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ITERATION METHOD FOR MULTIPLE

ROGERS-RAMANUJAN IDENTITIES

Wenchang Chu and Wenlong Zhang

Abstract

Inspired by the recursive lemma due to Bressoud (1983), we present an iteration

process for constructing transformations from unilateral multiple basic hypergeometric

series to bilateral univariate one. Applications are illustrated to multiple series trans-

formation formulae and multiple Rogers-Ramanujan identities.

1. Introduction and motivation

Let N, N0 and Z stand respectively for the sets of natural numbers,
nonnegative integers and integers. For two indeterminate x and q, the shifted
factorial of x with base q is defined by

ðx; qÞ0 ¼ 1 and ðx; qÞn ¼ ð1� xÞð1� xqÞ � � � ð1� xqn�1Þ for n A N:

When jqj < 1, we have two well-defined infinite products

ðx; qÞy ¼
Yy
k¼0

ð1� qkxÞ and ðx; qÞn ¼ ðx; qÞy=ðxqn; qÞy:

With the multiparameter forms of shifted factorials being abbreviated to

½a; b; . . . ; g; q�n ¼ ða; qÞnðb; qÞn � � � ðg; qÞn;
a; b; . . . ; g

A;B; . . . ;C

����q
� �

n

¼ ða; qÞnðb; qÞn � � � ðg; qÞn
ðA; qÞnðB; qÞn � � � ðC; qÞn

;

we define the unilateral and bilateral basic hypergeometric series, respectively, by

1þrfs
a0; a1; . . . ; ar

b1; . . . ; bs

����q; z
� �

¼
Xy
n¼0

fð�1Þnq
n
2ð Þgs�r a0; a1; . . . ; ar

q; b1; . . . ; bs

����q
� �

n

zn;
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rcs
a1; a2; . . . ; ar
b1; b2; . . . ; bs

����q; z
� �

¼
Xþy

n¼�y

fð�1Þnq
n
2ð Þg s�r a1; a2; . . . ; ar

b1; b2; . . . ; bs

����q
� �

n

zn;

where the base q will be restricted to jqj < 1 for nonterminating q-series. More
comprehensive coverage of q-series theory can be found in three monographs by
Bailey [6, Chapter 8], Slater [30, Chapters 3, 5, 7] and Gasper-Rahman [20].

In 1983, utilizing the following well-known q-analogue of the binomial
theorem

1

ðqa; qÞn
¼

Xn

m¼0

n

m

� �
qm2

am

ðqa; qÞm
where

n

m

� �
¼ ðq; qÞn

ðq; qÞmðq; qÞn�m

ð1Þ

Bressoud [13, Lemma 2] devised ingeniously the recursive lemma on finite sums

Xn

k¼�n

qlk2
xk

ðq; qÞnþkðq; qÞn�k

¼
Xn

m¼0

qm2

ðq; qÞn�m

Xm
k¼�m

qðl�1Þk2
xk

ðq; qÞmþkðq; qÞm�k

:ð2Þ

Iterating the last equation l-times and then putting l ¼ lþ 1=2, he discovered the
following multiple series transformation theorem [13, Theorem]

X
nbm1bm2b���bmlb0

qm2
1
þm2

2
þ���þm2

l ðx; qÞml
ðq=x; qÞml

ðq; qÞn�m1
ðq; qÞm1�m2

� � � ðq; qÞml�1�ml
ðq; qÞ2ml

ð3aÞ

¼
Xn

k¼�n

ð�1Þk 2n

nþ k

� �
qk2lþ k

2ð Þ
ðq; qÞ2n

xk:ð3bÞ

The limiting case n ! y of the last formula yields easy proofs and general-
izations of the celebrated Rogers-Ramanujan identities (cf. Watson [34] and Slater
[29, Eqs 14 and 18])

½q5; q2; q3; q5�y
ðq; qÞy

¼
Xy
n¼0

qn2

ðq; qÞn
and

½q5; q; q4; q5�y
ðq; qÞy

¼
Xy
n¼0

qn2þn

ðq; qÞn
:

There exist numerous identities expressing infinite series in terms of infinite
products in q-series, generally called Rogers-Ramanujan identities. Slater [28,
29] has made a collection of 130 such identities by means of Bailey’s lemma [8,
9]. For the multiple q-series, there are less identities of Rogers-Ramanujan type,
that scattered mainly in the following literatures [1, 2, 4, 12, 14, 15, 18, 22, 23,
26, 27, 31–33]. Inspired by the recursive approach of Bressoud [13], we shall
establish another remarkably useful transformation theorem involving an arbi-
trary sequence fWkgkb0. By specifying the W -sequence, several transformation
formulae from unilateral multiple series to bilateral univariate one will be derived.
Their limiting cases lead to numerous multiple Rogers-Ramanujan identities with
most of them having not appeared previously.
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The paper will be organized as follows. The next section will be devoted to
the main theorem of this paper, which transforms a unilateral multiple series to
a bilateral univariate series. Then we shall present, in the third section, its
applications to terminating and nonterminating multiple series transformation
formulae as well as multiple Rogers-Ramanujan identities. The identities exam-
ined in this paper show that the iteration process is e‰cient and simple for
dealing with multiple Rogers-Ramanujan identities, just like Bressoud’s approach
to the classical Rogers-Ramanujan identities.

2. The main theorem and proof

Recall the q-Chu-Vandermonde-Gauss theorem (cf. Gasper-Rahman [20,
II-7])

2f1
q�n; a

c

����q; qnc=a

� �
¼ ðc=a; qÞn

ðc; qÞn
which can explicitly be expressed in terms of the following q-binomial convo-
lution

ðc=a; qÞn
ðc; qÞn

¼
Xn

m¼0

q
m
2ð Þ n

m

� �
ða; qÞm
ðc; qÞm

� c

a

� �m

:ð4Þ

This formula plays the similar role as (1) for deriving multiple series trans-
formations. In fact for m ! m� k, n ! n� k, a ¼ �qkþð1þdÞ=2 and c ¼ q1þdþ2k

with d ¼ 0; 1, the last equation may be reformulated as

ð�qð1þdÞ=2; qÞn
ðq; qÞnþkþd

¼
Xn

m¼k

n� k

m� k

� �
ð�qð1þdÞ=2; qÞm
ðq; qÞmþkþd

qðm�kÞðmþkþdÞ=2:

Let fWkgk AZ be an arbitrary sequence. Multiplying by Wk=ðq; qÞn�k across the
last equation, we may manipulate the following bilateral finite sum with respect
to k over �n� da ka n

Xn

k¼�n�d

ð�qð1þdÞ=2; qÞnWk

ðq; qÞn�kðq; qÞnþkþd

¼
Xn

k¼�n�d

Wk

ðq; qÞn�k

Xn

m¼k

n� k

m� k

� �
ð�qð1þdÞ=2; qÞm
ðq; qÞmþkþd

qðm�kÞðmþkþdÞ=2

¼
Xn

m¼�n�d

qðmÞðmþdÞ=2

ðq; qÞn�m

Xm
k¼�n�d

ð�qð1þdÞ=2; qÞmq�ðkÞðkþdÞ=2

ðq; qÞm�kðq; qÞmþkþd

Wk

¼
Xn

m¼0

qðmÞðmþdÞ=2

ðq; qÞn�m

Xm
k¼�m�d

ð�qð1þdÞ=2; qÞmq�ðkÞðkþdÞ=2

ðq; qÞm�kðq; qÞmþkþd

Wk
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where the last line has been justified by the fact that the innermost summand
vanishes for m < 0 and k < �m� d. Replacing k by �k in the two extreme
sums with respect to k, we find the following generalized recursive lemma.

