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A 1-parameter approach to links in a solid torus
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Abstract. To an oriented link in a solid torus we associate a trace graph in
a thickened torus in such a way that links are isotopic if and only if their trace
graphs can be related by moves of finitely many standard types. The key
ingredient is a study of codimension 2 singularities of link diagrams. For closed
braids with a fixed number of strands, trace graphs can be recognized up to
equivalence excluding one type of moves in polynomial time with respect to the
braid length.

1. Introduction.

1.1. Motivation and summary.

The classical Reidemeister theorem says that plane diagrams represent
isotopic links in 3-space if and only if they can be related by finitely many moves
of 3 types corresponding to the codimension1 singularities of links diagrams,
namely a triple point X, simple tangency X and ordinary cusp Y.

We establish the higher order Reidemeister theorem considering a canonical
l-parameter family of links in a solid torus and studying codimension 2
singularities of resulting link diagrams. The 1-parameter family of link diagrams
is encoded by a new combinatorial object, a trace graph in a thickened torus in
such a way that trace graphs determine families of isotopic links if and only if they
can be related by a finite sequence of the 11 mowves in Figure 11, see Theorem 1.4.

The conjugacy problem for braids is equivalent to the isotopy classification of
closed braids in a solid torus. Braids are conjugate if and only if the trace graphs of
their closures are equivalent through only tetrahedral moves and trihedral moves
in Figure 11i, 11xi. Trace graphs of closed braids can be recognized up to isotopy
in a thickened torus and trihedral moves in polynomial time with respect to the
braid length, see Theorem 1.5. The method provides a new geometric approach to
the conjugacy problem for braid groups B,,, which still has no efficient solution for
n > 5 strands, i.e. with a polynomial complexity in the braid length. Very
promising steps towards a polynomial solution were made by Birman, Gebhardt,
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Gonzélez-Meneses [3] and Ko, Lee [11]. A clear obstruction is that the number of
different conjugacy classes of braids grows exponentially even in Bj, see
Murasugi [13].

Usually links are studied in terms of braids using the theorems of Alexander
and Markov, see Birman [2]. The 1-parameter approach is a geometric alternative
to the algebraic one: conjugacy of braids and Markov moves are replaced by a
stronger notion of link isotopy and extreme tangency moves in Figure 11viii,
respectively.

1.2. Basic definitions.

We work in the C®-smooth category. Fix Euclidean coordinates z,y, z in R>.
Denote by D, the unit disk with centre at the origin of the horizontal plane XY.
Introduce the solid torus V = D,y X S;, where the oriented circle Si is the segment
[—1,1], with the identified endpoints, see the left picture of Figure 1.

1 a non-trivial
\Y4 :nyx S > Morton unknot braid

Figure 1. Basic notations and examples.

DEFINITION 1.1.  An embedding is a diffeomorphism onto its image. An
oriented link K C V is the image of an embedding f : |_|;n:1 Sjl- — V. An isotopy
between two oriented links Ky and K; in V' is a smooth map F: (L[} S}) X
0,1] =V such that fo(LJj, S}) = Ko, Ai(Jj,S]) =K1 and the maps f, =
F(x,7): JiL, S} — V are smooth embeddings for all r € [0, 1].

Mark n points pi,---,pn € Dgy. A braid 8 on n strands is the image of a
smooth embedding of n segments into D,, x [—1,1], such that (see Figure 1)

e the strands of 3 are monotonic with respect to pr, : 3 — S;

e the lower and upper endpoints of 3 are |J(p; x {—=1}), U(p; x {1}), respec-

tively.
Braids are considered up to isotopy in the cylinder D,, x [—1,1],, fixed on its
boundary. The isotopy classes of braids form the group denoted by B,,. The trivial
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braid consists of n vertical segments | [ (p; X [-1,1].). A braid 3 € B, is pure if
the induced permutation § € S, of its endpoints is trivial. The closed braid 3 C V
is obtained from § C D,, x [—1,1], by identifying the bases {z = £1}.

The smoothness of a link K implies that the tangent vector f(s) never
vanishes on K. The standard unknot is given by the trivial embedding S! —
V = D,, x S!. We introduce a new equivalence relation, strong isotopy, for links
in a solid torus. For closed braids, the usual isotopy through closed braids is
strong.

DEFINITION 1.2.  An extreme pair of a link K C V is a pair of either 2 local
maxima NN or 2 local minima \/\/ of the projection pr, : K — S! with the same
z-coordinate. A smooth isotopy F : (L[, S}) x [0,1] — V of links is called strong
if all links in the family K, = F(L|iL, Sj,r) CV have no extreme pairs for

r € [0,1].

H. Morton proposed the trivial knot in the middle picture of Figure 1. The
Morton unknot is not strongly isotopic to the standard unknot S!. The arc
between the marked extrema is a long trefoil that can not be unknotted by strong
isotopy since the marked extrema remain the highest and lowest critical points.

1.3. Trace graphs of links.

Links are usually represented by plane diagrams with double crossings. A
classical approach to the classification of links is to use isotopy invariants, i.e.
functions defined on plane diagrams and invariant under the Reidemeister moves.
The Reidemeister moves in Figure 5 correspond to simplest singularities that can
appear in diagrams of links under isotopy, e.g. Reidemeister moveIll describes
the change of a diagram when a transversal triple intersection )X appears in the
projection.

The analogue of a plane diagram in the 1-parameter approach is a 1-parameter
family of diagrams obtained by rotating a link in V around S!. This is a 2-
dimensional surface containing more information about the link than only one
plane diagram. The link will be reconstructed up to smooth equivalence from the
self-intersection of the surface, the trace graph. Denote by rot;: V — V the
rotation of the torus V around S! through an angle ¢ € [0, 27), see Figure 2. Here ¢
is the parameter on the time circle S} = R/2rnZ of length 2m. Let A,. be the
vertical annulus [—1,1], x S! in the solid torus V. Define the thickened torus
T=A, X Stl. We illustrate the rotation of V' using the piecewise linear trefoil
K C V in Figure 2, which can be easily smoothed. Diagrams of rotated trefoils
rot;(K) C V under the orthogonal projection pr,, : V.— A, are shown in Figure 2.
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t=0 A1 t=n/a /1
Figure 2. Diagrams of rotated trefoils rot;(K) C V for ¢ € [0, x].

