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HOMOTOPY GROUPS OF THE SPACES OF SELF-MAPS

OF LIE GROUPS II

Katsumi Ōshima and Hideaki Ōshima

Abstract

We compute the homotopy groups of the spaces of self-maps of SUð3Þ and Spð2Þ.

1. Introduction

The present paper is a continuation of [3] and is devoted to the computation
of pn map�ðG;GÞ, the n-th homotopy group of the space of pointed self-maps of
G, for G ¼ SUð3Þ; Spð2Þ and 9a na 11. We computed pn map�ðG;GÞ for G ¼
SUð3Þ; Spð2Þ and 0a na 8 in [3, 5]. Our main result is given by the following
theorem.

Theorem 1.1.

n pn map�ðSUð3Þ; SUð3ÞÞ pn map�ðSpð2Þ; Spð2ÞÞ

9 Z8 lZ3
2 lZ3

3 lZ2
5 lZ7 Z6

2

10 Z4 lZ2
2 lZ9 lZ3

3 lZ5 Z8 lZ5
2 lZ5

11 Z8 lZ2
4 lZ2

2 lZ9 lZ4
3 lZ2

7 Z32 lZ2
8 lZ2

2 lZ27 lZ2
5 lZ2

7

Here Zr
n denotes the direct sum of r copies of Zn ¼ Z=nZ.

In §2, we state our main theorem (Theorem 2.1), explain how to deduce
Theorem 1.1 from the main theorem, and give a diagram being useful for
computations. We prove Theorem 2.1 in §3 and §4.

2. Methods

We use notations of [3, 9] freely. Also we use results in [9] about pnþkðSnÞ
for ka 19 without particular comments. We denote by aa the order of an
element a of a group, and by Indetfa; b; gg the indeterminacy of the Toda bracket
fa; b; gg [9].

530

Received December 24, 2008; revised August 6, 2009.



Our main theorem is

Theorem 2.1. (1) ½Ch12 ; SUð3Þ�ð2Þ ¼ Z8f½s 000�glZ2fðS9q3Þ�½n25 �n11g and

4½s 000� ¼ ðS9q3Þ�i�m 0:
(2) ½Ch13 ; SUð3Þ�ð2Þ ¼ Z4fðS10q3Þ�½2i5�n5s8g.
(3) ½Ch14 ; SUð3Þ�ð2Þ ¼ Z8fi�m 0glZ4f½n25 �Sn10glZ2fðS11q3Þ�½n5n8�g and

2i�m 0 ¼ ðS11q3Þ�½2i5�z5; p�i�m 0 ¼GðS11q3Þ�z5:

(4) ½CS9o; Spð2Þ� ¼ Z4
2fðS9q3Þ�½s 0h14�h15; ðS9q3Þ�½n7�n210; i�m3; i�h3e4g.

(5) ½CS10o; Spð2Þ�ð2;3Þ ¼ Z8f½n7�n10glZ2
2f2½n7�n10 � ðS10q3Þ�½n7�s10; i�m3h12g.

(6) ½CS11o; Spð2Þ�ð2;3Þ ¼ Z2
8fðS11q3Þ�½z7�; 2½2s 0�glZ2fðS11q3Þ�i�e3gl

Z27fi�a3ð3Þg.

We prove (1), (2), (3), (4), (5), (6) of Theorem 2.1 in §3.1, §3.2, §3.3, §4.1,
§4.2, §4.3, respectively.

Theorem 1.1 follows from Theorem 2.1, [6] ([3, Table 1, Table 4] and Table
6 below), [9] (pmðSnÞ for ma 21 and n ¼ 3; 5; 7) and the following four facts.

(i) There is the canonical isomorphism pn map�ðG;GÞG ½SnG;G�.
(ii) It follows from [1] that S3 SUð3ÞFCh64S11 and S2 Spð2ÞFCS2o4S12

and hence

½Sn SUð3Þ; SUð3Þ�G ½Chnþ3 ; SUð3Þ�l pnþ8ðSUð3ÞÞ for nb 3 ð½3; Lemma 3:2�Þ;
½Sn Spð2Þ; Spð2Þ�G ½CSno; Spð2Þ�l pnþ10ðSpð2ÞÞ for nb 2 ð½3; Lemma 4:1�Þ:

(iii) If p is an odd prime, then SUð3ÞðpÞF ðS3 � S5ÞðpÞ and so

½Sn SUð3Þ; SUð3Þ�ðpÞG pnþ3ðS3Þð pÞl pnþ3ðS5ÞðpÞl pnþ5ðS3ÞðpÞl pnþ5ðS5ÞðpÞ
l pnþ8ðS3ÞðpÞl pnþ8ðS5ÞðpÞ for nb 1:

(iv) If p is a prime b 5, then Spð2ÞðpÞF ðS3 � S7ÞðpÞ and so

½Sn Spð2Þ; Spð2Þ�ðpÞG pnþ3ðS3ÞðpÞl pnþ3ðS7ÞðpÞl pnþ7ðS3ÞðpÞl pnþ7ðS7ÞðpÞ
l pnþ10ðS3ÞðpÞl pnþ10ðS7ÞðpÞ for nb 1:

Let F !i E !p B be a fibration and

� � �  Sj SZ  Sf SY  q Cf  
j
Z  f Y

n 19 20 21

pnðSpð2ÞÞ Z2
2 Z3

2 Z32 lZ2

Table 6
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a cofibre sequence. In order to compute the homotopy set ½SnCf ;E� ¼ ½CS nf ;E�,
we will use some part of the following commutative diagram with exact rows and
columns.

ð2:1Þ
..
. ..

. ..
. ..

. ..
.

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

� � � ���!ðS2jÞ� ½S2Z;B� ���!ðS2f Þ� ½S2Y ;B� ���!ðSqÞ
�

½SCf ;B� ���!
ðSjÞ� ½SZ;B� ���!ðSf Þ

�

½SY ;B�
?
?
?
yq

?
?
?
yq

?
?
?
yq

?
?
?
yq

?
?
?
yq

� � � ���!ðSjÞ
�

½SZ;F � ���!ðSf Þ
�

½SY ;F � ���!q
�

½Cf ;F � ���!j
�

½Z;F � ���!f
�

½Y ;F �
?
?
?
yi�

?
?
?
yi�

?
?
?
yi�

?
?
?
yi�

?
?
?
yi�

� � � ���!ðSjÞ
�

½SZ;E� ���!ðSf Þ
�

½SY ;E� ���!q
�

½Cf ;E� ���!j
�

½Z;E� ���!f
�

½Y ;E�
?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

� � � ���!
ðSjÞ� ½SZ;B� ���!

ðSf Þ� ½SY ;B� ���!q
�

½Cf ;B� ���!j
�

½Z;B� ���!f
�

½Y ;B�

3. SU(3)

The purpose of this section is to prove (1), (2) and (3) of Theorem 2.1. We
use the following exact sequence:

pnþ4ðSUð3ÞÞð2Þ ���!
h�
nþ4

pnþ5ðSUð3ÞÞð2Þ ���!
ðSnq3Þ� ½Chnþ3 ; SUð3Þ�ð2Þð3:1Þ

���!ðS ni 0Þ �
pnþ3ðSUð3ÞÞð2Þ ���!

h �
nþ3

pnþ4ðSUð3ÞÞð2Þ

3.1. Proof of Theorem 2.1 (1). By ð3:1Þ and [6] ([3, Table 1]), we have the
following exact sequence:

Z2fi�e 0g ���!
h�
13

Z4f½n25 �n11glZ2fi�m 0g ���!
ðS9q3Þ� ½Ch12 ; SUð3Þ�ð2Þ

���!ðS9i 0Þ �
Z4f½s 000�g ���!

h�
12 � � �

Lemma 3.1. (1) ([3, Lemma 3.4(1)]). h�12½s 000� ¼ 0.
(2) i�n

0e6 ¼ i�e
0h13 ¼ 2½n25 �n11 ¼ i�e3n11.

