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ON THE SET OF SOLUTIONS OF A CLASS
OF NONLINEAR EVOLUTION INCLUSIONS

By NIKOLAOS S. PAPAGEORGIOU* **

Abstract

In this paper first we establish the existence of solutions for a large class
of nonlinear, nonconvex evolution inclusions and then we show that the solution
multifunction has a continuous selector. Then we use that selector result to
establish the existence of periodic trajectories and we show how this result
can be used in nonlinear closed loop (feedback) control systems.

1. Introduction.

In a recent paper Cellina [8], proved the existence of a continuous selection
for the multifunction S(&), which to each initial point & of a differential inclu-
sion in R™ with Lipschitz continuous orientor field associates the set of all
trajectories emanating from that point. His result was extended to differential
inclusions in a separable Banach space by Colombo-Fryszkowski-Rzezuchowski-
Staicu [9] and very recently by Staicu [20] to evolution inclusions driven by a
time invariant maximal monotone operator defined on a separable Hilbert space.
Evolution inclusions are important in the study of infinite dimensional control
systems (see Ahmed [1], Avgerinos-Papageorgiou [4] and Papageorgiou [19]).
Staicu’s proof [20], followed that of [9] which in turn was based on Filippov’s
approach to the relaxation problem [11].

In this paper we extend the work of Staicu [20] to a larger class of non-
linear evolution inclusions, with a time varying monotone multivalued operator.
First we establish the existence of a solution for the multivalued Cauchy pro-
blem under consideration. Then following the approach of Staicu, we prove the
existence of a continuous solution selector. Having this selector and using a
viability result of Avgerinos-Papageorgiou [3], we establish the existence of a
periodic solution for an autonomous evolution inclusion. This result extends
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proposition 4.1 of Staicu [20], which was proved for differential inclusions in a
separable Banach space, with no monotone operator present.

2. Preliminaries.

Let (£2, 2) be a measurable space and X a separable Banach space. By
P;y(X) we will be denoting the family of nonempty, closed (and convex) subsets
of X. A multifunction F: 2—P,(X) is said to be measurable if and only if for
every zeX, w—d(z, F(w))=inf{||z—x| : x€ F(w)} is measurable. A multifunc-
tion G:Q-2%¥\{0} is said to be graph measurable if and only if GrG=
{(w, x)ERXX: xeF(w)} XX B(X) with B(X) being the Borel ¢-field of X.
For P;(X)-valued multifunctions, measurability implies graph measurability and
the converse is true provided there exists a o-finite measure p(-) on ¥ with
respect to which X is complete. If we have such a measure on %, by S% 1< p=< oo,
we will denote the set of all selectors of F(-) that belong in the Lebesgue-
Bochner space L?(X); i.e. SE={feL?(X): f(w)eF(w)p-a.e.}. This set may be
empty. For a measurable multifunction F(-) it is nonempty if and only if w—
{lx]l: xeF(w)} =L?. For further details on measurable multifunctions we refer
to Wagner [21].

A map A: X—2%* is said to be monotone if and only if for all [x, x*],
[y, y*]=GrA, we have {x*—y*, x—y>=0, where by <-, -> we denote the duality
brackets of the pair (X, X*). We say that A(-) is maximal monotone if and
only if it is monotone and its graph is not properly included in the graph of
another monotone operator. For a maximal monotone operator A: X—2%* we
know that for every xX A(x) is a convex and w*-closed set (possibly empty)
and GrA is demiclosed (i.e. closed in XXX3. denotes the Banach space X*
endowed with the w*-topology).

A mapping J: X—2%* is called a duality mapping if it satisfies the follow-
ing property :

Jx)={x*eX*={x*, x)=|x|*=|lx*|} .

If X is a Hilbert space, J(-) reduces to the canonical isomorphism between

X and X*. In general note that the Hahn-Banach theorem guarantees that for

every x&X, J(x) is a nonempty, closed and convex subset of X*. Furthermore

if X* is strictly convex, then J(-) is single-valued, surjective, demicontinuous

(i.e. if xnix in X then j(xn)ﬂj(x) in X*), maximal monotone, bounded (i.e.

maps bounded sets into bounded sets) and coercive (in fact from the definition
Jx), x>

we have (J(x), x>=| x|, so "li"m 1% _"li.,m ||lx||=+c0, coercivity). Another

way to define a duality map is to let ¢ : X—R., be defined by ¢(x)=|x|?/2 and
set J(x)=0¢4(x), where 0¢(-) denotes the convex subdifferential of ¢(-). For
further details on monotone operators and duality maps we refer to Zeidler [22].