DEFINITION 1.3.  The trace graph TG(K) C T of a link K C V consists of
the crossings of the diagrams pr,.(rot,;(K)) over all ¢ € S}. Mark the intersection
points from K (D, x {£1}) C V and also mark each local extremum of K with
respect to pr,: K — S;. If K has m components, in general position, the ¢-th
component decomposes into n; vertically monotonic arcs labelled by A,
q=1,---,n;. The 3 monotonic arcs in Figure 2 are numbered simply by 1, 2, 3.

Take a point p € TG(K), which is a crossing of A;, over Aj, in the diagram
pr,.(rot;(K)) for some t € S}. Associate to p the ordered label (g;s;). Then the
edges of the graph TG(K) are labelled. In the case m = 1 we miss the indices i, j of
components of K and label edges by ordered pairs (gs), see Figure 3.

t=0 t=n/4 t=m/2 t=3r/4 t=r  t=bm/4 t=37w/2 t=Tm/4 t=2rm
Figure 3. The trace graph TG(K) obtained from the diagrams in Figure 2.

For each ¢ € S}, watch the crossings of the diagram pr,.(rot;(K)) C A, X
{t}, e.g. the initial diagram pr,,(K) C A,. at ¢ = 0 has 3 double crossings, which
evolve during the rotation of K. At ¢ = 7/4, the lowest crossing becomes a critical
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crossing Y corresponding to a critical vertex —o- of TG(K). At the same t = 7/4 a
couple of crossings is born after Reidemeister move II associated to a tangency JC.
At t = 7/2 a new crossing is born from a cusp Y after Reidemeister move I, which
leads to a hanging vertex — of TG(K). The 2 triple vertices of TG(K) for ¢t € (0, 7)
correspond to 2 Reidemeister moves III happening during the rotation of K. A
combinatorial explicit construction of the trace graph is in Lemma 6.8.

THEOREM 1.4. Links Ky, K1 C V are isotopic in the solid torus V if and only
if their labelled trace graphs TG(Ky),TG(K1) C T can be obtained from each
other by an isotopy in T and a finite sequence of moves in Figure 11.

Trace graphs of closed braids have combinatorial features, allowing us to
recognize them up to all but one type of moves. The following result of [8] is one of
very few known polynomial algorithms recognizing topological objects up to
isotopy.

THEOREM 1.5.  Let 8, 3" € B,, be braids of length < I. There is an algorithm
of complezity C’(n/?)nz/g(&)nL"+1 to decide whether TG(8) and TG(8') are related
by isotopy in T and trihedral moves, the constant C' does not depend onl andn. In
the case of pure braids, the power n*/8 can be replaced by 1. If the closure of a braid
is a single curve in the solid torus, then the complexity reduces to Cn(GI)nfl,

1.4. Scheme of proofs.

The first double arrow in Figure 4 is a classical reduction of an equivalence of
links to extended Reidemeister moves on plane diagrams in Figure 5.

The second arrow is a new reduction to generic links and generic equivalence
defined in terms of codimension 1 singularities with respect to the rotation of links
inV.

plane

oriented

generic links

links S'c V| Propos. 2.6 [ diagrams Kec"csL
—_— | — | _
smooth Reidemeister generic
equivalence '\mi/ equivalence
I Theorem 1.4 Proposition 3.8 Proposition 3.1QI

trace graphs 1
TG(K)CA, XS, Propos. 6.6

—>

diagram
surfaces DS(K)

3-dimensional
moves in Fig. 1¢/ Lemma 5.10

canonical
loops in SL

Propos. 5.9
‘+—>

moves on trace

generic
graphs in Fig. 1

homotopy

Lemma 6.7

Figure 4. A scheme to prove Theorem1.4.
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The third arrow is a reformulation of the previous reduction in terms of
canonical loops of links in the space of all links in the solid torus V.

The fourth arrow is a reduction of generic links to their 2-dimensional
diagram surfaces considered up to 3-dimensional moves in Figure 10.

The fifth arrow is a final reduction of generic links to their trace graphs
considered up to equivalence generated by the moves in Figure 11.

The key ingredient of the proofs is a description of versal deformations and
bifurcation diagrams of codimension 2 multi local singularities of plane curves in
Section 4.

ACKNOWLEDGEMENTS. The second author is especially grateful to Hugh
Morton and Farid Tari for fruitful comments and suggestions. He also thanks
Yu. Burman, M. Kazaryan, V. Vassiliev, V. Zakalyukin for useful discussions.

2. Singular subspaces in the space of all links.

2.1. Codimension 1 singularities of link diagrams.

Let M, N be smooth finite dimensional manifolds. Denote by J[];’](M7 N) the
space of all [-tuple k-jets of smooth maps £ : M — N for all tuples (uy,---,u) €
M, see [1, Sections 1.2]. Let (z1,- - -, x,,) and (y1,- - -, y,) be local coordinates in M
and N, respectively. If the map ¢ is defined locally by y; =&i(z1, -, 2zy),
j=1,---,m, then the I[-tuple k-jet of the map & at a point (uy,---,u;) is
determined by

. LAY ' . .
{x1,"',$m}7 {yl:"'7yn}7 {axi}, {m ,21+"'+'LS—]€.

The above quantities define local coordinates in J[’?](M, N). The I-tuple k-jet

jﬁlf of a smooth map £: M — N can be considered as the map jﬁf:]\/ll —
J[}f](M, N), namely (ug,---,u;) goes to the I-tuple k-jet of the map & at (uq,- -, w).

Take an open set W C J[’;"](M, N) for some k,I. The set of smooth maps f :
M — N with [-tuple k-jets from W is called open. These sets for all open W C

J[’f](M7 N) form a basis of the Whitney topology in C*(M, N). So two maps are

close in the Whitney topology if they are close with all theirs derivatives.

DEFINITION 2.1. The space SL of all links K C V inherits the Whitney
topology from C"’O(|_|;":1 S},V) A link K defined by a smooth embedding
U S71 — V is called general if the diagram D = pr,,(K) C A, is general,
namely
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m

e the map pr,, o f: [_|j:1 Sjl» — A, is a smooth embedding outside finitely
many double crossings, an overcrossing arc is specified at each crossing;

e the extrema of pr,: D — S! are not crossings and have distinct z-coor-
dinates.

Denote by () ¢ SL the subspace of all general links.

We consider local singularities, so fix coordinates x, z around each point in
A,.. The z-axis is said to be horizontal, i.e. it is perpendicular to the vertical core
S! c A,.. Classical codimension 1 singularities of plane curves were described by
David [5, List I on p. 561], namely the ordinary cusp Y (the Ay singularity in
Arnold’s notations), simple tangency ) (As3) and triple point X (D). The solid
torus V has the distinguished vertical direction along S!, so we also consider
singularities with respect to pr, : V — S!, e.g. Reidemeister move IV is generated
by passing through a critical crossing 4, where one of the tangents is horizontal.

