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WEIGHTED NORM INEQUALITIES FOR DERIVATIVES

AND THEIR APPLICATIONS

Nhan Nguyen Du Vi, Duc Dinh Thanh and Tuan Vu Kim

Abstract

In this paper we establish several weighted norm inequalities for derivatives of

products of composition and Laplace convolution of functions. Some generalizations

including Yamada’s and Opial-type inequalities are discussed. As applications we give

Lp-weighted estimates for solutions of some integral equations.

1. Introduction

For an absolutely continuous complex valued function f on ½0; b� with
f ð0Þ ¼ 0 the following Opial’s inequality holds (see [1] and their references):ð b

0

j f ðxÞ f 0ðxÞj dxa b

2

ð b
0

j f 0ðxÞj2 dx:ð1:1Þ

Opial-type inequalities involving integrals of functions and their derivatives are
essential and in fact indispensable in the theory of di¤erential equations. In [12],
Yamada considered an elementary integral inequality which extended a norm
inequality of Saitoh [11] and yielded some well-known Opial-type inequalities (see
[1]).

Independently, some results of Saitoh in [11] were also generalized by the
authors [8], in which we presented some weighted norm inequalities for a non-
linear transform in di¤erent normed spaces.

Recently, the first two authors [4] considered some norm inequalities for
derivatives of products of functions which generalize Saitoh’s result [10] and
provide an e¤ective tool to estimate Fourier sine and Fourier cosine transforms.

In this paper, we will obtain weighted norm inequalities for derivatives of
products of composition of functions which generalize some results from ([4], [8]),
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Yamada [12] and [1]. Moreover, we will also establish a norm inequality for
derivatives of Laplace convolution and its applications to obtain Lp-weighted
estimates for solutions of some integral equations.

Let r be a positive and continuous function on ½a; b�. Let 1 < p; q < y be
conjugate exponents 1=pþ 1=q ¼ 1. By LpðrÞ we denote the Lebesgue space
of complex valued measurable functions f on ½a; b� such that k f kLpðrÞ < y,
where

k f kLpðrÞ :¼
ð b
a

j f ðxÞjprðxÞ dx
� �1=p

:ð1:2Þ

Let AC½a; b� be the space of functions f which are complex valued and
absolutely continuous on ½a; b�. For a positive integer n we denote by ACn½a; b�
the space of complex valued functions f ðxÞ which have continuous derivatives up

to order n� 1 on ½a; b� such that Dn�1f A AC½a; b�, where D ¼ d

dx
.

For a weight r and n A N, we denote by Wn
p ðrÞ the weighted space consisting

of all functions f A ACn½a; b� such that Dkf ðaÞ ¼ 0 for all derivatives of order
0a ka n� 1 and Dnf A LpðrÞ. This space is characterized by the following [5,
Lemma 1.1].

Lemma 1.1. The space W n
p ðrÞ consists of those and only those functions f ðxÞ

which can be represented in the form

f ðxÞ ¼
ð x
a

ðx� tÞn�1

ðn� 1Þ! jðtÞ dt;ð1:3Þ

where j A LpðrÞ.

It follows from (1.3) that

jðxÞ ¼ Dnf ðxÞ; x A ½a; b�:ð1:4Þ

Hence, if we define on Wn
p ðrÞ a norm

k f kW n
p ðrÞ :¼ kDnf kLpðrÞ ¼

ð b
a

jDnf ðxÞjprðxÞ dx
� �1=p

;ð1:5Þ

then, ðWn
p ðrÞ; k:kW n

p ðrÞÞ is a Banach space.

2. Norm inequalities for products of composition of functions

In this section, we combine the methods of [4] with the ideas of Yamada
[12] to yield a norm inequality for derivatives of products of compositions of
functions which extends and generalizes some recent results of Nhan, Duc and
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Tuan [8], Nhan and Duc [4], Yamada [12], Saitoh [11, 10], and some earlier
results on Opial-type inequalities [1].

