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We consider the Cauchy problem for a pseudo-differential operator which has a translation-invariant and
analytic symbol. For a certain set of initial conditions, a formal solution is obtained by a perturbative
expansion. The series so obtained can be re-expressed in terms of generalized Feynman graphs and Feynman
rules. The logarithm of the solution can then be represented by a series containing only the connected
Feynman graphs. Under some conditions, it is shown that the formal solution uniquely determines the real
solution by means of Borel transforms. The formalism is then applied to probabilistic Lévy distributions.
Here, the Gaussian part of such a distribution is re-interpreted as a initial condition and a large diffusion
expansion for Lévy densities is obtained. It is outlined how this expansion can be used in statistical problems
that involve Lévy distributions.

Keywords: Borel summability; convolution semigroups; Feynman graphs and rules; Lévy distributions;
maximum likelihood principle

1. Introduction and overview

It is a well-known problem that there is no closed formula for the transition densities of general
Lévy processes. In fact, though there are many examples of Lévy laws where the density is
known (see, e.g., [1,9,19]), a general formula, even in the sense of series expansions, seems to
be missing. Small-time expansions for pure jump Lévy densities have been considered (e.g., in
[2,17]). But such expansions require the knowledge of convolution powers of the Lévy measures
which, in most cases, will be hard to calculate analytically. Expansions are available for stable
laws (cf. [19,21,22] and references therein).

It seems that there is no expansion formula for Lévy densities in the case where the Lévy
process has moments of all orders that is simple enough to be applicable in statistics. In this
work, we provide such a formula in the sense of Borel summable asymptotic expansions in
two cases. Either the Lévy process has to be started in a initial distribution that is given by a
density of special form or it can be started in a point but has to have a (large) diffusive part. The
techniques employed stem from the renormalization group of statistical mechanics [18] and the
recent proposal of a generalized Feynman graph calculus [5,6]. Some of our ideas are similar to
recent work of physicists motivated by Feynman path integration (cf. [9], Chapter 20.4.6, for a
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large diffusion expansion for one-dimensional and symmetric Lévy densities). In [11], a different
line of approach for obtaining asymptotics of densities given as solutions of pseudo-differential
operators is presented. Furthermore, the expansion that we present is related, but not identical,
to the well-known bootstrap expansion in statistics (cf., e.g., [3,8] for an introduction to this
flourishing field). However, it seems that non-symmetric densities on RY, Borel summability, the
graphic representation and so-called linked cluster theorems have not been considered before.

Most of our considerations are not necessarily restricted to Lévy processes, but hold for fairly
general convolution semigroups. We study the Cauchy problem of the partial (pseudo-) differen-
tial equation

a
5, 21(@) = V(V)P:(9), (t,$) €10, 00[ x RY,

ey
Do(¢) = f(9), ¢ eR?

for a given initial state f:RY — C and a (pseudo-) differential operator with constant coeffi-
cients ¥ (V).

We consider the case where W is the symbol of a (pseudo-) differential operator, that is, has
an expansion

o
wE) =) (c™, ) Z Z CY x Ex,Ex,. @
n=0 n=0X1,....X,=1
E=(&,...,&) € R4, that converges on some neighborhood of 0 and f is of the form

12 P d
f — C_V, V(¢) — Z()\‘(P)’ ¢®P>p — Z Z )\‘(17) X, ¢X1 ¢Xp 3)
p=0

p=0X1,...Xp=1

for ¢ = (¢1,...,pq) € RY, where p is even and (AP, ¢®” 5= le ) XI;¢X1
¢x; > 0 for ¢ # 0. We obtain a formal expansion of the solution of (1) in powers of A(P) that

.....

can be represented in terms of generalized Feynman graphs [5,6]. Here, C(?) (C;pl ) Xp) and A(P)

(A(p ) X,,) are symmetric tensors of pth degree over RY (their respective components). (-, -) pis

the canonical scalar product on (R%)®P,
For example, in the case where A(”) = 0 unless p = 2 (this will be the most interesting case)
and the symbol W (£) fulfills! C1) = 0, the lowest orders in this expansion are

@) =1 - O - o+ (CO+2 D+ +2 O os

)
+ 4 @+——e—® + @——&° + 4 @] + 3rd order and higher in 2,

'The assumption concerning W (&) is without loss of generality since a non-zero ¢ can be compensated by a shift

of ¢.
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where each graph stands for a numerical expression that can be calculated in terms of the basic
parameters C;?l)_“ X, A(p ) X, , ¢ and ¢ by an easy algorithm (“Feynman rule”) (cf. the following
section).

This solution is the well-known graphical expansion for the renormalization group equa-
tion [18] for the case when W (V) is a second-order partial differential operator (e.g., the Lapla-
cian) and (1) is hence the heat equation. The recently discovered generalized Feynman graph
calculus allows the generalization of this technique to a large class of symbols. This generaliza-
tion is carried through in the present article, having in mind in particular Lévy processes with
generators given by symbols of the form

W(—is>=i<a,s>—<s,Ds>+z/ (@8 — 1) dr(p), 5)

RI\{0}
which lead to equations (1) in the following jump-diffusion form (Lévy-Itd decomposition):

d 2

0D, 0 d
—(¢) ax—&:(¢) + Dy, x, —————®:(¢)
; ddx XI%Z: ) 0¢x, 09x,
+ Z/ [P (¢ + @) — D ()] dr (o). (6)
R4\ {0}

Here, a € RY, D is areal and positive semidefinite d x d matrix, z > 0 and r is a probability mea-
sure on R? \ {0} such that its Fourier transform is entire analytic. The well-known interpretation
of a is as the drift vector. D determines the diffusion part, whereas z and r give the frequency
and distribution of jumps, respectively.

The restriction of the set of initial conditions in (3) is unwanted in many cases. It can be
circumvented by splitting the symbol (5) into a pure jump and a pure diffusion part. After some
time, the transition kernel of the heat semigroup generated by the diffusive part alone is of course
a Gaussian density, which, up to normalization, is of the form given in (3). This simple observa-
tion makes it possible to develop a perturbative calculus for densities of Lévy processes starting
in a point in the limit of large diffusion. Apart from this assumption, the perturbative formalism
developed in this article is fairly universal and we therefore hope that it can contribute to a better
handling of Lévy distributions in statistics.

The article is organized as follows. In Section 2, we develop a perturbative formalism for the
solution of equation (1). In Section 2.1, we prove the differentiability of the solution ®; in the
parameters A(P) that define the initial condition and conclude that the series so obtained is as-
ymptotic. Section 2.2 gives an expansion of the perturbation series in the coefficients of W which
in the case of Lévy processes are just the cumulants. The rearrangement in terms of generalized
Feynman graphs is presented in 2.3. In the following Section 2.4, we obtain an expression for the
logarithm of the solution @, in terms of connected Feynman graphs. This does not only reduce
the number of Feynman graphs that one has to calculate, but is also of interest in connection with
applications to the maximum likelihood method. A brief consideration of Borel summability of
the solution for the case that the logarithm of the initial condition, V, is quadratic concludes this
section (Section 2.5).
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In Section 3, we apply the general results to the special case of Lévy distributions. Section 3.1
presents the large diffusion expansion of Lévy densities. In Section 3.2, we illustrate our method
by a second-order calculation of the (non-normalized) Lévy distributions using Padé resumma-
tion. The result is used for a calculation of densities and quantiles that we compare with the
Monte Carlo simulation of a Lévy process with compound or pure Poisson jump part.

Some technical material that is presumably standard to some readers, but possibly not to oth-
ers, is deferred to Appendices A.1-A.3.

2. Generalized Feynman graphs and the convolution semigroup
2.1. A solution in the sense of formal series

After the previous rough description, let us now fix the mathematical details. Let the pseudo-
differential operator W fulfill the following requirements:

(P1) the associated symbol W (—i£) is analytic for £ in a neighborhood of 0;
(P2) KW (—i&) <clog(1+ | & ||), where £ € R? and % denotes the real part;
(P3) Va e Ng, 3N, €N, by > 0 such that | Dy W (—i€)| < bo (1 + ||£])Ne VE € RY.

