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MEROMORPHIC FUNCTIONS THAT SHARE SOME PAIRS OF

SMALL FUNCTIONS

Ping Li and Chung-Chun Yang*

Abstract

We discuss possible relations between two meromorphic functions f and g when

they share some pairs of small functions. By utilizing the generalized Nevanlinna’s

second main theorem for small functions obtained recently, we have been able to show

that two meromorphic functions f and g must be linked by a quasi-Möbius transfor-

mation if they share three pairs of small functions CM� and share another pair of small

function IM�. Moreover, we also improves a known result due to T. Czubiak and G.

Gundersen on two meromorphic functions sharing five pairs of values and the results on

the unicity of meromorphic functions that share five small functions obtained by Li Bao-

Qin and Li Yu-Hua as well.

1. Introduction and results

Let f be a meromorphic functions defined on the complex plane C. We
assume the reader is familiar with the standard notations and basic results on
Nevanlinna’s value distribution theory such as the characteristic function Tðr; f Þ,
the counting functions above the poles of f : Nðr; f Þ and Nðr; f Þ as well as the
proximity function mðr; f Þ (see, e.g., [3], [14]). The notation Sðr; f Þ is defined to
be any quantity satisfying Sðr; f Þ ¼ oðTðr; f ÞÞ as r ! y possibly outside a set of
r of finite linear measure. A meromorphic function a ðDyÞ is called a small
function with respect to f provided that Tðr; aÞ ¼ Sðr; f Þ. We denote by
NkÞðr; f Þ the counting function of the poles of f of multiplicitiesa k, where
every such a pole is counted only once, and denote by Nðkðr; f Þ the counting
function of the poles of f of multiplicitiesb k, where every such a pole is
counted only once. Let f and g be two nonconstant meromorphic functions,
and a, b be two values in C. We say that f and g share the value a IM (CM)
provided that f ðzÞ � a and gðzÞ � a have same zeros ignoring multiplicities
(counting multiplicities). We say that f and g share the pair of values ða; bÞ
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IM (CM) provided that f ðzÞ � a and gðzÞ � b have same zeros ignoring multi-
plicities (counting multiplicities). The well-known Nevanlinna’s five values the-
orem says that two meromorphic functions must be identical if they share five
values IM. Nevanlinna’s four values theorem says that two meromorphic
functions must be linked by a Möbius transformation if they share four values
CM. Since then, the subject on the unicity of meromorphic or entire functions
that share some values has been studied by many complex analysts.

The studies of ‘‘sharing value or sharing pair of values IM or CM’’ can be
extended to ‘‘sharing pairs of small functions IM� or CM� as follows (see, e.g.,
[1], [9]).

Let f and g be two nonconstant meromorphic functions, and a, b be two
small meromorphic functions with respect to both f and g. Denote Nðr; f ¼ a;
g ¼ bÞ the counting function which counts the common zeros of f � a and g� b,
each such zero is counted only once. Denote NEðr; f ¼ a; g ¼ bÞ the counting
function which counts the common zeros of f � a and g� b with the same
multiplicities, each such zero is counted only once. We say that f and g share
the pair ða; bÞ in the sense of IM� provided that

N r;
1

f � a

� �
�Nðr; f ¼ a; g ¼ bÞ ¼ Sðr; f Þ;

and

N r;
1

g� b

� �
�Nðr; f ¼ a; g ¼ bÞ ¼ Sðr; gÞ:

We say that f and g share the pair ða; bÞ in the sense of CM� provided that

N r;
1

f � a

� �
�NEðr; f ¼ a; g ¼ bÞ ¼ Sðr; f Þ;

and

N r;
1

g� b

� �
�NEðr; f ¼ a; g ¼ bÞ ¼ Sðr; gÞ:

For convenience, we recall the notation S �ðr; f Þ which is defined to be any
quantity such that for any positive number e there exists a Sðr; f Þ satisfying the
following inequality:

jS �ðr; f Þja eTðr; f Þ þ Sðr; f Þ:

Suppose that MðCÞ is the set of all meromorphic functions on C. For f A MðCÞ,
Let

Sð f Þ ¼ fg A MðCÞ : Tðr; gÞ ¼ Sðr; f Þg;
S�ð f Þ ¼ fg A MðCÞ : Tðr; gÞ ¼ S �ðr; f Þg:
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It is obvious that both Sð f Þ and S�ð f Þ are fields of functions, which are closed
under products and di¤erentiating, and Sð f ÞHS�ð f Þ. It is easily seen that we
can not find any set I of infinite linear measure such that Tðr; f ÞaS �ðr; f Þ,
r A I .