Theorem 2.1. Let m and n be two positive integers. Let Gj , 1a jam, be
of class Cn on an interval ð�R;RÞ, 0 < Ray, satisfying the following conditions

(i) DkGjð0Þ ¼ 0 for all 0a ka n� 1,
(ii) jDnGjðxÞjaDnGjðjxjÞ for all x A ð�R;RÞ, and
(iii) if xa y1=pz1=q, 0 < x; y; z < R, then 0 < DnGjðxÞa ½DnGjðyÞ�1=p �

½DnGjðzÞ�1=q.
Then, for fj A Wn

p ðtnrjÞ such that fjð½a; b�ÞH ð�R;RÞ and k f kp
W n

p ðtnrjÞ
< R, where

rj, 1a jam, are some weights and

tnðxÞ ¼
ðb� xÞn�1

ðn� 1Þ! ; x A ½a; b�;

we have
Qm

j¼1 Gj � fj A Wn
p ðtngÞ, and moreover,

Ym
j¼1

Gj � fj

�����
�����
p

W n
p ðtngÞ

a
Ym
j¼1

Gjðk fjkp

W n
p ðtnrjÞ

Þ;ð2:1Þ

where

gðxÞ ¼ Dn
Ym
j¼1

Gj

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !( )" #1�p

; x A ½a; b�:

If, in addition, we assume that DnGj, 1a jam, are strictly increasing on ð0;RÞ,
then the equality in (2.1) holds only if

fjðxÞ ¼ EjGj Cj

ðminðx;yÞ

a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !
; x A ½a; b�;ð2:2Þ

where Cj and Ej are complex constants, and y is an arbitrary, but fixed real
number on ½a; b�.

The proof of Theorem 2.1 is derived from Theorems 2.4 and 2.7.

Corollary 2.2. Let r; s > 0 be such that 1=pþ 1=r ¼ 1=s. We assume that
the hypotheses in Theorem 2.1 are valid. Then, for a weight j such that

K ¼
ð b
a

tnðxÞ½gðxÞ��r=p½jðxÞ� r=s dx
� �1=r

< y;

we have

ð b
a

tnðxÞ Dn
Ym
j¼1

Gj � fj

 !
ðxÞ

�����
�����
s

jðxÞ dx
" #1=s

aK
Ym
j¼1

Gjðk fjkp

W n
p ðtnrjÞ

Þ
" #1=p

:ð2:3Þ
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Proof. Applying Hölder’s inequality with conjugate exponents p=s and r=s
we have

ð b
a

tnðxÞ Dn
Ym
j¼1

Gj � fj

 !
ðxÞ

�����
�����
s

jðxÞ dx

¼
ð b
a

½tnðxÞ� s=p Dn
Ym
j¼1

Gj � fj

 !
ðxÞ

�����
�����
s

½gðxÞ� s=p½tnðxÞ�s=r½gðxÞ��s=p
jðxÞ dx

aK s

ð b
a

tnðxÞ Dn
Ym
j¼1

Gj � fj

 !
ðxÞ

�����
�����
p

gðxÞ dx
" #s=p

;

which is, by using (2.1),

aK s
Ym
j¼1

Gj

ð b
a

tnðxÞjDnfjðxÞjprjðxÞ dx
� �" #s=p

:

This concludes the proof of the corollary. r

Remark 2.3. From Corollary 2.2 we can derive many known results.
These include the results of Opial (1.1) (for n ¼ m ¼ 1, p ¼ r ¼ 2, s ¼ 1, j ¼
r1 1 1 and G1ðxÞ1 x2 on ½0; b�), Hua [1, Theorem 2.3.1] (for n ¼ m ¼ 1, s ¼ 1,
j ¼ r1 1 1 and G1ðxÞ1 jxjp on ½a; b�), Yang [1, Theorem 2.5.6] (for n ¼ m ¼ 1,
j ¼ r1 be increasing on ½a; b� and G1ðxÞ1 jxjp=s on ½a; b�), Beesack [1, Theorem
2.10.1] (for n ¼ m ¼ 1 and G1ðxÞ1 jxjp=s on ½a; b�), Yamada [12, Theorem 4.1]
(for n ¼ m ¼ 1), Lin and Yang [1, Theorem 2.15.1] (by letting n ¼ 1, m ¼ 2,

j ¼ r1 ¼ r2 be decreasing on ½a; b�, G1ðxÞ ¼ G2ðxÞ ¼ jxjp=s on ½a; b� and by using
the Cauchy-Schwarz inequality).