Let Y, Z be Hausdorff topological spaces and let G :Y—2%\ {0} be a mul-
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tifunction. We say that G(-) is upper semicontinuous (u.s.c.) (resp. lower semi-
continuous (l.s.c.)) if and only if for all CSZ closed G(C)={y€Y : G(y)NC #0}
(resp. G*(C)={yeY : G(y)SC}) is closed n Y. If Y, Z are metric spaces, then
lower semicontinuity is equivalent to saying that: “y,—y in Y implies G(y)S
lim G(y.)={zeX: z=limz,, z,€G(y,), n=1} ={zeX: lim d4(z, G(y,))=0}, with
dz(-, ) being the metric on Z. Also if Z is a metric space, on P;(Z) we can
define a generalized metric known in the literature as Hausdorff metric by
setting

h(A, B)=max[supd(a, B), supd(b, A)]
acd beB

for all A, BeP;(Z). If Z is complete, then so is (P/(Z), h).

3. Continuous selector.

The mathematical setting of our problem is the following. Let T=[0, &],
H a separable Hilbert space and X a dense subspace of H, carrying the structure
of a separable reflexive Banach space which embeds continuously into X. Iden-
tifying H with its dual (pivot space), we have X<, Hc, X*, with all embeddings
being continuous and dense. Such a triple of spaces is known in the literature
as “evolution triple” or “Gelfand triple” (see Zeidler [22]). We will assume
that the embeddings are also compact. By <-,-> we will denote the duality
brackets for the pair (X, X*) and by (-, -) the inner product of H. The two
are compatible in the sense that <., ->|xxx=(-, ). Also by ||| (resp. |- |, |l lx),
we will denote the norm of X (resp. of H, X*).

Recall that a map A: X—X* is hemicontinuous if and only if the real func-
tion A—<A(x+1y), v) is continuous on [0, 1] for all x, y, veX. It is well-
known (see for example Zeidler [22]), that a monotone, hemicontinuous, every-
where defined operator is maximal monotone. In the next lemma we show
that a similar result is also true for multivalued monotone operators. Let
Por(X*¥)={AS X*: nonempty, w-compact, convex}.

LEMMA 3.1. If A: X—>Pyr(X*) is a multivalued operator s.t.
1) x—A(x) is monotone,
(2) A—-A(x+Ay) is u.s.c. from [0, 1] into X% for every x, y&X (here by
X} we denote the Banach space X* endowed with the weak topology)
then A(-) s maximal monotone.

Proof. We need to show that if {y*—x*, y—x>=0 for all [x, x*]=GrA,
then [y, y*]GrA. Suppose not. Then y*é A(y). Since the latter is w-com-
pact and convex, using the strong separation theorem, we can find veX s.t.

o(v; A(y)=sup{<z*, v>: z*c A(y)} <*, v) (n
Let v;=y+Av 2<[0, 1] and v¥= A(v;). We have
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0= F—y*, y—y+Av) = 0 wF—y*, v for every A<[0, 1].

Note that since X3 is a regular topological space and by hypothesis (2) the
multifunction @ : A= A(y+4v) is u.s.c. from [0, 1] into X¥, it has a closed graph
in [0, 17X X (see Klein-Thompson [15]). Furthermore, since by hypothesis (1),
A(-) is monotone and is defined everywhere, is locally bounded (see Zeidler [22],
proposition 32.33, p. 884). So for A<[0, 1] small enough, the set {v}} is bounded.
So if 2,10, v;,n—iy in X and by passing to a subsequence if necessary, we may
assume that v}“nfgv* in X*. Note that [4,, v},JeGra=[0, v*]eGra=[y, v¥]e
GrA. Also in the limit we get

0 —y*, vy == %, VI EO*, VW =a(v; A(Y)) (2

Comparing (1) and (2) above we get the desired contradiction. Thus indeed
[y, y¥]€GrA, which proves the maximal monotonicity of the multivalued
operator A(-). Q.E.D.

Next we prove a superpositional measurability result for time-varying
maximal monotone multivalued operators. Additional results on the joint and
superpositional measurability of multifunctions can be found in [18].

LEMMA 3.2. If A:TXX-2X\{0} is a multivalued operator s.t.