Here, Dyh(¢) = ﬁh(qﬁ). We furthermore assume, without loss of generality, that
1 d

W (0) = 0. If this is not the case and W (0) = b (i.e., if the associated Lévy process undergoes

killing or creation with rate b), then the solution ®; of equation (1) can be obtained from the solu-

tion ®; of the equation (1) with W replaced by W = W — W (0) and setting ®,(¢) =’ YO P, (¢).
We take specific initial conditions that fulfill

1) flp)=eV®;
(I2) V is a polynomial as given in equation (3).

Certainly, the restriction in the initial conditions by (I1)—(I12) is disturbing. Nevertheless, (I1)—(12)
are general enough to completely determine the convolution kernel v;, as one can construct ap-
proximating sequences of the Dirac delta distribution in that class (e.g., take V¢ (p) = §I|<p||2 —
%log 2me), € > 0).

Let F:S(RY) — S(RY) be the Fourier transform on the space of Schwartz test functions
over R?, that is,

FO©= [ f@eae,  fes@. ™

We denote the space of tempered distributions, that is, the topological dual of the Schwartz space
SR?), by S’(RY). By the duality given by the L? scalar product on R? with respect to the
Lebesgue measure, S(RY) is densely embedded in S’(R?) and F extends uniquely to the latter
space by continuity with respect to the weak topology [4]. We denote this extension by the same
symbol F.

By condition (P2), e'¥ (=) is polynomially bounded for all ¢, that is, |e'¥ (71| < (1 + |||,
hence e’Y®) isin S ’(Rd) forall # > 0 and ¢ > 0 as in that condition. Furthermore, by conditions
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(I1) and (I2) — the positivity condition on A‘?) in particular — fp= e PV is in the test function
space S(Rd) for B > 0. Hence, for f = fi, the convolution ®;(¢) = v; * f(¢p) = (vy, f5) is well
defined, where v, € S’ (Rd) is the inverse Fourier transform of ¢/ (1) and Jo(@) = flo — ).

Lemma 2.1. ®; is the (unique) solution of the Cauchy problem (1).

Proof. The proof is a standard argument based on the Fourier transform of tempered distribu-
tions. For the convenience of the reader, the details are given in Appendix A.1. |

Following Poincaré, a formal power series Y o, B™ay, is called an asymptotic series for the
function A(8), B > 0, at B =0 if, for N € N,

N
N @) - Z B"ay| =0. 8)

lim
BNO P —
m=0

Here, we want to expand the solution ®, in powers of V. In many cases, this expansion is not
convergent. However, we show that such an expansion is asymptotic in the above sense. To this
aim, let, for 8 > 0, @fs = v; * fg. Expansion in powers of V' then means to expand in the auxiliary
parameter 8 and then set § = 1. By definition, the series in V is asymptotic to ®; if and only if
the B expansion exists and is asymptotic to Cb’f .

The moments of the distribution v, are defined as follows:

_ 9" t(§)
= neN, Xi,....X,€{l,...,d}.
(0x, - 0x, ), DEx, - 08 ne £e0’ , X1, .., Xpe{l,...,d} 9)

For a polynomial P in ¢, the expression (P (¢)),, is defined by linearity of the moments in the
polynomial’s coefficients.

Proposition 2.2. The V -expansion of ®; is given by

e ¢]

@ (@) =

b (O Vo(p)=V(p—¢). (10)

Equation (10) is to be understood in the sense that the right-hand side gives the asymptotic series
for the left-hand side.

Proof. The statement is evident in the sense of formal power series. That the right-hand side
is asymptotic follows from the fact that q)f} (¢) is in C*°((0, 00)) with respect to 8 and for
any m € N, dd i CDﬂ (¢) can be continuously extended to 8 = 0 such that limg\ o (ﬁs—mmcbf (@) =
(=™ (V’” (@), (cf. Appendix A.1 for the details). A posteriori, we conclude that the extension

of @f is C°°([0, 00)) in B and apply Taylor’s lemma to conclude the argument. |
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In general, the asymptotic expansion is not convergent. This applies in particular to W (—i&)
given in (5), where W is the generator of a Lévy process. We will return to this point in Sec-
tion 2.5, where Borel summability is proved in an important case. By the fact that the expansion
is asymptotic, it is already clear that the first N terms in (10) give a good approximation to the
actual solution for V small and ¢ not too large, an error estimate being provided by Taylor’s for-
mula. In order to extract reliable data for larger V, resummation techniques have to be applied.
Some first steps in this direction are given in Section 3.2.

Obviously, all partial differential operators of the form ¥(V) =3""_, Z’)l(l X,=1 C;?l)_“ X, X

W of even order i1 with (—1)"/2(C® ®"): > 0 for & # 0 or of odd order 71 with C™®
1 n

real and (—1)=D/2(C@=D y®i=1y. 5 0 for & # 0 fulfill the conditions (P1)—(P3). This, of
course, includes the heat equation (17 = 2). More interestingly, not only local generators can be
treated, but also generators of Lévy processes that have a symbol that is analytic at 0.

Proposition 2.3. The generator (5) with r a probability measure with analytic Fourier transform
at 0 fulfills the conditions (P1)—(P3).

Proof. (P1), analyticity at 0, is immediate from the conditions. The real part of (5) is obviously
bounded from above by 2z, which establishes (P2). To see (P3), let us note that the partial deriv-
atives of the third part in (5) are of the form z [p, 0} @*el6-9) dr (). As r has analytic Fourier
transform at zero, all moments of r exist. This implies differentiability everywhere and even that
Dy (—i&) is uniformly bounded in & € RY. ([l

For the sake of mathematical completeness, we also give a sufficient condition for the con-
vergence of the expansion (10). Its practical value is limited, however, as it excludes the most
interesting examples.

Proposition 2.4. If the symbol ¥ does not necessarily fulfill (P3) but fulfills (P3'): W(—i§) is
entire analytic and W (—i&) < K (1 + ||3€|Imax), £ € C2, for some K > 0, then the expansion (10)
is convergent.

Proof. The condition implies that v; has an entire analytic Fourier transform |e/Y®)| <
eK1e! KISV llmax - Application of the Paley—Wiener—Schwartz theorem [14] implies that v, has
support in a square of length 2¢K centered at the origin and hence compact support. Let x be a
test function with compact support and x |suppy, = 1. Then d>f(¢) = v * (@) = (v, x - e FV%).
As the series expansions in 8, 8 € C, of e #"¢ and all of its derivatives converge compactly on
supp x, the mapping C3 B — x -e #Y € S(RY) is entire analytic in . Since v; € S’(R?), the
same applies to <I>f3 (®). (|

2.2. Expansion in the operator’s coefficients

In this section, we define the truncated moments of the convolution kernel v; as partial derivatives
of tW — as the coefficients of W times 7, in other words. A result known as the linked cluster
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theorem (sometimes also named the cumulant expansion) establishes a combinatorial connection
between the moments (¢yx, - - - ¢x, )y, and the truncated moments {(@y, - - - ¢x, ){ The asymptotic

expansion of the solution of the Cauchy problem (1) can thus be directly exprressed in terms of

the coefficients of the symbol C ;11)_“ X, the time ¢ and the coefficients )\gfl)_“ X, of the logarithm

of the initial condition.

Definition 2.5. The truncated moments of the distribution v, are defined as

n

— VY =0, neN, Xq,...,X,€{l,...,d}. 11
T e YO0 | { Loooan

(¢X1~~¢Xﬁz;=t
By (2), one obtains that the truncated moments are the coefficients of the (pseudo-) differential
operator WV, that is,

(0x, - px, )b =1CY) . (12)

The following classical theorem gives the relation between the ordinary moments (¢x, - - - ¢x, )y,
and the truncated ones introduced above.

Theorem 2.6 (Linked cluster). Forn € N, we have

k T
(0x,ox,)u = D ]"[<1"[<oxj>, (13)

I1eP{1,...,n})I=1 \ jel vt
I={I,....It}

where, for a finite set A, P(A) stands for the set of all partitions I of A into non-empty disjoint
subsets {1, ..., I}.

For the proof, we refer to the literature (e.g., [5,16]).