Theorem 2.4. Let m and n be two positive integers, and rj , 1a jam, be
some weights on ½a; b�. Put

rðxÞ ¼ Dn
Ym
j¼1

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !" #1�p

; x A ½a; b�:

Then, for fj A Wn
p ðtnrjÞ, 1a jam, we have

Qm
j¼1 fj A Wn

p ðtnrÞ, and more-
over,

Ym
j¼1

fj

�����
�����
W n

p ðtnrÞ

a
Ym
j¼1

k fjkW n
p ðtnrjÞ:ð2:4Þ
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Unless m ¼ 1, the equality in (2.4) holds if, and only if

fjðxÞ ¼ Cj

ðminðx;yÞ

a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt; x A ½a; b�;ð2:5Þ

where Cj are complex constants and y is an arbitrary, but fixed number on
½a; b�.

Proof. First, we need to prove that r is a positive and continuous weight on
½a; b�. Since rj are positive and continuous on ½a; b�, and

Dnj

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !

¼
r
1=ð1�pÞ
j ðtÞ if nj ¼ nð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
r
1=ð1�pÞ
j ðtÞ dt if 0a nj a n� 1

8><
>: ;

we derive that Dnj

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !
, for 0a nj a n, 1a jam, are

positive and continuous on ½a; b�. By the fact that

Dn
Ym
j¼1

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !

¼
X

n1þ���þnm¼n

n

n1; . . . ; nm

� �Ym
j¼1

Dnj

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !
;

where
n

n1; . . . ; nm

� �
¼ n!

n1! � � � nm!
is the multinomial coe‰cient, we imply r is

positive and continuous on ½a; b�.
Next, for fj A Wn

p ðtnrjÞ, 0a nj a n� 1, 1a jam, it follows from Lemma
1.1 that

Dnj fjðxÞ ¼
ð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
DnfjðtÞ dt; x A ½a; b�;

and therefore,

jDnj fjðxÞja
ð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
jDnfjðtÞj dt; x A ½a; b�:ð2:6Þ

By applying Hölder’s inequality to (2.6), we get
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jDnj fjðxÞja
ð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
r
1=ð1�pÞ
j ðtÞ dt

 !1=q
ð2:7Þ

�
ð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
jDnfjðtÞjprjðtÞ dt

 !1=p
;

for all x A ½a; b�.
Now, from the generalized Leibniz rule for m functions f1; . . . ; fm, we

have

Dn
Ym
j¼1

fj

 !
¼

X
n1þ���þnm¼n

n

n1; . . . ; nm

� �Ym
j¼1

Dnj fjð2:8Þ

¼
Xm
j¼1

Dnfj
Y
k0j

fk þ
X

n1þ���þnm¼n
0anjan�1

n

n1; . . . ; nm

� �Ym
j¼1

Dnj fj:

Using (2.7) in (2.8) to give

Dn
Ym
j¼1

fjðxÞ
 !�����

�����a
Xm
j¼1

jDnfjðxÞj
Y
k0j

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
k ðtÞ dt

 !1=q

�
ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfkðtÞjprkðtÞ dt
 !1=p

þ
X

n1þ���þnm¼n
0anjan�1

n

n1; . . . ; nm

� �Ym
j¼1

ð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
r
1=ð1�pÞ
j ðtÞ dt

 !1=q

�
ð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
jDnfjðtÞjprjðtÞ dt

 !1=p
;

that, by Hölder’s inequality, yields

a

2
664X

m

j¼1

r
1=ð1�pÞ
j ðxÞ

Y
k0j

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
k ðtÞ dt

þ
X

n1þ���þnm¼n
0anjan�1

n

n1; . . . ; nm

� �Ym
j¼1

ð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
r
1=ð1�pÞ
j ðtÞ dt

3
775
1=q
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�

2
664Xm

j¼1

jDnfjðxÞjprjðxÞ
Y
k0j

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfkðtÞjprkðtÞ dt

þ
X

n1þ���þnm¼n
0anjan�1

n

n1; . . . ; nm

� �Ym
j¼1

ð x
a

ðx� tÞn�1�nj

ðn� 1� njÞ!
jDnfjðtÞjprjðtÞ dt

3
775
1=p

¼

2
664X

m

j¼1

Dn

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !Y
k0j

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
k ðtÞ dt

þ
X

n1þ���þnm¼n
0anjan�1

n

n1; . . . ; nm

� �Ym
j¼1

Dnj

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !3775
1=q

�

2
664X

m

j¼1

Dn

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfjðtÞjprjðtÞ dt
 !Y

k0j

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfkðtÞjprkðtÞ dt

þ
X

n1þ���þnm¼n
0anjan�1

n

n1; . . . ; nm

� �Ym
j¼1

Dnj

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfjðtÞjprjðtÞ dt
 !3775

1=p

;

which is, in view of the generalized Leibniz rule,

¼ Dn
Ym
j¼1

ð x
a

ðx� tÞn�1

ðn� 1Þ! r
1=ð1�pÞ
j ðtÞ dt

 !" #1=q

� Dn
Ym
j¼1

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfjðtÞjprjðtÞ dt
 !" #1=p

:

Therefore,

Dn
Ym
j¼1

fjðxÞ
 !�����

�����
p

rðxÞaDn
Ym
j¼1

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfjðtÞjprjðtÞ dt
 !