(3) ([2, Proposition 3.7(4)]). ½Ch12 ; S
5�ð2Þ ¼ Z4fp�½s 000�glZ2fðS9q3Þ�n35g and

2 � p�½s 000�1 ðS9q3Þ�m5 ðmod ðS9q3Þ�n35ÞÞ:
(4) ([2, Proposition 3.7(5)]). ½Ch13 ; S

6�ð2Þ ¼ Z4fSp�½s 000�g and 2 � Sp�½s 000� ¼
ðS10q3Þ�m6.
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Before the proof of this lemma, we prove Theorem 2.1 (1) from the lemma.

Consider (2.1) for the fibration SUð3Þ !îi G2 !
p̂p
S6 and the cofibration

S4 !
h3

S3 !i
0
Ch3 , that is, the following commutative diagram with exact rows and

columns, where G2 is the exceptional Lie group of rank 2.

p14ðG2Þ ����!
h �
14

p15ðG2Þ ����!ðS10q3Þ � ½Ch13 ;G2� ����!ðS10i 0 Þ �
p13ðG2Þ ����!

h �
13

p14ðG2Þ
?
?
?
y p̂p �

?
?
?
y p̂p �

?
?
?
y p̂p �

?
?
?
y p̂p �

?
?
?
y p̂p �

p14ðS6Þ ����!
h �
14

p15ðS6Þ ����!ðS10q3Þ � ½Ch13 ; S
6� ����!ðS10i 0 Þ �

p13ðS6Þ ����!
h �
13

p14ðS6Þ
?
?
?
yq

?
?
?
yq

?
?
?
yq

?
?
?
yq

?
?
?
yq

p13ðSUð3ÞÞ ����!
h �
13

p14ðSUð3ÞÞ ����!ðS9q3Þ � ½Ch12 ; SUð3Þ� ����!
ðS9i 0Þ �

p12ðSUð3ÞÞ ����!
h �
12

p13ðSUð3ÞÞ

Since p13ðG2Þ ¼ 0 and the first h�14 of the diagram is surjective by [4], we have
½Ch13 ;G2� ¼ 0. Hence the third and the fourth q of the diagram are injective.
Moreover, by [9, Lemma 6.3, p. 64] and Lemma 3.1(1),(2),(4), the above diagram
induces the following commutative diagram with exact rows, where three q’s are
injective.

0 ����! Z2fðS10q3Þ�m6g ����! Z4fSp�½s 000�g ����!ðS10i 0Þ �
Z2f2s 00g ����! 0

?
?
?
yq

?
?
?
yq

?
?
?
yq

0 ����! Z2
2fðS9q3Þ�½n25 �n11; ðS9q3Þ�i�m 0g ����! ½Ch12 ; SUð3Þ�ð2Þ ����!ðS9 i 0Þ �

Z4f½s 000�g ����! 0

We have 2½s 000� � qSp�½s 000� A ImageððS9q3Þ�ÞGZ2
2 and so

4½s 000� ¼ 2qSp�½s 000� ¼ qð2Sp�½s 000�Þ ¼ qðS10q3Þ�m6:

Since qðS10q3Þ�m6 is of order 2, the order of ½s 000� is 8. Recall from [6] ([3, Table
1]) that p14ðSUð3ÞÞð2Þ ¼ Z4f½n25 �n11glZ2fi�m 0g and 2½n25 �n11 ¼ i�e3n11. Hence

we can write qm6 ¼ 2a � ½n25 �n11 þ b � i�m 0 ¼ a � i�e 0h13 þ b � i�m 0 ða; b A f0; 1gÞ. If
b ¼ 0, then a ¼ 1 and qm6 ¼ 2½n25 �n11 and hence qðS10q3Þ�m6 ¼ ðS9q3Þ�qm6 ¼ 0,
and this is a contradiction. Hence b ¼ 1, that is, qm6 ¼ 2a � ½n25 �n11 þ i�m

0.
Therefore

4½s 000� ¼ qðS10q3Þ�m6 ¼ ðS9q3Þ�qm6 ¼ ðS9q3Þ�i�m 0:
Thus we obtain Theorem 2.1 (1).

Proof of Lemma 3.1. We refer (1) to [3].
(2) The first equality follows from the equality e 0h13 ¼ n 0e6 [9, (7.12)]. The

last equality is in [6, (4.1)]. In order to prove the second equality, we consider

the following homotopy exact sequence of the fibration S3 !i SUð3Þ !p S5.

Z4f½2i5�n5s8g !
p�

Z8fn5s8glZ2fh5m6g !
q
Z4fm 0glZ2

2fe3n11; e 0h13gð3:2Þ

!i� Z4f½n25 �n11glZ2fi�m 0g
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The boundary homomorphism q satisfies qði5Þ ¼ h3 and so qðh5m6Þ ¼ h23m5 ¼ 2m 0.
By [6, (4.4)], we have 2i5 � ðn5s8Þ ¼ 2ðn5s8Þ and so p�½2i5�n5s8 ¼ 2ðn5s8Þ and
hence the order of qðn5s8Þ is 2. Thus if we write qðn5s8Þ ¼ x � m 0 þ y � e3n11þ
z � e 0h13 for 0a xa 3 and y; z A f0; 1g, then x ¼ 0 or 2. Since i�e3n11 ¼ 2½n25 �n11,
we have 0 ¼ i�qðn5s8Þ ¼ 2y½n25 �n11 þ z � i�e 0h13. If z ¼ 0, then y ¼ 0 and so 00
qðn5s8Þ ¼ x � m 0 and hence x ¼ 2, and therefore qðn5s8 þ h5m6Þ ¼ 0. This is
impossible. Thus z ¼ 1 and

i�e
0h13 ¼ 2y½n25 �n11:ð3:3Þ

On the other hand, it follows from [9, Proposition 1.4, Lemma 5.4, (5.4)] that

f½n25 �; h11; 2i12g � h13 ¼ �ð½n25 � � fh11; 2i12; h12gÞ ¼ 2½n25 �n11 0 0

and hence i�e
0h13 ¼ 2½n25 �n11, since p13ðSUð3ÞÞ � h13 is generated by i�e

0h13. Hence
y ¼ 1 by (3.3) and so i�e

0h13 ¼ 2½n25 �n11.
We refer (3) to [2].
While (4) was announced in [2, Proposition 3.7], we will prove it because our

notations are di¤erent from theirs. We have the following commutative diagram
with exact rows.