Nevanlinna’s five values theorem has been generalized to small functions case
(see, [7], [12], [5]), i.e., two nonconstant meromorphic functions must be identical
if they share five small functions IM. The number 5 may be reduced to 4, if f
and g have few poles. In fact, Ishizaki and Toda proved the following result.

Theorem A ([6]). Let f and g be two transcendental meromorphic functions,
and let a1; . . . ; a4 be distinct small functions of f and g. If f and g share a1; . . . ; a4
IM, and if

Nðr; f Þa uTðr; f Þ þ Sðr; f Þ and Nðr; gÞa vTðr; gÞ þ Sðr; gÞ;

hold for some constants u; v A ½0; 1=19Þ, then f ¼ g.

It follows that Nevanlinna’s four values theorem can be generalized as
follows.

Theorem B ([8]). Let f and g be nonconstant meromorphic functions and a1,
a2, a3, a4 be four distinct small functions of f and g. If f and g share a1, a2 CM�,
and share a3, a4 IM�, then f is a quasi-Möbius transformation of g, i.e., there exist

four small functions ai ði ¼ 1; 2; 3; 4Þ of g such that f ¼ a1gþ a2

a3gþ a4
.

Theorem C ([4], [9]). Let f and g be nonconstant meromorphic functions and
ai, bi ði ¼ 1; 2; 3; 4Þ ðai 0 aj; bi 0 bj; i0 jÞ be small functions of f and g. If f
and g share the four pairs ðai; biÞ CM�, then f is a quasi-Möbius transformation
of g.

The following two functions

f̂f ðzÞ ¼ ez þ 1

ðez � 1Þ2
and ĝgðzÞ ¼ ðez þ 1Þ2

8ðez � 1Þ ;ð1Þ

which was found by G. G. Gundersen in 1979 (see [2]), shows that two mer-
omorphic functions f and g sharing four values IM may not be linked by a
Möbius transformation. In fact, it is easily seen that f̂f and ĝg share 0, 1, �1=8,
y IM, but f̂f is not a Möbius transformation of ĝg. Note that f̂f and ĝg also share
the pair ð�1=2; 1=4Þ CM. So, two meromorphic functions that share five pairs
of values may not be linked by a Möbius transformation. However, the
following theorem shows that two meromorphic functions must be linked by
a Möbius transformation when they share six pairs of values.
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Theorem D ([1]). Let f and g be two nonconstant meromorphic functions
that share six pairs of values ðak; bkÞ, 1a ka 6, IM, where ai 0 aj and bi 0 bj
whenever i0 j. Then f is a Möbius transformation of g.

In this paper, we shall prove the following results.

Theorem 1. Let f and g be nonconstant meromorphic functions and ai,
bi ði ¼ 1; 2; 3; 4Þ ðai 0 aj; bi 0 bj; i0 jÞ be small functions of f and g. If f and g
share three pairs ðai; biÞ ði ¼ 1; 2; 3Þ CM�, and share the fourth pair ða4; b4Þ IM�,
then f is a quasi-Möbius transformation of g.

If the condition ‘‘ f and g share the pair ða; bÞ IM�’’ in Theorem 1 is
replaced by ‘‘ f ðzÞ � aðzÞ ¼ 0 implies gðzÞ � bðzÞ ¼ 0’’, then the conclusion may
not be true. In fact, the function

f ðzÞ ¼ 1

4
ðe2z � 2ez þ 4Þ and gðzÞ ¼ e�2zðe2z � 2ez þ 4Þ

share 0, 1, y CM, and f ðzÞ � 3=4 ¼ 0 implies gðzÞ � 3 ¼ 0, but f ðzÞ can not be
a Möbius transformation of gðzÞ.

The condition ‘‘ f and g share three pairs CM� and another pair IM�’’ in
Theorem 1 can not be replaced by ‘‘ f and g share two pairs CM� and another
two pairs IM�’’ either. For example, the functions

f ðzÞ ¼ �ðez � 1Þ
ez � 2

and gðzÞ ¼ �2ðez � 1Þ2

ez � 2

share the pairs ð1; 1Þ, ðy;yÞ CM, and share the pairs ð0; 0Þ, ð�2;�8Þ IM, but
f ðzÞ is not a Möbius transformation of gðzÞ.

Theorem 2. Let f and g be two nonconstant meromorphic functions, and aj,
bj ð j ¼ 1; . . . ; 5Þ be small functions with respect to f and g, and ai 0 aj, bi 0 bj
whenever i0 j. If f and g share the four pairs ðak; bkÞ IM�, 1a ka 4, and if the
inequalities

N r;
1

f � a5

� �
a lTðr; f Þ þ Sðr; f Þ and N r;

1

g� b5

� �
a lTðr; gÞ þ Sðr; gÞ;ð2Þ

hold for l A ½0; 1=3Þ, then f is a quasi-Möbius transformation of g.