;
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and so

Dn
Ym
j¼1

fjðxÞ
 !�����

�����
p

tnðxÞrðxÞa tnðxÞDn
Ym
j¼1

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfjðtÞjprjðtÞ dt
 !

;ð2:9Þ

for all x A ½a; b�. Taking integration with respect to x over ½a; b� to both sides of
(2.9) and using the formula for integration by parts we obtainð b

a

Dn
Ym
j¼1

fjðxÞ
 !�����

�����
p

tnðxÞrðxÞ dx

a

ð b
a

tnðxÞDn
Ym
j¼1

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnfjðtÞjprjðtÞ dt
 !

dx

¼
Ym
j¼1

ð b
a

jDnfjðtÞjptnðtÞrjðtÞ dt;

which yields (2.4).
Finally, we determine under what conditions equality can hold in (2.4). The

case of m ¼ 1 is trivial. Let mb 2. A straightforward calculation shows that
equality holds in (2.4) if fj is given by (2.5). Conversely, equality in (2.4) implies
that equalities hold in (2.6) and (2.7) for each x A ½a; b�, 0a nj a n� 1, and
1a jam. Suppose Dkfj 0 0 for all 0a ka n� 1 and 1a jam (otherwise, it
is su‰ces to take Cj ¼ 0). Putting

y ¼ ess supfx A ½a; bÞ : DnfjðxÞ0 0 for all 1a jamg;
we have y A ða; b�. If equality holds in (2.4), then y must be a cluster point of
the set fx A ½a; bÞ : DnfjðxÞ0 0 for all 1a jamg. Hence, by continuity

jDnj fjðyÞj ¼
ð y
a

ðy� tÞn�1�nj

ðn� 1� njÞ!
jDnfjðtÞj dt

and

jDnj fjðyÞj ¼
ð y
a

ðy� tÞn�1�nj

ðn� 1� njÞ!
r
1=ð1�pÞ
j ðtÞ dt

 !1=q

�
ð y
a

ðy� tÞn�1�nj

ðn� 1� njÞ!
jDnfjðtÞjprjðtÞ dt

 !1=p

for all 0a nj a n� 1 and 1a jam. Then, from the equality condition of
Hölder’s inequality, these above equalities happen only if for 0a nj a n� 1,
1a jam, ð y

a

ðy� tÞn�1�nj

ðn� 1� njÞ!
DnfjðtÞ dt

�����
�����¼
ð y
a

ðy� tÞn�1�nj

ðn� 1� njÞ!
jDnfjðtÞj dtð2:10Þ

235weighted norm inequalities for derivatives



and

AjjDnfjðtÞjprjðtÞ ¼ Bjr
1=ð1�pÞ
j ðtÞ a:e: t A ½a; y�;ð2:11Þ

where Aj and Bj are complex constants. By continuity of rj on ½a; b� and the
fact that DnfjðxÞ ¼ 0 a.e. x A ½y; b� (by definition of y), the conditions (2.10) and
(2.11) imply that there exist some complex constants Cj 0 0, 1a jam, such
that

DnfjðxÞ ¼ Cjr
1=ð1�pÞ
j ðxÞwðx; ½a; y�Þ a:e: x A ½a; b�;

which, by Lemma 1.1, establishes the formula (2.5). r

Remark 2.5. Theorem 2.4 generalizes a recent result of the first two authors
[4] and an earlier result of Saitoh [10].

Now, we consider the following transform

f 7! G � f

for a suitable function f , and a function G of class Cn on the interval ð�R;RÞI
f ð½a; b�Þ satisfying the conditions (i), (ii), and (iii) as in Theorem 2.1.