Z2fe5g ����!
h �
13

Z3
2fn35 ; m5; h5e6g ����!ðS9q3Þ �

Z2fq�n35glZ4fp�½s 000�g ����!ðS9 i 0 Þ �
Z2fs 000g ����!

h �
12

0
?
?
?
yS G

?
?
?
yS

?
?
?
yS G

?
?
?
yS

Z8fn6glZ2fe6g ����!
h �
14

Z3
2fn36 ; m6; h6e7g ����!ðS10q3Þ � ½Ch13 ; S

6�ð2Þ ����!ðS10 i 0Þ �
Z2f2s 00g ����!

h �
13

0

We have h�14n6 ¼ n36 and h�14e6 ¼ h6e7 by [9, Lemma 6.3, (7.5)]. Hence 2Sp�½s 000�
¼ ðS10q3Þ�m6 by (2) and the second exact row of the above diagram. Therefore

aSp�½s 000� ¼ 4 and ½Ch13 ; S
6�ð2Þ ¼ Z4fSp�½s 000�g and 2Sp�½s 000� ¼ ðS10q3Þ�m6. r

3.2. Proof of Theorem 2.1 (2). By (3.1) and [6] ([3, Table 1]), we obtain
the following exact sequence:

Z4f½n25 �n11glZ2fi�m 0g ���!
h �
14

Z4f½2i5�n5s8g ���!
ðS10q3Þ� ½Ch13 ; SUð3Þ�ð2Þ

���!
ðS10i 0Þ �

Z2fi�e 0g ���!
h�
13

Z4f½n25 �n11glZ2fi�m 0g

We have h�14½n25 �n11 ¼ 0. Since p� : p15ðSUð3ÞÞð2Þ ! p15ðS5Þð2Þ ¼ Z8fn5s8gl
Z2fh5m6g is injective and p�h

�
14i�m

0 ¼ p�i�m
0h14 ¼ 0, it follows that h�14i�m

0 ¼ 0

and hence that the above ðS10q3Þ� is injective. By Lemma 3.1 (1), h�13i�e
0 ¼

2½n25 �n11. Hence the above ðS10q3Þ� is surjective. Thus ðS10q3Þ� : Z4f½2i5�n5s8g
G ½Ch13 ; SUð3Þ�ð2Þ is an isomorphism.

3.3. Proof of Theorem 2.1 (3). Consider (2.1) for the fibration S3 !
SUð3Þ ! S5 and the cofibration S4 !h3 S3 ! Ch3 , that is, the following commu-
tative diagram with exact rows and columns.
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ð3:4Þ
Z2

2fn 0m6; n 0h6e7g ���!
h �
15

Z2fn 0h6m7g ���!ðS11q3Þ� ½Ch14 ; S
3�ð2Þ

?
?
?
yi�

?
?
?
yi�

?
?
?
yi�

Z4f½2i5�n5s8g ���!
h �
15

Z4f½2i5�z5glZ2f½n5n8�g ���!
ðS11q3Þ� ½Ch14 ; SUð3Þ�ð2Þ

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

Z8fn5s8glZ2fh5m6g ���!
h �
15

Z8fz5glZ2
2fn5n8; n5e8g ���!

ðS11q3Þ� ½Ch14 ; S
5�ð2Þ

���!ðS11i 0Þ �
Z4fm 0glZ2

2fe3n11; n 0e6g ���!
h �
14

Z2
2fn 0m6; n 0h6e7g?

?
?
yi�

?
?
?
yi�

���!
ðS11i 0Þ �

Z4f½n25 �n11glZ2fi�m 0g ���!
h �
14

Z4f½2i5�n5s8g
?
?
?
yp�

?
?
?
yp�

���!ðS11i 0Þ �
Z3

2fn35 ; m5; h5e6g ���!
h �
14

Z8fn5s8glZ2fh5m6g

Lemma 3.2. (1) ([2, Proposition 3.3(6)])

S : ½Ch13 ; S
10�ð2Þ ¼ Z8fn10gG ½Ch14 ; S

11�ð2Þ:

(2) ½Ch14 ; S
5�ð2Þ ¼ Z4fðS11q3Þ�z5glZ2

2fðS11q3Þ�n5n8; n25Sn10g.
(3) ½Ch14 ; S

3�ð2Þ ¼ Z2
2f2m 0; e3n11g.

(4) The following sequence is exact:

0 ���! Z4f½2i5�z5glZ2f½n5n8�g ���!
ðS11q3Þ� ½Ch14 ; SUð3Þ�ð2Þ

���!
ðS11i 0Þ �

Z4f½n25 �n11glZ2fi�m 0g ���! 0

(5) The following sequence is exact:

0! Z2
2f2m 0; e3n11g !

i� ½Ch14 ; SUð3Þ�ð2Þ !
p� ½Ch14 ; S

5�ð2Þ ! 0

(6) There exists i�m 0 such that 2 � i�m 0 ¼ ðS11q3Þ�½2i5�z5 and p�i�m 0 ¼
GðS11q3Þ�z5.

Before the proof of the lemma, we prove Theorem 2.1(3) from the lemma.
By (3.4) and Lemma 3.2 (2),(4),(5), we see that Z2fðS11q3Þ�½n5n8�g is a direct

summand of ½Ch14 ; SUð3Þ�ð2Þ and that the order of ½n25 �Sn10 is 4, since the order of
½n25 � is 4 by [6]. Then Theorem 2.1 (3) is easily obtained from Lemma 3.2 (4),(6).

r
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Proof of Lemma 3.2. (1) Since ½Ch13 ; S
10� is stable and p14ðS10Þ ¼ p15ðS10Þ ¼

0, we obtain (1).
(2) In the third row of (3.4) we have n5s8h15 ¼ n5e8 by [9, p. 152], h5m6h15 ¼

4z5 by [7, Proposition (2.2)] and [9, (7.7), (7.14)], n35h14 ¼ 0 by [9, Proposition
5.2], and h5e6h14 ¼ 4ðn5s8Þ by [9, Lemma 6.6, (7.5), (7.10)]. Hence we have the
following exact sequence:

0! Z4fðS11q3Þ�z5glZ2fðS11q3Þ�n5n8g ! ½Ch14 ; S
5�ð2Þ ���!

ðS11i 0Þ �
Z2fn35g ! 0ð3:5Þ

Since ðS11i 0Þ�n25Sn10 ¼ n35 , the order of n25Sn10 is 2. Hence (3.5) splits and (2) is
obtained.

(3) In the first row of (3.4) we have n 0m6h15 ¼ n 0h6m7, m 0h14 ¼ n 0m6 by [7,
Proposition (2.2)] and e3n11h14 ¼ 0, n 0e6h14 ¼ n 0h6e7 by [9]. Hence ðS11i 0Þ� :
½Ch14 ; S

3�ð2ÞGZ2
2f2m 0; e3n11g. Thus we obtain (3).

(4) By the same proof of [6, (4.4)], we have 2i5 � ðn5s8h15Þ ¼ 2ðn5s8h15Þ and
hence

p�h
�
15ð½2i5�n5s8Þ ¼ 2i5 � ðn5s8h15Þ ¼ 2ðn5s8h15Þ ¼ 0:

Since 2i5 � z5 ¼ 2z5 by [6, (4.4)], the second p� of (3.4) is injective, and hence
h�15ð½2i5�n5s8Þ ¼ 0. Also p�ð½2i5�n5s8Þ ¼ 2ðn5s8Þ by [6, (4.4)], and h�14ð½n25 �n11Þ ¼ 0.
Thus we obtain (4).