DEFINITION 2.2. A diagram D is the image of a smooth map g:| [/, S} — A...

X A triple point of the diagram D is a transversal intersection p of 3 arcs such
that all the tangents at p are not horizontal.

X A simple tangency is an intersection p of 2 arcs given locally by u = +v?. We
assume that the tangent at p is not horizontal.

Y An ordinary cusp is the singular point p of an arc given locally by u? = v3. We
assume that the tangent at p is not horizontal.

A A critical crossing is a transversal intersection p of 2 arcs such that one of the
tangents at p is horizontal.

~ A cubical point is the singular point p of an arc given locally by z = u?, the
tangent at p is horizontal.

A A mized pair is a pair of a local maximum and a local minimum of the
projection pr, : D — S;, lying in the same horizontal line.

NN An extreme pairis a pair of either 2 local maxima or 2 local minima of the
projection pr, : D — Si, lying in the same horizontal line.

Given a singularity ve€ X, 0, Y, A,~,A7,AN}, denote by 3, C SL the
singular subspace consisting of all links K C V such that pr, (K) is general
outside 7.

Set E<1>:EXUEXUZYUEAUZHUEA\/UE/\,\CSL.
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2.2. Extended Reidemeister theorem.

DEFINITION 2.3. Let M be a finite dimensional smooth manifold. A
subspace A C M is called a stratified space if A is the union of disjoint smooth
submanifolds A’ (strata) such that the boundary of each stratum is a finite union
of strata of less dimensions. Let N be a finite dimensional manifold. A smooth map
€: M — N is transversal to a smooth submanifold U C N if the spaces f.(T,M)
and Ty,)U generate Ty, N for each x € M. A smooth map is n: M — N
transversal to a stratified space A C N if the the map 7 is transversal to each
stratum of A.

Briefly Theorem 2.4 says that any map can be approximated by ‘a nice map’.

THEOREM 2.4 (Multi-jet transversality theorem of Thom, see [1, Section
1.2])). Let M,N be compact smooth manifolds, A C J[’“”(M, N) be a stratified
space. Given a smooth map € : M — N there is a smooth mapn : M — N such that

e the map n is arbitrarily close to & with respect to the Whitney topology;
o the l-tuple k-jet jf“l}n : M — J[’;](M, N) is transversal to A C J[’“”(M, N).

LEMMA 2.5.
(a) The subspace £V has codimension 1 in the space SL.
(b) The subspace ¥ is open and dense in the space SL.

Sketch:
(a) Tt is a standard computation in the space J[liﬂ(R, R?) of 3-tuple 1-jets of maps

(z(r), 2(r)) : R — R?. For instance, fixing 3 parameters ri,79,73, the subspace
E>K maps to the subspace of J[IB](R, R?) given by 4 equations z(r)) =

x(re) = x(r3), 2(r1) = 2(r2) = z(r3) and 3 inequalities 2(r;) # 0, i = 1,2,3, mean-
ing that the tangents are not horizontal, hence the codimension of the subspace
E>K C SL is 1 after forgetting the 3 parameters. Analogously ¥~ maps to the

subspace given by 4 equations #(ry) = 2(ry) =0, r; =ry =73, hence the codi-
mension of ¥~ C SLis 1. A similar detailed argument will be given in the proof of
Lemma 3.5.

(b) The conditions of Definition 2.1 define an open subset of SL whose complement
is clearly the closure of the codimension 1 subspace (! from Definition 2.2.

The following result immediately follows from Lemma?2.5 since by Theo-
rem 2.4 any isotopy in the space SL of links can be approximated by a path
transversally intersecting the singular subspace () C SL of codimension 1.
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PROPOSITION 2.6.  Any smooth link can be approrimated by a general link.
General links are isotopic if and only if their diagrams can be obtained from each
other by a plane isotopy and finitely many Reidemeister moves in Figure 5.

In Figure 5, orientations of arcs and symmetric images of the moves are
omitted.
s
| |

| )i;)( A e

N//\\/m mﬂﬂmWW

Figure 5. Reidemeister moves taking into account local extrema.

<>

2.3. The co-orientation of codimension 1 subspaces.
Using Gauss diagrams of link diagrams, we define the co-orientation of
codimension 1 subspaces EX’ Zx, v, ZA\ from Definition 2.2.

DEFINITION 2.7.  Let a general link K be defined by f:|[L, S; — V. The
Gauss diagram GD(K) is the union |_] o Sl with chords connecting pomts 81,82
such that pr,,(f(s1)) = pr,.(f(s2)). Gauss d1agrams GD;,GDy are equivalent if
there is an orientation preserving diffeomorphism of |_]j:1 Sl1 such that the
endpoints of any chord of GD; map onto the endpoints of a chord of GD» and vice
versa.

DEFINITION 2.8. For each of 2 types of oriented triple points, the co-
orientation of ¥y is defined in terms of the Gauss diagrams of the corresponding
links K in Figure 6. Assume that, while ¢t € S} increases, the point rot;(K) € SL
passes through 3\, from the negative side to the positive one. Then associate to
the corresponding triple vertex of TG(K) the positive sign +, otherwise take the
negative sign —. The co-orientations of ZI, v, EA\ are similarly defined in
Figure 6.

Look at the trefoil K in Figure 2 and its trace graph TG(K) in Figure 3.
Consider the first triple vertex of TG(K) at the critical moment t; € (7/4,7/2).
The knot rot,,(K) is on the positive side of Z>K (the 1st type in Figure 6), while
rot/5(K) is on the negative side of Xy, i.e. the first triple vertex has the positive
sign. At the second triple vertex for ty°€ (7/2,37/4), the knot rot:(K) goes from the
negative side to the positive side. So the second triple point also the positive sign.
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A%@@@

zz
negative side E positive side
@ & é} @GD @
negative side positive side

Positive and negative sides of the singular subspace % X

G- L) X-9

positive negative positive
side side side

Positive and negative sides of the singular subspace ] X

2 AN\ A2,
YN Y

positive negative positive
side side side
Positive and negative sides of the singular subspace > N
SN C/IN AN AN /N \
neg.atlve ) A positive negatiwe > positive
side side side A side

Positive and negative sides of the singular subspace % A

Figure 6. How to define the co-orientations of codimension 1 subspaces.
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3. Generic links, equivalences, loops and homotopies.