Remark 2.6. Since DnG is continuous, from (iii) we notice that the
function DnG is positive and increasing on the interval ð0;RÞ: Moreover, for
0a ka n,

jDkGðxÞjaDkGðjxjÞ; x A ð�R;RÞ;ð2:12Þ

and if xa y1=pz1=q, 0 < x; y; z < R; then

0 < DkGðxÞa ½DkGðyÞ�1=p½DkGðzÞ�1=q:ð2:13Þ

Indeed, we only need to prove (2.12) and (2.13) in the case of k ¼ n� 1.
Since DnG is positive and increasing on the interval ð0;RÞ and

Dn�1f ðxÞ ¼
ð x
0

DnGðtÞ dt;

we have

jDn�1GðxÞj ¼
ð x
0

DnGðtÞ dt
����

����a
ðjxj
0

DnGðtÞ dt ¼ Dn�1GðjxjÞ; x A ð�R;RÞ:

Assume that xa y1=pz1=q, 0 < x; y; z < R. Then,

Dn�1GðxÞ ¼
ð x
0

DnGðtÞ dta
ð y1=pz1=q
0

DnGðtÞ dt:

236 nhan nguyen du vi, duc dinh thanh and tuan vu kim



By letting t ¼ y1=pz1=q

x
s, we have

ð y1=pz1=q
0

DnGðtÞ dt ¼ y1=pz1=q

x

ð x
0

DnG
y1=pz1=q

x
s

� �
ds;

which is, from (iii),

a
y1=pz1=q

x

ð x
0

DnG
y

x
s

� �� �1=p
DnG

z

x
s

� �� �1=q
ds;

that is, by Hölder’s inequality,

a
y1=pz1=q

x

ð x
0

DnG
y

x
s

� �
ds

� �1=p ð x
0

DnG
z

x
s

� �
ds

� �1=q

concluding thatð y1=pz1=q
0

DnGðtÞ dta
ð y
0

DnGðtÞ dt
� �1=p ð z

0

DnGðtÞ ds
� �1=q

;

which gives

Dn�1GðxÞa ½Dn�1GðyÞ�1=p½Dn�1GðzÞ�1=q:

The following theorem generalizes a recent result of Yamada [12, Theorem
2.1].

Theorem 2.7. Let G be of class Cn on an interval ð�R;RÞI f ð½a; b�Þ, 0 <
Ray, satisfying the conditions (i), (ii), and (iii). For a weight r we define a new
weight

oðxÞ ¼ Dn G

ð x
a

ðx� tÞn�1

ðn� 1Þ! r1=ð1�pÞðtÞ dt
 !( )" #1�p

; x A ½a; b�:

Then, for f A Wn
p ðtnrÞ satisfying k f kp

W n
p ðtnrÞ

< R, we have

kG � f kp

W n
p ðtnoÞ

aGðk f kp

W n
p ðtnrÞ

Þ:ð2:14Þ

If, in addition, we assume that DnG is strictly increasing on ð0;RÞ, then the
equality holds in (2.14) only if

f ðxÞ ¼ C

ðminðx;yÞ

a

ðx� tÞn�1

ðn� 1Þ! r1=ð1�pÞðtÞ dt; x A ½a; b�;ð2:15Þ

where C is a complex constant, and y A ½a; b�.
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Proof. It is easy to see that o is really a weight, i.e. positive and con-
tinuous, on ½a; b�. Now, for 0a ka n� 1, we have

jDkf ðxÞj ¼
ð x
a

ðx� tÞn�1�k

ðn� 1� kÞ!D
nf ðtÞ dt

�����
�����a

ð x
a

ðx� tÞn�1�k

ðn� 1� kÞ! jD
nf ðtÞj dt;ð2:16Þ

that, by Hölder’s inequality, yields

jDkf ðxÞja
ð x
a

ðx� tÞn�1�k

ðn� 1� kÞ! jD
nf ðtÞjprðtÞ dt

" #1=p
ð2:17Þ

�
ð x
a

ðx� tÞn�1�k

ðn� 1� kÞ! r
1=ð1�pÞ dt

" #1=q
:

From (2.12), we see that

jðDkGÞð f ðxÞÞja ðDkGÞðj f ðxÞjÞ;

which is, in view of (2.17),

a ðDkGÞ
ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnf ðtÞjprðtÞ dt
" #1=p ð x

a

ðx� tÞn�1

ðn� 1Þ! r1=ð1�pÞ dt

" #1=q0
@

1
A;

and so, by using (2.13), we obtain

jðDkGÞð f ðxÞÞja ðDkGÞ
ð x
a

ðx� tÞn�1

ðn� 1Þ! r1=ð1�pÞ dt

 !( )1=q

ð2:18Þ

� ðDkGÞ
ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnf ðtÞjprðtÞ dt
 !( )1=p

for all 0a ka n. Notice that

DnðG � f Þ ¼ ½ðDnGÞ � f �½ðDf Þn� þ � � � þ ½ðDGÞ � f �½Dnf �ð2:19Þ

is the sum of positive coe‰cients. So, using (2.17) and (2.18) in (2.19) and then
applying Hölder’s inequality, we get

jDnðG � f ÞðxÞja Dn G

ð x
a

ðx� tÞn�1

ðn� 1Þ! r1=ð1�pÞ dt

 !( )" #1=q

� Dn G

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnf ðtÞjprðtÞ dt
 !( )" #1=p

;
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which gives

tnðxÞjDnðG � f ÞðxÞjpoðxÞa tnðxÞDn G

ð x
a

ðx� tÞn�1

ðn� 1Þ! jDnf ðtÞjprðtÞ dt
 !( )

ð2:20Þ

for all x A ½a; b�. Taking integration with respect to x over ½a; b� to both sides of
(2.20) and using the formula for integration by parts and the monotonicity of
DnG we obtain (2.14).

If, DnG is strictly increasing on ð0;RÞ and so are DkG for 0a ka n� 1,
then the equality holds in (2.14) only if equality hold in (2.16) and (2.17).
Hence, by putting

y ¼ ess supfx A ½a; bÞ : Dnf ðxÞ0 0g;

and by an argument analogous to that used for the proof of Theorem 2.4 we see
that f has the form (2.15) as required. r

Remark 2.8. In Theorem 2.7, by taking

GðxÞ ¼
ð x
0

ðx� tÞn�1

ðn� 1Þ!
Xy
k¼0

jakjtk
" #

dt; x A ð�R;RÞ;

where
Py

k¼0 akx
k is an absolutely convergent power series with radius of

convergence R, we derive previous result of [8] and an earlier result of Saitoh
[11].

3. A convolution norm inequality

In this section, let us consider W ¼ ð0; bÞ and the Laplace convolution
product

Qm
j¼1 � fj defined by

Y1
j¼1

� fj

" #
ðxÞ ¼ f1ðxÞ;

Y2
j¼1

� fj

" #
ðxÞ ¼ ½ f1 � f2�ðxÞ ¼

ð x
0

f1ðtÞ f2ðx� tÞ dt; x A W;

and for each m > 2,

Ym
j¼1

� fj ¼
Ym�1

j¼1

� fj

" #
� fm:

The main result in this section is the following.

Theorem 3.1. Let nj , 1a jam, be positive integers, n ¼ n1 þ � � � þ nm, and
let rj, 1a jam, be some weights on W. Define o1 ¼ r1, and set

ojðxÞ ¼ ½o1=ð1�pÞ
j�1 � r1=ð1�pÞ

j �1�pðxÞ; x A W;
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for jb 2. Then, for fj A W
nj
p ðrjÞ, 1a jam, we have

Qm
j¼1 � fj A Wn

p ðomÞ, and
moreover,

Ym
j¼1

� fj

�����
�����
W n

p ðomÞ

a
Ym
j¼1

k fjkW nj
p ðrjÞ

:ð3:1Þ

Unless m ¼ 1, the equality holds in (3.1) if, and only if,

fjðxÞ ¼ Cj

ðminðx;yÞ

0

ðx� tÞnj�1

ðnj � 1Þ! eatr
1=ð1�pÞ
j ðtÞ dt; x A W;ð3:2Þ

where a A R is a constant and y is an arbitrary point on W, which is independent
of j.

Proof. Since Difjð0Þ ¼ 0 for i ¼ 0; 1; . . . ; nj � 1 and 1a jam, we have

Di
Ym
j¼1

� fj

" #
ð0Þ ¼ 0; i ¼ 0; 1; . . . ; n� 1;