Proposition 2.7. The solution of the Cauchy problem ®,(¢), ¢ € R%, has the following asymp-
totic expansion:

e D :
Q) =) Y > >
m=0 " proapn=0  KCQ(pr.opn) X)X} =1
IEPQ@ (P, pm)\K)
I={1,...I}}
d
(p1) (pm)
3 SRR (14)
XPXxm =1 :

k
< [T oxo[Tecn
=1

(s,q)eK
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Here, Q(p1..... pw) = Ui ((Ln). . (puum)) and €1 = €9, for I = (a1, b). ...
ap"’ aq
(aq5 bq)}’

Proof. The proof is by a straightforward calculation using (11) and (12):

o]

D"
®i9) = — (V@
m=0 ’
00 (—1)m p d d
_ — . (p1) (pm)
-yEr Yy oy RN/
m=0 Pl pn=0x! _ x1 —1  X{'. X7 =1

D" ¢ . . (p1) (Pm)
=§ E E E AP e ) \Pm (15)
m! m X 11 ~~~~ X 1171 Xlln """ X’;m
m=0 Plseees pm:OX]l’ X117 =1 X X5, =1

x oy I1 (—¢xg)< I <px,r>
pm\K Vt

KCQ(p1.eeespm) (5.9)€K (nDEQ(P1...es
S : : ) ()
— p1 Pm
—Z m! Z Z Z ’\x}...x;,l"')‘xa"»--x',;’m
m=0 Ploeess pmzox},...,x},l: X7, Xy =1
k
SR | R DR | U7
KCQ(p1.eeespm) (5.9)€K IEPQ(p1,-s pu)\K) =1
I1={11,....I}}

(]

Though the expansion is explicit, it is also rather messy. To simplify it, we introduce a graph-
ical calculus in the next subsection.

If d = 1, the expression (14) simplifies considerably; one can drop all subscripts X1, ... and
thereby obtain the asymptotic expansion

S RN L
D (p) =) . oI > (1’1 ' p'")(—@"
m=0 T Pl pm=01=1 k=0
(16)
pi++pm—k q
x oy > ho(, .. ) [T,
g=1 h<h=-<ly s=1

ll“r"'*‘rlq:pl‘l’”"l’Pm*k
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Here, h,(l1,...,1;) is a combinatorial factor given by the number of partitions of /; + --- +
l4 objects in subsets with Iy, [, ..., [, elements. It can be explicitly calculated as follows. Let
{ly:s=1,...,9}={i1,...,is} be the set of different values of the /1, ...,[, and let g, =fi{n =
I,....,q:l,=i,},u=1,...,s. Then

(it 1
hq(l],...,lq)—( ll"'lq )m (17)

The expressions (14) and (16) simplify further if certain coefficients C® and (") vanish, for
example, because of symmetries. As this is easier to understand in terms of graphs, we postpone
the discussion of this point to the following subsection.

In the case that f is a probability density and W is of the form (5), it is clear that &;, as
a convolution of a probability measure with a probability density, is a probability density for
all 7. Note that the first N terms of the expressions (14) or (16) give a polynomial in ¢ and ¢.
Obviously, this plays havoc with normalization conditions. We thus have to keep in mind that
the approximation given by the first N terms in the perturbation series is only good for ¢ and
¢ sufficiently small. In Sections 2.4, 3.1 and 3.2, we will discuss strategies to deal with this
problem.

On the other hand, the expansion in terms of polynomials in ¢ makes it simplest to integrate
the probability density and to get a formula for the distribution function. Taking, for example,
the one-dimensional formula (16), we obtain, in the sense of asymptotic series,

Pla<Z, <b)
p pi++pm
_Z( nH™ Z 1—[)\([,,) IZ (pl—i—..._g_pm)ak"'l—bk+1 (18)
m=0  pi,.., pm=01=1 k=0 k k+1
prtetpm—k q
x Yy o > he(h. ...l [T,
q=1 h<h<-<l, s=1

lttlg=pi+-+pn—k

where Z; is a random variable with probability density function ®;, that is, a Lévy process with
generator W and initial distribution f. Again, the first N terms of the right-hand side give a good
approximation for a, b, t and A‘P) sufficiently small.

2.3. The Feynman graph representation

In this subsection, we represent the solution of the Cauchy problem (14) as a sum over general-
ized Feynman graphs that are evaluated by a simple algorithm called “Feynman rules.” In physics,
the result is known as the Feynman graph representation for amputated Green’s functions for the
case when the generator is some kind of Laplacian, that is, W (V) = Z‘f(l X,=1 Dx\, x> ﬁ,
[18]. Combining this with the generalized Feynman graph calculus developed in [5,6], we é)bta%n
the first main result of this article.
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A graph is a geometrical object which consists of vertices and edges, that is, lines that con-
nect exactly two vertices. Here, we need graphs with non-directed edges that have vertices of
different types. Vertices can be distinguishable or non-distinguishable, depending on their type,
and they can have distinguishable or non-distinguishable legs. We use the term “leg” for the
part of the edge meeting the vertex. All of these graph theoretic notions are properly defined in
Appendix A.2. But for a first reading, an intuitive comprehension is sufficient.

Our expansion is represented as a sum over generalized Feynman graphs. They have the fol-
lowing properties.

Definition 2.8. A generalized amputated Feynman graph is a graph with three types of vertices,
called inner full,? inner empty and outer empty vertices, respectively; see Table 1. By definition
full vertices are distinguishable and have distinguishable legs, whereas empty vertices are non-
distinguishable and have non-distinguishable legs.3 Outer empty are met by one edge only. Edges
are non-directed and connect full and empty (inner and outer) vertices, but never connect two
full or two empty vertices.

Let m € Ny. The set of generalized amputated Feynman graphs with m inner full vertices
with p1, ..., pm the number of legs of the inner full vertices such that p; < p and AP £ 0,
j=1,...,m,is denoted by F(m).

The name generalized amputated Feynman graphs has been chosen to distinguish the graphs
used here from classical Feynman graphs, but also from the generalized Feynman graphs with
outer full vertices used in [5,6] (this latter type gives the right combinatorics to calculate the
moments of ®,). To simplify the notions, we here use the term Feynman graph when we mean a
generalized amputated Feynman graph and there is no danger of confusion.

Let m, p1, ..., pm € No. We construct a one to one correspondence between pairs (K; 1),
where K € Q(p1,..., pm) and I € P(Q(p1, ..., pm) \ K), and the Feynman graphs F (m, p1,
.., pm) with m inner full vertices with pq, ..., p;, legs in the following way:

e For j =1,...,m, label the legs of the jth inner full vertex (1, j), ..., (p;, j). In this way,
we obviously obtain a one-to-one correspondence between the legs of the inner full vertices
and the elements in Q(p1, ..., pm).

We first consider the case where the Feynman graph G is given and we construct (K, I):

Table 1. Different types of vertices

Full Empty
Inner ° o
Outer X ®

2In physics this type is called an interaction vertex.
3Empty inner vertices can be distinguished from empty outer vertices, however.
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e Define K € Q(p1,..., pm) as the set corresponding (under the above bijection) to those
legs of inner full vertices in the Feynman graph G that run into an outer empty vertex.

e Let k be the number of inner empty vertices in G. For g =1, ..., k, let I, be the subset in
Q(p1, ..., pm) corresponding to those legs of inner full vertices that run into the gth inner
empty vertex. Finally, let I = {Iy, ..., I}. Then, evidently, I € P(2(p1,..., pm) \ K).

Conversely, let K € Q2(p1, ..., Pm) zind IePQpt,....,pm)\K), I ={11,..., I}, be given.
We construct a Feynman graph G € F(m, p1, ..., pm):

e Draw m inner full vertices with py, ..., p,, legs and k inner empty vertices with #11, ..., 1
legs and p = §K outer empty vertices.

e Connect the legs of the gth inner empty vertex with the legs of the inner full vertices corre-
sponding to the elements in ;.

e Also connect the legs of outer empty vertices with the legs of the inner full vertices corre-
sponding to the elements of K. The result is a Feynman graph G € F (m).

For an illustration of the above construction, see Figure 1. We have established the following
result.