Lemma 1 (Recursive sums).

Xnþd

k¼�n

ð�qð1þdÞ=2; qÞnWk

ðq; qÞnþkðq; qÞn�kþd

¼
Xn

m¼0

qðmÞðmþdÞ=2

ðq; qÞn�m

Xmþd

k¼�m

ð�qð1þdÞ=2; qÞmqðkÞðd�kÞ=2

ðq; qÞmþkðq; qÞm�kþd

Wk:

Iterating l-times the recursion in Lemma 1 leads to the following equation

Xnþd

k¼�n

ð�qð1þdÞ=2; qÞnWk

ðq; qÞnþkðq; qÞn�kþd

¼
X

nbr1br2b���brlb0

qðr1Þðr1þdÞ=2þðr2Þðr2þdÞ=2þ���þðrlÞðrlþdÞ=2

ðq; qÞn�r1
ðq; qÞr1�r2

� � � ðq; qÞrl�1�rl

�
Xrlþd

k¼�rl

ð�qð1þdÞ=2; qÞrlq
ðklÞðd�kÞ=2Wk

ðq; qÞrlþkðq; qÞrl�kþd

:

In order to shorten the long expressions, we make the replacements on sum-
mation indices and fix the compact notations as follows

n� r1 ! m0

r1 � r2 ! m1

� � �
rl�1 � rl ! ml�1

rl ! ml

9>>>>>>>=
>>>>>>>;

and

~mm ¼ ðm1;m2; . . . ;mlÞ;

Mk ¼
Xl

i¼k

mi; ð0a ka lÞ:

8>><
>>:

Further replacing Wk by ð�1Þkq
k
2ð ÞþðklÞðk�dÞ=2Wk in the last finite series trans-

formation, we may reformulate the result as the following main theorem of this
paper.

Theorem 2 (Multiple series transformation). For an arbitrary bilateral
sequence fWkgk AZ, there holds the multiple series transformation

X
M0¼n

ðq; qÞ2nþdð�qð1þdÞ=2; qÞml

ðq; qÞm0
ðq; qÞmlþd

Yl
i¼1

qðMiÞðMiþdÞ=2

ðq; qÞmi

Xmlþd

k¼�ml

qkðmlþdÞ ðq�ml�d; qÞk
ðq1þml ; qÞk

Wkð5aÞ

¼ ð�qð1þdÞ=2; qÞn
Xnþd

k¼�n

ð�1Þk 2nþ d

nþ k

� �
q

k
2ð ÞþðklÞðk�dÞ=2Wkð5bÞ

where the multiple sum on the left runs over ðm0;m1; . . . ;mlÞ A N1þl
0 subject to the

condition M0 ¼ m0 þm1 þ � � � þml ¼ n.
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This theorem is remarkably useful for deriving concrete multiple transformation
formulae and multiple Rogers-Ramanujan identities. Here we illustrate two
examples by utilizing Ramanujan’s identity of bilateral 1c1-series [20, II-29]

1c1

a

c

����q; z
� �

¼ q; c=a; az; q=az

c; q=a; z; c=az

����q
� �

y

where jc=aj < jzj < 1:ð6Þ

More applications will systematically be exhibited in the next section.
First, letting d ¼ 1 and Wk ¼ xk in Theorem 2 and then evaluating the sum

with respect to k displayed in (5a) by means of the terminating form of (6) as

X1þm

k¼�m

qkð1þmÞ ðq�1�m; qÞk
ðq1þm; qÞk

xk ¼
ðq; qÞmðq; qÞ1þmðx; qÞ1þmðq=x; qÞm

ðq; qÞ1þ2m

we derive the following variant of Bressoud’s theorem stated in (3).

Theorem 3 (Terminating series transformation).

X
M0¼n

ðq; qÞ2nþ1½qx; q=x; q�ml

ðq; qÞm0
ðq; q2Þ1þml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞn
1� x

Xnþ1

k¼�n

ð�1Þk 2nþ 1

nþ k

� �
q

k
2ð Þðlþ1Þxk:

Letting n ! y and then factorizing the last sum through Jacobi’s triple product
identity [21] (see [5, P497] for historical notes)

½q; x; q=x; q�y ¼
Xþy

k¼�y

ð�1Þkq
k
2ð Þxkð7Þ

we establish the nonterminating multiple series identity.

Proposition 4 (Multiple series identity).

X
~mm AN l

0

½qx; q=x; q�ml

ðq; q2Þ1þml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞy
ðq; qÞy

½q1þl; q1þlx; q1þl=x; q1þl�y:

For the rest of this paper,
n

k

� �
qm

will denote the Gaussian binomial coe‰cient

under the base change q ! qm for m A N. For the sake of brevity, we shall also
fix e ¼G1 and dm;n, the usual Kronecker symbol.

Similarly, letting d ¼ 0 and Wk ¼ xk in Theorem 2, we can evaluate the
corresponding sum with respect to k displayed in (5a) by means of (6) as

Xm
k¼�m

qkm ðq�m; qÞk
ðq1þm; qÞk

xk ¼ ðq; qÞ2mðx; qÞmðq=x; qÞm
ðq; qÞ2m

:
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Making further the replacements q ! q2 and x ! qx, we derive another variant
of Bressoud’s theorem stated in (3).

Theorem 5 (Terminating series transformation).

X
M0¼n

ðq2; q2Þ2n½q2; qx; q=x; q2�ml

ðq2; q2Þm0
ðq; q2Þml

ðq4; q4Þml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þn
Xn

k¼�n

ð�1Þk 2n

nþ k

� �
q2

qk2ð1þlÞxk:

Its limiting case n ! y leads analogously to the multiple series identity.

Proposition 6 (Multiple series identity).

X
~mm AN l

0

½q2; qx; q=x; q2�ml

ðq; q2Þml
ðq4; q4Þml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þy
ðq2; q2Þy

½q2þ2l; q1þlx; q1þl=x; q2þ2l�y:

It is interesting to observe that when l ¼ 1, Propositions 4 and 6 reduce
respectively to the instances of the q-analogue of Gauss’ 2F1

1
2

� �
-sum

2f2
a; bffiffiffiffiffiffiffiffi
qab

p
; �

ffiffiffiffiffiffiffiffi
qab

p
����q;�q

� �
¼ qa; qb

q; qab

����q2
� �

y

and the q-analogue of Bailey’s 2F1
1
2

� �
-sum

2f2
a; q=a

�q; c

����q;�c

� �
¼ ac; qc=a

c; qc

����q2
� �

y

due to Andrews [3, Eqs 1.8 and 1.9] (cf. Gasper-Rahman [20, II-10 and II-11]).

3. Transformations and multiple series identities

Following the two examples shown in the last section, this section will
systematically present applications of Theorem 2 to multiple series transformation
formulae and multiple Rogers-Ramanujan identities.