and

Dn
Ym
j¼1

� fj

" #
ðxÞ ¼

Ym
j¼1

�Dnj fj

" #
ðxÞ:ð3:3Þ

We prove (3.1) by induction. With
Q1

j¼1 �Dnj fj ¼ Dn1 f1, inequality (3.1) holds
for m ¼ 1, so we suppose that kb 2,

Ð
W
jDnj fjðxÞjprjðxÞ dx < y, j ¼ 1; 2; . . . ; k,

and that inequality (3.1) has been verified for m ¼ k � 1. Set Hk�1ðxÞ ¼
½
Qk�1

j¼1 �Dnj fj�ðxÞ. Then
Ð
W jHk�1ðxÞjpok�1ðxÞ dx < y, andð x

0

Hk�1ðtÞDnk fkðx� tÞ dt
����

����
p

ð3:4Þ

¼
ð x
0

Hk�1ðtÞo1=p
k�1ðtÞD

nk fkðx� tÞr1=pk ðx� tÞ 1

½ok�1ðtÞrkðx� tÞ�1=p
dt

�����
�����
p

a

ð x
0

jHk�1ðtÞjpok�1ðtÞjDnk fkðx� tÞjprkðx� tÞ dt
� �

1

okðxÞ
by Hölder’s inequality. Fubini’s theorem shows that the last integral is finiteð

W

ð x
0

jHk�1ðtÞjpok�1ðtÞjDnk fkðx� tÞjprkðx� tÞ dtdxð3:5Þ

¼
ð
W

ð b
t

jHk�1ðtÞjpok�1ðtÞjDnk fkðx� tÞjprkðx� tÞ dxdt

a

ð
W

jHk�1ðtÞjpok�1ðtÞ dt
ð
W

jDnk fkðxÞjprkðxÞ dx < y:
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Thus, (3.4) shows that Hk�1 �Dnk f exists. Combining (3.3), (3.4), and (3.5)
yields

ð
W

Dn
Yk
j¼1

� fj

" #
ðxÞ

�����
�����
p

okðxÞ dxa
Yk�1

j¼1

ð
W

jDnj fkðxÞjprjðxÞ dx
" # ð

W

jDnk fkðxÞjprkðxÞ dx;

which gives inequality (3.1) for m ¼ k. This completes the proof by induction
of (3.1).

Next, we determine under what conditions equality holds in (3.1). Equality
in (3.1) implies that equality holds in (3.4) for each positive integer k. This
happens only if equality holds in Hölder’s inequality, i.e. only if for a.e. x > 0
there is a complex valued function gk such that for almost x A W

Hk�1ðtÞ
o

1=ð1�pÞ
k�1 ðtÞ

Dnk fkðx� tÞ
r
1=ð1�pÞ
k ðx� tÞ

¼ gkðxÞ a:e: t A ð0; x�:ð3:6Þ

The condition (3.6) implies that (see [3] or [2, Lemma]) there exists a constant
a A C such that

Hk�1ðtÞ
o

1=ð1�pÞ
k�1 ðtÞ

¼ Ek�1e
at a:e: t A ð0; x�;ð3:7Þ

and

Dnk fkðtÞ
r
1=ð1�pÞ
k ðtÞ

¼ Cke
at a:e: t A ð0; x�;ð3:8Þ

where Ek�1 and Ck are complex constants. Then, in the same way as in the
proof of the equality statement in Theorem 2.4, we obtain

fkðxÞ ¼ Ck

ðminðx;yÞ

0

ðx� tÞnk�1

ðnk � 1Þ! eatr
1=ð1�pÞ
k ðtÞ dt; x A W;ð3:9Þ

where

y ¼ ess supfx A ð0; bÞ : Dnk fkðxÞ0 0g:
The necessity of (3.2) may now be proved by induction. Taking k ¼ 2 in (3.6)
shows, in view of (3.7), (3.8) and (3.10), that (3.2) holds for j ¼ 1; 2. To com-
plete the induction, suppose (3.2) has been verified for j ¼ 1; . . . ; k � 1. Then,

Hk�1ðtÞ ¼
Yk�1

j¼1

�Dnj fj

" #
ðtÞ ¼

Yk�1

j¼1

Cj

 !
eato

1=ð1�pÞ
k�1 ðtÞ a:e: t A W;

and hence (3.6), (3.8) and (3.10) show that

fkðxÞ ¼ Ck

ðminðx;yÞ

0

ðx� tÞnk�1

ðnk � 1Þ! eatr
1=ð1�pÞ
k ðtÞ dt; x A W:ð3:10Þ

Thus (3.2) holds for j ¼ k. r
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Remark 3.2. Theorem 3.1 also holds for nj ¼ 0 for one or more integers j
in the sense that

Wnj¼0
p ðrjÞ1LpðrjÞ:

See [2] and [7] for more details.

4. Applications to integral equations

We now apply Theorem 3.1 to obtain Lp-weighted estimates for solutions of
some integral equations.