3.1. The canonical loop of a link and generic links.
Generic links will be defined as the most generic points in the space SL of all
links K C V with respect to the rotation rot; of the solid torus V.

DEFINITION 3.1.  The canonicalloop CL(K) C SL of a smooth link K C V'is
the union of the rotated links rot;(K) € SL over all t € S].
A link K C V is generic if there are finitely many #;,---,t; € S} such that

e forall t ¢ {ti,---,1;}, the links rot;(K) are general, i.e. rot;(K) € ¥(©);
e CL(K) transversally intersects Z>K USUZyUZ, at each te
{1, te}-

Denote by Q) c SL the subspace of all generic links in V.

Morse modifications of index 1 would change the trace graph dramatically.
Luckily following Lemma3.2 shows that they can not occur under strong
equivalence. More exactly Lemma 3.2 shows that the canonical loop CL(K) never
touches the subspace Ex Uy U= A for any link K. Therefore the transversality
from the last condition of Definition 3.1 is relevant only for the subspace EX.

LEMMA 3.2 (Main topological lemma). For any link K C V, the canonical
loop CL(K) does not touch the subspace Iy UX~ UEA\- More formally, if K €
L, forv=20Y, A, the links rot..(K) are on different sides of ¥, for small ¢ > 0.

PROOF. For the subspaces ZI and -, the projections of two small arcs
with a tangent point (respectively, a cusp) are interchanged under the rotation.
Figure 6 shows that the links roty.(K) are on different sides of ZX and X,
respectively, since the tangent at p is not horizontal, i.e. not orthogonal to the
vertical axis S!. The argument for ¥, is the same, since one tangent at the
critical crossing is not horizontal, see the last picture of Figure 6. O

EXAMPLE 3.3. The canonical loop CL(K) of a knot K C V can touch the
subspace ZX. Consider the three arcs Jy, Jo, J3 C R® defined by (see Figure 7 below)

€Ty = T’LL2, Ty = U, r3 = —Uu,
y1 =0, Y2 = —1, ys =1, ue R, 7>0.
z = u; 2 = U, 3 = U

Under the composition pr,, o rot;, the arcs Ji, Jo, J3 map to the following ones:

z1(t) = 725 cost, x9(t) = zpcost +sint, w3(t) = —2z3cost —sint,
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where 21, 29,23 are constants. For small ¢ =¢ > 0, the double crossing ps3 =
pr,.(rot.(J2)) ( pry.(rot.(J3)) has the coordinates z =0, z= —tane. Then po3 is
at the left of the first rotated arc z;(t) = 727 cost with respect to X.

For t = —e < 0, the crossing with x = 0, z = tane is also at the left of the first
arc. Take a knot K € 3\ containing small parts of the arcs described above.
Then rot4.(K) are on the same side of Y\, .. This means that, under the rotation of
K, Reidemeister moveIlI is not performed for the diagram pr,,(rot,(K)).

\\ (23N \(2D)
A\
W a
TG(K)

t=¢

Figure 7. CL(K) may touch the subspace of triple points.

3.2. Codimension 2 singularities and generic equivalences.

Classical codimension 2 singularities of plane curves were described by David
[5, List IT on p. 561], namely the ramphoidal cusp N (the A, singularity in
Arnold’s notations), intersected cusp X (Ds), tangent triple point X (Dy), cubic
tangency f (As) and ordinary quadruple point 3k (Xo). We need to distinguish
more refined singularities since the canonical loop of a link may not be transversal
to some singular subspace, e.g. it is transversal to the codimension 2 subspace of
horizontal cusps E_<, but not to the codimension 1 subspace of all cusps X~ Z_<.
All tangents below are not horizontal unless stated otherwise.

DEFINITION 3.4 (codimension 2 singularities of link diagrams). Let D be a
diagram, i.e. the image of a smooth map g: | |1, Sjl- — A,
> A quadruple point of D is a transversal intersection p of 4 arcs.

XX A tangent triple point of D is an intersection p of 3 arcs, the first two arcs have
a simple tangency and do not touch the third arc.

X An intersected cusp of D is an intersection of 2 arcs, where the first arc has an
ordinary cusp whose vector (#, %) does not touch the second arc.

) A cubic tangency is an intersection of 2 arcs given locally by u = 0, u = v°.

N A ramphoidal cusp is the singular point of an arc, given locally by u? = v°.

~ A horizontal cusp is an ordinary cusp with horizontal tangent.

= A mized tangency is a simple tangency with a horizontal tangent such that one
of the extrema is a maximum, another one is a minimum.
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M\ An extreme tangency is a simple tangency with a horizontal tangent such that
both extrema are either maxima or minima.

%,% A horizontal triple point is a triple intersection, where the tangent line of
the first arc is horizontal, the tangent lines of the other arcs are not
horizontal.

Given a singularity 6 € {%,X,},f,ﬂ,%,%,—{,}{,/f\\}, denote by s the
union of all links K C V such that the diagram pr,,(K) is general outside é. Set

»@ = Z%UZXUZ:&UEIUZNUZ%UZ%UE{UZHUEA C SL.
LEMMA 3.5.  The singular subspace ©?) has codimension 2 in the space SL.

PROOF. We use multi-jets of maps (z(r), 2(r)) : R — R? defining a diagram
D. Fixing 4 points ry,ry,r3,r4, each singularity ¢ from Definition3.4 can be
described in terms of 4-tuple 3-jets from the space J@](R, R2), where each point
has the 36 coordinates:

J4(R,R?) : {n; DR T =123,

The jets over all K € (s form the finite dimensional subspace Y C

J[34](R7 R?). A simple tangency of 2 arcs at r;,r; is described by I';; =
(ri)  a(r))

Ari)  A(ry)

of D at r; is not horizontal. The string r| # 9 # r3 # r4 will mean that ry, 79, 73,74

= 0. The frequent inequality 2(r;) # 0 below says that the tangent

are pairwise disjoint.