Lemma 2.9. Let m, py, ..., pm € No. There then exists a one-to-one correspondence between
{(K,I):K € Q(p1,..-, pm), I € P(Q(Pp1,..., pm) \ K)} and F(m, p1,..., pm), the set of
Feynman graphs with m inner full vertices with p1, ..., pm legs.

Figure 1. Construction of a generalized Feynman graph from the set K and the partition I = {1, I», I3}.
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The following algorithm in physics is named “Feynman rules” and gives a numerical value to
each Feynman graph.

Definition 2.10. Let G € F(m) be such that py, ..., pn are the numbers of legs of the inner full
vertices of G. Then, for € R? and t € (0, 00), V[G] = V[G(t, ¢) is a real number obtained by
the following method*:

1. to each leg of an inner full vertex, assign a value X, = Xi e{l,...,d}, with a the element
in Q(p1, ..., pm) corresponding to that leg;
2. multiply each outer empty vertex with a factor (—¢x,), where b € Q(p1, ..., pm) is the

element corresponding to a leg of the inner full vertex which is directly connected with that
outer empty vertex;

3. for each inner empty vertex with | legs, multiply with a factor tCj = 1Cx,, Xy where
J=A{ay,....,a1} S Q2(p1,..., pm) is the subset corresponding to the | legs of inner full
vertices that are directly connected to the inner empty vertex;

4. for the jth inner full vertex, j = 1, ..., m, multiply with a factor Ag:’ ;
1 Pj

and sum up over

,,,,,

Combining Proposition 2.7, Lemma 2.9 and Definition 2.10, one thus gets the Feynman graph
expansion of the convolution semigroup.

Theorem 2.11. The solution of the Cauchy problem (1) has the following asymptotic expansion:

lm
() = Z( " S viGia,¢). (19)

m=0 : GeF(m)

Apart from the more efficient notation that comes with the use of Feynman graphs, Feynman
graphs can be used to reduce the number of terms in the expansion. Note that the value V[G](z, ¢)
attributed to the graph G depends only on the topological Feynman graph. Hence, one can change
the sum in (19) into a sum over topological Feynman graphs by multiplying V[G](¢, ¢) with a
weight factor or multiplicity, that is, with the number of Feynman graphs that give the same
topological Feynman graph. Such multiplicities in low orders can be calculated by hand; see (4)
for an example.

Equation (19) is still fairly general. Often, a number of Feynman graphs do not give contribu-
tions. For example, in the case where W (&) = W(—£), one has C ™) = 0 for n odd and hence all
Feynman graphs with at least one empty vertex with an odd number of legs can be omitted in the
expansion.

Another simplification occurs if the V (¢) is quadratic in ¢. Then, the only kind of inner full
vertex that occurs is of the type —e— and can thus be considered as an edge of new type. Note
that the legs of the inner full vertex are distinguishable, hence this new type of edge is directed,

4We use the labeling of legs of inner full vertices by Q(py, ..., pm) introduced above, but any other labeling would do.
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which changes multiplicities. Finally, if k()(zl) X, = Adx,x, is a multiple of the Kronecker symbol,
the evaluation of a graph such as the one on the right-hand side of equation (4) can be simplified
as follows.

Corollary 2.12. If V(¢) is quadratic, then the set of Feynman graphs F(m) of order m can be
identified with the set of all graphs Q(m) with two types of indistinguishable vertices, called
outer empty and inner empty, with m directed edges such that an outer empty vertex is hit by
exactly one edge.

If, in addition, A2 s diagonal,5 the value V|G](t, ¢) attributed to such a graph G € Q(m)
can be calculated according to the following rules:

1. to each of the m edges, assign a value X, €{1,...,d},a=1,...,m;

2. for each inner empty vertex with | legs, multiply with a factor tha1 - Xa s where ay, ..., q
correspond to the numbers given to the edges that are connected to this vertex®;

3. for each edge, add a factor A, or, alternatively, add an overall factor \'";

As a side remark, we note that the combinatorics of the Feynman graph formalism are dimen-
sion independent. Only Feynman rules depend on dimension. The number of steps needed in the
evaluation of a given Feynman graph grow like ~ d with the dimension, where m is the order of
the graph. If one compares this with an evaluation of ®; by a multidimensional Fourier transform,
the steps needed for the evaluation grow rather like ~ m?, with m a parameter presenting, for
example, the number of summands in an approximation of the one-dimensional Fourier integrals
by a sum. For large dimensions, the Feynman graph formalism thus promises better results than
numerical evaluation of Fourier transforms. Since the Feynman graph formalism has its roots in
infinite dimensions, this should not be a surprise.

2.4. The logarithm of the solution

In this subsection, we obtain an asymptotic expansion of the logarithm of the solution in terms
of connected Feynman graphs. In many points, the argument follows [5].

A graph G € F(m) is said to be connected if and only if each two vertices are connected by
a walk passing through finitely many edges. We denote the collection of connected mth order
Feynman graphs by F.(m).

On the level of partitions, connectedness can be expressed as follows.
Definition 2.13. Let m, p1, ..., pm € N be given and J; ={(j,1),...,(j,pj)}, j=1,...,m.
We say that the pair (K,I) with K € Q({p1,..., pm), I € P(Q(p1,...,pm) \ K), I =

SIE A @ s symmetric, this can always be achieved by choosing a suitable basis on R4,
O1f an edge connects the vertex with itself, the corresponding index has to be repeated twice.
Tof course, for d = 1, the same simplifications as discussed at the end of Section 2.2 occur.
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{I, ..., It}, is connected if it fulfills the following condition: M<i,. caig <k, 1<qg<k
and 1 < ji,..., js <m,1 <s <m, such that
q s
L, =i\ K. (20)
a=1 a=1

Let P.(2(p1, ..., pm) \ K) be the collection of partitions I € P(Q(p1,..., pm) \ K) such
that (K, I) is connected.

Lemma 2.14. A graph G € F(m) is connected if and only if the corresponding pair (K, I) is
connected.

Proof. We only sketch the idea of the proof. In terms of the corresponding Feynman graph G,
the condition in Definition 2.13 means that one cannot find a true subset Q, Q> of empty and
full vertices such that all edges from an empty vertex in Q1 end up at a full vertex in Q; and vice
versa. This is evidently equivalent to the connectedness of G. For details, see [5]. [

Definition 2.15. Let Jj, j =1,...,m, be as in Definition 2.13, ¢ € RY and X, = X; €
{1,...,d} for a = (j,1) € Q(p1,..., pm). We use the abbreviation J;.p = Haer (ox, — ¥x,),

j =1,...,m. The block truncated moment functions ([]]_, Jld’)g) of v; are recursively (in
m € N) defined as follows:

k ()
P at = Y 1_[<]_[Jf> : Q1)

I1eP(,....m)I=1 \gel; vy
I={I1,....It)

The symbol (T') in Definition 2.15 means that each polynomial (in ¢) Jf in the combinatorics
of truncation is treated as a single object.

Proposition 2.16. Let Jy, ..., J,, be as in Definition 2.13. We then obtain the following expan-
sion of block truncated moments into ordinary truncated moments:

k
I gD = 3 [Toxp[ Ty, (22)
=1

K<Q(p1,...,pm) JeK
1€Pc(2(p1,-e, Pm)\K)
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Proof. To verify equation (22), we have to insert the right-hand side of this equation into the
defining equation for the left-hand side. We thus have to show that

k ki
P = Y ]"[[ > ]‘[<—¢X,.>1_[<Ql,s,>{,}. (23)

IeP{1,...m} =1 Klquell Jq jeK; si=1
I={Iy,.... It} Qlepzr(Uqgl Jg)
01={01,1,---, OLi; }

On the other hand, (J 1¢ ‘e J,f )v, can be directly expanded in terms of truncated moments:

(I8, = > [ox, )H R)T. 24)

KCQ(p1,....rm) JEK
ReP(Q(p1,-s pm)\K)
R={Ry,... Ry}

We have to prove the equality between the right-hand side of (23) and (24), that is, we have to
construct a correspondence between the pairs (K, R) and the objects (1, (K1, Q1), ..., (Kk, Qk))
indexing the sum in (23) such that their contributions to the sum are equal.