This will be realized through the following procedure. First by specifying
concretely W -sequence, we shall evaluate the corresponding finite sum displayed
in (5a) by Bailey’s summation formula of very well-poised 6c6-series [7] (see also
[20, II-33])
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6c6

q
ffiffiffi
a

p
; �q

ffiffiffi
a

p
; b; c; d; effiffiffi

a
p

; �
ffiffiffi
a

p
; qa=b; qa=c; qa=d; qa=e

����q; qa
2

bcde

� �
ð8aÞ

¼ q; qa; q=a; qa=bc; qa=bd; qa=be; qa=cd; qa=ce; qa=de

qa=b; qa=c; qa=d; qa=e; q=b; q=c; q=d; q=e; qa2=bcde

����q
� �

y

ð8bÞ

provided that jqa2=bcdej < 1 for convergence, together with two particular cases
essentially due to Bailey [10] (cf. Chu [17, Eqs 3.16a-b-c])

4c4

qw; b; c; d

w; q=b; q=c; q=d

����q; q

bcd

� �
¼ q; q=bc; q=bd; q=cd

q=b; q=c; q=d; q=bcd

����q
� �

y

;ð9Þ

5c5

qu; qv; b; c; d

u; v; 1=b; 1=c; 1=d

����q; q
�1

bcd

� �
ð10Þ

¼ uv� 1=q

ð1� uÞð1� vÞ
q; 1=bc; 1=bd; 1=cd

q=b; q=c; q=d; q�1=bcd

����q
� �

y

:

Then we shall factorize the limiting case n ! y of bilateral sum (5b) by invoking
Jacobi’s triple product identity (7), its variant, in view of the parity of summation
index, due to Bailey [11, Eq 4.1]

½q2; qy; q=y; q2�y ¼
Xþy

n¼�y

f1� yq1þ4ngq4n2y2nð11Þ

as well as the quintuple product identity [16, 19, 35]

½q; z; q=z; q�y � ½qz2; q=z2; q2�y ¼
Xþy

n¼�y

f1� zqngq3
n
2ð Þðqz3Þn:ð12Þ

The contents will be divided into sixteen subsections. Each subsection will
consist of two main transformation formulae of terminating and nonterminating
multiple series as well as a few exemplified multiple Rogers-Ramanujan identities.

§3.1. For d ¼ 0, taking Wk in Theorem 2 as

Wk ¼
1� wqk

1� w

b; d

q=b; q=d

����q
� �

k

q

bd

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 4c4-series identity (9) as

Xm
k¼�m

qkm ðq�m; qÞk
ðq1þm; qÞk

1� wqk

1� w

b; d

q=b; q=d

����q
� �

k

q

bd

� �k

¼ q; q=bd

q=b; q=d

����q
� �

m

:

Making further the replacement q ! q2, we derive the following transformation.
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Theorem 7 (Terminating series transformation).

X
M0¼n

ðq2; q2Þ2n
ðq2; q2Þm0

�q; q2=bd

q2=b; q2=d

����q2
� �

ml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þn
Xn

k¼�n

ð�1Þk 1� wq2k

1� w

2n

nþ k

� �
q2

b; d

q2=b; q2=d

����q2
� �

k

qk2ð1þlÞþk

ðbdÞk
:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 8 (Nonterminating series transformation).

X
~mm AN l

0

�q; q2=bd

q2=b; q2=d

����q2
� �

ml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þy
ðq2; q2Þy

Xþy

k¼�y

ð�1Þk 1� wq2k

1� w

b; d

q2=b; q2=d

����q2
� �

k

qk2ð1þlÞþk

ðbdÞk
:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 9 (b ¼ w ¼ �1, d ! 0).

X
~mm AN l

0

ð�1Þml
ð�q; q2Þml

ð�q2; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2l; ql; ql; q2l�y:

Corollary 10 (b ¼ �qe, d ! 0).

X
~mm AN l

0

� e

q

� �ml ð�q; q2Þml

ð�qe; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2l; ql�1e; q1þle; q2l�y:

Corollary 11 (b ¼ �qe, d ¼ w ¼ �1: Chu [18, Example 17]).

X
~mm AN l

0

ðqe; q2Þ2ml

ðq;�qÞ2ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2þ2l; q1þle; q1þle; q2þ2l�y:

Corollary 12 (b ¼ �qe, d ! y: Stembridge ½32; Eq b�
Warnaar ½33; Thm 4:4� for e ¼ 1).

X
~mm AN l

0

ð�q; q2Þml

ð�qe; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q4þ2l; q1þle; q3þle; q4þ2l�y:
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Corollary 13 (b ¼ w ¼ �1, d ! y: Chu [18, Example 18]).

X
~mm AN l

0

ð�q; q2Þml

ð�q2; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q4þ2l; q2þl; q2þl; q4þ2l�y:

Corollary 14 (b; d ! y).

X
~mm AN l

0

ð�q; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q6þ2l; q2þl; q4þl; q6þ2l�y:

When l ¼ 1, the last corollary reduces to the analytic version of the first Göllnitz-
Gordon partition identity (cf. Slater [29, Eq 36] and Stanton [31]).

§3.2. For d ¼ 0, taking Wk in Theorem 2 as

Wk ¼
1� q�kw

1� w

b; d

1=b; 1=d

����q
� �

k

q

bd

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 5c5-series identity (10) as

Xm
k¼�m

qkm ðq�m; qÞk
ðq1þm; qÞk

1� q�kw

1� w

b; d

1=b; 1=d

����q
� �

k

q

bd

� �k

¼ 1� wqm

1� w

q; 1=bd

q=b; q=d

����q
� �

m

:

Making further the replacement q ! q2, we derive the following transformation.

Theorem 15 (Terminating series transformation).

X
M0¼n

1� wq2ml

1� w

ðq2; q2Þ2n
ðq2; q2Þm0

�q; 1=bd

q2=b; q2=d

����q2
� �

ml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þn
Xn

k¼�n

ð�1Þk 1� q�2kw

1� w

2n

nþ k

� �
q2

b; d

1=b; 1=d

����q2
� �

k

qk2ð1þlÞþk

ðbdÞk
:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 16 (Nonterminating series transformation).

X
~mm AN l

0

1� wq2ml

1� w

�q; 1=bd

q2=b; q2=d

����q2
� �

ml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þy
ðq2; q2Þy

Xþy

k¼�y

ð�1Þk 1� q�2kw

1� w

b; d

1=b; 1=d

����q2
� �

k

qk2ð1þlÞþk

ðbdÞk
:
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Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 17 (b ¼ �1, d ! 0, w ¼ 0).

X
~mm AN l

0

ð�1Þml
ð�q; q2Þml

ð�q2; q2Þml

q�2ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2l; ql�2; q2þl; q2l�y:

Corollary 18 (b ¼ �1, w ¼ �d ¼ qe).

X
~mm AN l

0

q3e; q�1e

q; �q2

����q2
� �

ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2þ2l; ql�1e; q3þle; q2þ2l�y:

Corollary 19 (b; d ! 0 and w ! y).

X
~mm AN l

0

ð�1Þmlð�q; q2Þml
q�m2

l
�ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2l�2; ql�2; ql; q2l�2�y:

Corollary 20 (b; d ! 0, w ¼ 0).

X
~mm AN l

0

ð�1Þmlð�q; q2Þml
q�m2

l
�3ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2l�2; ql�4; q2þl; q2l�2�y:

Corollary 21 (b ¼ �1, d ! y, w ! y).