1) @, x)—A(, x) 1s graph measurable,

(2) x—A(t, x) 1s maximal monotone,
then for every x:T—X measurable, t—A(t, x(1)) is a measurable multifunction
from T with the Lebesgue o-field into P;(X*).

Remark. Because of the maximal monotonicity hypothesis, for every (¢, x)
T x X we have A(t, x)= P, (X*) (see section 2). Also note that for every teT
GrA(t,-) is closed in XXX¥ (demiclosed). Hence, since B(X*)=the Borel o-
field of X* equals B(X¥)=the Borel ¢-field of X} (see Edgar [23], corollary 2.4),
we see that hypothesis (1) is equivalent to saying that {—~GrA(t, -) is measurable
from T into P;(XXX%).

Proof. Let R:T—P,(X*) be the multifunction defined by
Rit)={x*eX*: x*€ A(l, x(t)}

From the remark above we know that hypothesis (1) is equivalent to the
measurability of ¢t—GrA(t,-). Hence from theorem 4.2 of Wagner [21], we
know that we can find x,: T—X, x%:T—X* n=1 measurable functions s.t.
for all t&T we have

GrA@, )=cl{[x.®), x5®)]} ns1

Then since by hypothesis (2), A(t, -) is maximal monotone, we have



EVOLUTION INCLUSIONS 391
GrR= q {(t, x*)eT X X*: (X*—x%@), x()—x,(t)>)=0} € B(T)X B(X*)
== t— A(f, x(f)) is graph measurable, hence Lebesgue measurable; i.e.

(L, B(X*))-measurable, with .£ being the Lebesgue o-field on T (the Lebesgue
completion of B(T)). Q.E.D.

Let W(T)={x=L¥X): = L*X*)}. Here the derivative is understood in the
sense of vector valued distributions. When furnished with the norm ||x|w=
I Eecx>+ 1% 2ecx )2, W(T) becomes a separable, reflexive Banach space. Fur-
thermore W(T)c,C(T, H)={space of continuous functions from 7T into H} con-
tinuously ; i.e. every function in W(T), after possible modification on a set of
measure zero, equals a continuous function from T into H. Also since X<, H
compactly, then W(T)c, L*(H) compactly (see Zeidler [22], p. 450) and if X is a
separable Hilbert space and Xc,H compactly, then W(T)o, C(T, H) compactly
(see Nagy [16]).

We examine the following multivalued Cauchy problem:

{x(t)e—A(t, x()+ f(t) a.e.} )
. ol
x(0)=§

Our hypothesis on the multivalued operator A(t, x) is the following

H(A): A:TXxXX—-2%¥{0} is a multivalued operator s. t.
(1) (¢, x)—A(t, x) is graph measurable,
(2) A—A(t, x+Ay) is u.s.c. from [0, 1] into X3,
(3) x—A(¢, x) is monotone,
@) clx|E=r(x; A, x)=inf{{*, x> : v*€ A1, x)} a.e. with ¢>0,
(5) |A@, x)|=sup{llv¥ll«: v A, x)} Za)+b || x| a.e. with a(-)= L}, b'=0.

LEMMA 3.3. If hypothesis H(A) holds, f< L¥H) and é=H, then (*) admits
a unique solution x(-)esW(T).

Proof. Let E:D(E)S L¥X)— L*X*) be the operator defined by
dx
(E?C)(‘)-—“El:“(')

with the time derivative defined in the sense of vector-valued distributions on
0, 8) and D(E)={xcL¥X): 2 LY X*), x(0)=¢&} <W(T). We claim that F is
maximal monotone. By renorming X, X* if necessary, we may assume that
both spaces are locally uniformly convex (in particular then strictly convex).
This can be done by Troyanski’s theorem ; see Zeidler [22], p. 862. Denote by
((+, ), the duality brackets for the pair (L*X), L% X*)). We have for all x, y
eD(E)
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(E@)—EG), 5= yo={. G0)— 560, )= y@pdt= |x6)~ y(®)20.

(see Zeidler [22], proposition 23.23 (iv), p. 423). So E(-) is monotone. Hence
to establish its maximal monotonicity, we need to show that Range (E+ D=
L*(X*) where J: L¥(X)—L*X*) is the duality map. Note that J(x)(-)=J(x(-)),
where J is the duality map from X into X*, and we know (see section 2), that
J(+) is monotone, hemicontinuous and <{/J(x), x>=|/x||>. Let hA=L*X*). Then
there exists xD(E) s.t. E(x)+J(x)=h if and only if the evolution equation
2+ J(x(®)=h(t) a.e., x(0)=¢& has a solution. Since J(-) is monotone, demicon-
tinuous bounded, by theorem 30.A of Zeidler [22], the equation has a unique
solution x(-)eW(T). Since he L’ X*) was arbitrary, we conclude that Range
(E4+))=L¥X*)=E is indeed maximal monotone.