)

2(r1) = 2(r2) = 2(rs) = 2(r4),  2(ri) #0, Ty; # 0, i # j;
$ { x(r1) = x(ry) = x(r3), ™1 # 12 F# 13 =14, 2(r;) #0,
X _ _ _ :

Z(’I"l) = Z(T‘Q) = Z(’I"g), F12 = 0, Fgg 75 O, F13 75 0,
o wlr) =a(ry), 2(m) = 2(r2), Z(r1) #0, 2(r2) #0, [E(r) #(r2) | ,
E}{ i‘(’/‘1) = 2(7“1) = O, T1 75 T = T3 =Ty, 5(7‘1) Z.’(TQ) 7& O,

x(r1) = x(ra), 2(r1) = 2(r2), .
= d(r) @(ro)| o [E(r)  d(re) .
EI{ AT EC BTl FTCV R R

Yr1) #0,  r2) #0,
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X

TL=T2=T3 =Ty,

a(r) = 2(r) =0, Z(r)#0,
zﬁ{

r1)  Z(ry) ‘

(1)

Z(r1) Z(m

= - z(r1) = z(r2) = x(r3), 2(r1) =0, Z(r1) #0, 11 # 712 # 13 ="114,
E%UE%{ 2(r1) = 2(r2) = 2(r3), 2(ra) #0, 2(r3) 75 0, Tij#0, i # j;
i_< { ,’i(’l’l) = Z(Tl) (Tl) 07 TN =79 =T3 =Ty, Z(Tl) 7é 0;

. N 2(r1) = 2(r9),  A(r1) = 2(ry) =0, 3(ry) #0,
ZHUEJ\\{ z(r) = x(ry), T #re=r3="r4, 3(ro) #0;

The conditions above can be obtained using classical normal forms
of the singularities, e.g. the ramphoidal cusp = is a degeneration of the
ordinary cusp Y clearly given by #(r) = 2(r) =0. Locally one has (z,z) =
(agr® + agr® + -+ bor? + bgr® + -+ +), by # 0, which is (left) equivalent to (z,z) =
((az — bgag/ba)r® + - byr?* + -+ ), hence agbz = boas, i.e. the vectors (i(r),2(r))
and (%(r), Z(r)) are collinear.

Each subspace 3 is defined by 6 equations, hence codim Qs =6in J[4] (R, ~R?’)
The subspaces Y5 from Definition 3.4 map to the corresponding subspaces X5 C
J[s](R R?) by adding 4 points r1,79,73,74 on a diagram. When we forget these
points, the codimension decreases by 4, i.e. codim X5 = 2 in the space SL. ([

7ZT1

DEFINITION 3.6. Let Q>T< be the set of all links failing to be generic due to
exactly one tangency of CL(K) with the codimension 1 subspace %

Given 6 € {%,X,EG,I,N,%,%,—{,H,//\\}, let Qs consist of all links K

failing to be generic because of exactly one transversal intersection of CL(K) with
25. Set

1):Q%UQXUQ}UQIUQNUQ%UQ%UQ{UQHUQI\UQ?.

A generic equivalence is a smooth path F': [0,1] — SL intersecting transversally
the subspace Q)| i.e. there are finitely many 71, ---, 7 € [0,1] such that

e the links F(r) € SL are generic for all ¢ {ry,---,r};
e the canonical loop CL(F(r)) transversally intersects Q) for r = ry, -+, ry.

LEMMA 3.7.
(a) The subspace QY has codimension1 in the space SL.
(b) The subspace QO 4s open and dense in the space SL.

PRrooFr.
(a) Choose a link K C V given by an embedding f : |_|;":1 Sj1 — V that fails to be
generic due to exactly one singularity ¢ from Definition 3.6. These singularities
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were introduced using the rotation of the solid torus V. So we describe them in
terms of maps R — R® not R — R? as in the proof of Lemma 3.5.

There is a 4-tuple (r1, 72, 73,74) € (LJ2, S})4 defining the chosen singularity of
K € Qs. The 4-tuple 3-jet 3[4}f(r1,r2,r3,r4) is a point in Jﬁ](R R?). These points
over all K € Qs form the finite dimensional subspace Qs C J (R, R?).

We check that Qs has codimension 5 in J* (R RY). Denote by x(r),y(r), z(r)
the compositions of f:|]i, S;—=VcC R’ and the projections to the coordinate
axes. Then the 4-tuple 3-jet of K is determined by the following 52 quantities.

F(RR) {m o), y(r), A E),d). Hn)
Br),  di(r),  Em) o E(m), din), Em);

For i,5 € {1,2,3,4}, i # j, introduce the differences
Aziy = x(r;) —x(ry), Ay =y(r) —y(ry), Az =2(r;) — 2(r;).

Points f(r;), f(r;), f(rr) € K project to the same point under pr,, : rot,(K) —
A.Tij Alfjk
Ayij Ay
determinant is (up to the sign) the area of the triangle with the
vertices (z(r;),y(r:)), (x(r;),y(r;)), (z(rg),y(ry)) in the horizontal plane
{2(ri) = 2(rj) = 2(re)}-
@(ri) @(rj)  Aw
Set Ajj = | 9(ri) 9(rj) Ay |. The diagram pr, (rot,(K)) contains two
i) Arj) Az
arcs having a simple tangency at r = r;, 7 = r; and some ¢ if and only if z(r;) =
z(r;) and A;; =0, i.e. the straight line through f(r;), f(r;) € K lies in the plane
spanned by the tangent vectors of K at r =r; and r = r;.

A, x {t} for some t if and only if z(r;) = 2(r;) = 2(ry), = 0. The last

We describe analytically the subspaces Qs associated to the singularities

%79€a>&7f7§7%7%5}<5-<5//\\’%'

2(r1) = 2(re) = 2(r3) = 2(ry), |Az12 Az B Ay Azgy

Q% Ty F#E e F T3 FE Ty Ayis Aysz | | Ayiz Ay ’
Ari) #0, 1 =1,2,3,4, Ay #0, 0,5 €{1,2,3,4}, i # j;
z(r1) = 2(re) = 2(r3), |Axia Amgg

QX T1#E T2 F T3 =Ty, Ayia Ay 7

'é(Ti) #0,1=1,2,3, A= 0, Agz #0, Az #0;
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2(r1) = 2(r2), a(r)  @(ra)

O q &) =0, 2(r) #0, |§(rn)  9(r2) j(r)  9(rs)  Agra | #0;
(r2) # 0, r#ry=ry=ry, | 2r) Zr2) Azp
2(r1) = 2(re), A2 =0, | &(r1) d(ra) Axo

Qf T F# Ty =13 =Ty, G(r1) i(ra) Ay | =0;

)
Z(Tl) 7é O7 2.“(7“2) 7é 0, .2:’(7“1) 2(7“2) A212
a ) =0, Zrm)#0,  Z(r)  3(r)

A )

T =T =173 =Ty, ff(rl) Z'/'(Tl

The last equations with 3 fractions mean that the vectors of the 2nd and 3rd
derivatives are collinear, which corresponds to the similar condition for ¥~ in the
proof of Lemma 3.5. If a denominator is zero, the numerator must be also zero.