X
~mm AN l

0

ð�q; q2Þml

ð�q2; q2Þml

q2ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q4þ2l; ql; q4þl; q4þ2l�y:

Corollary 22 (b; d ! y, w ! y).

X
~mm AN l

0

ð�q; q2Þml
q2ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q6þ2l; ql; q6þl; q6þ2l�y:

When l ¼ 1, the last corollary reduces to the analytic version of the second
Göllnitz-Gordon partition identity (cf. Slater [29, Eq 34] and Stembridge [32, Eq
3.10]).
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§3.3. For d ¼ 1, taking Wk in Theorem 2 as

Wk ¼ ð1� uqkÞð1� vqkÞ
uv� q�1

b; d

1=b; 1=d

����q
� �

k

1

qbd

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 5c5-series identity (10) as

X1þm

k¼�m

ðq�1�m; qÞk
ðq1þm; qÞk

ð1� uqkÞð1� vqkÞ
uv� q�1

b; d

1=b; 1=d

����q
� �

k

qm

bd

� �k

¼
ðq; qÞ1þmð1=bd; qÞm

½q=b; q=d; q�m
:

According to Theorem 2, we have the following transformation.

Theorem 23 (Terminating series transformation).

X
M0¼n

ðq; qÞ2nþ1

ðq; qÞm0

�q; 1=bd

q=b; q=d

����q
� �

ml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞn
Xnþ1

k¼�n

ð�1Þk 2nþ 1

nþ k

� �
ð1� uqkÞð1� vqkÞ
ðuv� q�1ÞðqbdÞk

b; d

1=b; 1=d

����q
� �

k

q
k
2ð Þð1þlÞ:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 24 (Nonterminating series transformation).

X
~mm AN l

0

�q; 1=bd

q=b; q=d

����q
� �

ml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞy
ðq; qÞy

Xþy

k¼�y

ð�1Þk ð1� uqkÞð1� vqkÞ
ðuv� q�1ÞðqbdÞk

b; d

1=b; 1=d

����q
� �

k

q
k
2ð Þð1þlÞ:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 25 (b ¼ �1, d ! 0, u ¼ v ¼ 0).

X
~mm AN l

0

� 1

q

� �mlYl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½ql; q; ql�1; ql�y:

Corollary 26 (b; d ! 0, u ¼ v ¼ 0).

X
~mm AN l

0

ð�1Þmlð�q; qÞml
q�

ml
2ð Þ�2ml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½ql�1; q; ql�2; ql�1�y:
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Corollary 27 (b ¼ �1, d ! y, u ¼ v ¼ 0: Stembridge [32, Eq a]).

X
~mm AN l

0

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q2þl; q; q1þl; q2þl�y:

Corollary 28 (b; d ! y, u ¼ v ¼ 0).

X
~mm AN l

0

ð�q; qÞml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q3þl; q; q2þl; q3þl�y:

Corollary 29 (b ¼ u ¼ q�1=2, d ! 0, v ¼ 0 j q ! q2).

X
~mm AN l

0

q�ml
ð�q2; q2Þml

ðq; q2Þ1þml

Yl
k¼1

qM 2
k
þMk

ðq2; q2Þmk

¼ ð�q2; q2Þy
ðq2; q2Þy

½q2l;�q;�q2l�1; q2l�y:

§3.4. For d ¼ 0, replacing q by q2 and then taking Wk in Theorem 2 as

Wk ¼
1þ q2k

2

b; d

�q=b; �q=d

����q
� �

k

� q

bd

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 6c6-series identity (8a–8b) as

Xm
k¼�m

q2km
ðq�2m; q2Þk
ðq2þ2m; q2Þk

1þ q2k

2

b; d

�q=b; �q=d

����q
� �

k

� q

bd

� �k

¼ ð�q=bd; qÞ2m
ðq; qÞ2m

q2; q2

q2=b2; q2=d 2

����q2
� �

m

:

According to Theorem 2, we derive the following transformation.

Theorem 30 (Terminating series transformation).

X
M0¼n

ðq2; q2Þ2n
ðq2; q2Þm0

ð�q=bd; qÞ2ml

ðq; qÞ2ml

�q; q2

q2=b2; q2=d 2

����q2
� �

ml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þn
Xn

k¼�n

1þ q2k

2

2n

nþ k

� �
q2

b; d

�q=b; �q=d

����q
� �

k

qk2ð1þlÞ

ðbdÞk
:

Letting n ! y, we get the nonterminating multiple series transformation.
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Proposition 31 (Nonterminating series transformation).

X
~mm AN l

0

ð�q=bd; qÞ2ml

ðq; qÞ2ml

�q; q2

q2=b2; q2=d 2

����q2
� �

ml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þy
ðq2; q2Þy

Xþy

k¼�y

1þ q2k

2

b; d

�q=b; �q=d

����q
� �

k

qk2ð1þlÞ

ðbdÞk
:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 32 (b ¼
ffiffiffiffiffiffiffi
�1

p
, d ! 0).

X
~mm AN l

0

qm2
l

ð�q; q2Þml

ðq;�qÞ2ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½�q1þ2l; ql;�q1þl;�q1þ2l�y:

Corollary 33 (b ¼ �d ¼ ffiffiffiffiffiffiffi�q
p

).

X
~mm AN l

0

ð�1; q2Þml

ðq; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2þ2l;�ql;�q2þl; q2þ2l�y:

Corollary 34 (b ¼
ffiffiffiffiffiffiffi
�1

p
, d ! y).

X
~mm AN l

0

ð�q; q2Þml

ðq;�qÞ2ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½�q3þ2l;�q1þl; q2þl;�q3þ2l�y:

§3.5. For d ¼ 1, replacing q by q2 and then taking Wk in Theorem 2 as

Wk ¼
qþ q2k

2

b; d

�1=b; �1=d

����q
� �

k

� 1

qbd

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 6c6-series identity (8a–8b) as

X1þm

k¼�m

q2km
ðq�2�2m; q2Þk
ðq2þ2m; q2Þk

qþ q2k

2

b; d

�1=b; �1=d

����q
� �

k

� q

bd

� �k

¼ 1þ bd

ð1þ bÞð1þ dÞ
ð�q=bd; qÞ2m
ðq; qÞ1þ2m

ðq2; q2Þmðq2; q2Þ1þm

½q2=b2; q2=d 2; q2�m:

According to Theorem 2, we derive the following transformation.
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Theorem 35 (Terminating series transformation).

X
M0¼n

ðq2; q2Þ2nþ1

ðq2; q2Þm0

ð�q=bd; qÞ2ml

ðq; qÞ1þ2ml

ðq4; q4Þml

½q2=b2; q2=d 2; q2�ml

Yl
i¼1

qM 2
i þMi

ðq2; q2Þmi

¼ ð1þ bÞð1þ dÞ
2ð1þ bdÞ ð�q2; q2Þn

Xnþ1

k¼�n

qþ q2k

ðqbdÞk
2nþ 1

nþ k

� �
q2

b; d

�1=b; �1=d

����q
� �

k

qðk
2�kÞð1þlÞ:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 36 (Nonterminating series transformation).