Next let A(x)=S%. .., (the realization of A(¢, -) on L*X*)). Clearly be-
cause of the monotonicity of A(Z -), A : L¥(X)—Puws (L3 X*)) is monotone too.
Also if x, yeL*X) and a: [0, 1]=P.,(L*(X*) is defined by a(Q)=A(x+21y),
then we claim that &(-) is u.s.c. from [0, 1] into L% X*),. To this end we
need to show that given C a weakly closed subset of L%(X*) we have that
a~(C)={2<[0, 1]: a(ANC+0} is closed in [0,1]. So let ,=a~(C) n=1 A,—A
in [0,1]. Let f,ea(A,)NC. Because of hypothesis H(A) (5), {fna}ns:1S LAX*)
is bounded. So by passing to a subsequence if necessary we may assume that

fa>f in L¥X*). Then from theorem 3.1 of [17] we have
f@®econv w—Iim{f ()} 21
conv w—Iim A(t, x(t)+2,5(8))
CA(, x()+Ay(@)) a.e.

the last inclusion following from hypothesis H(A) (2) and the fact that A(-, -) is
P, (X*)-valued being maximal monotone by lemma 3.1. So fea&(2). Clearly
feC. Hence feaQNC21ca~(C)=a~(C) is closed=a(-) is u.s.c. from [0, 1]
into L% X*),,. Then from lemma 3.1 we get that A(-) is maximal monotone and
furthermore, from hypothesis H(A) (4), we have that it is coercive. Therefore
E+A is a maximal monotone coercive map, hence surjective. Thus we con-
clude that (*)’ has a solution x(-)eW(T) and uniqueness follows easily from the
monotonicity of A(t, -). Q.E.D.

Now we are ready for our first theorem. It concerns the existence of solu-
tions for the following multivalued Cauchy problem :

{x(z‘)e—A(z‘, x(O)+F(t, x(2)) a.e.}(
*)
x(0)=§

For this we will need the following hypothesis on the orientor field F(t, x).

H(F): F:TxH-P/H) is a multifunction s.t.
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(1) (¢, x)>F(, x) is graph measurable,
(2) x—F(t, x) is L.s.c.,
(3) |F@, x)|=sup{lv|:veF{, x)} La,(t)+b, x| a.e. with a,(-)=L%, b,>0.

We will denote the solution set of (*) by S(&)SW(T)

THEOREM 3.4. If hypotheses H(A), H(F) hold and E=H, then S(E)SW(T) s
nonempty.

Proof. We will start by deriving some a priori bounds for the elements in
S(). So let x(-)=S(&). Then by definition there exists f&Si. ¢y S.t.

{a‘:(t)e —A(t, x()+ () a. e.}

2(0)=¢§
We have:

x@), x() =o(x@®);— AW, x(O)N+(f®), x(1)) a.e.
where o(x(f);—A(t, x(t))=sup {{—v*, x(@))>: v A, x(t))}. Hence
(@), x@O>+r(x(); A, x(t)))é(f(l‘) x(®) a.e.
= <z, x(l‘)>+6||x(t)ll25——”f(i)ll*-l- IIJC(I«‘)H2 a.e., €>0. @

Let e=1/2¢>0 and integrate the above inequality. We get

xols 2! rorass 2 [ @asrranixeinds

B (e 2 | 52 2
:gjo(al(s) +bilx(s)|*)ds

where B>0 is such that |-[|«<8]|-| (it exists since Hc, X* continuously). Invok-
ing Gronwall’s inequality we get M,>0 s.t. for all /=T and all x(-)=S(), we

have
[x@®)| =M, (2)

Next from (1), with e=1/c, we get
ii 2 _c_ 2<_1_ 2
7 OIS OIS 5 1Ol a.e.
Integrating, we have

20 e o idss B o 1ds + 11

< B0 2o sp +amtarpas + 161
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= [x[|}2cH = Eg, (lla.]134-b2M 2b)+ lgc—!‘ =M:?