A.’En AQ?Q;),
Ayp  Ayos

~ = 2(r1) = 2(rg) = 2(r3), 11 Fre F 13 ="y
Q Q

xU p/ﬂ{ £(r1) =0, £(n) #0, £(ra) £ 0, 2(r3) #0,
Q{{Z(Tl) =Z(r1) =0, rm=ra=r3=ry, Z(r)#0;

_ - z(r1) = z(rq), .
Q Q
HU //\\{ 2(r1) = 2(re) =0, Z(r1) #0, Z(r2) #0.

)

If 2(r;) # 0, then locally r; can be considered as a function of z, hence any
function of (several) r; can be differentiated with respect to z. Below the tangency
with E>K means that the derivative of the vanishing determinant

A:L‘lg A.ng
Aya Ays

A,. x {t} also vanishes.

A= defining a triple point under the projection pr,, : rot:(K) —

2(r1) = 2(r2) = 2(r3), T Fr2Fr3 =14 Ay # 0,
Qo d d? Azxy Ax | 4,
X A=—A=0, —A#0, A= 12 237 i F g
dz dz Ayia Ayos 2(r;) # 0.

Generic inequalities dg/dz # 0 should be added to the descriptions above for each
condition g = 0, which guarantees no tangency of the canonical loop with the
corresponding subspace ¥s. In important cases like QN we explicitly accompanied

2(r1) = 0 with 2(ry) # 0 equivalent to 2(r1(z))/dz # 0, but also every equation like
z(r1) = z(rq9) should be accompanied with dz(ri(2))/dz # dz(r2(2))/dz.
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Each subspace Qs is defined by 5 equations, hence codim Q5 = 5 in J[:jl] (RLR:‘).
The subspaces €)s introduced geometrically in Definition 3.6 correspond to €2s by
adding 4 points 7,79,73,74 on a link. When we forget about these points the
codimension decreases by 4, i.e. codim{)s = 1 in the space SL of all links K C V.
(b) The conditions of Definition 3.6 define an open subset of SL whose complement

is clearly the closure of the codimension 1 subspace Q). O

The following result similar to Proposition 2.6 follows from Lemma 3.7 since
by Theorem 2.4 any isotopy in the space SL of links can be approximated by a
path transversally intersecting the singular subspace Q) C SL.

PROPOSITION 3.8.
(a) Any smooth link can be approzimated by a generic link.
(b) Any smooth equivalence of links can be approzimated by a generic one.

3.3. Generic loops and generic homotopies in the space of links.
A loop of links {K;} C SL means a smooth loop, i.e. a smooth map S} — SL.
Generic loops provide a suitable generalization of the canonical loop.

DEFINITION 3.9. A smooth loop of links {K;} C SL, t € S}, is called generic
if there are finitely many critical moments t1,---,#; € S} such that

e the link K; maps to K;, under the rotation through = for every ¢ € Stl;
o for all t ¢ {ti,---,t;}, the links K, are general, i.e. K; € 2();
e {K;} transversally intersects E>K USyUSUZ y at each t =1y, 1.

Due to Lemmas 2.5, 3.7 any loop can be approximated by a generic loop. But
a generic loop may be too trivial. For instance, a loop S} — SL contractible to a
generic link through generic links carries information about only one diagram.
More interesting objects are generic loops homotopic to canonical loops.

DEFINITION 3.10. A smooth family {L;} of loops, s € [0,1], is called a
generic homotopy if there are finitely many critical moments sy,---,s; € [0, 1]
such that

o for s¢ {s1,- -, sk}, the loop L; is generic in the sense of Definition 3.9;
e for each s € {s1, -, s}, the loop L fails to be generic since either L,
transversally intersects ) or L, touches E>K at exactly one point.

LEMMA 3.11.
(a) The canonical loop of any generic link is a generic loop.
(b) Any generic equivalence {K,}, s €[0,1], of links provides the generic
homotopy of loops {CL(Kj)} of links.
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(¢) If canonical loops CL(Ky) and CL(K;) of generic links Ky and K, are
generically homotopic then Ky and Ky are generically equivalent.

PROOF.

(a) The canonical loop of any link is symmetric in the sense that rot;(K) maps to
rot;-(K) under the rotation through = for every t € S!. The other conditions of
Definition 3.9 correspond to the conditions of Definition 3.1.

(b) Compare Definition 3.6 with Definitions 3.9 and 3.10.

(c) Let {Ls}, s € [0,1], be a generic homotopy between CL(Kj) and CL(K7). The
loops L can be represented by a cylinder S} x [0, 1] mapped to the space SL. Take
a smooth path connecting K and K; inside the cylinder. This smooth equivalence
can be approximated by a generic one due to Proposition 3.8b. O

By Lemma3.11 the classification of links reduces to their canonical loops.

PROPOSITION 3.12.  Generic links are generically equivalent in V' if and only
if their canonical loops are generically homotopic in the space SL of all links K C V.

4. Through codimension 2 singularities.

4.1. Versal deformations of codimension 2 singularities.

To understand what happens when the canonical loop of a link passes
through the singular subspace ©(?, we study bifurcation diagrams of codimen-
sion 2 singularities.

LEMMA 4.1. The codimension 2 singularities from Definition 3.4 have the
normal forms in the table below, where r is the parameter on the curve and

o o/, is the extended right-left equivalence, i.e. diffeomorphisms of R? don’t
fiz 0;

e o/, is the restricted right-left equivalence such that left diffeomorphisms of
R? have the form (g(z,2), h(2)), where g(z,2) : R*> — R, h(z) : R — R are
diffeomorphisms.

Sketch: The normal forms up to <7.-equivalence are classical, e.g. the parameter
e # 0 in the normal form of 3 (Xj) can not be skipped as the cross-ratio of 4
slopes is invariant under diffeomorphisms, see [14, Lemma 6.5]. The singularities
K, =N, A % should be considered up to &7 .-equivalence respecting
{z = const}, otherwise they don’t have codimension2, e.g. the normal form
(r?,73) of < is not & .-equivalent to the normal form (73,72) of . Deducing new
normal forms is similar, e.g. the horizontal cusp — is defined by the conditions
#(0) = 2(0) = 2(0) = 0, hence z(r) = ar* + - -+, 2(r) = br® + ---, which normalises
to (r?,7%) as required.
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X, o, |{z=0,z=rh, {z=r,z=r}, {z=—r,2=r}, {z=er, z=r}
X, d. |{e=r*z=r}, {z=0,2=1}, {x=r 2=1}

X, o, |{z=r32=r} {z=r 2z=r}

I |[{z=r32=r}, {=02=1}

N, Fe | {r=1 2=1%

=, A, {z =72 z=1r%}

oo, |[{r=r z=r} {z=r 2=}

m, o, [ {z=r z2=-2r"} {x=r 2=

X . |{r=rz=-r}, {z=r,z2=0r}, {a=—-r, 2=1}

%,ﬂz {r=r, 2=}, {o=r z=r}, {z=2r, 2=1}

Mancini and Ruas [12] have shown that the group &, from Lemma 4.1 is
geometric in the sense of Damon [4]. So the standard technique of singularity
theory can be applied to find versal deformations of corresponding codimension 2
singularities.

