1. We have for the hitting probability P(t < 00) the asymptotic relation

1
(—Ins)’

p<,<oo>~m,(i yom M_)

0‘1’0’27 01’0‘2

uniformly for \/x2 + y2 > 8%, where u(x, y; 1, o) is given by

) 2 2
w2 X< ugt > <|Y|—M2l)
+ exp| —— — — — uyx Jerfc| ——= ) dt
fo Wt ¥ ( w2 " N,
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Proof. We start with
Case 1: 01 =0y = 1.
The transition density of X; is equal to

X (1 x0) = 1 exp(_(xz—xl—mt)2>
e V2t 2t '

The transition density of Y; can be found in Section 15, Appendix 1 of [3] or [9], (6.5.14); evaluated at
y2 =01t is given by

1 Uyl = m2t)®\ w2 Iyil — pot
Y
(31, y2=0)= —=ex (—— + —Zerfc| ———= ).
P W1,y Pt p 2 ) on

Since X; and Y; are independent, the transition density of (X;, Y;) is p:((x1, y1), (x2, »2)) = th (x1,
xg)ptY (»1, ¥2)- The potential kernel (see, e.g., [14], ex. I11.2.29) with pole at (0, 0) is thus equal to

u(x,y)=f0 pe((x, ). (0, 0>)dr=[0 pX(x,00p) (v,0)dt, 3)

where we have written now x for x and y for yj, for convenience.
Using the explicit expressions above, we find that

|
u(x,y) =f0 %exp(—(x%yz)/(zn — (11 + 13)t/2 — pix + palyl) dt

+ /0 2\‘/‘% exp(—x?/(2t) — pu31/2 — pix)erfe((|y| — pat)/~/2t) dt (4)

The first integral is simply

exp(_ﬂlx + I’L2|y|) 2 2 2 2
- Ko(\/x +y \/u1+uz), (5)

where K denotes a modified Bessel function of the second kind, and as (x, y) — 0, it is equal to

1
——1Iny/x24+y2+0().
T

Using the estimate 0 < erfc(s) < 2, we find that the other integral is non-negative and bounded by

o0
) 2 2 P2 i) o B2
exp(—x~/Q2t) — uit/2 — p1x)dt = —e M < —. (6)
/o V2t p( / it/ ! ) M1 H1

It follows that

1
) =——In/x24+y24+0(1
u(x,y) nnx+y+()
1
—C <u(x, -1 2492 <, 7
<u(x y)+n ny/x~ 4y~ < @)

for x2 + y? < 1 and some positive constant C, depending on the ;.

as (x, y) — 0, that is,
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By the mean-value property for the potential kernel, we have
u(x,y) =E" 1 conu(Xz, Yo)].

This is shown in the Appendix. Thus,

M < P(X,)‘)(.[ <o) < M 8)
Supyg U infyg u
Now, we find
1 1
supu(x,y) =supl u(x,y) + —Iny/x2 +y2 — —In/x2 + y2
0K 0K T 4
1 1
<sup(u(x,y)+ —Iny/x2+y% ) +sup| ——Iny/x2 + y2
K T K T
1 1 1
< sup (u(x,y)+—Iny/x2+y2 ) — —Iné < C — —In3,
B(0,1) b4 b4 T
where we have used (7) in the last inequality.
Similarly, one gets
infu(x,y) =infl u(x, y) + ! Iny/x24+y2 — ! Iny/x2 + y2
K IK ’ b T
. 1 1
> 1nf<u(x, y) + —Iny/x2 + y2> - sup(— Iny/x2 + y2>
K T 9K \TT
. 1 1
> inf {u(x,y)+—Iny/x2+y2) - —Iné
B(0,1) T b4
1
>—C——1né >0,
b4
forall § < e 7€ =:80(C) = o (1i).
Plugging these estimates for the supremum and the infimum into (8), we end up with
V) plen)(p < o) < 40 ©)
C—+1Ind —C——1Iné
for 8 < 80(4;) and uniformly for (x, y), s.t. v/x2 + y2 > §. This finishes the proof of Case 1.
General case: 01,07 € RT.
We indicate the parameter dependence of our stopping time t in the following by r((;iy l’i) o1.02)° and
find
(x,y,8)
(1,12,01,02)

t

2
= inf{t >0|(x+u1t+01Wt(l))2+ <y—ug/ sgn(Ys)dS—i—ont(z)) :52}
0

2 t 2
= inf{t > 0|012 <i + Ly + W,(1)> + 022(1 R sgn(Ys) ds + W,(z)) = 82}
o1 o1 02 02 Jo
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2 t 2 2
)
< inf{t > m(i TR W,(1)> + (—y B2 sen(yy) ds + Wf”) = }
o1 o1 o 02 Jo min(o;, o5)