X
~mm AN l

0

ð�q=bd; qÞ2ml

ðq; qÞ1þ2ml

ðq4; q4Þml

½q2=b2; q2=d 2; q2�ml

Yl
i¼1

qM 2
i þMi

ðq2; q2Þmi

¼ ð1þ bÞð1þ dÞ
2ð1þ bdÞ

ð�q2; q2Þy
ðq2; q2Þy

Xþy

k¼�y

qþ q2k

ðqbdÞk
b; d

�1=b; �1=d

����q
� �

k

qðk
2�kÞð1þlÞ:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 37 (b ¼ �d ¼
ffiffiffiffiffiffiffiffiffiffiffi
�q�1

p
j q ! q1=2: Chu [18, Example 7]).

X
~mm AN l

0

ð�q; qÞ2ml

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q1þl;�q1þl;�q1þl; q1þl�y:

Corollary 38 (b ¼
ffiffiffiffiffiffiffiffiffiffiffi
�q�1

p
, d ! 0 j q ! q1=2).

X
~mm AN l

0

q
1þml

2ð Þ ð�q; qÞml

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q2þ4l; ql; q2þ3l; q2þ4l�y:

Corollary 39 (b ¼
ffiffiffiffiffiffiffiffiffiffiffi
�q�1

p
, d ! y j q ! q1=2).

X
~mm AN l

0

ð�q; qÞml

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q6þ4l; q2þl; q4þ3l; q6þ4l�y:

Corollary 40 (b; d ! y: Chu [18, Example 27]).

X
~mm AN l

0

ð�q2; q2Þml

ðq; q2Þ1þml

Yl
k¼1

qM 2
k
þMk

ðq2; q2Þmk

¼ ð�q2; q2Þy
ðq2; q2Þy

½q4þ2l;�q;�q3þ2l; q4þ2l�y:

The univariate case of Corollary 39 can be found in Slater [29, Eq 45].
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§3.6. For d ¼ 0, replacing q by q2 and then taking Wk in Theorem 2 as

Wk ¼ 1� wqk

1� w

ðc; qÞk
ðq=c; qÞk

� q

c

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 4c4-series identity (9) as

Xm
k¼�m

q2km
ðq�2m; q2Þk
ðq2þ2m; q2Þk

1� wqk

1� w

ðc; qÞk
ðq=c; qÞk

� q

c

� �k

¼ ð�q=c; qÞ2mðq2; q2Þm
ð�q; qÞ2mðq2=c2; q2Þm

:

According to Theorem 2, we have the following transformation.

Theorem 41 (Terminating series transformation).

X
M0¼n

ðq2; q2Þ2n
ðq2; q2Þm0

ð�q=c; qÞ2ml

ð�q2; q2Þml
ðq2=c2; q2Þml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þn
Xn

k¼�n

1� wqk

1� w

2n

nþ k

� �
q2

ðc; qÞk
ðq=c; qÞk

qk2ð1þlÞ

ck
:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 42 (Nonterminating series transformation).

X
~mm AN l

0

ð�q=c; qÞ2ml

ð�q2; q2Þml
ðq2=c2; q2Þml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þy
ðq2; q2Þy

Xþy

k¼�y

1� wqk

1� w

ðc; qÞk
ðq=c; qÞk

qk2ð1þlÞ

ck
:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 43 (c ! 0).

X
~mm AN l

0

ð�1Þmlqm2
l

ð�q2; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q1þ2l; ql; q1þl; q1þ2l�y:

Corollary 44 (c ¼ w ¼ �1).

X
~mm AN l

0

ðq; q2Þml

ð�q2; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q2þ2l; q1þl; q1þl; q2þ2l�y:
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Corollary 45 (c ! y).

X
~mm AN l

0

1

ð�q2; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q3þ2l; q1þl; q2þl; q3þ2l�y:

Corollary 46 (c ¼ �q1=2 j q ! q2).

X
~mm AN l

0

ðq; q2Þ2ml

ðq2;�q2Þ2ml

Yl
k¼1

q2M
2
k

ðq4; q4Þmk

¼ ð�q2; q4Þy
ðq4; q4Þy

½q4þ4l; q1þ2l; q3þ2l; q4þ4l�y:

The univariate case of Corollary 45 has been discovered by Rogers [24, 1894].

§3.7. For d ¼ 1, replacing q by q2 and then taking Wk in Theorem 2 as

Wk ¼ ð1� uqkÞð1� vqkÞ
uv� q�1

ðc; qÞk
ð1=c; qÞk

� 1

qc

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 5c5-series identity (10) as

X1þm

k¼�m

q2km
ðq�2�2m; q2Þk
ðq2þ2m; q2Þk

ð1� uqkÞð1� vqkÞ
uv� q�1

ðc; qÞk
ð1=c; qÞk

�q

c

� �k

¼
ð�q=c; qÞ2mðq2; q2Þ1þm

ð�q; qÞ1þ2mðq2=c2; q2Þm
:

According to Theorem 2, we establish the following transformation.

Theorem 47 (Terminating series transformation).

X
M0¼n

ðq2; q2Þ2nþ1

ðq2; q2Þm0

ð�q=c; qÞ2ml

ð�q; q2Þ1þml
ðq2=c2; q2Þml

Yl
i¼1

qM 2
i þMi

ðq2; q2Þmi

¼ ð�q2; q2Þn
Xnþ1

k¼�n

ð1� uqkÞð1� vqkÞ
ðuv� q�1ÞðqcÞk

2nþ 1

nþ k

� �
q2

ðc; qÞk
ð1=c; qÞk

qðk
2�kÞð1þlÞ:

Letting n ! y, we get the nonterminating multiple series transformation.
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Proposition 48 (Nonterminating series transformation).

X
~mm AN l

0

ð�q=c; qÞ2ml

ð�q; q2Þ1þml
ðq2=c2; q2Þml

Yl
i¼1

qM 2
i þMi

ðq2; q2Þmi

¼ ð�q2; q2Þy
ðq2; q2Þy

Xþy

k¼�y

ð1� uqkÞð1� vqkÞ
ðuv� q�1ÞðqcÞk

ðc; qÞk
ð1=c; qÞk

qðk
2�kÞð1þlÞ:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 49 (c ! 0).

X
~mm AN l

0

ð�1Þmlqm2
l

ð�q; q2Þ1þml

Yl
k¼1

qM 2
k
þMk

ðq2; q2Þmk

¼ ð�q2; q2Þy
ðq2; q2Þy

½q1þ2l; q; q2l; q1þ2l�y:

Corollary 50 (c ! y).

X
~mm AN l

0

1

ð�q; q2Þ1þml

Yl
k¼1

qM 2
k
þMk

ðq2; q2Þmk

¼ ð�q2; q2Þy
ðq2; q2Þy

½q3þ2l; q; q2þ2l; q3þ2l�y:

Corollary 51 (c ¼ u ¼ �q�1=2, v ¼ 0 j q ! q2).