We consider horizontal triple points % and % separately, because the
associated moves on trace graphs look slightly different in Figure 11ix, 11x. A
deformation of a germ (z(r),2(r)) : R — R? with parameters a,b is a germ F':
R x R*> — R? such that F(r;0,0) = (z(r), 2(r)). A deformation F is versal if any
other deformation can be obtained from F' by actions of the corresponding group
o, or A ,.

The versality can be checked using the following tangent spaces at germs in
the space of deformations. Let T" be the right tangent space at a germ (z(r), z(r))
generated by the right diffeomorphisms R — R, e.g. the right space T" at (r°,r?)
of N consists of (57*f(r),2rf(r)), where f : R — R. Denote by T' the left tangent
space at a germ (x(r),2(r)) generated by the restricted left diffeomorphisms
(g(z,2),h(z)) : R> = R?, where g: R*> - R, h: R— R are any germs. For
instance, the left space T' at (r%,7°) of < is formed by (g(r%,7%),h(r?)) =
(a1 + aor® + azr® + -+ by + byr3 +---). The parameter normal space NP of a
deformation F(r;a,b) consists of linear combinations ¢(OF/0a)+ d(OF/0b) at
a = b= 0, where c,d are constants, e.g. the space N? of (r° + ar® + br,r?) consists
of vectors (cr® + dr,0).

In the case of a multi-germ the right space 77 is associated to the independent
right diffeomorphisms f;(r) around each point r;. The left space T! is generated by
the same left diffeomorphisms at every r;. The parameter space N? is spanned by
the derivatives along the parameters of the deformation at each r;.

The following standard statement is a simple application of [1, Section 1.8.2].
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PROPOSITION 4.2. A deformation F(r;a,b) of a multi-germ (x(r), z(r)) :
R — R? is versal if at every point r; any germ R — R? can be represented as a sum

of vectors from the spaces T!, T! and N .

LEMMA 4.3. The codimension 2 singularities from Definition 3.4 have the
versal deformations with parameters a,b in the table below.

X, . |{x=0,z=r},{z=r+az=r}{z=—-r—-bz=r},{z=er,z=1}
X, d. |{x=r"-2a,z=r}, {r=0,2=r}, {r=r—bz=r}

X, o, |({z=r—br,z=1}, {r=r—a,z=1}

I, e |{z=r-3br+a,z=r} {r=0z2=r}

N, Fe | {z=r"+ard+br, 2 =1r?}

=, A, {x=7% z=7r"4+ar’ — br}

=, o, |{r=rz=r-b}), {x=r+a,z=—1r"}

m™ o, | {lv=rz2=-2r"-b}, {r=r+a,z=—-1%}

X, o, |[{r=r,z=-}, {z=r+az=r}, {x=—r—-bz=r}

%,%Z {z=rz=-1r}, {z=r+a,z=r}), {x=r/2-bz=r}

Sketch: Versal deformations of classical codimension2 singularities N (A4), ¥
(Ds), ¢ (Dy), f (As5) and 3k (Xy) up to & .-equivalence were recently described
by Wall [14, Subsection 6.1]. The remaining cases follow from the table below.

singularity | 1/ T! NP

< (2rf(r),3r° f(r)) | (9(r*,r*),h (")) (0,cr* — dr)

~ (fi(r),2rfi(r)) | (9(r,7?), h(r?)) (0, —d)
(fa(r), =2rfa(r)) | (g(r,=1%),A(—1?)) | (c,0)

™ (fi(r), =4rfi(r)) | (g(r,—2r*),h(=27")) | (0, —d)
(fa(r), =2rfa(r)) | (g(r,=1%),A(—1?)) | (c,0)

A (fi(r), =2rfi(r)) | (g(r,=7?),h(=1?)) | (0,0)
(fo(r), fo(r)) (g(r,r), h(r)) (c,0)
(=f5(r), f5(r)) | (g(=r,7),h(r)) (=d,0)

A (fi(r),=2rfi(r)) | (9(r,—7*),h(=7*)) | (0,0)
(fa(r), fa(r)) (g(r,7), h(r)) (c,0)
(=/f5(r)/2, f5(r)) | (g(=r/2,7),h(r)) (=d,0)

Case vi of a horizontal cusp <. By Proposition 4.2 we should prove that any germ
(z(r), 2(r)) : R — R? can be represented as a sum of vectors from the spaces T7, T}
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and Ni, i.e. we solve the functional equations from the table z(r) = 2rf(r) +
g(r?,r%) and 2(r) = —dr + e + 3r? f(r) + h(r?), which have one the of the possible
solutions

z(r) — 2(0)r — 2(0)  z(0)  2(0)

d=—x0), he) =), foy="0720r A0 T F0)
e %(0) —233'3(0)’ (2 = 2(r) — HO)r — 22(r) - 2(0)7«2/?2”— 20)r — Z(O)

Here h has only the constant term and g(r?,7%) has no linear term in r, all other
powers have the form 2j 4 3k for some integers j,k > 0, e.g.

for a germ (ag + a7 + agr®> + -+, by + byr + byr® + - --) one has
f=a1/2+ -, g(x,2) =ap+ax+--, h=0by, d= b1, c=(2by — 3a1)/2.

Case vii of a mixed tangency <. We prove that at each point r;, i = 1,2, any germ
(xi,21): R— R? can be represented as a sum of vectors from T/, TZ-Z, NP ie.in
terms of suitable ¢, d and f, g, h. Write down the equations from the table above.