== |xllr2cxr<M,, M,>0 independent of x(-)S(§) 3)
Finally let heL?¥X). We have
2@, ) <a(h®);— AW, xO)N+(f®), h®) a.e.
SNRON-TAG, x@E)HIFOI«IR@]  a.e.
<[Ih®I-TAQ x@O)+BIF@1-AD®I a.e.
=(@®+' I x®)l+Bat)+pb: M)A a.e.
by using hypotheses H(A) (5), H(F) (3) and bound (2) above. So
(%, h))o=S:<x(l‘), h@>dt<(llall:+ Bl aills+BbMib+bM) | (D]l z2cx>
by using the Cauchy-Schwartz inequality and bound (3) above (recall that by

((-,+)), we denote the duality brackets for the pair (L% X), L3} X*))). Since
he L*(X) was arbitrary we deduce that for all x(-)=S(&) we have

”x”LZ(X*)§(”a”2+/3”alllz+,8blM1b+blM2)=M3 @)
From (3) and (4) above, we see that for all x(-)=S(§), we have
lxllwer S(ME+M3)V2=M, (5)

Next let £: TXH—P,(H) be defined by
F(t, x) if |x|<M,

Mx
[ x|

Note that F(¢, x)=F(t, py,(x)), where py, : H—H is the M,-radial retraction.
Recalling that p, () is Lipschitz continuous, we easily see that (z, x)—F(, x)
is graph measurable, while x—F(t, x) is Ls.c. and in addition |F(, x)|=
sup{|v|: v=F(t, x)} La,()+b.M,=4,(t) a.e. with 4,(-)=L2.

Let BIM)={xW(T): |xlwa<M,}, where M, is as in (5) above. By
B(M,),, we will denote the set B(M,) endowed with the relative weak topology
in W(T). From theorem 3, p. 434 of Dunford-Schwartz [10], we know that
B(M,),, is compact, metrizable. Let R: B(M,)»—P;(L'(H)) be defined by R(x)
=S zeyy. From theorem 4.1 of [17] and the fact that F(f, -) is l.s.c., we get
that R(-) is l.s.c.. Apply Fryszkowski’s continuous selection theorem (see [13]),
to get »: B(M,),—L'(H) continuous s.t. r(x)eR(x) for all x&B(M,). Then
consider the following evolution inclusion :

F, x):l

F(t,-25) it 1xI>M,
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{y'(l)E—A(t, YO)+r(x)®) a.e-}
y(0)=¢

Let n(x)(-)W(T) be the unique solution of the above inclusion. The ex-
istence and uniqueness of 7n(x)(-), follow from lemma 3.3. Then consider the
map x—5(x) from B(M,), into itself. Our claim is that () is continuous.
Since B(M.,), is compact, metrizable, it is enough to show that Gry is sequenti-
ally closed in B(M,), X B(M,),,. So let [x,, v,]—[x, y] in B(My)wXB(M)w,
with y,=n(x,) n=1. Let I',()={x*cA(t, y.(8)): y(O)+x*=r(x,)#)}. Then
for every n=1, we have I',(£)#0 for all t€T\N,, A(N,)=0, with A(:) being the
Lebesgue measure on 7. Furthermore

I'y()= A {x*eX*: &% zp=a(ze; AW, ya(), ya®)+x*=r(x,)(O)}

where {z:} .., is dense in X. From lemma 3.2 we know that t—A(t, y,(t) is
Lebesgue measurable. So t—a(z,; A(t, v,.(t)) is Lebesgue measurable. Thus
Grl',e.L X B(X*), with .£ being the Lebesgue ¢-field of T. Apply Aumann’s
selection theorem (see for example Wagner [21], theorem 5.10), to get x} : T—X*
n=1 measurable s.t. x¥)el,()S A, y,@)) a.e.. Clearly from hypothesis H(A)
(5) x¥(-)eL*X*) n=1. Then we have

((Fnr Y= INeH((x%, ya—=3o=((r(x0), Yn=3)o

Note that yni>y in L*(H) (since W(T)<, L*(H) compactly, see Zeidler [22],
p. 450) and r(x,)>#(x) in L'(H). But |r(x,)], |7(x)| <d.(t) with a,(-)€L2. So
r(x,)—>r(x) in L%H). Hence

(G, ya=300=] ED, 3aO— 30t

=[loenw, syt —0  as noreo.