X
~mm AN l

0

ðq; q2Þ1þ2ml

ðq4; q8Þ1þml

Yl
k¼1

q2M
2
k
þ2Mk

ðq4; q4Þmk

¼ ð�q4; q4Þy
ðq4; q4Þy

½q4þ4l; q; q3þ4l; q4þ4l�y:

§3.8. For d ¼ 0, replacing q by q3 and then taking Wk in Theorem 2 as

Wk ¼
1� o2q2k

1� o2

ðoc; qÞk
ðqo=c; qÞk

q

c

� �k

where o :¼ e2pi=3 is the cubic root of unity, we can evaluate the sum with
respect to k displayed in (5a) by means of the bilateral 6c6-series identity (8a–8b)
as

Xm
k¼�m

q3km
ðq�3m; q3Þk
ðq3þ3m; q3Þk

1� o2q2k

1� o2

ðoc; qÞk
ðqo=c; qÞk

q

c

� �k

¼ ðq=c; qÞ3mðq3; q3Þ
2
m

ðq3; q3Þ2mðq3=c3; q3Þm
:

Making further the replacement q ! q2, we derive the following transformation.

487iteration method for multiple rogers-ramanujan identities



Theorem 52 (Terminating series transformation).

X
M0¼n

ðq6; q6Þ2n
ðq6; q6Þm0

ðq2=c; q2Þ3ml

ðq3; q6Þml
ð�q6; q6Þml

ðq6=c3; q6Þml

Yl
i¼1

q3M
2
i

ðq6; q6Þmi

¼ ð�q3; q6Þn
Xn

k¼�n

ð�1Þk 1� o2q4k

1� o2

2n

nþ k

� �
q6

ðoc; q2Þk
ðq2o=c; q2Þk

q3k
2ð1þlÞ

ðqcÞk
:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 53 (Nonterminating series transformation).

X
~mm AN l

0

ðq2=c; q2Þ3ml

ðq3; q6Þml
ð�q6; q6Þml

ðq6=c3; q6Þml

Yl
i¼1

q3M
2
i

ðq6; q6Þmi

¼ ð�q3; q6Þy
ðq6; q6Þy

Xþy

k¼�y

ð�1Þk 1� o2q4k

1� o2

ðoc; q2Þk
ðq2o=c; q2Þk

q3k
2ð1þlÞ

ðqcÞk
:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 54 (c ! 0 j q ! q1=3).

X
~mm AN l

0

q2m
2
l

ðq; q2Þml
ð�q2; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q4þ6l; ql; q4þ5l; q4þ6l�y½q4þ8l; q4þ4l; q8þ12l�y:

Corollary 55 (c ! y j q ! q1=3).

X
~mm AN l

0

1

ðq; q2Þml
ð�q2; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q8þ6l; q2þl; q6þ5l; q8þ6l�y½q12þ8l; q4þ4l; q16þ12l�y:
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Corollary 56 (c ¼ qe).

X
~mm AN l

0

ðqe; q2Þ3ml

ðq3; q6Þml
ð�q6; q6Þml

ðq3e; q6Þml

Yl
k¼1

q3M
2
k

ðq6; q6Þmk

¼ ð�q3; q6Þy
ðq6; q6Þy

½q6þ6l; q1þ3le; q5þ3le; q6þ6l�y:

Corollary 57 (c ¼ e).

X
~mm AN l

0

ðq2e; q2Þ3ml

ðq3; q6Þml
ð�q6; q6Þml

ðq6e; q6Þml

Yl
k¼1

q3M
2
k

ðq6; q6Þmk

¼ ð�q3; q6Þy
ðq6; q6Þy

½q6þ6l; q2þ3le; q4þ3le; q6þ6l�y:

When l ¼ 1, the two identities in quintuple products become respectively Bailey
[11, Eq 4.3] and Slater [29, Eq 117], while Corollary 57 reduces to Bailey [9, Eq
7.5]. However, the identity displayed in Corollary 56 seems new even for l ¼ 1.

§3.9. For d ¼ 1, replacing q by q3 and then taking Wk in Theorem 2 as

Wk ¼ ðq2k � qoÞ ðoc; qÞk
ðo=c; qÞk

q�1

c

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 6c6-series identity (8a–8b) as

X1þm

k¼�m

q3km
ðq�3�3m; q3Þk
ðq3þ3m; q3Þk

ðq2k � qoÞ ðoc; qÞk
ðo=c; qÞk

q2

c

� �k

¼ 1� o2

1� o=c

ðq=c; qÞ1þ3mðq3; q3Þ1þm

ð�q3; q3Þmðq3; q6Þ1þmðq3=c3; q3Þm
:

According to Theorem 2, we derive the following transformation.

Theorem 58 (Terminating series transformation).

X
M0¼n

ðq3; q3Þ2nþ1

ðq3; q3Þm0

ðq=c; qÞ1þ3ml

ðq3; q6Þ1þml
ðq3=c3; q3Þml

Yl
i¼1

q3
1þMi

2ð Þ
ðq3; q3Þmi

¼ ð1� o=cÞð�q3; q3Þn
Xnþ1

k¼�n

1� q1�2ko

1� o2

2nþ 1

nþ k

� �
q3

� q

c

� �k ðoc; qÞk
ðo=c; qÞk

q3
k
2ð Þð1þlÞ:

Letting n ! y, we get the nonterminating multiple series transformation.
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Proposition 59 (Nonterminating series transformation).

X
~mm AN l

0

ðq=c; qÞ1þ3ml

ðq3; q6Þ1þml
ðq3=c3; q3Þml

Yl
i¼1

q3
1þMi

2ð Þ
ðq3; q3Þmi

¼ ð1� o=cÞ ð�q3; q3Þy
ðq3; q3Þy

Xþy

k¼�y

1� q1�2ko

1� o2

ðoc; qÞk
ðo=c; qÞk

� q

c

� �k

q3
k
2ð Þð1þlÞ:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 60 (c ¼ e).

X
~mm AN l

0

ðqe; qÞ1þ3ml

ðq3; q6Þ1þml
ðq3e; q3Þml

Yl
k¼1

q3
1þMk

2ð Þ
ðq3; q3Þmk

¼ ð�q3; q3Þy
ðq3; q3Þy

½q3þ3l; qe; q2þ3le; q3þ3l�y:

Corollary 61 (c ¼ q�1=2 j q ! q2).

X
~mm AN l

0

ðq; q2Þ2þ3ml

ðq3; q6Þ1þml
ðq6; q12Þ1þml

Yl
k¼1

q3M
2
k
þ3Mk

ðq6; q6Þmk

¼ ð�q6; q6Þy
ðq6; q6Þy

½q6þ6l; q; q5þ6l; q6þ6l�y:

Corollary 62 (c ! 0 j q ! q1=3).

X
~mm AN l

0

qm2
l
þml

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q2þ3l; q1þl; q1þ2l; q2þ3l�y½q4þ5l; ql; q4þ6l�y:

Corollary 63 (c ! y j q ! q1=3).

X
~mm AN l

0

1

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q4þ3l; q1þl; q3þ2l; q4þ3l�y½q6þ5l; q2þl; q8þ6l�y:

The last two corollaries generalize the identities in quintuple products respectively
due to Slater [29, Eq 63] and Rogers [25, 1917].
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§3.10. For d ¼ 0, taking Wk in Theorem 2 as

W2kþ1 ¼ 0 and W2k ¼ 1� wq2k

1� w

ðc; q2Þk
ðq2=c; q2Þk

q

c

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 4c4-series identity (9) as

X
k

q2km
ðq�m; qÞ2k
ðq1þm; qÞ2k

1� wq2k

1� w

ðc; q2Þk
ðq2=c; q2Þk

q

c

� �k

¼ ðq; qÞmðq=c; q2Þm
ðq; q2Þmðq=c; qÞm

:

Making further the replacement q ! q2, we derive the following transformation.