From Theorem 2, we can get the following result for entire functions that
share four pairs of finite values.

Corollary 1. Let f and g be two nonconstant entire functions, and aj,
bj ð j ¼ 1; . . . ; 4Þ be finite values, and ai 0 aj, bi 0 bj whenever i0 j. If f and g
share the four pairs ðak; bkÞ IM�, 1a ka 4, then f is a Möbius transformation
of g.
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Theorem 3. Let f and g be two nonconstant meromorphic functions, and aj,
bj ð j ¼ 1; . . . ; 6Þ be small functions with respect to f and g, and ai 0 aj, bi 0 bj
whenever i0 j. If f and g share the five pairs ðak; bkÞ IM�, 1a ka 5, and if f is
not a quasi-Möbius transformation of g, then the following identities or inequalities
hold:

(a) Tðr; f Þ ¼ Tðr; gÞ þ S �ðr; f Þ;

(b)
P5

i¼1 N r;
1

f � ai

� �
¼ 3Tðr; f Þ þ S �ðr; f Þ;

(c) Tðr; f ÞaN r;
1

f � ai

� �
þN r;

1

f � aj

� �
þ S �ðr; f Þ, i0 j, i; j ¼ 1; . . . ; 5;

(d) Tðr; f Þa 3N r;
1

f � ai

� �
þ S �ðr; f Þ, i ¼ 1; . . . ; 5;

(e) Tðr; f Þ ¼ N r;
1

f � a6

� �
þ S �ðr; f Þ;

(f ) Nðr; f ¼ a6; g ¼ b6Þa 3
5Tðr; f Þ þ S �ðr; f Þ;

(g) Tðr; f Þ ¼ N r;
1

f � a5

� �
þ S �ðr; f Þ and Tðr; f Þ ¼ 2N r;

1

f � ai

� �
þ S �ðr; f Þ

for i ¼ 1; . . . ; 4 if ai ¼ bi, i ¼ 1; . . . ; 4.

Remark. From (g) of Theorem 3, we see that if f and g share five distinct
small functions IM�, then f is a quasi-Möbius transformation of g, and thus
f 1 g. This result was proved in [7] (entire case) and [12] (meromorphic case).

Corollary 2. Let f and g be two nonconstant meromorphic functions, and
aj, bj ð j ¼ 1; . . . ; 6Þ be small functions with respect to f and g, and ai 0 aj , bi 0 bj
whenever i0 j. If f and g share the five pairs ðak; bkÞ IM�, 1a ka 5, and if
there exists a number l A ½0; 2=5Þ such that

N r;
1

f � a6

� �
�Nðr; f ¼ a6; g ¼ b6Þa lTðr; f Þ þ Sðr; f Þ;

then f must be a quasi-Möbius transformation of g.

Remark. The conclusion of Corollary 2 for the special case: l ¼ 0 and all
ai, bi are values, can be found in [4].

Obviously, Theorem 2 is a generalization of Theorem A, Theorem 1 is a
generalization of Theorem C, and Corollary 2 is a generalization of Theorem D.

2. Lemmas

Lemma 1 ([9], [11]). Let f and g be two nonconstant meromorphic functions,
a1, a2 and a3 be three distinct small functions with respect to f and g. If f and g
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share a1, a2, a3 CM�, and if f is not a quasi-Möbius transformation of g, then for
any small function c ðD a1; a2; a3Þ with respect to f and g, we have

Tðr; f Þ ¼ N r;
1

f � c

� �
þ Sðr; f Þ and Nð3 r;

1

f � c

� �
¼ Sðr; f Þ:

Lemma 2 ([10]). Let h1 and h2 be two nonconstant meromorphic functions
satisfying

Nðr; hiÞ þNðr; 1=hiÞ ¼ SðrÞ; i ¼ 1; 2:

If hs
1h

t
2 � 1 is not identically zero for all integers s and t ðjsj þ jtj > 0Þ, then for any

positive number e, we have

Nðr; h1 ¼ 1; h2 ¼ 1Þa eTðrÞ þ SðrÞ;

where TðrÞ ¼ Tðr; h1Þ þ Tðr; h2Þ and SðrÞ ¼ oðTðrÞÞ as r ! y, except for a set of
r of finite linear measure.