Also from the integration by parts formula for functions in W(T') (see Zeidler
[22], proposition 23.23 (iv), p. 423), we get

(G 2= Ie= 5 1700~ Y B+, 72—
and i
'é‘lyn(b)—y(b)[2+((5’r Vo= —>0 as n—oo,
Hence we have

(x%, yo—9))o—>0 as n—co.

Now because of H(A) (5), by passing to a subsequence if necessary, we may
assume that xﬁﬁx* in L*X*). Recall that A(z):Sic._z(.)) is maximal monotone
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from L*X) into P, (L*X*)) (see the proof of lemma 3.3). So from proposition
8 of Browder-Hess [7] (see also Kenmochi [14], proposition 1.6) is pseudo-
monotone. Then proposition 7 of Browder-Hess [7] (see also Kenmochi [14],
proposition 1.1) tells us that x*=A(y). Thus if heL*X), we have

(I BN+ ((x%, A)e=((r(x2), h))s
—> (9, M)o+((x*, B))o=((r(x), h))y as n—oo,
= y(O)+x*{)=r(x)(1) a.e.
= ye—A{t, y@)+r(x)t) a.e. and y(0)=§
= y=7(x)
= 5(-) is continuous as claimed.

Then we can apply the Schauder-Tichonov fixed point theorem, and get 2
B(M,) s.t. #=9(%). Clearly then 2W(T) solves (*¥) for the orientor field £(¢, x).
As in the beginning of the proof, using the definition of E(t, x), we can easily
establish that |2()| <M, for all teT=F(, 2()=F{, 2)=%(-)eW(T) is the
desired solution of (¥); i.e. S(&)SW(T) is nonempty. Q.E,D.

Now we will produce a continuous selector for the multifunction §&—S(§) going
from H into 2°T-#>\ {@}. Our proof follows that of Colombo et al [9] and Staicu
[20]. For this we will need the following stronger hypothesis on the orientor
field F(¢, x).

H(F): F:TxH—P;(H) is a multifunction s.t.
(1) t—F(t, x) is measurable,
(2) h(F(, x), F@t, x")<k@®)|x—x'| a.e. with k(-)eL}, x, x'cH,
3) |F#, x)|<a,()+b,| x| a.e. with a,(-)e L2, b,>0.

Remark. Note that Staicu [20] assumed that (¢, x)—F(t, x) is jointly meas-
urable. However from theorem 3.3 of [18], we know that this is immediately
implied by H(F), (1) and (2) above. Also if k() L2, then instead of H(F), (3),
we can have |F(t, 0)|<a,(?) a.e., a,(-)eL2.

THEOREM 3.5. If hypotheses H(A) and H(F), hold,
then there exists ¢ : H—>C(T, H) continuous map s.t. ¢(&)=S(&) for all EH.

Proof. Let x,(&)eW(T)c.C(T, H) be the unique solution of the evolution
inclusion

{x(t)e—A(t, x(?)) a. e.}
x(0)=¢

(see lemma 3.3). Let R,: H—P;(L'(H)) be defined by Ry(§)=Skc. 2, c-». Then
R(-) is l.s.c. (in fact Hausdorff continuous; see theorem 4.5 of [17]). Apply
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theorem 3 of Bressan-Colombo [5], to get r,: H—L'(H) continuous map s.t.
ro&)ERy(&) for all £&=H. Then consider the following multivalued Cauchy
problem :

{x(t)E—A(t, (D) +roE)(D) a.e-}
x()=¢

Again lemma 3.3 tells us that this has a unique solution x,(&)(-)eW(T)c,
C(T, H).

By induction we will construct sequences {#,(&)(\)}n2:S L¥(H), L} (H) and
{2 @) 21 EW(T)C(T, H) s, t.

(i) &—r,(€) is continuous from H into L*(H).
(ii) 7. &)®EFE, x,&)@) a.e. for every écH,

(iii) (7@ =7 (BB SR(DBLE)D) a.e.
(iv) x.&))eW(T)o. C(T, H) solves the multivalued Cauchy problem

{x(t) e—Al, x@)+r.., (@) a. e.}
x(0)=¢

G—0(s)"* € 4Ok
et T2 S )X Zqyy > €>0and 460

=a,() +b]|x,6)®)|, while 0(t)=§ok(s)ds. Clearly &-f,(£) and £&—A(&) are both
continuous from H into L.