Let (R, K) be given. We say that R connects g and j (in notation, g ~g j) if the full in-
ner vertices corresponding to J,; and J;, respectively, are connected in the generalized Feynman
graph corresponding to R. It is easy to see that R is an equivalence relation on {1,...,m}.
Let I ={I1,..., I} be the equivalence class of ~r. Then I € P({l,...,m}). We set K; =
(qulz JyNK), I=1,...,k,and Q;={SeR:SC qulz Jy}. Using the equivalence rela-
tion ~g, it is now easy to show that Q; € PC(quI Jy); see [5] for the details.

The converse construction is trivial: take K = U,: 1 Kiand R = Ul: 1 Q1. These two construc-
tions give mappings between the index sets of the sums in (23) and (24) such that the summands
are equal. Furthermore, the mappings are inverses of each other, which establishes the one-to-one
correspondence. (|

We have now completed the preparations to prove the following theorem.

Theorem 2.17. In the sense of asymptotic series, log ®,(¢) has the following expansion in terms
of connected Feynman graphs:

o] "
logcb,(¢)=z(m,) > VIGIE, ¢). (25)

m=1 " GeF.(m)

Proof. Note that by the ordinary linked cluster theorem (Theorem 2.6), the following holds, in
the sense of asymptotic series:

log ®;(¢) =log(v;, e Z . (26)

m=1
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The assertion thus follows by application of Proposition 2.16 and Lemma 2.14. O

The above result is useful in three respects.

First, if W is the symbol of a Lévy process and the initial condition f =e~" is a probability
density, then the solution &, (¢) is a probability density for all . We have seen in Proposition 2.7
and in equation (16) that the first N summands of the asymptotic expansion for ®;(¢) is a
polynomial in ¢ and thus non-normalizable. However, we derived an asymptotic expansion for
log ®;(¢) such that the first N terms are a polynomial Py (¢) in ¢ that goes to —oo for large ¢
(this is often the case for N odd) and we obtain ®;(¢) ~ e~ ¥®) ag the solution in Nth order
perturbation theory. While the large ¢ behavior of this approximate solution is obviously still
problematic,® one has at least gained normalizability.

Second, in statistical estimations by the maximum likelihood method, one needs an explicit
formula for log ®; (¢), which is just the sum over connected Feynman graphs.

Finally, the connectedness condition also reduces the number of terms in the expansion. For
example, equation (4), only the 2nd, 3rd, 4th and 7th terms contribute to the logarithm of the
solution.

2.5. Borel summability

In certain cases, a function may be recovered from its asymptotic series expansion. This class of
functions comprises the Borel summable functions. A sufficient condition for a function to equal
its Borel sum is the following version of Watson’s theorem due to Sokal [20].

Theorem 2.18. Let h be analytic in the interior of the circle Cg = {¢ € C:R¢~! > R™1} (¢f.
Figure 2(a)) such that

N—-1

h(@) =Y ang"

m=0

<AcV NIV (27)

uniformly in N and ¢ € Cg, with constants A,o > 0. Under this assumption, one may show
that B(t) := Y o_oamt™/m! converges for |t| < 1/o and has an analytic continuation to the
striplike region S, = {t € C:dist(r, Ry) < 1/0} (cf. Figure 2(b)) obeying the bound

|B()| = K exp(|z|/R) (28)

uniformly in every Sy, with 6’ > o. Furthermore, h can be represented by the absolutely con-
vergent integral

h(t) = 1/005”43(1)(1; (29)
¢ Jo

8The probability that a random variable Z; distributed according ®; takes large values ¢ is suppressed much too strongly.
To adjust the large ¢ behavior, this first step has to be combined with resummation techniques (cf. Section 3.2).
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&

&l

f s, }1/0
0 Eox N\ R

(@) (®)

Figure 2. (a) The ball Cg and (b) the striplike region Sy .

Conversely, if B(t) is a function analytic in S, and there satisfying (28), then the function defined
by (29) is analytic in Cr and satisfies (27) with a,, = (f,—mB(T)h:O uniformly in every Cgr with
R’ <R.

If h is analytic on Coo = g Cr ={¢ € C: R¢ > 0} and (27) holds on that domain, then
of course the representation (29) also holds for ¢ € C and for ¢ real and § = 9i¢ € Ry in
particular. The aim now is to apply this result to the series given in (19). It is easy to show
analyticity, as seen in the following result.

Lemma 2.19. The function Ry >  — de (¢) (cf. Section 2.1) has analytic continuation C >
¢ — @ (¢), V1 € Ry, ¢ € RY.

Proof. Note thatfor ¢ € Coo, f; = e ¢V e S(RY) and hence (Df (¢) = v; % fr (¢) is well defined.
To show complex differentiability in ¢, we now proceed as in the proof of Lemma A.1. |

In order to check (27), we need an estimate on the multiple ¢ derivatives of @f (¢) on Cg or

even on Coo. As be (¢) is not known explicitly, such an estimate is difficult to obtain. But, in the
case that W is the symbol of a Lévy process, the probabilistic structure helps.

Lemma 2.20. If W is the symbol of a Lévy process and V (¢) > 0 Vg € R, then

‘@—mfbfw) <{(V/", (€CxtcRi,$ecR (30)
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Proof. We have |(ﬂ,—mm<bf (D] = vy, VQ’]’ ceTtVey| < (V(;”)W as vy is a probability measure and
e~ Ve < 1. O

Lemma 2.20 allows us, in the given situation, to check (27) by Taylor’s estimate for the re-
mainder and the calculation of the Nth coefficient in the perturbation series. Being a sum over
Feynman graphs, the coefficient can be dominated by the number of such Feynman graphs times
the maximal value of V[G](z, ¢) over all these graphs. The latter is easy to control. We therefore
start with an estimate on the number of Feynman graphs. Let us first assume that the shift ¢ is
zero. We furthermore assume that V' is homogeneous of degree p. Then, only graphs without
outer empty vertices and with inner full vertices with p legs contribute. As such graphs are in
one-to-one correspondence with the number of partitions of pN objects, we have to control the
number of such partitions.

The number of partitions of m objects is known as mth Bell number and we denote it by by,.
It has the asymptotic behavior (see, e.g., [12])

by Nm71/2k(m)m+1/261(m)7m71’ @31)

where A(m) is implicitly defined by A(m)InA(m) = m. Using Stirling’s formula N! ~
2ueV+1/2InN=N "we get the following asymptotic formula for b sN/N!:

1 1 51/26(P= DN INN=N)=1/2In N=1 o pN(In p~Inln2(5N) o (1/D nA(BN)HN) —(39)

by~
NN \/2T[p

from which we obtain that
1
ﬁb,;N <A'KVN! (33)

is fulfilled for p <2 and K sufficiently large. In the following, we restrict ourselves to p =2.
Let us now consider a Feynman graph G € F(N) without empty outer vertices. If the modulus
of the coefficients C)(fnl)’___’ x,, is uniformly bounded by A" for A, k sufficiently large, we obtain

IVIG]1(t,0)| < max{A, }¥&NdVk®N max{1,1}*Y VG e F(N), (34)

with £ = maxx, x,e{l,....d) |Ag(21)X2|. Thus, under the given conditions, the estimate (27) is
fulfilled for ¢ = 0 with h(¢) = <I>f(0), am = ZGep(m)V[G](t 0), A=A and 0 =

m‘
dik*K max({1, t}2 max{A, 1}. It turns out that the case ¢ 7% 0 can be easily traced back to the
case ¢ = 0.

Theorem 2.21. Let W be a Lévy symbol as in (5) such that supp(r) is compact and let f =e™V

with V(p) = (A, 9®2),. Then CDf (@), as a function of ¢, fulfills the conditions of Theorem 2.18.
In particular, the series

B(m,q»—z( ’,;2 > VIGIt.¢) (35)
m=0 GeF(m)
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converges on a ball of radius 1 /o centered at 0 and has analytic continuation to the strip Sy (for
some o = o (t, ) < 00). Denoting this continuation by the same symbol, we get the solution ®;
of the Cauchy problem (1) via the formula

D, (¢) = /ooe_’B(r, t,¢)dr. (36)
0

Proof. If supp(r) C {x € R? : |x| < «}, then the uniform bound |C§?l)"‘Xn| < Ax" holds for A

sufficiently large, since Cg("l)m x, for n > 2 up to a factor z is an nth moment of . From the
considerations above, the assertion now follows for ¢ = 0.