Lemma 3 ([13]). Suppose that f ðzÞ is a nonconstant meromorphic function,
and a1ðzÞ; a2ðzÞ; . . . ; aqðzÞ are distinct small functions of f ðzÞ. Then for any
positive number e, we have

ðq� 2ÞTðr; f Þa
Xq

j¼1

N r;
1

f � aj

� �
þ eTðr; f Þ þ Sðr; f Þ:

Lemma 4. Let h1 h2 and h be nonconstant meromorphic functions such that
Tðr; hiÞa cTðr; hÞ þ Sðr; hÞ ði ¼ 1; 2Þ, where c is a positive constant, and

Nðr; hiÞ þN r;
1

hi

� �
¼ Sðr; hÞ; i ¼ 1; 2:

Let a and b be two small meromorphic functions of h. If the function f ¼
ah1 þ bh2 þ 1 is not constant, then

Nð3 r;
1

f

� �
¼ Sðr; hÞ:

Proof. Let ai ¼ h 0
i=hi ði ¼ 1; 2Þ. By the lemma of logarithmic derivative

and the conditions of Lemma 4, we have Tðr; aiÞ ¼ Sðr; hÞ ði ¼ 1; 2Þ. Let
a1 ¼ a 0 þ aa1, b1 ¼ b 0 þ ba2, a2 ¼ a 0

1 þ a1a1 and b2 ¼ b 0
1 þ b1a2. It is obvious

that Tðr; aiÞ ¼ Sðr; hÞ and Tðr; biÞ ¼ Sðr; hÞ, i ¼ 1; 2. If both a1 and b1 are
identically zero, then both ah1 and bh2 are constant, which implies that f is a
constant. This contradicts the assumption. Without loss of generality, we may
assume that b1 is not identically zero.

Suppose that z0 is zero of f of multiplicityb 3, but not a zero or pole of
ai ði ¼ 1; 2Þ. Then we have
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f ðz0Þ ¼ aðz0Þh1ðz0Þ þ bðz0Þh2ðz0Þ þ 1 ¼ 0;ð3Þ
f 0ðz0Þ ¼ a1ðz0Þh1ðz0Þ þ b1ðz0Þh2ðz0Þ ¼ 0;ð4Þ
f 00ðz0Þ ¼ a2ðz0Þh1ðz0Þ þ b2ðz0Þh2ðz0Þ ¼ 0:ð5Þ

If z0 is not zero or pole of bi, then from (4) and (5) we have

a2ðz0Þ
a1ðz0Þ

¼ b2ðz0Þ
b1ðz0Þ

:

If a2=a1 D b2=b1, then we get

Nð3 r;
1

f

� �
aN r;

1

a2=a1 � b2=b1

� �
aSðr; hÞ:

Suppose that a2=a1 1 b2=b1. We get

a 0
1

a1
þ h 0

1

h1
¼ b 0

1

b1
þ h 0

2

h2
:ð6Þ

By integration, we get

a1h1 ¼ cb1h2;ð7Þ

where c is a nonzero constant. From (4) and (7), we get ðcþ 1Þb1ðz0Þh2ðz0Þ ¼ 0.
Note that hiðz0Þ0 0 ði ¼ 1; 2Þ. We have c ¼ �1. Thus f 0 ¼ a 0

1h1 þ b 0
1h2 ¼ 0, it

follows that f is a constant, a contradiction. Hence z0 must be a zero or pole of
b1. Therefore, we have

Nð3 r;
1

f

� �
aTðr; b1Þ þ Sðr; hÞaSðr; hÞ;

which completes the proof of Lemma 4. r

Lemma 5. Suppose that f and g are nonconstant meromorphic functions,
F ¼ F ð f ; gÞ is a polynomial in f and g with coe‰cients being small functions with
respect to f and g. The degree of F about f is p, and the degree about g is q.
Then we have

Tðr;FÞa pTðr; f Þ þ qTðr; gÞ þ Sðr; f Þ:ð8Þ

Proof. The function F can be written as F ¼
Pp

k¼0 ck f
kgnk , where ck are

small functions with respect to f and g, and 0a nk a q. It is obvious that

Nðr;F Þa pNðr; f Þ þ qNðr; gÞ þ Sðr; f Þ:ð9Þ

To estimate mðr;FÞ, for a fixed positive number r, we set A1 ¼
fy A ½0; 2p� : j f ðreiyÞja 1g, A2 ¼ ½0; 2p�nA1, B1 ¼ fy A ½0; 2p� : jgðreiyÞja 1g, and
B2 ¼ ½0; 2p�nB1. Then
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mðr;FÞ ¼ 1

2p

ð
A1VB1

logþjFðreiyÞj dyþ 1

2p

ð
A1VB2

logþjFðreiyÞj dy

þ 1

2p

ð
A2VB1

logþjFðreiyÞj dy 1

2p

ð
A2VB2

logþjFðreiyÞj dy:

Simple computation shows thatð
A1VB1

C dya

ð
A1VB1

F dy;

ð
A1VB2

C dya q

ð
A1VB2

logþjgðreiyÞj dyþ
ð
A1VB2

F dy;