Suppose we have defined {r;}i., and {x;}I,. Let x,.:,(6)(-) be the unique
solution of 2(t)=— A, x(t)+r.6)¢) a.e., x(0)=¢& (see lemma 3.3). We have:

(1D =2 E)H), X)) —x(E)B))
SO —771E)R), XarrE)D—x(e)(D)) a.e.,

where 8,(&(0=2] 2@/

——->2 dtlxn+l(é)(t) x2OD = N7 a@)O—7 02D | X0 (E)O—2,(E)D] a.e.

= lxn+1(5)(t>~xn($)(t)l2§2§: 172(EXS) =70 -1(EX(S)| + | X1 (EX(S)—xA(E)(S) | ds .
Invoking lemma A.5 p. 157 of Brezis [6], we get

|50 @O 52O 22[ 17O —ra@o)ds,  teT,
<2 k(©)BaE)s)ds

s2f, o) 1@ T dvds 2 B )| koG s
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(G@)—(s)"!

2 2@x9) |, k) T TS dvds+26( 3o

216+1>0(t)n

€ ) lOK

n!

Il

S d (6@)— 0(8))"

Sx(&)( s) —dvds+26( 3

(0(t) 0(S)>"

€ )0(t)

ds+2b( N

=2 1@ <Bun® ae. D

From hypothesis H(F), (2), we have
dr&)®), F{t, £0:1E)O=R@D) | £2(E)B)— X2 41(5)(D)|
<k(B)Bra(6)) a.e. 2)

Let R,y : H—-2L'd) pe the multifunction defined by

Riun®)=1{2E€Skc. 2y, @0 ¢ 12O —72E)D | <kB)Br+:(6)D) a.e.} .

First we will show that R,,,(-) has nonempty values. From (2) above we
have that

d(ra@)®), F{t, £nna(E)ON<k®)Brn()B) a.e.

Let Hyu@)@)={weFE, x,u@) @) : [72&)@)—v|<k®) Br()@®)}. Clearly
H,.,(&)(-) is nonempty valued and graph measurable, so Aumann’s selection
theorem (see Wagner [21], theorem 5.10) guarantees that there exists z: T—H
a measurable selector of H,,,(§)(-). Clearly then z(-)ER,.(§). So R,.,(-) has
nonempty values. Next we will show that R,,,: H-2U\{p} is l.s.c.. To
this end let R:.1(6)=Sk¢, . 0c» and RE(E)={veL*H): |v()—r.)®)| <k(@®)
Br+1(&)(®) a.e.}. From theorem 4.1 of [17] we know that Ri,,(:) is L.s.c.. We
claim that GrRZ,, is open in HX L'(H). We will show that [GrR2,,]° is closed
in HX L'(H). But [GrR}%,1°={[§, wl€HXL'(H): |wt)—r,(6)®)| Z k(®)Bn+(5)?)
a.e.} and this set is clearly closed since both &—r,(§) and £§—p8,.,(§) are con-
tinuous from H into L'. Hen:e indeed R2,,(-) has an open graph. Then from
lemma 4.2 of Flytzanis-Papageorgiou [12], we have that §—R.,,(E)N\R2,.()=

R, (&) is 1.s.c.. Also it is clear that R,,,(-) has decomposable values; i.e. if
Z1, 22€R,(§) and Ce.r, then clearly X.z,+X 2. R,.1(6). So we can apply
theorem 3 of Bressan-Colombo [5] to get 7,4,: H>L'H) a continuous map s. t.
ra1(8)ER,,(&) for all E&H. This completes the inductive construction of the
sequences {7, (E)(:)} n=21 S LXH)C LY(H) and {x,(8)(-)} n21 EW(T)C(T, H), satisfy-
ing (1)—(iv) above.

Now that we have those two sequences, we proceed as follows:

[ 1@ —r1-s@®1d1<rn@®)  (see (1) above)
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(0(17) 0(1))“ 0(1))"

di+be

SRGEO

< 2O @l +bel 3

Note that since £€—A(§) is continuous from H into L!, it is locally bounded.
So from (3) above we deduce that {r,(&)(-)},s: is an L'(H)-Cauchy sequence,
locally uniformly in écH.

Also once again from (1) above we get

20— Eallocr, 1> S 27O ras@lrcm ST b LIAEN:+be]

= {x,)()}n21 is Cauchy in C(T, H), locally umformly in écH.