If ¢ # 0, we modify for a fixed time r =ty the Lévy symbol W by a deterministic term
[ 1o (—18) = W (—i&) + ¢ - § /1y generating the shift ¢ at the time 7y. If we let ®; 4  be the
solution of the Cauchy problem with W replaced by I';) 4, then obviously CD,CO () = ®f()’t0s ¢(0).
Since the coefficients of W fulfill the above uniform bound, the same holds for the coefficients of
[y,¢ (With A changed depending on £y and ¢). The assertion holds for 950’ o, ¢(0), hence it also
holds for &, (¢).

In fact, the two expansions are equal. The only difference is that in the graphic expansion
of ®y 1,4 (0), there are no empty outer vertices. This is compensated for by evaluation of the
empty inner vertices with one leg by (C;;) — ¢x). Multiplying out the parenthesis just gener-
ates the contributions of a non-modified inner empty vertex with one leg and the outer empty
vertex. ]

The restriction to p = 2 still covers a set of initial conditions f that determine the convolution
kernel v, completely (cf. Section 2.1). It is also sufficient for the most important application that
we have in mind; see the following Section 3.1.

The second technical restriction on the support of the jump distribution r is more severe. It
can be overcome by considering generalized notions of Borel summability (cf. [13]) that for the
case of Lévy processes can be adapted to a growth like (~ N!)? of the moments of the jump
distribution r. In applications, this matters if one wants to choose (36) or generalizations thereof
as the point of departure of the numerical evaluation (cf. [10], Chapters 16.3—16.6) and one
has to take care concerning the speed of convergence of the (generalized) Borel transform. This
program, as with all high precision numerics based on our proposal, is beyond the scope of the
present article.

It would be desirable to have a similar theorem for log &, (¢). The analyticity of log be (¢) on
some circle Cr is immediate. The bounds (27) for the perturbation series at zero is a corollary
of the above considerations since the connectedness condition reduces the total number of Feyn-
man graphs. In particular, the Borel sum B, (7, t, ¢) of log CDf (¢) has a non-vanishing radius of
convergence. But, for the log-solution, the analog of Lemma 2.20 is missing and therefore the
bounds on the series coefficients ar ¢ = 0 do not produce a uniform estimate (27) on some Cg,
R > 0. So, the existence of an analytic continuation of B.(t,t, ¢) is not proved. Of course, one
can repeatedly use the chain rule to obtain a bound on log <I>f (¢), but that generates an additional
factor ~ by . So, more sophisticated estimates or more powerful versions of Theorem 2.18 are
needed [13].
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Here, we do not enter into this subject. Numerical procedures to evaluate the integral trans-
form (29) are based on the convergence of the Borel sum which permits resummation as, for
example, the conformal mapping method [10], Chapter 16. Such methods, relying on the first
N terms of the perturbation expansion only, automatically produce analytic continuations of an
approximated B.(z,t, ¢) on some striplike region that are sufficiently bounded in order to ren-
der (29) absolutely convergent.

3. Application to Lévy distributions

3.1. Large diffusion expansion of Lévy densities

It is more interesting to get explicit (approximate) formulae for the distribution of a Lévy process
starting at a fixed point (e.g., 0) than to determine the density of the distribution for an initial con-
dition f =e~" with V as above. Though the densities of Lévy distributions can be expressed in
terms of more or less elementary functions for many interesting examples (see, e.g., [1], Chap-
ter 1), or can at least be expanded in a series in other cases [17], a generic formula is miss-
ing.

In this section, we present asymptotic expansions of (non-normalized) Lévy densities and their
logarithms, respectively, for the case where the generator of the process has a large diffusion con-
stant u > 0. The formulae are generic in the sense that no detailed assumptions on the distribution
of jumps, r, are required. That is, we consider the generator (6) with Dy, x, = uéx,x,, 6x,.x,
being the Kronecker symbol, and we assume that  is large and hence 1/u is a small parameter in
which we would like to expand. As the initial value problem for the density of the jump-diffusion
process starting at zero, we get, for 7, ¢ € (0, 00) x R4,

0 st -3 ax= ) bz [ 106+ - @)
at =1 0px R4\ {0}

37
Do(¢p) = S0(9),

with 8o the Dirac measure with weight one at zero and A the Laplacian on R4. The solution,
Uit of the diffusive part alone is, of course,

_ d/2
d)?lff'(¢)=(4nm)d/ze|¢|2/(4“’)=<§) eI p=1/@un.1>0. (38

Let v; = V"™ be the inverse Fourier transform of e’ WP (—iE) \where WIUMP ig obtained from
W letting 4« = 0. Obviously, we obtain the solution of (37) by ®,(¢) = v, * ®Uf With
V(p) = |lol?, fs = e AV one thus gets (%)—d/zcbt((/;) =; * fg(¢). We note that the expan-
sion of the right-hand side in powers of 1/u is equivalent to the expansion in powers of 8 as
the mth coefficient only differs by a factor 1/(4¢)". Furthermore, from now on, we omit the
multiplication with factors g in the evaluation rules for the Feynman graphs in order to obtain a
more explicit 8 dependence. Combining this with Corollary 2.12 and Theorem 2.17, we obtain
the 1/u (large diffusion) expansion for the non-normalized (log-) density function.
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Theorem 3.1. In the sense of asymptotic series in 8, we obtain the following large diffusion
expansion of the non-normalized solution (%)_‘1/ 2®,, where @, solves (37):

!
m=0 GeQ(m)

B\ (=)™
(;) Pp)=) —-— Y VIGIt$) (39)
Furthermore, again in the sense of asymptotic series, we have

AN =\ (B
log[( ) q)’(d’)}:ZT > VGl 9. (40)

7 ! -
m=1 GeQc(m)
with Q.(m) the set of connected graphs in Q(m).

Combining of (39) with Theorem 2.21 yields the following convergent representation as a
Borel transform.

Corollary 3.2. Suppose that the support of the jump distribution r is compact. Let B(t,t, ¢)
be the analytic continuation of 2310:0 % ZGEQ(m) VIG](¢, ¢) to some strip of the form S, .
Then,

O, (¢) = n9/?pd/21 /OO e T/PB(1,1, $)dr. 41)
0

A comparison between (39)—(41) and other possible expansions known from statistical me-
chanics seems to be of interest. In particular, readers familiar with the theory of classical gases
might find the convergent small z (“low activity”) expansion [16] more suited than the small 8
(“high temperature”) expansion. For a small z expansion, a graphical representation by Meyer
graphs also exists. But there is a decisive disadvantage from the point of view of applications.
The small 8 expansion produces expressions that directly depend on the quantities of statistical
importance — z and the moments r,, of the jump distribution r. Hence, these quantities can be ob-
tained from an empirical distribution by fits. This can be done to some extent nonparametrically,
that is, without any a prior assumption on the jump distribution, as any sequence of moments
of the jump measure depending on arbitrary parameter sets can be inserted into our formula. In
the Meyer series, however, the jump distribution r enters via non-trivial r integrals over prod-
ucts of Meyer functions f(s,s’, ¢, ¢’) = e’s“'/|¢’¢’/|2 — 1 which, except for a few cases with r
particularly simple, can only be done numerically.”

Similar difficulties arise if one wants to solve the inverse Fourier integral of ¢’ (—) Note that
this integral is of oscillatory type, so even its numerics is not really trivial.

9Note that the small-time expansion in [2,17] is equivalent to the small z expansion.
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3.2. Second-order perturbation theory

In this section, we give an illustration of how to actually calculate the 1/u expansion of a Lévy
density and how to improve the result using resummation techniques. We take (40) as our starting
point. Calculations are carried through up to second order in 8 only and we use the simplest
possible resummation algorithm. Thus, the idea of this section is by no means to provide high-
accuracy numerics, but rather to illustrate techniques up to second order of perturbation theory,
that in higher orders will provide reasonable numerics. On the other hand, this does not mean
that the second order calculation is not at all interesting from a numerical point of view. A more
detailed discussion can be found below. Calculations to higher orders and more sophisticated
resummation (see, e.g., [7,9,10]) are left for the future.