Example 4.1 (The Riemann-Liouville fractional derivative [5]). Let a > 0 be
such that b ¼ 1� pða� ½a�Þ > 0, and f A Wn

p ðrÞ, n ¼ ½a� þ 1, where ½a� denotes
the integral part of a. Then, the Riemann-Liouville fractional derivative

ðDa
þ f ÞðxÞ ¼ 1

Gðn� aÞD
n

ð x
0

f ðtÞ
ðx� tÞa�nþ1

dt

 !
ð4:1Þ

satisfies the following estimate

kDa
þ f kLpðoÞ a

bb=pb�1=p

Gðn� aÞ k f kW n
p ðrÞ;ð4:2Þ

where

oðxÞ ¼
ð x
0

r1=ð1�pÞðtÞ dt
� �1�p

; x A W:

Example 4.2 (Volterra integral equations of the first kind [9]). Let us
consider the integral transform

f ðxÞ ¼ 2

l

� �n
Dnþ2

ð x
0

I0ðl
ffiffiffiffiffiffiffiffiffiffi
x� t

p
ÞgðtÞ dt

� �
ð4:3Þ

which yields the solution f ðxÞ of the integral equationð x
0

ðx� tÞn=2Jnðl
ffiffiffiffiffiffiffiffiffiffi
x� t

p
Þ f ðtÞ dt ¼ gðxÞ; ðn ¼ 0; 1; 2; . . .Þ:ð4:4Þ

Here, JnðzÞ is the Bessel function of the first kind and InðzÞ is the modified Bessel
function of the first kind.

By the inequality of Hardy, Littlewood and Pólya (see [6, p. 106]), we have

ð b
0

jI0ðl
ffiffiffi
x

p
Þjp dx

� �1=p
a
Xy
k¼0

jl=2j2k

k!Gðk þ 1Þ
bkpþ1

kpþ 1

� �1=p

a b1=pI0ðjlj
ffiffiffi
b

p
Þ:
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Therefore, the formal solution f satisfies the following inequality

k f kLpðoÞ a
2

l

����
����
n

b1=pI0ðjlj
ffiffiffi
b

p
ÞkgkW nþ2

p ðrÞ;ð4:5Þ

provided g A Wnþ2
p ðrÞ and

oðxÞ ¼
ð x
0

r1=ð1�pÞðtÞ dt
� �1�p

; x A W:

Similarly, the solution hðxÞ of the integral equationð x
0

ðx� tÞn=2Inðl
ffiffiffiffiffiffiffiffiffiffi
x� t

p
ÞhðtÞ dt ¼ uðxÞð4:6Þ

is given by

hðxÞ ¼ 2

l

� �n
Dnþ2

ð x
0

J0ðl
ffiffiffiffiffiffiffiffiffiffi
x� t

p
ÞuðtÞ dt

� �
;ð4:7Þ

which also satisfies the following estimate

khkLpðoÞ a
2

l

����
����
n

b1=pI0ðjlj
ffiffiffi
b

p
ÞkukW nþ2

p ðrÞ;ð4:8Þ

provided u A Wnþ2
p ðrÞ and

oðxÞ ¼
ð x
0

r1=ð1�pÞðtÞ dt
� �1�p

; x A W:

Example 4.3 (A Volterra integral equation of the second kind [9]). Let us
consider the Volterra convolution integral equation of the second kind

f ðxÞ þ
ð x
0

Kðx� tÞ f ðtÞ dt ¼ gðxÞ;ð4:9Þ

where K and g are given functions.
Let h ¼ hðxÞ be the solution of the simpler auxiliary equation with g1 1:

hðxÞ þ
ð x
0

Kðx� tÞhðtÞ dt ¼ 1:ð4:10Þ

Then, the solution of the original integral equation with arbitrary g ¼ gðxÞ is
expressed via the solution of the auxiliary equation (4.10), which can be derived
by the use of Laplace transform, as

f ðxÞ ¼ D

ð x
0

hðx� tÞgðtÞ dt
� �

:ð4:11Þ
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For h A LpðrÞ and g A W 1
p ðgÞ, we have f A LpðoÞ and

k f kLpðoÞ a khkLpðrÞkgkW 1
p ðgÞ;ð4:12Þ

where

oðxÞ ¼
ð x
0

r1=ð1�pÞðtÞg1=ð1�pÞðx� tÞ dt
� �1�p

; x A W:
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