(5) Since the orders of ½Ch14 ; S
3�ð2Þ, ½Ch14 ; SUð3Þ�ð2Þ and ½Ch14 ; S

5�ð2Þ are
respectively 4, 64 and 16 by (3), (4) and (2), we obtain (5).

(6) By (2) and (4), we can write

p�i�m 0 ¼ x � ðS11q3Þ�z5 þ y � ðS11q3Þ�n5n8 þ z � n25Sn10;ð3:6Þ
2 � i�m 0 ¼ A � ðS11q3Þ�½2i5�z5 þ B � ðS11q3Þ�½n5n8�;ð3:7Þ

where x;A A f0; 1; 2; 3g and y; z;B A f0; 1g.
By applying ðS11i 0Þ� to (3.6), we have 0 ¼ z � n35 . Hence z ¼ 0.
We will show that x ¼ 1 or 3. If x ¼ 0, then i�m 0 � y � ðS11q3Þ�½n5n8� A

Kerðp�Þ ¼ Imageði�Þ and hence

i�m
0 ¼ ðS11i 0Þ�ði�m 0 � yðS11q3Þ�½n5n8�Þ A i�ðS11i 0Þ�½Ch14 ; S

3�ð2Þ ¼ Z2f2½n25 �n11g

by (3) and [6, (4.1)]. This is impossible. Hence x0 0. If x ¼ 2, then

p�i�m 0 ¼ p�ðS11q3Þ�ð½2i5�z5 þ y½n5n8�Þ;

since 2i5 � z5 ¼ 2z5 by [6, (4.4)]. Now i�m 0 � ðS11q3Þ�ð½2i5�z5 þ y½n5n8�Þ A Kerðp�Þ ¼
Imageði�Þ. Hence i�m 0 � ðS11q3Þ�ð½2i5�z5 þ y½n5n8�Þ1 0 ðmod i�2m 0; i�e3n11Þ by (3).
Then i�m

0 ¼ ðS11i 0Þ�ði�m 0 � ðS11q3Þ�ð½2i5�z5 þ y½n5n8�ÞÞ1 0 ðmod 2i�m
0; 2½n25 �n11Þ by

(4) and [6, (4.1)]. This is impossible. Hence x0 2. Therefore x ¼ 1 or 3 as
desired.

By applying p� to (3.7), we have 2p�i�m 0 ¼ 2AðS11q3Þ�z5 þ BðS11q3Þ�n5n8.
The left term of this equality is 2x � ðS11q3Þ�z5 by (3.6). Hence A1 x ðmod 2Þ
and B ¼ 0. Rewrite w � i�m 0 þ yðS11q3Þ�½n5n9� as i�m 0, where w is 1 or �1
according as A is 1 or 3. Then 2 � i�m 0 ¼ ðS11q3Þ�½2i5�z5 and p�i�m 0 ¼

536 katsumi ōshima and hideaki ōshima



�wxðS11q3Þ�z5 ¼GðS11q3Þ�z5. Thus we obtain (6). This completes the proof
of Lemma 3.2. r

4. Sp(2)

The purpose of this section is to prove (4), (5) and (6) of Theorem
2.1. Recall that o ¼ n 0 þ a1ð3Þ and so Sno ¼ 2nnþ3 þ a1ðnþ 3Þ for nb 2.

4.1. Proof of Theorem 2.1 (4). By [6] ([3, Table 4]) and [9], we have the
following commutative diagram with exact rows.

½CS9o; S
3� ���!ðS9i 0Þ �

Z2
2fm3; h3e4g ���!ðS9oÞ�

0
?
?
?
yi� G

?
?
?
yi�

0 ���! Z2
2f½s 0h14�h15; ½n7�n210g ���!

ðS9q3Þ� ½CS9o; Spð2Þ� ���!
ðS9i 0Þ �

Z2
2fi�m3; i�h3e4g ���!

ðS9oÞ�
0

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

0 ���! Z4
2fs 0h214; n37 ; m7; h7e8g ���!ðS9q3Þ�

G
½CS9o; S

7� ���! 0

Commutativity of this diagram implies that the first ðS9q3Þ� has a left inverse.
Hence the second row splits and so (4) is obtained.

4.2. Proof of Theorem 2.1 (5). In the following exact sequence

p17ðSpð2ÞÞ ���!
ðS10q3Þ� ½CS10o; Spð2Þ� ���!

ðS10i 0Þ �
p13ðSpð2ÞÞ

we have p17ðSpð2ÞÞð3Þ ¼ p13ðSpð2ÞÞð3Þ ¼ 0 by [6] ([3, Table 4]). Hence

½CS10o; Spð2Þ�ð2;3Þ ¼ ½CS10o; Spð2Þ�ð2Þ:ð4:1Þ
Therefore it su‰ces to compute ½CS10o; Spð2Þ�ð2Þ.

Lemma 4.1. (1) We have the following commutative diagram with exact rows
and columns from (2.1).

ð4:2Þ
½CS11o; S

7�ð2Þ ����!ðS11 i 0 Þ �
Z8fs 0g ����!ðS11oÞ � � � �

?
?
?
yq

?
?
?
yq

0 ����!ðS11oÞ �
Z2fe3n211g ����!ðS10q3Þ � ½CS10o; S

3�ð2Þ ����!ðS10 i 0 Þ �
Z4fe 0glZ2fh3m4g ����!ðS10oÞ �

0
?
?
?
yi�¼0

?
?
?
yi�

?
?
?
yi�

Z16f½2s 0 �g ����!
ðS11oÞ �

Z8f½n7�s10g ����!ðS10q3Þ � ½CS10o; Spð2Þ�ð2Þ ����!
ðS10 i 0 Þ �

Z4f½n7�n10glZ2fi�h3m4g ����!
ðS10oÞ �

0
?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

Z8fs 0g ����!ðS11oÞ �
Z8fn7s10glZ2fh7m8g ����!

ðS10q3Þ � ½CS10o; S
7�ð2Þ ����!ðS10 i 0 Þ �

Z2fn27g ����!ðS10oÞ �
0
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We have

ðS10q3Þ�ðZ8fn7s10glZ2fh7m8gÞ ¼ Z2
2fðS10q3Þ�n7s10; ðS10q3Þ�h7m8g;ð4:3Þ

ðS11i 0Þ�½CS11o; S
7�ð2Þ ¼ Z2f4s 0g;ð4:4Þ

ðS10q3Þ�Z8f½n7�s10g ¼ Z4fðS10q3Þ�½n7�s10g;ð4:5Þ
½CS10o; S

7�ð2Þ ¼ Z3
2fðS10q3Þ�n7s10; ðS10q3Þ�h7m8; n7S5n5g:ð4:6Þ

(2) The order of i�e 0 is 4.
(3) Z2fi�m3h12g is a direct summand of ½CS10o; Spð2Þ�ð2Þ and ðS10i 0Þ�i�m3h12 ¼

i�h3m4.