In this subsection, we assume, without loss of generality, that \Ilj“mp(—ié ) has a vanishing first
coefficient C1. If this is not the case, then this can be achieved by a shift ¢ — ¢ — a (cf. the
proof of Theorem 2.21).

Under these conditions, the second-order perturbation expansion in 8 for the left-hand side
of (39) is given in (4). Extracting the connected graphs, we obtain

—d)2
10g|:<§> @,(4))]

=Bl + @] (42)

2
+ %[OO + 2> + 4@-eo—e® + 48] + O(B°).
As in equation (4), we omitted the evaluation symbol V and multiplied by the multiplicities of
the topological graphs.

Equation (42) should work for z and 1/ sufficiently small and!'® ¢ & 1, but the positive sign in
front of the B2 term implies that the exponential of the second-order approximation becomes non-
normalizable (not Ll—integrable) if B (or z) passes a certain threshold. To extract reliable data
for higher values of 8, resummation is required.!! The idea of Padé approximants is to replace
the Taylor polynomial by a rational function that has the same Taylor series as the polynomial.
For definitions and details, we refer to Appendix A.3.

Following the standard calculation in A.3, we obtain as the second-order Padé approximant

AN _ —BI D + =] ;
oe [<?> Q)’(@} L 1 SO e O +OE, (3
2

O+e—=

which, if exponentiated, gives a normalizable approximation to ®; for ¢, z and g arbitrary. Eval-
uation for d = 1 with C™ = zr,,, r, = fR s"dr(s), yields an expression in terms of the time ¢,

10By a scaling of p and z, one can always obtain ¢t = 1.

Iy fact, resummation of expansions in physics leads to results with impressive numerical precision (cf., e.g., [15],
page 506). Often, validity of the resummed approximation is only undermined by phase transitions — which are, of
course, absent on the discrete, finite space {1, ..., d}, as considered here.
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the activity (mean frequency of jumps in unit time) z and the 2nd, 3rd and 4th moments of the
jump distribution r:

B\ 4? 3 —B(tzry + ¢?) 3
log|:<;) D (@) | = Ly P TeTE— +O(B). (44)
2 tzra+¢2

We have tested formula (44) by comparison with large samples of pseudo-random numbers that
simulate a compound Poisson process with additional diffusion, Z that is,

Z=X(a,0%) +s51Y1(z1) — $2Y2(z2), (45)

where X (a,?) has Gaussian distribution with mean a and standard deviation o = 1/,/28.
Y;(z;) is Poisson distributed with parameter z;, j = 1,2. s1,s2 give the length of posi-
tive/negative jumps, respectively. X, Y1, Y» are all independent. This choice is motivated by
the fact that pseudo-random samples for Z can be obtained using standard software routines.
The parameters of the model are z = z1 + z2 and r = (2185, + 226—s,)/(21 + z2), and for the
shift ¢ — ¢ — a, one obtains a = z1s1 — z257. The normalization constant of the exponenti-
ated right-hand side of (44) has been calculated numerically. The range of parameters has been
0158510and 055254, 15s; 510, j=1,2.

If WP (—i&) is symmetric under § — —& (here, 51 = 57 and z; = z), the results of the
second order calculation are very good, as long as jumps are not too large (< 4/2u ). However,
the same is true for a best-fit Gaussian with mean a and variance zr + 2.

The situation changes if the distribution of Z becomes skew (e.g., by setting zo = 52 = 0). In
this situation, more heavy tails are being formed. A typical result is displayed in Figure 3.'> The
overall precision of the second-order calculation is again comparable with a best-fit Gaussian
model, but the second-order calculation typically predicts quantiles g, with « in the order of
a few percent or above 95% with higher precision than the Gaussian model (cf. Figure 3(b)).
As such quantiles are mostly used in statistics, the second order calculation already has some
practical relevance.

Appendix

A.l. Proofs for Section 2.1

Proof of Lemma 2.1. ¢/¥(7) — [ as r \ 0 in the S’(R?) topology, hence v, = F~! x
Y19y » F-1(1) = 8y in S'(RY) for ¢ \ 0. Here, 8y is the Dirac measure with mass one
at zero. Consequently, ®;(¢) = v; x f () — So * f(P) = f(¢) ast 0.

lectually, in this example, oGauss = 21 = 1.58 < 12 = 2 x jump length, hence the jump part for z; =2 is not small
compared with the diffusive part, which provides a nice illustration of the power of resummation.
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Figure 3. (a) Relative frequency of pseudo-random numbers (sample size n = 10), density of 2nd-order
Padé approximant (44) (solid line) and a best Gaussian fit (dashed line) for z; =2,zp = 0,57 = 6 and
B =0.2; (b) plot of 99%-sample quantiles of pseudo-random numbers (triangles), predicted 99%-quantiles
from (44) (circles) and a best Gaussian fit (+). Here, the data are as in (a), but z; varies from 0 to 2.

It remains to show that ®; is differentiable in ¢ and fulfills equation (1). First, the differen-
. L et V(—ig) ot W(—if)
tial quotient *———=7——

tion (P2), we get

converges to W(—ig)e! ¥ (-iE) pointwise for all £ € RY. By condi-

ot W(=if) _ ot W(—if)

P < |W(=ig)e™ 7|1+ g e (46)

and by (P2) and (P3), this implies that the differential quotient is uniformly polynomially
bounded (for, say, |t — t'| < 1). It follows by dominated convergence that the differential quo-
tient converges in S’(R?) as t' — ¢, which implies that F(v;) is differentiable in ¢ in the S’(R?)
topology. By the continuity of F, the same applies to v; and hence &, (¢) is differentiable.
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It is immediate that F(3v,)(€) = W(—i&)e’Y %), from which we get that (& ®,)(§) =
W (—i&)F(P;)(&). From the fact that the time derivative can be taken out of the Fourier trans-
form, uniqueness of the Fourier-transformed solution follows. The argument is completed by
application of the inverse Fourier transform. (|

Proof of Proposition 2.2. In the following, let ||k, x be a Schwartz norm where N € N,
a € N¢, that is,

Il = sup (1 + [[¢1)N |Dah($)]. (47)
¢eRd

Lemma A.1. For 8 > 0, CD',B (¢) is infinitely differentiable in B and d‘ile,,,CD,'6 (@) = (=)™
V" fp)(9).

Proof. Since <I>ﬁ3 (@) = v * fg(¢p) and v, € &’ (RY), it suffices to show that the mapping
(0,00)38— fpg= e PV e S(R?) is m times differentiable on (0, c0), m € N arbitrary, and
4 fg=(=1)"V" fg. In fact, this statement is trivial for m = 0. Suppose that we have proven

apm
the statement up to m — 1. We have to show that the differential quotient (—1)"~1y ™1 (%)

converges to (—1)" V™ fg as B’ — B. As the common prefactor (—1™=1ym=1 s a polynomial,
it suffices to treat the case m = 1. For ¢ € R4, we have

f5@) — fp@) S s = fode

V@ @) - =V (48)
Hence,
fs—Ip
-V _Jr JP
H D= |, )

<k Y. sup(+[oI)" sup |Dy f3(@®) — Do fr(®)]
te(B.B)

d
a/ENg:\(x’\<|a| PeR

for K and N sufficiently large. The derivative Dy fg(¢) is of the form Py (¢, B) fg(¢), where
Py (¢, B) is a polynomial in B and ¢. Hence, for |8 — /| <1, 8,8 >¢€ >0,

sup Dy fp(¢) — De fr(#)]

e(B.p))

= sup [|Py(¢,B)fp(P) — Por (¢, 7) fr ()]
Te(B.B)) 50)
< sup |Pu(@,B) = Pu(. DIfs(@)+ sup |Pu(d, D) (f5(@) — fr(@))']
Te(B.B) Te(B.p")

< Kol — B'I(1+ 16102 (f(@) + |V (@) e PHDEe<-7 0%y,
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with L = ming.ga V() — e(A(P) ¢p®P )p» Ko, Qo sufficiently large. Multiplying by (1 +
l¢])Ne' and taking the supremum over ¢ € R4 implies that the right-hand side of (49) vanishes
as B/ — B. This completes the proof. (]

It remains to show that the derivatives of @f (¢) extend continuously to 8 = 0. We start with
two technical lemmas.