ð
A2VB1

C dya p

ð
A2VB1

logþj f ðreiyÞj dyþ
ð
A2VB1

F dy;

ð
A2VB2

C dya p

ð
A2VB2

logþj f ðreiyÞj dyþ q

ð
A2VB2

logþjgðreiyÞj dyþ
ð
A2VB2

F dy;

where C ¼ logþjFðreiyÞj and F ¼ logþð
Pp

k¼0 jckðreiyÞjÞ. By adding these
inequalities together, we get

mðr;FÞa pmðr; f Þ þ qmðr; gÞ þ Sðr; f Þ:ð10Þ
The desired inequality follows from (9) and (10). r

3. Proofs of the results

Proof of Theorem 1. Without loss of generality, we assume that f and g
share the pairs 0, 1, y CM�, and share the pair ða; bÞ IM�, where a ðD 0; 1;yÞ
and b ðD 0; 1;yÞ are small functions of f and g, otherwise, we can consider the
following transformation

F ¼ f � a1

f � a3
� a2 � a3

a2 � a1
and G ¼ g� b1

g� b3
� b2 � b3

b2 � b1
:

By Nevanlinna’s second main theorem, we have

Tðr; f ÞaNðr; f Þ þN r;
1

f � 1

� �
þN r;

1

f

� �
þ Sðr; f Þ

aNEðr; f ¼ y; g ¼ yÞ þNEðr; f ¼ 1; g ¼ 1Þ

þNEðr; f ¼ 0; g ¼ 0Þ þ Sðr; f Þ
a 3Tðr; gÞ þ Sðr; f Þ:

Similarly, we have Tðr; gÞa 3Tðr; f Þ þ Sðr; gÞ. Therefore, an Sðr; f Þ is an
Sðr; gÞ, and vice versa. We write SðrÞ ¼ Sðr; f Þ ¼ Sðr; gÞ. Let
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h1 ¼
b

a
� f
g
; h2 ¼

b� 1

a� 1
� f � 1

g� 1
:ð11Þ

Since f and g share 0, 1, y CM�, we have

Nðr; hiÞ þN r;
1

hi

� �
¼ SðrÞ; i ¼ 1; 2:ð12Þ

It is obvious that Tðr; hiÞaTðr; f Þ þ Tðr; gÞ þ SðrÞa 4Tðr; f Þ þ SðrÞ.
Suppose that f is not a quasi-Möbius transformation of g. Then h1 and h2

can not be small functions of f and g. Since f and g share the pair ða; bÞ IM�,
by Theorem A, we have aD b. By Lemma 1, we get

Tðr; f Þa 2N r;
1

f � a

� �
þ SðrÞa 2Nðr; f ¼ a; g ¼ bÞ þ SðrÞ

a 2Nðr; h1 ¼ 1; h2 ¼ 1Þ þ SðrÞ:

By Lemma 2, there exist two nonzero integers s1 and t1 such that hs1
1 ¼ ht1

2 . Let
d be the greatest common factor of s1 and t1. Then there exist a nonzero
constant c such that hs

1 ¼ cht
2, where s ¼ s1=d and t ¼ t1=d. Note that there

many common 1-points of h1 and h2. Therefore, c ¼ 1. Thus we have hs
1 ¼ ht

2.
Since s and t are relatively prime to each other, there exist two nonzero integers u
and v such that usþ vt ¼ 1. Let

h ¼ hv
1h

u
2 :ð13Þ

Then we have

h1 ¼ ht; h2 ¼ hs:ð14Þ
Without loss of generality, we can assume that sb 1. From (11) and (14), we
get

f � a ¼ aða� 1Þ
bðb� 1Þ �

hsþt � bhs þ ðb� 1Þht

a� 1

b� 1
hs � a

b
ht

; g� b ¼ ð1� aÞhs þ aht � 1

a� 1

b� 1
hs � a

b
ht

:ð15Þ

If Nð2ðr; 1=f � aÞ ¼ SðrÞ and Nð2ðr; 1=g� bÞ ¼ SðrÞ, then f and g share the pair
ða; bÞ CM�. Thus, by Theorem B, f and g must be linked by a quasi-Möbius
transformation. Thus we may assume, without loss of generality, that

Nð2 r;
1

f � a

� �
0SðrÞ:

Suppose that z0 is a multiple zero of f � a, but not the zero or pole of a, b,
not the 1-point of a, b either. It follows from (15) that z0 must be a multiple
zero of hsþt � bhs þ ðb� 1Þht, i.e.,

fhsþt � bhs þ ðb� 1Þhtgðz0Þ ¼ 0;

fððsþ tÞhsþt � sbhs þ tðb� 1ÞhtÞa� b 0hs þ b 0htgðz0Þ ¼ 0;
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where a ¼ h 0=hD 0, which is a small function of f . Note that f and g share
the pair ða; bÞ IM�. From (11) and (13), we get hðz0Þ ¼ 1. It follows from the
above equation that aðz0Þ ¼ 0 or s� ðs� tÞbðz0Þ ¼ 0. Since Nð2ðr; 1=ð f � aÞÞ0
SðrÞ and aD 0, we get

s� ðs� tÞb1 0:

Hence b ¼ s=ðs� tÞ is a constant. Since f and g share y CM� and share the
pair ða; bÞ IM�, we can see from (15) that the two functions

F ðhÞ :¼ hsþt � bhs þ ðb� 1Þht and GðhÞ :¼ ð1� aÞhs þ aht � 1ð16Þ
share 0 IM�. Suppose that z1 is a common zero of F and G, but not the zero or
pole of a, not the 1-point of a either. Then we have

hsðz1Þ ¼ htðz1Þ ¼ 1 or hsðz1Þ ¼
bðz1Þ � 1

aðz1Þ � 1
; htðz1Þ ¼

bðz1Þ
aðz1Þ

:

It follows that hðz1Þ ¼ 1 or hðz1Þ ¼ r0ðz1Þ, where r0 :¼ fðb� 1Þ=ða� 1Þguðb=aÞv is
a small function of f , and r0 D 0. Therefore, F and G can be expressed as

F ¼ A1h
k1ðh� 1Þp1ðh� r0Þq1 and G ¼ A2h

k2ðh� 1Þp2ðh� r0Þq2 ;ð17Þ
where Ai is a small function of f , and ki, pi, qi are non-negative integers. By
Lemma 4, we see that pi a 2 and qi a 2. Since h ¼ 1 is a root of GðhÞ ¼ 0, and
a multiple root of FðhÞ ¼ 0. We have p1 ¼ 2 and p2 b 1. Note that there are
three terms in F ðhÞ. We get q1 a 1.

If p2 ¼ 2, then h ¼ 1 is a multiple root of GðhÞ ¼ 0. By the arguments
similar to that in the above, we can prove that a1 s=ðs� tÞ ¼ b. Therefore, f
and g share a IM�. By Theorem B, f is a quasi-Möbius transformation of g,
which contradicts the assumption. Hence p2 ¼ 1.

From (16), we see that there are at most three terms in GðhÞ. Thus q2 b 1.
And then q1 b 1, otherwise F and G can not share 0 IM�. Hence q1 ¼ 1. Then
we have

F ¼ A1

A2
hk1�k2ðh� 1ÞG:ð18Þ

By computation,

ðh� 1ÞG ¼ ð1� aÞhsþ1 � ð1� aÞhs þ 1þ ahtþ1 � aht � h:ð19Þ

However, there are at most three terms in FðhÞ. This may be occur only when
t ¼ 1, s ¼ 2, b ¼ 2 or t ¼ �1, s ¼ 1, b ¼ 1

2 . In both cases, F can be expressed as
A1h

k1ðh� 1Þ2, which shows that F ðhÞ can not be the form A1h
k1ðh� 1Þ2ðh� r0Þ,

r0 D 0. So, if f is not a quasi-Möbius transformation of g, then we will arrive at
a contradiction. This also completes the proof of Theorem 1. r

Proof of Theorem 2. By utilizing quasi-Möbius transformation, we assume,
without loss of generality, that none of aj and bj ð j ¼ 1; . . . ; 5Þ is infinity. Let L
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be the quasi-Möbius transformation such that aj 1LðbjÞ, j ¼ 1; 2; 3. Note that
f and g share ðaj; bjÞ IM� ð1a ja 4Þ. A quantity Sðr; f Þ is also a Sðr; gÞ, and
vise versa. For convenience, in the sequel we write SðrÞ :¼ Sðr; f Þ ¼ Sðr; gÞ and
S �ðrÞ :¼ S �ðr; f Þ ¼ S �ðr; gÞ.

Assume f is not a quasi-Möbius transformation of g, then we have

X3

j¼1

N r;
1

f � aj

� �
aN r;

1

f � LðgÞ

� �
þ SðrÞaTðr; f Þ þ Tðr; gÞ þ SðrÞ:ð20Þ

By Lemma 3, we have

3Tðr; f Þa
X5

j¼1

N r;
1

f � aj

� �
þ S �ðrÞ:ð21Þ

From (2), (20) and (21), we get

3Tðr; f ÞaTðr; f Þ þ Tðr; gÞ þN r;
1

f � a4

� �
þ lTðr; f Þ þ S �ðrÞ:

That is

2Tðr; f ÞaTðr; gÞ þN r;
1

f � a4

� �
þ lTðr; f Þ þ S �ðrÞ:ð22Þ

Similarly, we have

2Tðr; f ÞaTðr; gÞ þN r;
1

f � aj

� �
þ lTðr; f Þ þ S �ðrÞ; j ¼ 1; 2; 3:ð23Þ

Adding the three inequalities in (23) together and using (20) again yield

6Tðr; f Þa 3Tðr; gÞ þ Tðr; f Þ þ Tðr; gÞ þ 3lTðr; f Þ þ S �ðrÞ:
Hence

5Tðr; f Þa 4Tðr; gÞ þ 3lTðr; f Þ þ S �ðrÞ:ð24Þ

Symmetrically, we have

5Tðr; gÞa 4Tðr; f Þ þ 3lTðr; gÞ þ S �ðrÞ:ð25Þ

Add the above two inequalities yield

Tðr; f Þ þ Tðr; gÞa 3lðTðr; f Þ þ Tðr; gÞÞ þ S �ðrÞ:
This is impossible for the number l < 1=3. Hence f must be a quasi-Möbius
transformation of g. r

Proof of Theorem 3. Without loss of generality, we assume that aj Dy,
bj Dy ð j ¼ 1; . . . ; 6Þ, and aDy. Furthermore, we may assume ða1; b1Þ ¼
ð0; 0Þ, ða2; b2Þ ¼ ð1; 1Þ, and ða3; b3Þ ¼ ð�1;�1Þ. It is not di‰cult to find five
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small functions cj ð j ¼ 1; . . . ; 5Þ (at least one of them is not identically zero) such
that the following function

F :¼ F ð f ; gÞ ¼ c1 f
2gþ c2 fgþ c3 f

2 þ c4 f þ c5gð26Þ
satisfy Fðaj ; bjÞ1 0 for j ¼ 1; . . . ; 5. By Lemma 5, we have

Tðr;FÞa 2Tðr; f Þ þ Tðr; gÞ þ SðrÞ:ð27Þ
If F 1 0, then ðc1 f 2 þ c2 f þ c5Þg1�ðc3 f 2 þ c4 f Þ. Note that at least one

of cj is not zero. Therefore, c1 f
2 þ c2 f þ c5 D 0. Hence

g ¼ � c3 f
2 þ c4 f

c1 f 2 þ c2 f þ c5:
ð28Þ

Since g is not a quasi-Möbius transformation of f , the right-hand side of the
above equation is irreducible. Therefore, Tðr; gÞ ¼ 2Tðr; f Þ þ SðrÞ. By Lemma
3, we have

3Tðr; gÞa
X5

j¼1

N r;
1

g� bj

� �
þ S �ðrÞ

a
X5

j¼1

N r;
1

f � aj

� �
þ S �ðrÞ

a 5Tðr; f Þ þ S �ðrÞ:

Therefore, 6Tðr; f Þa 5Tðr; f Þ þ S �ðrÞ, which is impossible. Hence F D 0.
Since f and g share the five pairs ðaj ; bjÞ IM�, and F ðaj; bjÞ1 0 for

j ¼ 1; . . . ; 5, by Lemma 3 and Lemma 5, we have

4Tðr; f Þa
X5

j¼1

N r;
1

f � aj

� �
þN r;

1

f � a6

� �
þ S �ðrÞ

aN r;
1

F

� �
þN r;

1

f � a6

� �
þ S �ðrÞ

a 2Tðr; f Þ þ Tðr; gÞ þN r;
1

f � a6

� �
þ S �ðrÞ:

Therefore,

2Tðr; f ÞaTðr; gÞ þN r;
1

f � a6

� �
þ S �ðrÞ;ð29Þ

which implies that

Tðr; f ÞaTðr; gÞ þ S �ðrÞ:ð30Þ
Symmetrically, we have

Tðr; gÞaTðr; f Þ þ S �ðrÞ:ð31Þ
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This proves (a). It follows from (31) and Lemma 5 that

X5

j¼1

N r;
1

f � aj

� �
aN r;

1

F

� �
þ SðrÞa 3Tðr; f Þ þ S �ðrÞ;

By Lemma 3, the opposite inequality also holds. Therefore, (b) holds. From
(21), (20) and (31), we get

3Tðr; f Þa 2Tðr; f Þ þN r;
1

f � a4

� �
þN r;

1

f � a5

� �
þ S �ðrÞ:

That is

Tðr; f ÞaN r;
1

f � a4

� �
þN r;

1

f � a5

� �
þ S �ðrÞ:

Similarly, we can deduce that

Tðr; f ÞaN r;
1

f � ai

� �
þN r;

1

f � aj

� �
þ S �ðrÞð32Þ

holds for i; j ¼ 1; . . . ; 5 and i0 j. Therefore, (c) holds. From (32), (20) and
(31), we have