Before the proof of Lemma 4.1 we prove Theorem 2.1 (5) from Lemma 4.1.
By Lemma 4.1 (3), ½CS10o; Spð2Þ�ð2Þ ¼ Z2fi�m3h12glL, where L is the

subgroup generated by ½n7�n10 and ðS10q3Þ�½n7�s10. Hence it su‰ces for Theorem

2.1 (5) to prove that L ¼ Z8f½n7�n10glZ2f2 � ½n7�n10 � ðS10q3Þ�½n7�s10g.
By (4.5) and the third row of (4.2), we can write

4 � ½n7�n10 ¼ x � ðS10q3Þ�½n7�s10 ðx A f0; 1; 2; 3gÞ:ð4:7Þ
Since i�e

0 ¼ 2½n7�n10 by [6, (5.1)], it follows that i�e 0 � 2 � ½n7�n10 A KerðS10i 0Þ� ¼
ImageðS10q3Þ� and hence from (4.5) that i�e 0 � 2 � ½n7�n10 A Z4fðS10q3Þ�½n7�n10g,
that is,

i�e 0 � 2 � ½n7�n10 ¼ y � ðS10q3Þ�½n7�s10 ðy A f0; 1; 2; 3gÞ:ð4:8Þ
By Lemma 4.1 (2), (4.7) and (4.8), we have

00 2 � i�e 0 ¼ ðxþ 2yÞðS10q3Þ�½n7�n10; 0 ¼ 4 � i�e 0 ¼ 2ðxþ 2yÞðS10q3Þ�½n7�n10:
Hence xþ 2y1 2 ðmod 4Þ and so 2 � i�e 0 ¼ 2ðS10q3Þ�½n7�s10 and x ¼ 0 or 2. To
induce a contradiction, assume x ¼ 0. Then y ¼ 1 or 3 and a½n7�n10 ¼ 4 by
(4.7). On the other hand, it follows from (4.8) that 0 ¼ p�i�e 0 ¼ 2 � p�½n7�n10þ
yðS10q3Þ�n7s10. Hence the order of p�½n7�n10 A ½CS10o; S

7�ð2Þ is 4. This contra-

dicts (4.6). Hence x ¼ 2 so that a½n7�n10 ¼ 8 and 4½n7�n10 ¼ 2ðS10q3Þ�½n7�s10 by
(4.7). Therefore

L ¼ Z8f½n7�n10glZ2f2 � ½n7�n10 � ðS10q3Þ�½n7�s10g
as desired. r

Proof of Lemma 4.1. Since Sno1 2nnþ3 ðmod a1ðnþ 3ÞÞ for nb 2 and

since p17ðS3Þð2ÞG p16ðS3Þð2ÞG p13ðS7ÞGZ2 and p16ðSpð2ÞÞGZ2
2 , it follows that

the homomorphisms ðS10oÞ� : p13ðXÞð2Þ ! p16ðXÞð2Þ for X ¼ S3; S7; Spð2Þ and

ðS11oÞ� : p14ðS3Þð2Þ ! p17ðS3Þð2Þ are trivial. Hence the second row of (4.2) is

exact and the second and the third ðS10i 0Þ� are surjective. We have ðS11oÞ�s 0 ¼
2ðs 0n14Þ ¼ 2k � n7s10 for some odd integer k by [9, (7.19)]. Hence we obtain
(4.3), (4.4) and (4.5). To prove (4.6), consider the following commutative
diagram with exact rows.
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ð4:9Þ
0 ���!ðS10oÞ �

Z2fn 0h6m7g ���!ðS9q3Þ � ½CS9o; S
3�ð2Þ ���!ðS9i 0 Þ �

Z2
2 ���!ðS9oÞ �

0

q

x
?
?
? q

x
?
?
? q

x
?
?
?

Z8fs 0g ���!ðS11oÞ �
Z8fn7s10glZ2fh7m8g ���!ðS10q3Þ � ½CS10o; S

7�ð2Þ ���!
ðS10 i 0 Þ �

Z2fn27g ���!ðS10oÞ �
0

S2

x
?
?
?G S2

x
?
?
? S2

x
?
?
?G

0 ���!ðS9oÞ �
Z8fn5s8glZ2fh5m6g ���!ðS8q3Þ � ½CS8o; S

5�ð2Þ ���!ðS8i 0 Þ �
Z2fn25g ���!ðS8oÞ �

0

n5�

x
?
?
? n5�

x
?
?
?

½CS8o; S
8�ð2Þ ���!ðS8i 0 Þ �

Z8fn8g ���!ðS8oÞ �
0

S3

x
?
?
? S3

x
?
?
?G

Z2fs 000g ���!ðS5q3Þ � ½CS5o; S
5�ð2Þ ���!ðS5i 0 Þ �

Z8fn5g ���!ðS5oÞ �
0

x
?
?
? S

x
?
?
? S

x
?
?
?

0 ���!ðS4q3Þ � ½CS4o; S
4�ð2Þ ���!ðS4i 0 Þ �

Zð2Þfn4glZ4fSn 0g ���!ðS4oÞ �
Z8fn24g

Since ðS4oÞ�Sn 0 ¼ Sn 0 � 2n7 ¼ 0, we can take Sn 0 A ½CS4o; S
4�ð2Þ such that

aSn 0 ¼ 4:ð4:10Þ

Since S2n 0 ¼ 2n5 by [9, Lemma 5.4], we have ðS5i 0Þ�SSn 0 ¼ 2n5 ¼ ðS5i 0Þ�ð2n5Þ so
that there exists an integer x such that

SSn 0 ¼ 2n5 þ x � ðS5q3Þ�s 000

and hence

S6Sn 0 ¼ 2S5n5 þ 8xðS10q3Þ�s10;ð4:11Þ

since S4s 000 ¼ 8s9 by [9, Lemma 5.14]. Since ðS8i 0Þ�ðn5S4Sn 0Þ ¼ n5S
5n 0 ¼ 2n25 ¼

0, we can write

n5S
4Sn 0 ¼ a � ðS8q3Þ�n5s8 þ b � ðS8q3Þ�h5m6 ða A Z; b A f0; 1gÞ:

We have 0 ¼ 4ðn5S4Sn 0Þ ¼ 4a � ðS8q3Þ�n5s8, where the first equality follows from
(4.10). Hence a1 0 ðmod 2Þ so that, by (4.3), we have

n7S
6Sn 0 ¼ S2ðn5S4Sn 0Þ ¼ b � ðS10q3Þ�h7m8:ð4:12Þ

In (4.9), we have qðh7m8Þ ¼ n 0h6m7 and qn27 ¼ 0, since qi7 1Gn 0 ðmod a1ð3ÞÞ.
Hence ðS8i 0Þ�qn27 ¼ 0. Therefore

qð½CS10o; S
7�ð2ÞÞ ¼ Z2fðS9q3Þ�n 0h6m7g:ð4:13Þ

Now, by (4.11) and (4.12), we have

b � ðS10q3Þ�h7m8 ¼ n7S
6Sn 0 ¼ n7ð2S5n5 þ 8xðS10q3Þ�s10Þ ¼ 2ðn7S5n5Þ:
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Also 0 ¼ qð2n7S5n5Þ ¼ qðb � ðS10q3Þ�h7m8Þ ¼ b � ðS9q3Þ�n 0h6m7, where the first

equality follows from (4.13). Hence b ¼ 0 so that 2ðn7S5n5Þ ¼ 0. This proves
(4.6) and completes the proof of (1).