Theorem 64 (Terminating series transformation).

X
M0¼n

ðq2; q2Þ2n
ðq2; q2Þm0

ðq2=c; q4Þml

ðq; q2Þml
ðq2=c; q2Þml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þn
X
k

1� wq4k

1� w

2n

nþ 2k

� �
q2

ðc; q4Þk
ðq4=c; q4Þk

q4k
2ð1þlÞ

ck
:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 65 (Nonterminating series transformation).

X
~mm AN l

0

ðq2=c; q4Þml

ðq; q2Þml
ðq2=c; q2Þml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þy
ðq2; q2Þy

Xþy

k¼�y

1� wq4k

1� w

ðc; q4Þk
ðq4=c; q4Þk

q4k
2ð1þlÞ

ck
:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 66 (c ! 0).

X
~mm AN l

0

qm2
l
�ml

ðq; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q4þ8l; q4l; q4þ4l; q4þ8l�y:

Corollary 67 (c ¼ �q2e).

X
~mm AN l

0

ð�e; q4Þml

ð�e;�qeÞ2ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q8þ8l; q2þ4le; q6þ4le; q8þ8l�y:
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Corollary 68 (c ¼ w ¼ �1).

X
~mm AN l

0

ð�q2; q4Þml

ðq;�qÞ2ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q8þ8l; q4þ4l; q4þ4l; q8þ8l�y:

Corollary 69 (c ! y: Warnaar [33, Thm 4.4]).

X
~mm AN l

0

1

ðq; q2Þml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q12þ8l; q4þ4l; q8þ4l; q12þ8l�y:

The case l ¼ 1 of the last corollary was first discovered by Rogers [24, 1894].

§3.11. For d ¼ 1, taking Wk in Theorem 2 as

W2kþ1 ¼ 0 and W2k ¼
1� q�2kw

1� w

ðc; q2Þk
ð1=c; q2Þk

q

c

� �k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 5c5-series identity (10) as

X
k

q2km
ðq�1�m; qÞ2k
ðq1þm; qÞ2k

1� q�2kw

1� w

ðc; q2Þk
ð1=c; q2Þk

q3

c

� �k

¼ 1� wqm

1� w

ðq; qÞ1þmðq=c; q2Þm
ðq; q2Þ1þmðq=c; qÞm

:

According to Theorem 2, we have the following transformation.

Theorem 70 (Terminating series transformation).

X
M0¼n

1� wqml

1� w

ðq; qÞ2nþ1

ðq; qÞm0

ð�q; qÞml
ðq=c; q2Þml

ðq; q2Þ1þml
ðq=c; qÞml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞn
X
k

1� q�2kw

1� w

2nþ 1

nþ 2k

� �
q

c

� �k ðc; q2Þk
ð1=c; q2Þk

q
2k
2ð Þð1þlÞ:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 71 (Nonterminating series transformation).

X
~mm AN l

0

1� wqml

1� w

ð�q; qÞml
ðq=c; q2Þml

ðq; q2Þ1þml
ðq=c; qÞml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞy
ðq; qÞy

Xþy

k¼�y

1� q�2kw

1� w

q

c

� �k ðc; q2Þk
ð1=c; q2Þk

q
2k
2ð Þð1þlÞ:
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Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 72 (c ! 0, w ¼ 0).

X
~mm AN l

0

q
ml
2ð Þ ð�q; qÞml

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q2þ4l; q2þl; q3l; q2þ4l�y:

Corollary 73 (c ¼ �1, w ! y).

X
~mm AN l

0

qml
ð�q; q2Þml

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q4þ4l; ql; q4þ3l; q4þ4l�y:

Corollary 74 (c ¼ e=q, w ¼ qe).

X
~mm AN l

0

ð�q; qÞml
ðq2e; q2Þml

ðq; q2Þ1þml
ðqe; qÞml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q4þ4l;�q1þle;�q3þ3le; q4þ4l�y:

Corollary 75 (c ¼ �1, w ¼ 0).

X
~mm AN l

0

ð�q; q2Þml

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q4þ4l; q2þl; q2þ3l; q4þ4l�y:

Corollary 76 (c ! y, w ! y).

X
~mm AN l

0

qml
ð�q; qÞml

ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q6þ4l; ql; q6þ3l; q6þ4l�y:

§3.12. For d ¼ 1, taking Wk in Theorem 2 as

W2kþ1 ¼ 0 and W2k ¼ q4k � q

ðqbdÞk
b; d

q=b; q=d

����q2
� �

k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 6c6-series identity (8a–8b) as

X
k

q2kð1þmÞ ðq�1�m; qÞ2k
ðq1þm; qÞ2k

b; d

q=b; q=d

����q2
� �

k

q4k � q

ðqbdÞk
¼

ðq; qÞ1þmðq=bd; q2Þm
ð�q; qÞm½q=b; q=d; q�m

:

According to Theorem 2, we have the following transformation.
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Theorem 77 (Terminating series transformation).

X
M0¼n

ðq; qÞ2nþ1

ðq; qÞm0

ðq=bd; q2Þml

½q=b; q=d; q�ml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞn
X
k

q4k � q

ðqbdÞk
2nþ 1

nþ 2k

� �
b; d

q=b; q=d

����q2
� �

k

q
2k
2ð Þð1þlÞ:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 78 (Nonterminating series transformation).

X
~mm AN l

0

ðq=bd; q2Þml

½q=b; q=d; q�ml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞy
ðq; qÞy

Xþy

k¼�y

q4k � q

ðqbdÞk
b; d

q=b; q=d

����q2
� �

k

q
2k
2ð Þð1þlÞ:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 79 (b ¼ �d ¼ q1=2).

X
~mm AN l

0

ð�1; q2Þml

ðq; q2Þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½�q1þl; q;�ql;�q1þl�y:

Corollary 80 (b ¼ �q1=2, d ! 0 j q ! q2).

X
~mm AN l

0

ð�1Þml
qm2

l
�2ml

ð�q; q2Þml

Yl
k¼1

qM 2
k
þMk

ðq2; q2Þmk

¼ ð�q2; q2Þy
ðq2; q2Þy

½q1þ2l; q2; q2l�1; q1þ2l�y:

Corollary 81 (b ¼ q1=2e, d ¼ q�1=2 j q ! q2).

X
~mm AN l

0

ðq2e; q4Þml

ðqe; q2Þml
ðq; q2Þ1þml

Yl
k¼1

qM 2
k
þMk

ðq2; q2Þmk

¼ ð�q2; q2Þy
ðq2; q2Þy

½q2þ2le;�q;�q1þ2le; q2þ2le�y:

Corollary 82 (b ¼ �q1=2, d ! y j q ! q2).

X
~mm AN l

0

1

ð�q; q2Þml

Yl
k¼1

qM 2
k
þMk

ðq2; q2Þmk

¼ ð�q2; q2Þy
ðq2; q2Þy

½q3þ2l; q2; q1þ2l; q3þ2l�y:
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§3.13. For d ¼ 1, taking Wk in Theorem 2 as

W3kþ1 ¼ W3kþ2 ¼ 0 and W3k ¼ q6k � q

ðq2cÞk
ðc; q3Þk

ðq2=c; q3Þk
we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 6c6-series identity (8a–8b) as

X
k

qkð1þ3mÞ ðq�1�m; qÞ3k
ðq1þm; qÞ3k

ðc; q3Þk
ðq2=c; q3Þk

q6k � q

ck
¼

ðq; qÞ1þmðq=c; q3Þm
ð�q; qÞmðq; q2Þmðq=c; qÞm

:

According to Theorem 2, we have the following transformation.