3Tðr; f Þa
X3

j¼1

N r;
1

f � aj

� �
þ 3N r;

1

f � a4

� �
þ S �ðrÞ

a 2Tðr; f Þ þ 3N r;
1

f � a4

� �
þ S �ðrÞ:

This gives

Tðr; f Þa 3N r;
1

f � a4

� �
þ S �ðrÞ

Similarly, we can obtain

Tðr; f Þa 3N r;
1

f � ai

� �
þ S �ðrÞ; i ¼ 1; . . . ; 5;

which shows that (d) holds. From (29), (30) and (31), we can deduce

Tðr; f ÞaN r;
1

f � a6

� �
þ S �ðrÞ:ð33Þ

Therefore, (e) holds. By arguing similarly to that in the proof of (b), we have

X4

i¼1

N r;
1

f � ai

� �
þNðr; f ¼ a6; g ¼ b6Þa 3Tðr; f Þ þ S �ðrÞ:
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Therefore,

X5

i¼1

N r;
1

f � ai

� �
a 3Tðr; f Þ þN r;

1

f � a5

� �
�Nðr; f ¼ a6; g ¼ b6Þ þ S �ðrÞ:

From this and Lemma 3, we get

Nðr; f ¼ a6; g ¼ b6ÞaN r;
1

f � a5

� �
þ S �ðrÞ:

Similarly, we have

Nðr; f ¼ a6; g ¼ b6ÞaN r;
1

f � ai

� �
þ S �ðrÞ; i ¼ 1; . . . ; 4:

Add the five inequalities together and then use (b), we get

5Nðr; f ¼ a6; g ¼ b6Þa 3Tðr; f Þ þ S �ðrÞ:

So, (f ) holds.
Suppose furthermore that ai ¼ bi for i ¼ 1; . . . ; 4. We have

X4

i¼1

N r;
1

f � ai

� �
aN r;

1

f � g

� �
a 2Tðr; f Þ þ S �ðrÞ:ð34Þ

From this and by (c), we get

N r;
1

f � ai

� �
þN r;

1

f � aj

� �
aTðr; f Þ þ S �ðrÞ:ð35Þ

And thus

N r;
1

f � ai

� �
þN r;

1

f � aj

� �
¼ Tðr; f Þ þ S �ðrÞ; i; j ¼ 1; . . . ; 4; i0 j;ð36Þ

which yields

N r;
1

f � ai

� �
¼ 1

2
Tðr; f Þ þ S �ðrÞ; i ¼ 1; . . . ; 4:ð37Þ

From this and (b), we get N r;
1

f � a5

� �
¼ Tðr; f Þ þ S �ðrÞ. This also completes

the proof of Theorem 3. r

4. Concluding remark and questions

We are unable to show whether the number 1=3 in Theorem 2 is best or
not. So we propose the following question for further study.
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Question 1. Suppose that f and g are two nonconstant meromorphic
functions, aj, bj ð j ¼ 1; . . . ; 5Þ are small functions with respect to f and g, and
ai 0 aj, bi 0 bj whenever i0 j. Can one find a number d > 1=3 such that f
must be a quasi-Möbius transformation of g as long as f and g share the four
pairs ðak; bkÞ IM�, 1a ka 4, and the inequalities

N r;
1

f � a5

� �
a lTðr; f Þ þ Sðr; f Þ and N r;

1

g� b5

� �
a lTðr; gÞ þ Sðr; gÞ

hold for all l A ½0; dÞ?

From (d) in Theorem 3, we can see that Yðai; f Þa 2
3 , i ¼ 1; . . . ; 5, provided

that f and g share five pairs ðai; biÞ IM�, and f is not a quasi-Möbius transfor-
mation of g. Thus we have the following question.

Question 2. Suppose that f and g are two nonconstant meromorphic
functions sharing five pairs of small functions ðai; biÞ ði ¼ 1; . . . ; 5Þ, and f is not
a quasi-Möbius transformation of g. What is the minimal number m such that
Yðai; f Þa m, i ¼ 1; . . . ; 5?

By consideration of the functions f̂f and ĝg in (1), we see that the number d in
Question 1 must be less than or equal to 1=2, and the minimal number m in
Question 2 can not be less than 1=2.

From Theorem 1, we see that two meromorphic functions must be linked by
a quasi-Möbius transformation if they share three pairs of small functions CM�,
and share another pair of small functions IM�. The following conjecture is
reasonable.

Conjectrue. Suppose that f and g are two nonconstant meromorphic
functions sharing five pairs of small functions ðai; biÞ IM� ði ¼ 1; . . . ; 5Þ. If
two of the pairs are shared in the sense CM�, then f must be a quasi-Möbius
transformation of g.
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