(2) We have 4e 0 ¼ ðS10q3Þ�ðaÞ for some a A Z2fe3n211g. Then i�ð4e 0Þ ¼
i�ðS10q3Þ�ðaÞ ¼ ðS10q3Þ�i�ðaÞ ¼ 0. Thus ai�e 0 is 1, 2 or 4. Set k ¼ai�e 0.
To induce a contradiction, assume k is 1 or 2. Since i�ðke 0Þ ¼ 0, we have
ke 0 ¼ qðbÞ for some b A ½CS11o; S

7�ð2Þ. Then

00 ke 0 ¼ ðS10i 0Þ�ðke 0Þ ¼ ðS10i 0Þ�qðbÞ ¼ qðS11i 0Þ�b A qðZ2f4s 0gÞ ¼ 0;

since ðS11i 0Þ�½CS11o; S
7�ð2Þ ¼ KerðS11oÞ� ¼ Z2f4s 0g. This is a contradiction.

Thus ai�e 0 ¼ 4 as desired.
(3) By the exact sequence

p17ðS12Þ ¼ 0 ���! ½CS10o; S
12� ���!
ðS10i 0Þ �

p13ðS12Þ ���! p16ðS12Þ ¼ 0

we have ½CS10o; S
12� ¼ Z2fh12g. Since ðS10i 0Þ�ðm3h12Þ ¼ m3h12 ¼ h3m4 and since

aðm3h12Þ ¼ 2, Z2fm3h12g is a direct summand of ½CS10o; S
3�ð2Þ. Thus we obtain

(3), since ðS10i 0Þ�i�m3h12 ¼ i�ðS10i 0Þ�m3h12 ¼ i�m3h12. This completes the proof of
Lemma 4.1. r

4.3. Proof of Theorem 2.1 (6). Let

S6
�!n
0
S3

�!
i 0
2

Cn 0 �!
q3; 2

S7; S6
�!a1ð3Þ S3

�!
i 0
3

Ca1ð3Þ �!
q3; 3

S7

be the usual cofibrations. If nb 2, then 9Sno ¼ 2nnþ3 and 4Sno ¼ a1ðnþ 3Þ
and so we have the following commutative diagram of cofibrations:

Snþ6
���!2nnþ3

Snþ3
���! C2nnþ3?

?
?
y9inþ6

�
�
�
�

?
?
?
yf

Snþ6
���!Sno

Snþ3
���! CS no

;

Snþ6
���!a1ðnþ3Þ

Snþ3
���! Ca1ðnþ3Þ?

?
?
y4inþ6

�
�
�
�

?
?
?
yg

Snþ6
���!Sno

Snþ3
���! CSno

Then for any nb 2 and for any pointed space X we have

f � : ½CSno;X �ð2ÞG ½C2nnþ3 ;X �ð2Þ; g� : ½CSno;X �ð3ÞG ½Ca1ðnþ3Þ;X �ð3Þ:

If nb 5, then ½CS no; Spð2Þ� is a finite group and so

½CS no; Spð2Þ�ð2;3Þ ¼ ½CSno; Spð2Þ�ð2Þl ½CS no; Spð2Þ�ð3Þ
G ½C2nnþ3 ; Spð2Þ�ð2Þl ½Ca1ðnþ3Þ; Spð2Þ�ð3Þ:

Therefore it su‰ces to prove the following:

½C2n14 ; Spð2Þ�ð2Þ ¼ Z2
8fðS11q3;2Þ�½z7�; 2½2s 0�glZ2fðS11q3;2Þ�i�e3g;ð4:14Þ

½Ca1ð14Þ; Spð2Þ�ð3Þ ¼ Z27fi�a3ð3Þg:ð4:15Þ
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Lemma 4.2. (1) ½C2n14 ; S
3�ð2Þ ¼ Z4fm 0glZ3

2fe3n11; e 0h13; ðS11q3;2Þ�e3g.
(2) ½C2n14 ; S

7�ð2Þ ¼ Z8fðS11q3;2Þ�z7glZ2
2fðS11q3;2Þ�n7n16; 4s 0g.

(3) ([3, Proposition 4.4(1)]) 3i5 � p12ðS5Þ ¼ 3p12ðS5Þ.
(4) ([9]) p13ðS3Þð3Þ ¼ Z3fa1ð3Þa2ð6Þg and a2ð3Þa1ð10Þ ¼ �a1ð3Þa2ð6Þ.
(5) ([9]) p17ðS3Þð3Þ ¼ Z3fa1ð3Þa 03ð6Þg and a3ð3Þa1ð14Þ ¼ a1ð3Þa 03ð6Þ.

Before the proof of Lemma 4.2, we prove (4.14) and (4.15) from Lemma 4.2.
For nb 2, to simplify notations, we denote Snq3;2 : C2nnþ3 ! Snþ7 and

Snq3;3 : Ca1ðnþ3Þ ! Snþ7 by q, and Sni 02 : S
nþ3 ! C2nnþ3 and Sni 03 : S

nþ3 !
Ca1ðnþ3Þ by i 00.

To prove (4.14), we consider (2.1) for the fibration S3 !i Spð2Þ !p S7 and the

cofibration S8 !2n5 S5 !i
00
C2n5 , that is, the following commutative diagram with

exact rows and columns, where q means a monomorphism.

½C2n15 ; Spð2Þ�ð2Þ ����!
i 00�

Z2f½s 0h14�g ����!ð2n15Þ �
0

?
?
?
yp�

?
?
?
yp�

0 ����! ½C2n15 ; S
7�ð2Þ ����!i 00�

G
Z3

2fs 0h14; n7; e7g ����!ð2n15Þ �
0

?
?
?
y

?
?
?
yq

?
?
?
yq

Z2fe3g f���!q � ½C2n14 ; S
3�ð2Þ ����!i 00�

Z4fm 0glZ2
2fe3n11; n 0e6g ����!ð2n14Þ �

0
?
?
?
yi�

?
?
?
yi�

?
?
?
yi�

?
?
?
y

Z8f½z7�glZ2fi�e3g f���!
q � ½C2n14 ; Spð2Þ�ð2Þ ����!

i 00�
Z16f½2s 0 �g ����!ð2n14Þ �

Z8f½n7�s10g
?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

Z8fz7glZ2fn7n15g f���!
q � ½C2n14 ; S

7�ð2Þ ����!i 00�
Z8fs 0g ����!ð2n14Þ �

Z8fn7s10glZ2fh7m8g

Here we have not used Lemma 4.2 but [6, 9]. Since p�ð2n14Þ�½2s 0� ¼ 4ðs 0n14Þ ¼
4ðn7s10Þ ¼ p�ð4½n7�s10Þ by [9, (7.19)], we have ð2n14Þ�½2s 0� ¼ 4½n7�s10. Since
qði7Þ ¼ n 0, we have qðn7Þ ¼ n 0n6 ¼ e3n11, qðn7n15Þ ¼ e3n

2
11 and qðe7Þ ¼ n 0e6 ¼ e 0h13.

It then follows from Lemma 4.2(1),(2) that the above diagram induces the
following commutative diagram with short exact rows and exact columns.