(x/01.y/02,8/\/min(c},07))

= Y /o1,12/02,1,1)

Analogously one gets a lower estimate and all together

(/01.y/02.8/\/max(@{.09)) _ (xy.5) (x/o1,y/02,8/\/min(a} 7))
Y1 fo1.12/02,1,1) = Yt uaor,00) = T formafor, 1L 1) : (10)
Using Case 1, one gets
(x/01,y/02.8/\Jmax(o,03)) Xy MUl M2 1
P (%01 o) o, 11 <00) ~7u P N P (11

/ 2 2
max(oj,05)

52
max(olz,azz)
An analogous calculation with the maximum replaced by the minimum, gives the same asymptotic

2 .
uniformly for ;—z +5 = , hence uniformly for x2 + y? > 2
1 2

2 2
relation (with the minimum replacing the maximum), and now uniformly on x* + y? > 82%.
1°72

Finally, as
1 1 1
In—2 In § Ins’
\ /max(olz,azz) min(olz,azz)
the theorem is proved. ]

3. A stochastic optimal control problem

As announced in the introduction, we show in this section that the process Z;, which we are consider-
ing, solves a certain stochastic control problem, namely the following: Let Z; := (X}, Y/}*), where

X =x+uit+w, )

t
Yi=y +M2/ ugds + w?,
0

where u; is a Borel measurable function of (s, Zy), with |u(s, Z;)| < 1 and u; > 0. It is well known,
see [15], that (12) has a strong solution. With the previously defined notation, we consider the problem

P(t < 00) — max, (13)

that is, we allow the controller to influence only the drift in one of two orthogonal directions, and we
want to maximize the probability that the process hits the small circle. Intuitively, it is rather clear that
the process, we have considered in this paper, solves this problem. Nevertheless, we give a short proof,
namely with the notation u* for the optimal strategy we show the following

Proposition 3.1. For the problem (13), the strategy u* := — sgn(Y;) is optimal.
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Proof. We want to maximize
P(Xt2 + Yt2 = 52 for some t), (14)

which is the same as to maximize
E[P(X} + Y7 = §° for some 1| X,, t € [0, 0))].
Now, if a strategy u, is optimal for the problem
P(Yt2 =% — f2(r) for some 1) — max,

for an arbitrary continuous function f(¢), with f(0) = x, then it is clearly optimal for problem (14).
The fact that the strategy given in the formulation of the proposition fulfills this, follows directly from
[8], Theorem 2.1 (iii), if we take into account the following points.

First of all, although the Ikeda-Watanabe result is formulated for controls, fulfilling |us| < 1, it
holds as well for |uz| < r, for some positive constant . This can be seen by a time scaling argument.
Moreover, as in their application of Theorem 2.1, namely the corollary following this theorem, our op-
timization problem concerns only properties depending on the law of the process (certain expectations
in their case). O

4. Some degenerate cases and numerical examples

It is instructive to study the cases, where one or both volatilities o; vanish. We shall see that the
magnitude of the hitting probability, which was O(—1/1n§) in the non-degenerate case, changes. We
are satisfied in these degenerate cases with the determination of the the correct order for the hitting
probability, and we do not care about the (x, y)-dependence of its coefficient function. For convenience,
we set the remaining volatility equal to one. We start with the easier case.

Casel: 01 =1, op =0.

In this case, we have the evolution equations

X =x+puit+ W,(l),
t
Yi=y-— Mz/ sgn(Y;)ds.
0

We solve the second one explicitly and get

y —sgn(y)uat, =< Bl =:1",
Y, = n2
0, t>t*.

Clearly, we have, for § — 0,

P(t <00) ~P(Xpx <0)+y =P(x+,u1t* + Wt(*l) <O) +y

=q><_x &_Ml M)-I—)/, (15)
V Iyl )
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where
> 1
y ::/ P(ing(z + pit + Wt( )) < 0>P(X,* € dz).
0 >

We see that the hitting probability is much larger than in the non-degenerate case, namely it has order
O(1). This fits nicely with the intuition, since the process in the controlled direction does not face any
stochastic perturbations.