Let h, € S(RY), r € (0, 00), be a family of functions such that i, — & for r \( 0 in S(RY),
where fRd hdg = 1. Further, let h€ (&) = e ~?h(&/€) and he(£) be defined likewise. Let r(¢) be a
function such that r(e¢) — 0 as € N\ 0.

Lemma A.2. Let F:R? — C be a function that is polynomially bounded and has polynomi-
ally bounded partial derivatives. Let hi and r(€) be defined as above. Then lim\ o fRd F(&) x

he (&) d& = F(0).

Proof. We consider the following estimate:
‘ f F(E)he o) (§) & — F<0>‘
=| [ Feomo© de - o) (51)

<

/ F(es)(hr@(s)—h@))ds’+’ / (F(e€) — F(0))h(&) dé|.
R4 R4

The first term on the right-hand side can be estimated as follows:

F(e8)|
]R (l+IISII)N

Recall that F is polynomially bounded. Thus, for N sufficiently large, the integral on the right-
hand side converges to | F'(0)| fRd w d& by dominated convergence. Hence, the right-hand
side of (52) tends to zero as € N\ 0.

The second term on the right-hand side of (51), for 0 < € < 1, can be estimated by

‘/ F(€8)(hr)(6) — h(§)) dé‘ d& |hre)y = hg v (52)

‘/ (F(€§)—F(0))h(5)d$‘ = ‘/ / (VF(s&),&)h(§)dE ds
R4 0 JRA
(53)
ek [ a+len e,

for K and N sufficiently large, by the polynomial boundedness of the partial derivatives of F.
Hence, the second term on the right-hand side of (51) also tends to zero as € \ 0. (I

Lemma A3. Let Ve(p) = (A\(P), ®P)5 + Zp ! A(p),g0®p)p such that A\ — 0 as € \ 0,
p=0,....p—land f¢=e Ve, Let fO(p) = )‘(p) "5 Then €= f2in S(RY) as e \, 0.
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Proof. We first assume o = 0, then | f0 — f€| < fo‘ |Qe™#2|ds £ < |0le!?! 0, with Q a
polynomial that has vanishing coefficients as € \ 0. Multiplying this by another polynomial
and taking the supremum over R? thus gives an expression that vanishes in that limit. Hence,

7€ = fOllo.y = 0 for € \, 0.
Next, leta € Ng, a # 0. We note that each contribution to Dy ( fo — f€) is of the form fOeQ P

or of the form S(f° — £€). Q is of degree at most p — 1 (potentially, Q =0). P, Q and S are
polynomials. The coefficients of P and Q are vanishing as € N\ 0. Hence, we can conclude, as
above, that ||f€—f0||a,N—>Oase\O. O

We now conclude the proof of Proposition 2.2. By Plancherel’s formula, (P2)-(P3) and
Lemma A.1, we have

CﬁTm@ﬁ (@) = (=1)" v = (V" fp)(¢) = (=1)" /R T )@V Ve T de. (54
For a polynomial W((p) = Zgzo(w(”), @®P),, we set Wa(p) = Zizﬂﬁl_”/ﬁ(w(p), e®P) .
Let fO(p) = e=*7¢*")5 and let fP(¢) =e~(Y)s. By Lemma A.3, £ — £° in SRY) as
B\ 0. Hence, F- (ff) — FN(f% in S®R?) and [po F1(f) de = f0(0) =1
Furthermore, f5.4(¢) = e #Y¢@) = e=(Vo)s(B'79) = f(f (B'/P¢). Inserting this into the right-
hand side of (54), we obtain
dm

/3 m —d/p B P\ Y/ (3 —i
@ =D /R BUETN GBIV T g (59)

Note that by (P2)—(P3), Vi (iVe)e V(=18 a5 a function in £ is polynomially bounded with poly-
nomially bounded derivatives. We can thus apply Lemma A.2 and we get

d”
lim o ol () = (=1)" V' (Ve)e' Y T g = (=)™ (V" (@), (56)
This completes the proof. ]

A.2. Notions from graph theory

For the reader’s convenience, we develop some graph-theoretic notions, some of them being
non-standard, essentially following [6].

Given a set M, let MS2 be the set of subsets of M containing two elements. A graph G over
M is then a subset of Msz. The points of M are called vertices of G and the elements (i.e., non-
ordered pairs of M) {m, my} € G are called the edges (or bonds). G(M) stands for the collection
of all graphs over M. We could also replace M; 2 with M? = M x M, the set of ordered pairs. We
then obtain a graph with directed edges.

Let N C M. The following construction explains the notion of a graph with distinguishable
legs (endpoints of edges) at the vertices in N. Let Mbeaset, 7:M —> M a surjective map
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and 72: G(M) — G(M) the induced mapping on graph level defined by application of 7 on the
endpoints of edges. Let G € G(M) be fixed and for m € M, let p(m, G) be the number of edges
connected with m. Let (Mg, #) be as above such that for m € M \' N, jifrgl({m}) =1 and
ttﬁgl({m}) = p(m, G) form € N. A denotes the cardinality of the set A. A leg 1 at a vertex m
is a point in 77 Y({m}). The class of graphs with distinguishable legs at vertices in N associated
with an ordinary graph G € G(M) is then given by [G|N] = (G e (ﬁ(z;)_l(G) :Vm e N,m €
a7 (m), t{e € G:me e} = 1}. The class of graphs with distinguishable legs at the vertices in N
is then [GIN1(M) = Ugegan[GIN].

Let L € M and s be in the permutation group of L, Perm(L). Obviously, s extends to a per-
mutation on M by putting s(m) =m for m € M \ L. Let s2:G(M) — G(M) be the induced
mapping on graph level. We can then consider the equivalence classes under exchange of ver-
ticesin L, [G:L](M) = g(M)/(Perm(L))z. Such an equivalence class is called a graph with
indistinguishable vertices in L. It is easy to check that the above two constructions are compat-
ible, that is, a vertex can belong to a set L of indistinguishable vertices with distinguishable or
indistinguishable legs and a distinguishable vertex can have distinguishable or indistinguishable
legs.

A graph with several types of vertices has sets of vertices My, ..., My and is a graph over
M =5 My.

Finally, a topological graph is a graph with indistinguishable vertices in each class of vertices
and with indistinguishable legs. The multiplicity of a topological graph, given some other class
of graphs (generalized Feynman graphs in the present case), is the number of such graphs that
coincide with the topological graph up to the labeling of indistinguishable vertices and legs.

Let us also note that graph-theoretic notions like the connectedness of a graph with distinguish-
able legs G are meant in the sense that the associated “projected” graph G or even topological
graph G are connected. !

A.3. Padé resummation

The idea of Padé resummation is to replace the Taylor polynomial with a rational function that
has the given Taylor approximation at the origin but often has a better large 8 behavior. We
essentially follow [10], Chapter 16.2. The [M /N]-Padé approximant is defined as

ag+ap+---+aypM

M/N = . 57
M/NYB) =T e (57)
The M + N + 1 coefficients ay, ..., ay; b1, ..., by are determined by the equation
M+N
[M/N1B) = D hnp" +O(BN M) (58)
m=0

B3Gasa graph in G ) might be disconnected even if G is connected.
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Multiplication with the denominator of [M/N] and comparison of coefficients leads to the sys-
tem of equations

byhy—N+1 +bn-1hy-Ny2 + -+ bohpyy1 =0

: : : : bo=1 (59
byhy  + by—thmyr + -+ bohpyyn =0
and
boho = ag
biho + bohy = ay
. bp=1. (60)
byho +by—1hy + -+ +bohy =am
Solving for N = M =1, as required in Section 3.2, one obtains
h
bl = __23
hi
ao = hy, 61)
hoh2
=h — —.
ai 1 I
With hg, h1, hy as in (42), this leads to
b 1 GO+ 2> + 4o + 48+
2 O+eO |
ap =0, (62)

a; = —[{ D+ e,

from which (43) follows.
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