0 0 0?
?
?
y

?
?
?
y

?
?
?
y

0 ! Z2fe3g !q
�

Z2fq�e3glZ4fm 0g !i
00�

Z4fm 0g ! 0
?
?
?
yi�

?
?
?
yi�

?
?
?
yi�

0 ! Z8f½z7�glZ2fi�e3g !
q� ½C2n14 ; Spð2Þ�ð2Þ !i

00�
Z8f2½2s 0�g ! 0

?
?
?
yp�

?
?
?
yp�

?
?
?
yp�

0 ! Z8fz7glZ2fn7n15g !
q�

Z8fq�z7glZ2
2fq�n7n15; 4s 0g !

i 00�
Z2f4s 0g ! 0
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Write p�2½2s 0� ¼ x � q�z7 þ y � q�n7n15 þ z � 4s 0 ðx; y; z A ZÞ. Then p�ð2½2s 0� �
x � q�½z7�Þ ¼ y � q�n7n15 þ z � 4s 0 and 2ð2½2s 0� � x � q�½z7�Þ A Kerðp�Þ ¼ Imageði�Þ.
Hence we can write 2 � 2½2s 0� � 2x � q�½z7� ¼ A � i�m 0 þ B � i�q�e3 for some A;B A Z.
Multiplying by 4, we have 8 � 2½2s 0� ¼ 0. Hence the order of 2½2s 0� is 8. There-
fore the second row of the above diagram splits and we obtain (4.14).

We prove (4.15). By Lemma 4.2(4),(5) and equalities 3b1ð5Þ ¼ �a1ð5Þa2ð8Þ,
3b1ð7Þ ¼ 0 ([9, Lemma 13.8, Theorem 13.9]), we have a2ð7Þa1ð14Þ ¼ 0 and
a1ð3Þa2ð6Þa1ð13Þ ¼ 0 and a1ð14Þ� : p17ðS3Þð3ÞG p14ðS3Þð3Þ. Hence we have the
following commutative diagram with exact rows and columns from (2.1).

0 0 0?
?
?
y

?
?
?
y

?
?
?
y

0 ���! Z3fa4ð3Þg ���!q
�

G
½Ca1ð14Þ; S

3�ð3Þ ���!0 Z3fa3ð3Þg ���!a1ð14Þ �

G
Z3fa1ð3Þa 03ð6Þg?

?
?
yi� i�

?
?
?
y i�

?
?
?
yG

0 ���! Z9 ���!q
�

½Ca1ð14Þ; Spð2Þ�ð3Þ ���! Z3 ���!a1ð14Þ �
0

?
?
?
yp�

?
?
?
yp� 0

?
?
?
yp�

0 ���! Z9fa 03ð7Þg ���!q
�

½Ca1ð14Þ; S
7�ð3Þ ���!i 00�

Z3fa2ð7Þg ���!a1ð14Þ �
0

?
?
?
yq

?
?
?
yq G

?
?
?
yq

Z3fa3ð3Þg ���!a1ð14Þ �

G
Z3fa1ð3Þa 03ð6Þg ���!q

�

0
½Ca1ð13Þ; S

3�ð3Þ ���!
G

Z3fa1ð3Þa2ð6Þg ���!a1ð13Þ �
0

?
?
?
y

?
?
?
y

0 0

Since qða2ð7ÞÞ ¼ qði7Þa2ð6Þ ¼ a1ð3Þa2ð6Þ, the third q is an isomorphism so that the
second q is surjective. Since qq�a 03ð7Þ ¼ q�qa 03ð7Þ ¼ 0, there exists a A ½Ca1ð14Þ;
Spð2Þ�ð3Þ such that p�ðaÞ ¼ q�a 03ð7Þ. The order of a is 9 or 27. In order to
induce a contradiction, assume the order of a is 9. By the exactness of the first
column of the above diagram, there exists a generator b of p18ðSpð2ÞÞð3Þ ¼ Z9

such that p�b ¼ 3a 03ð7Þ. Then p�ðq�b� 3aÞ ¼ 0. Hence q�b� 3a A Kerðp�Þ ¼
Imageði�ÞGZ3 and 0 ¼ 3ðq�b� 3aÞ ¼ 3q�b. This contradicts aq�b ¼ 9.
Therefore the order of a is 27. Hence ½Ca1ð14Þ; Spð2Þ�ð3Þ ¼ Z27fi�a3ð3Þg. This
completes the proof of (4.15).

Proof of Lemma 4.2 (1). As seen above, we have the following exact
sequence.

0! Z2fe3g !
q � ½C2n14 ; S

3�ð2Þ !
i 00�

Z4fm 0glZ2
2fe3n11; n 0e6g ! 0

We have

4m 0 ¼ 4i3 � m 0 ðsince S3 is an H-spaceÞ
A f4i3; m 0; 2n14g � q ðby ½9; Proposition 1:9�Þ
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and

Indetf4i3; m 0; 2n14g ¼ 4i3 � p18ðS3Þ þ p15ðS3Þ � 2n15 ¼ Z15;

S2f4i3; m 0; 2n14gH f4i5;S2m 0; 2n16g2 ¼ f2i5; 2S2m 0; 2n16g2
¼ f2i5; h25m7; 2n16g2 I f2i5 � h25 ; m7; 2n16g2 ¼ f0g:

Hence

f4i5;S2m 0; 2n16g2 ¼ Indetf4i5;S2m 0; 2n16g2 ¼ 4i5 � S2p18ðS3Þ ¼ Z15;

f4i3; m 0; 2n14g ¼ Z15:

Therefore, if we take m 0 as a 2-primary element, then 4i3 � m 0 ¼ 0, that is, 4m 0 ¼ 0.
Since i 00�ðe3n11Þ ¼ e3n11 and i 00�ðe 0h13Þ ¼ e 0h13 ¼ n 0e6, it su‰ces to prove that
ae3n11 ¼ae 0h13 ¼ 2. This is done as follows. Since n11 ¼ Sn10 and ae3 ¼ 2,
ae3n11 ¼ 2. Since i 00� : ½C2n14 ; S

13� ! p14ðS13Þ is an isomorphism, ah13 ¼ 2 so
that ae 0h13 ¼ 2. r

Proof of Lemma 4.2 (2). We have the following exact sequence.

0! Z8fz7glZ2fn7n15g !
q � ½C2n14 ; S

7�ð2Þ !
i 00�

Z2f4s 0g ! 0

We have

2 � 4s 0 ¼ 2i7 � 4s 0 ðsince S7 is an H-spaceÞ
A f2i7; 4s 0; 2n14g � q ðby ½9; Proposition 1:9�Þ

and

Indetf2i7; 4s 0; 2n14g ¼ 2p18ðS7Þ ¼ Z4f2z7glZ63:

We shall show f2i7; 4s 0; 2n14g ¼ Z4f2z7glZ63 as follows. Since S : p18ðS7Þ !
p19ðS8Þ is an isomorphism by [9] and Indetf2i8;Sð4s 0Þ; 2n15g1 ¼ 2p19ðS8Þ, we have

Sf2i7; 4s 0; 2n14g ¼ ð�1Þf2i8;Sð4s 0Þ; 2n15g1:
We have

f2i8;Sð4s 0Þ; 2n15g1 I f2i8;Sð4s 0Þ; 2i15g1 � n16 ðby ½9; Proposition 1:2�Þ

and

f2i8;Sð4s 0Þ; 2i15g1 C Sð4s 0Þ � h15 ¼ 0 ðby ½9; Corollary 3:7�Þ;
Indetf2i8;Sð4s 0Þ; 2i15g1 ¼ 2i8 � Sp15ðS7Þ þ 2p16ðS8Þ ¼ 0:

Hence f2i8;Sð4s 0Þ; 2i15g1 ¼ f0g so that f2i8;Sð4s 0Þ; 2n15g1 C 0. Thus
f2i8;Sð4s 0Þ; 2n15g1 ¼ 2p19ðS8Þ and

f2i7; 4s 0; 2n14g ¼ 2p18ðS7Þ ¼ Z4f2z7glZ63:
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Therefore we can write

2 � 4s 0 ¼ 2x q�z7 ð0a xa 3Þ:
In this case, we have

að4s 0 � x q�z7Þ ¼ 2;

½C2n14 ; S
7�ð2Þ ¼ Z8fq�z7glZ2

2fq�n7n16; 4s 0 � x q�z7g:
Hence, by rewriting 4s 0 � x q�z7 as 4s 0, we have

½C2n14 ; S
7�ð2Þ ¼ Z8fq�z7glZ2

2fq�n7n16; 4s 0g: r

Proof of Lemma 4.2 (3). Since S : p12ðS5Þ ! p13ðS6Þ is injective by [9], we
have 3i5 � p12ðS5Þ ¼ 3p12ðS5Þ as desired. r

Proof of Lemma 4.2 (4). It follows from [9, Theorem 13.9] that p13ðS3Þð3Þ ¼
Z3fa1ð3Þa2ð6Þg and from [9, Lemma 13.5] that

a2ð3Þ A fa1ð3Þ;Sð3i5Þ;Sa1ð5Þg1 H fa1ð3Þ;Sð3i5Þ;Sa1ð5ÞgH p10ðS3Þ:
Since Indetfa1ð3Þ;Sð3i5Þ;Sa1ð5Þg ¼ p7ðS3Þ � a1ð7Þ þ a1ð3Þ � p10ðS6Þ ¼ 0, we have

a2ð3Þ ¼ fa1ð3Þ; 3i6; a1ð6Þg1 ¼ fa1ð3Þ; 3i6; a1ð6Þg:
Then

a2ð3Þa1ð10Þ ¼ fa1ð3Þ; 3i6; a1ð6Þg1 � a1ð10Þ
¼ a1ð3Þ � Sf3i5; a1ð5Þ; a1ð8Þg ðby ½9; Proposition 1:4�Þ
A a1ð3Þ � ð�f3i6; a1ð6Þ; a1ð9Þg1Þ ðby ½9; Proposition 1:3�Þ

¼ �ða1ð3Þ � f3i6; a1ð6Þ; a1ð9Þg1Þ ðsince S3 is an H-spaceÞ:

We have Indetf3i6; a1ð6Þ; a1ð9Þg1 ¼ 3i6 � Sp12ðS5Þ ¼ 3 � Sp12ðS5Þ and so

a1ð3Þ � Indetf3i6; a1ð6Þ; a1ð9Þg1 ¼ 0:

Thus a1ð3Þ � f3i3; a1ð6Þ; a1ð9Þg1 consists of a single element. Hence

a1ð3Þ � f3i6; a1ð6Þ; a1ð9Þg1 ¼ a1ð3Þ � ð�Sf3i5; a1ð5Þ; a1ð8ÞgÞ
¼ a1ð3Þ � ð�2a2ð6ÞÞ ðby ½3; Proposition 4:4 ð1Þ�Þ
¼ a1ð3Þa2ð6Þ:

Therefore a2ð3Þa1ð10Þ ¼ �a1ð3Þa2ð6Þ as desired. r

Proof of Lemma 4.2 (5). Since a3ð3Þ A fa2ð3Þ; 3i10; a1ð10Þg1 by [9, Lemma
13.5], we have

a3ð3Þa1ð14Þ A fa2ð3Þ; 3i10; a1ð10Þg1 � a1ð14Þð4:16Þ
¼ a2ð3Þ � Sf3i9; a1ð9Þ; a1ð12Þg ðby ½9; Proposition 1:4�Þ:
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Since f3i5; a1ð5Þ; a1ð8Þg ¼ 2a2ð5Þ þ 3p12ðS5Þ by [3, Proposition 4.4(1)], we have

2a2ð9Þ A S4f3i5; a1ð5Þ; a1ð8ÞgH f3i9; a1ð9Þ; a1ð12Þg4:
We have

Indetf3i9; a1ð9Þ; a1ð12Þg ¼ 3i9 � p16ðS9Þ ¼ 3p16ðS9Þ;

where the last equality follows from the fact Sp15ðS8Þ ¼ p16ðS9Þ. Hence
f3i9; a1ð9Þ; a1ð12Þg ¼ 2a2ð9Þ þ 3p16ðS9Þ. Since p16ðS9Þ is stable and is isomorphic
to Z3 lZ80 by [9], it follows that

Sf3i9; a1ð9Þ; a1ð12Þg ¼ 2a2ð10Þ þ 3p17ðS10Þ
and so

a2ð3Þ � Sf3i9; a1ð9Þ; a1ð12Þg ¼ a2ð3Þ � 2a2ð10Þ ¼ �a2ð3Þa2ð10Þ:

Hence (4.16) yields

a3ð3Þa1ð14Þ ¼ �a2ð3Þa2ð10Þ:ð4:17Þ

By [9, Proposition 13.3], we have

p17ðS3Þð3Þ ¼ Z3fa1ð3Þa 03ð6Þg:

Hence a3ð3Þa1ð14Þ ¼ x � a1ð3Þa 03ð6Þ for some integer x. Then (4.17) yields

�a2ð4Þa2ð11Þ ¼ a3ð4Þa1ð15Þ ¼ x � a1ð4Þa 03ð7Þ:ð4:18Þ

By the EHP-sequence, we see that a1ð4Þa 03ð7Þ0 0. On the other hand, we have

a2ð4Þ � a2ð11Þ A Sfa1ð3Þ; 3i6; a1ð6Þg � a2ð11ÞH�fa1ð4Þ; 3i7; a1ð7Þg � a2ð11Þ
¼ a1ð4Þ � f3i7; a1ð7Þ; a2ð10Þg:

Since Indetf3i7; a1ð7Þ; a2ð10Þg ¼ 3i7 � p18ðS7Þ, it follows that a1ð4Þ � f3i7; a1ð7Þ;
a2ð10Þg is a single element. Thus

a2ð4Þa2ð11Þ ¼ a1ð4Þ � f3i7; a1ð7Þ; a2ð10Þg:ð4:19Þ

Since Sy : p18ðS7Þð3Þ ¼ Z9fa 03ð7ÞgG ðp s
11Þð3Þ ¼ Z9fa 03g, where p s

n ¼
limk!y pnþkðSkÞ, we have

Syf3i7; a1ð7Þ; a2ð10Þg ¼ h3i; a1; a2i:

By [9, (3.9)], we have h3i; a1; a2i ¼ ha2; a1; 3ii. It follows from [8, Proposition
4.17 ii)] that ha2; a1; 3ii ¼ 2a 03 þ 3ps

11 so that

f3i7; a1ð7Þ; a2ð10Þg ¼ 2a 03ð7Þ þ 3p18ðS7Þ:

Hence (4.18) and (4.19) yield

ð�xÞ � a1ð4Þa 03ð7Þ ¼ a2ð4Þa2ð11Þ ¼ a1ð4Þ � 2a 03ð7Þ ¼ �a1ð4Þa 03ð7Þ:

Therefore x1 1 ðmod 3Þ and a3ð3Þa1ð14Þ ¼ a1ð3Þa 03ð6Þ as desired. r
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