Casell: 01 =0, 0p = 1.

Casell.l: x <0

We first note that we have in this case x < —§, for § small enough, since we stick here to our
assumption that (x, y) should not depend on §. Moreover, we assume, w.l.o.g., y > 0.

Let us denote by 71 the hitting time for a square with the origin as center and with side length of 23.
Obviously, we have 7| < 7, a.s., hence

P(t < 00) < P(11 < 00). (16)
Our evolution equations become
X = x + pit,

t
Yi=y— ;;,2/ sgn(Ys) ds + W,(z).
0

§—x

We now note that, for t* := —n we have X;+ = —§, and define finally the sets A := {y|y > §},
Ay :={y|ly < =6} and A3z := {y||y| < §}. With these definitions, we calculate

o
P(1) < ) = / P(t) < 00, Y+ € dw) =/ P(1; < 0|Yx = w)P(Yy+ € dw)

—0o0 A]

—+—/ P(1; < o0|Yx = w)P(Yy+ € dw) +/ P(1; < 0|Yx = w)P(Yy+ € dw)
Ay A3

=J1+ L+ 3

Obviously, we have J3 = P(|Y;+| < §), and for J, we find by symmetry
D= /A P(t; < o0|Yx = —w)P(Yy+ € dw)
2
= /A P(t; < 0olYyx = 2)P(Y;+ € —dz)
!
= /A P(r; < 00|Yyx = w)P(—Y+ € dw).
I
Hence, we get
P(1] < 00) =/ P(1) < 00lY;x = w)P(|Y;+| € dw) +P(|Y;+| < 6). (17)

Ay

The process |Y;| is a realization of the reflected Brownian motion with negative drift, see [6], and the
distribution of |Y;+| is well known, see [11]. Let FX be the distribution function of |Y;«|.



860 P. Grandits

On the other hand, the quantity P(t; < oo|Y+ = w), for w € Ay, is explicitly known: [3], 2.1.1.4,
p. 197 provides

1 -8
P(t) < 0|Ypr =w) = = erfc(w - ,uz«/g)

2 24/8
n %em(w—a) erf(:(u;;; N M2ﬁ>
=:g(w). (18)
(17) and (18) yield
P(1; < 00) =/ gw)dFRw) +P(|¥+] <9), (19)
)
hence,
P(1; <oo) <sup fR(w) | gw)dw+P(|Y;x| <9), (20)
w>4§ )

where fR denotes the density corresponding to F®, and the g-integral can be calculated explicitly,
giving

00 5 1-erfe(a/3
/ g(w) dw = 128 erfe(—ua/8) + | —e 13 + %’N—) 1)
s 4 %%}

Clearly, this gives

/ - g(w) dw ~ const.(u; )V, (22)
)

for some positive constant.
On the other hand, we find for &, by using [11], Section 4.2, that

fR(w)=¢<7w_y+“2t*> :

4 2M2€72“2w¢
N/a r*

NG
+62M2w¢(_w _y+l/v2t*> 1

Vr* Vi

where ¢ denotes the standard normal density. Since t* > const.(u;, x) > 0 holds, we have

—w—y—i—uzt*)
N

(23)

FR(w) < const.(x, ), (24)

and
P(|Yt*| < 6) < const.(x, u;)d, 25)
for some positive constants. Now, (16),(20),(22),(24) and (25) yield

Pt <o0) < U, (26)

for some function U, with U ~ const.(;, x)~/3.
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To find a lower estimate, define the stopping time 7, as the hitting time for the square [—8/2, §/2],
which implies 72 > t. Completely analogously as for (19) one finds

e¢]

P(12 < 00) = / gw)dFR(w) + P(|Y| <58/2), 27)
/2

thereby replacing & by 8/2 at the appropriate places in the definitions of g and F . From (23) we have
infyes2,17 f R (w) > const.(x, y, ;) > 0, implying

1
P(rp <o0) > inf Rw/ w)dw
(r2 )_we[6/2,1]f (w) 5/2g( )

> const.(x, y, ui)</oog(w) dw — /Oog(w) dw).
8/2 1

onst.

The last term in the bracket can easily shown to be smaller than e~ %, for some positive constant.
Hence, we have

P(t <00)>P(1p <00) >V, (23)
for some function V, with V ~ const.(u;, x, y)«/g. (26) and (28) yield

P(r < 00) & /4, (29)

where now, as announced at the beginning of this section, the constants in the definition of ~ may
depend on (x, y).