Theorem 83 (Terminating series transformation).

X
M0¼n

ðq; qÞ2nþ1

ðq; qÞm0

ðq=c; q3Þml

ðq; q2Þml
ðq=c; qÞml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞn
X
k

q6k � q

ð�q2cÞk
2nþ 1

nþ 3k

� �
ðc; q3Þk

ðq2=c; q3Þk
q

3k
2ð Þð1þlÞ:

Letting n ! y, we get the nonterminating multiple series transformation.

Proposition 84 (Nonterminating series transformation).

X
~mm AN l

0

ðq=c; q3Þml

ðq; q2Þml
ðq=c; qÞml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞy
ðq; qÞy

Xþy

k¼�y

q6k � q

ð�q2cÞk
ðc; q3Þk

ðq2=c; q3Þk
q

3k
2ð Þð1þlÞ:

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

Corollary 85 (c ¼ �q�1=2 j q ! q2).

X
~mm AN l

0

ð�q3; q6Þml

ð�q; q2Þ1þml
ðq2; q4Þml

Yl
k¼1

qM 2
k
þMk

ðq2; q2Þmk

¼ ð�q2; q2Þy
ðq2; q2Þy

½q6þ6l; q; q5þ6l; q6þ6l�y½q8þ6l; q4þ6l; q12þ12l�y:

Corollary 86 (c ! 0).

X
~mm AN l

0

qm2
l
�ml

ðq; q2Þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q2þ3l; q; q1þ3l; q2þ3l�y½q4þ3l; q3l; q4þ6l�y:
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Corollary 87 (c ¼ �q).

X
~mm AN l

0

ð�1; q3Þml

ð�1; qÞml
ðq; q2Þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q3þ3l; q; q2þ3l; q3þ3l�y½q5þ3l; q1þ3l; q6þ6l�y:

Corollary 88 (c ! y).

X
~mm AN l

0

1

ðq; q2Þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q4þ3l; q; q3þ3l; q4þ3l�y½q6þ3l; q2þ3l; q8þ6l�y:

The case l ¼ 1 of the last corollary was originally found by Rogers [25, 1917].

§3.14. For d ¼ 1, taking Wk in Theorem 2 as

W3kþ1 ¼ W3kþ2 ¼ 0 and W3k ¼ 1

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 4c4-series identity (9) as

X
k

q3kð1þmÞ ðq�1�m; qÞ3k
ðq1þm; qÞ3k

¼
ðq; qÞ1þmðq3; q3Þm

ðq; qÞ1þ2m

:

According to Theorem 2, we have the following transformation.

Theorem 89 (Terminating series transformation).

X
M0¼n

ðq; qÞ2nþ1

ðq; qÞm0

ðq3; q3Þml

ðq; qÞml
ðq; q2Þ1þml

Yl
i¼1

q
1þMi

2ð Þ
ðq; qÞmi

¼ ð�q; qÞn
X
k

ð�1Þk 2nþ 1

nþ 3k

� �
q

3k
2ð Þð1þlÞ:

Letting n ! y, we get the following multiple Rogers-Ramanujan identity.

Corollary 90 (Multiple series identity).

X
~mm AN l

0

ðq3; q3Þml

ðq; qÞml
ðq; q2Þ1þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q9þ9l; q3þ3l; q6þ6l; q9þ9l�y:
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§3.15. For d ¼ 0, taking Wk in Theorem 2 as

W3kþ1 ¼ W3kþ2 ¼ 0 and W3k ¼ 1� wq3k

1� w

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 4c4-series identity (9) as

X
k

q3km
ðq�m; qÞ3k
ðq1þm; qÞ3k

1� wq3k

1� w
¼

ðq; qÞmðq3; q3Þm�1þd0;m

ðq; qÞ2m�1þd0;m

:

Making further the replacement q ! q2, we derive the following transformation.

Theorem 91 (Terminating series transformation).

X
M0¼n

ðq2; q2Þ2n
ðq2; q2Þm0

ðq6; q6Þml�1þd0;ml

ðq; q2Þml
ðq4; q4Þml�1þd0;ml

Yl
i¼1

qM 2
i

ðq2; q2Þmi

¼ ð�q; q2Þn
X
k

ð�1Þk 1� wq6k

1� w

2n

nþ 3k

� �
q2
q2

3k
2ð Þþ9k2l:

Letting n ! y, we obtain the following multiple Rogers-Ramanujan identity.

Corollary 92 (Multiple series identity).

X
~mm AN l

0

ðq6; q6Þml�1þd0;ml

ðq; q2Þml
ðq4; q4Þml�1þd0;ml

Yl
k¼1

qM 2
k

ðq2; q2Þmk

¼ ð�q; q2Þy
ðq2; q2Þy

½q18þ18l; q6þ9l; q12þ9l; q18þ18l�y:

The last corollary may be considered as an extension of an identity in quintuple
product due to Bailey [8, Eq C3] (see also Slater [29, Eq 114]).

§3.16. For d ¼ 1, taking Wk in Theorem 2 as

W4kþ1 ¼ W4kþ2 ¼ W4kþ3 ¼ 0 and W4k ¼ q4k � q1�4k

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 6c6-series identity (8a–8b) as

X
k

q4kð1þmÞ ðq�1�m; qÞ4k
ðq1þm; qÞ4k

ðq4k � q1�4kÞ ¼
ðq; qÞ1þmð�q2; q2Þm�1þd0;m

ð�q; qÞmðq; q2Þm
:

According to Theorem 2, we have the following transformation.
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Theorem 93 (Terminating series transformation).

X
M0¼n

ðq; qÞ2nþ1

ðq; qÞm0

ð�q2; q2Þml�1þd0;ml

ðq; q2Þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞn
X
k

2nþ 1

nþ 4k

� �
q

4k
2ð Þð1þlÞðq4k � q1�4kÞ:

Letting n ! y, we obtain the nonterminating multiple series identity.

Corollary 94 (Di¤erence of infinite products).

X
~mm AN l

0

ð�q2; q2Þml�1þd0;ml

ðq; q2Þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q16þ16l;�q6þ10l;�q10þ6l; q16þ16l�y
�q½q16þ16l;�q2þ6l;�q14þ10l; q16þ16l�y

	 

:

There exist more identities expressing nonterminating multiple sums in terms of
di¤erences of infinite products. For example, taking c ! q in Proposition 84
leads to another identity of this type.

Corollary 95 (Di¤erence of infinite products).

X
~mm AN l

0

1þ d0;ml
� qml

1þ d0;ml
� q3ml

ðq3; q3Þml

ðq; qÞml
ðq; q2Þml

Yl
k¼1

q
1þMk

2ð Þ
ðq; qÞmk

¼ ð�q; qÞy
ðq; qÞy

½q9þ9l; q6þ3l; q3þ6l; q9þ9l�y
�q½q9þ9l; q3l; q9þ6l; q9þ9l�y

	 

:

However, we are not going to produce further identities involving di¤erences of
infinite products due to the space limitation.
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