Then we have 7,(6)>7(&) in LXH) and x,(6)>x(§) in C(T, H). Both limits
are continuous in & For each écH, let 2(&)eW(T)o.C(T, H) be the unique
solution of

{y(t>e—A(t, Y@+ a.e-}
y(0)=¢§
We have been using the monotonicity of A(t,-) and lemma A.5, p. 157 of
Brezis [6].
[ (E)O)— 2] 2§2S: [72(E)(8)—H(E)(S)| - | xa(E)(8)—X(E)(s) | ds

== 28— 2B ccr. > Elrnl&)—rE)llpics —> 0  as n— oo
= x(&)=%(&)
Then ¢:&—x(§) is the desired continuous selector of S(¢). Q.E.D.

4. Periodic solutions.

In this section we use theorem 3.5 together with the viability result of [3]
(theorem 1), to establish the existence of periodic solutions for a class of time
invariant, nonlinear evolution inclusions. Our result extends proposition 4.1 of
Staicu [20], who assumed that A=0.

Here we will assume that (X, H, X*) is an evolution triple of Hilbert spaces
with all embedding being compact. We consider the following boundary value
problem :

{J‘c(t)+Ax(t)eF(x(t)) a. e.} -
x(0)=x(b)=¢fcK

The hypotheses on the data of (**) are the following:
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H(A),: A:X-—X* is an operator s.t.
(1) A(-) is monotone, hemicontinuous,
(2) <A(x), x>=c|x|? with ¢>0,
3) NA®I«=al+|x]) with a>0.

H(K): KZH is a nonempty, bounded, closed and convex set.

H(F),: F:K—-P;(X*) is a multifunction s.t.
(1) x—F(x) is u.c.s.,
2) |F(x)|=sup{lv|:veF(x)} <M,

H,: For every xKNX, we have (—Ax)+F(x))ST%(x)+0, where Tk(x)
denotes the Bouligand tangent cone to K at x in the space X*; i.e. Tx(x)=
[hrexe: g THETA)
A0 l
the space X*.
Then we have the following result concerning (**):

:0} where d¥%(.) is the distance function from K in

THEOREM 4.1. If hypotheses H(A),,H(F),, HK) and H, hold,
then problem (**) admits a solution.

Proof. From theorem 1 of [3], we know that the evolution inclusion under
consideration admits a viable trajectory (i.e. there exists x(-)eW(T)o C(T, H)
solution of (**) s.t. x()K for all t<T). Let ¢: H—>C(T, H) be a continuous
map s.t. ¢(§)=SE)={solution set of x()+Ax{@)=F(x() a.e., x(0)=E&}. Its
existence is guaranteed by theorem 3.5. Define ¢: K—K by €(§)=¢(§)(b). Clearly
e(-) is continuous. Also since by hypothesis H(K), K is bounded in H, from
the a priori estimation that we did in the beginning of the proof of theorem
3.4, we have that N= 5\6_4(5(5)“"“ is bounded in W(T'). But from Nagy [16], we

know that W(T)c,.C(T, H) compactly. So we deduce that NS C(T, H) is com-
pact=SNb)={yb): yeN}<SK is compact. Note that ¢(K)SN(b). Then from
Schauder’s fixed point theorem, we get £cK s.t. e@)=£=¢E)(b)=E=¢E)(0)=
¢(§)(-) is the desired periodic solution. Q.E.D.

Remark - Our result also extends theorem 4, p. 237 of Aubin-Cellina [2],
which deals only with finite dimensional differential inclusions.

We can use this result to establish the existence of periodic trajectories for
closed loop (feedback) control systems. Let Z be a separable reflexive Banach
space, modelling the control space and consider the following system :

() +Ax)=B(x@®)u(t) a.e. )
x0)=x(), u@)eU(x(®) a.e.; (**)
u(-)=measurable

We will need the following hypotheses on the data of (**)’.
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H(B): B:K—-.L(Z, H={bounded linear operators from Z into H}, B(K) is
bounded and h—B(h)* is continuous from K into .L(H, Z) with the stuong
operator topology.

HU): U:K—P;(Z) is an u.c.s. multifunction [U(x)| <75, »>0.
H,: For every xeKNX, C(x)={ucU(x): (—A(x)+Bx)u)NT%(x)#0} £0.

Then using theorem 4.1 we can have the following existence theorem con-
cerning (**). Its proof is the same as that of theorem 2 in [3] and so is omitted.

THEOREM 4.2. If hypotheses H(A),, H(B), HU), H(K) and H} hold,
then (**) admits a solution.

Acknowledgement : The author wishes to thank the referee for his correc-
tions and remarks.
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