Case I1.2: x =0 (hence y > 1).

Here one finds easily

P(t < 00) Sefg,

for some positive constant c.
Case I1.3: x > 0.
Obviously,

Pt <00)=0

holds, when § < x.
One observes that in the case, where the volatility in the controllable direction “strongly dominates”
the volatility in the non controllable direction, a much smaller order for the hitting probability appears.
Let us summarize the findings of this section in the following lemma, and let us note again that
now incorporates (x, y) dependent constants.

Lemma 4.1. The orders of the hitting probabilities in the considered degenerate cases are as follows:

or=1,00=0,xeR = Plr<oo)xl1,
61=0,00=1,x<0 = P(r <o0)~x+5,

01=0,00=1,x=0 = Plr<o)<e 3,

01=0,00=1x>0 = P(r<o0)=0,

for some positive constant c, depending on (x, y, i4;).
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Figure 1. Plot of the function u(x, y) for the parameters u; = pup =01 =1,0p = 1.

We close this paper with two numerical examples (see Figures 1 and 2), for which we plot the
function u(x, y) appearing in Theorem 2.1 for the indicated parameter values. One observes a smaller
function u(x, y) for the case where the second volatility is higher, which is in accordance with intu-
ition.

Figure 2. Plot of the function u(x, y) for the parameters u; = up =01 =1, 0p =4.
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Appendix
Lemma A.1. For the function u(x, y) defined in (4) we have
u(x,y) = E(Y) [1{r<oo}u(er Yr)]
Proof. We first define, by a slight abuse of notation, the potential kernel with pole at (r,s) as
u(x,y;r,s). Then we use the following result, the reader can find, for example, in [5] (5.6”), (5.4)
and (2.27):
If
o0
f(x,y)=E&Y U h(X;, Yt)dt] =/ u(x,y;r, $)h(r,s)dr ds (30)
0 R?

holds, then we have for any stopping time 7,

T
ECO[f(Xe, Yo)] = f(x,y) —E®Y [ f h(Xr, mdr}. 31
0
If 7 is the first hitting time of a ball, and % is zero outside this ball, then we simply have

ECI[f(Xe, Yo)] = fx,y). (32)

We now use an approximating sequence for the Dirac Delta as ki, say h,(r,s) := nlg, (r,s), with
B, := B(0,1//mn). Hence, we get

E®Y) [/ u(Xe, Yryr, s)nlp, (r,s)drdsj| =/ u(x,y;r,s)nlp, (r,s)drds. (33)
R? R?

We now let n — oo in the previous equation and start with the right hand side. If, for fixed (x, y), the
function u(x, y; r, s) is continuous at (r, s) = (0, 0), the limit would be u(x, y; 0, 0). This continuity
follows from the explicit form of u given by (see [3], Section 15, Appendix 1, for ply ),

o0
u(x,y;r,S)=/0 pX e, rpY(y,s)dt

© 1 (r—x—mt)z)[ 1 ( 3 (y—s)2>
= exp| — exp| —p2(lyl +Is|) — =t — ———
I T P\ TR =5y

J7%) |y|+|S|—M2l)]
+ —erfc] ——— ) | dt, (34
2 ( 2t )

the fact that (x, y) is by assumption bounded away from zero, and the dominated convergence theorem.
For the left-hand side of (33) we find

E®Y) |:/ u(Xy, Yeyr,s)nlp, (r,s)dr dsi|
RZ

ZE(x,y)|:1{T<oo}/ M(X,,Y,;r,s)nlgn(r,s)drds]
R2
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+E®Y [l{rzw}/ u(X¢, Yesr,s)nlp, (r,s)dr dsi|
RZ

—E@®Y) |:1{T<Oo}/ u(Xe, Yoo, s)nan(r,s)drdSi|, (35)
R2

where the last equality follows from the fact that u(x, y; r, s) — 0, for x — oo, uniformly in y, r, s (see
the explicit expression for u above), and the fact that X; tends to co on {t = 00}, a.s.. Analogously to
the right-hand side of (33), one shows that this converges for n — oo to E(X’y)[l{Koo}u(X,, Y;;0,0)].
All together, we find

E&Y) |:1{r<c><>}l't(XT7 YT)] =u(x,y),

proving our lemma. ]
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