(H) { i (7’) ( ) —|—g(T T ) 21(7’) = 2Tf1(7") + h(’f’Q) — d,

(r) = c+ for) + g(r, =), 22(r) = =2rfa(r) + h(=1?).
For a function f(r) denote its constant term simply by f. The equations
21(r) = 2rfi(r) + h(r?) — d and zy(r) = 2rfo(r) + h(—r?) in degree 1 determine the

constant terms fi, fo of fi(r), fo(r). Then system (}<) in degree0 has a unique
solution:

(H) $1:f1+ga leh_d7 g::El_fh h:z27
’ xo=c+ fo+g, z=nh. c=x2—x1+ fi— fo, d=29— 2.

For a function f(r) define its odd and even part as Odd f(r) = (f(r) — f(=r))/2,
Even f(r) = (f(r) + f(—7r))/2. We look for solutions g(z,z) = g1(z) + g2(2) and
h(z) such that go(—2) = —ga(2), h(z) = h(—=z). Split each equation of (}<):

Odd z;(r) = Odd fi(r) + Odd g1 (r), Even z(r) = 2rOdd f,(r) + h(r?) — d,
Evenz,(r) = Even fi(r) + Even g1 (r) 4+ g2(%), Odd 2z, (r) = 2rEven fi(r),

Odd x5(r) = Odd fo(r) + Odd g1 (r), Even zy(r) = —2r0dd fo(r) + h(r?),

Even zy(r) = ¢ + Even fao(r) + Even gi(r) — ga(r?), Odd za(r) = —2rEven fo(r).
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The resulting system has a solution below, where Even z;(r) — Even 25(r) + d is
divisible by r due to (}<;). So the deformation is versal by Proposition 4.2.

Even fi(r) = Odd z1(r)/2r, Even fo(r) = —Odd za(r)/2r,

0Odd fi(r) = (Even z1(r) — Even z3(r) + d)/4r + (Odd 21 (r) — Odd x2(r)) /2,
0dd f2(r) = (Even z1(r) — Even z3(r) + d)/4r 4+ (Odd z2(r) — Odd x4 (7)) /2,
Even g(r) = (Evenz(r) + Evenxs(r) — Odd 21 () /2r + Odd 2z2(r) /2r — ¢) /2,
0Odd gy (r) = (Even 29(r) — Even 21 (r) — d)/4r + (Odd z1(r) + Odd x»(r))/2,
g2(r?) = (Evenzy(r) — Even ay(r) — Odd 21 (r)/2r — Odd 2(r) /2r 4 ¢) /2,
h(r?) = (Even z1(r) 4+ Even z;(r) + d) /2 + r(Odd 5 (1) — Odd z1(r)).

Case viii of an extreme tangency ~\ is similar to Case vii.
Case ix of a horizontal triple point ). The table above gives

1(r) = fi(r) + g(r, —1%), a(r) = =2rfi(r) + h(=1%),
(%) y(r) = c+ folr) + g(r,7), 2(r) = fa(r) + h(r),
a3(r) = —d = fa(r) + g(=r,r), 2(r) = fs(r) + h(r).

The equation z1(r) = —2rf,(r) + h(—r?) in degree 1 determines the constant term
f1 of the function fi(r). Then system (%) in degree 0 has a unique solution.

= fi+g, z1 = h, g=z1—fi, h=z,
Ty=c+ fotyg, 2=frth, fo=2z—2z1, c=x9—x1+ fi+21 — 22,
13:7d7f3+g, 23:f3+h. f3:,23721, d:I17f17I3+2172’3.

We look for g(z, z) = g1(x) + ¢2(2). Apply elementary operations to (%)

2rxy (r) + 21(r) = 2rg1(r) 4+ 2rga(—r?) + h(—=r?),
(k) za(r) — 22(r) = ¢+ g1 (r) + g2(r) — h(r),
z3(r) + 23(r) = —=d + g1(—r) + g2(r) + h(r).

The functions fi, f2, f3 can be expressed in terms of the solutions of (%;). Split the
1st equation of (%;) into the odd and even parts, then apply operations to (%;):
2rOdd z1(r) + Even 2, (1) = 2rOdd g (r) + h(—r?),

(%2) 2rEven () + Odd 2 (r) = 2rEven g (1) + 2rgy(—r?),

0Odd z ()
r

x3(r) + 23(r) + 22(r) — 29(r) — 2Even 1 (r) =c—d+2g9(r)— 292(—7"2),
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which determines the coefficients of go(r) = >0 e;r' splitting into parts as
follows. Taking the odd part, we compute e; with all odd ¢, the consider terms with
powers 4¢ and 4¢ + 2 separately, find all ey and continue splitting into parts.
Having found gs(r), compute Even g;(r) from (%) and work out A(r), Odd ¢;(r)
from

xo(r) — 29(r) — 23(r) — 23(r) = ¢+ d + 20dd g1 (r) — 2h(r),
2r0dd z(r) + Even z(r) = 2rOdd g (r) 4+ h(—r?),

excluding Odd g;(r) and then splitting the result into parts as above.
Case x of another horizontal triple point % is similar to Caseix.

4.2. Bifurcation diagrams of codimension 2 singularities.

The bifurcation diagram of a codimension 2 singularity 6 from Definition 3.4
is formed by the pairs (a,b) € R*> from the versal deformation of 6 from
Lemma4.3. We will describe curves representing codimensionl subspaces X,
adjoined to ¥ in the space SL of all links K C V.

Oriented arcs in bifurcation diagrams of Figure 8 are associated to canonical
loops CL(K..) C SL, where links K. are close to a given link Kjy. At the zero
critical moment, the loop CL(K)) defines an arc through the origin {a = b = 0}.
These arcs are transversal to the codimension 1 subspace £(!) apart from the cases
below. In Figure 8ix and 8x the canonical loop CL(Kj) is parallel to E/\\/, YA

EI in the following sense: if K € E/\\/, then CL(K) C E/\VUEH. IfK e E/, then
CL(K) ¢ ¥ X, Similarly, K € 3 implies that CL(K) C SAnUE .

LEMMA 4.4. Figure 8 contains the bifurcation diagrams of the codimen-
sion 2 singularities 6 : %796,)0,,%%,%,%,}{,-{,//\\ and shows how the

canonical loops CL(K..) intersect the adjoined codimensionl subspaces 3.,

PROOF. In Cases i—v below the canonical loops transversally intersects all
the singular subspaces since the tangents of intersecting arcs are not horizontal.
Case i of a quadruple point k. There are 4 singular subspaces Y\ intersecting
each other transversally at the singular subspace >y . Using the normal form of
> from Lemma4.1, we show 4 subspaces in the bifurcation diagram of Figure 8i,
namely {a = 0} (branches 1, 2, 4 intersect), {b = 0} (branches 1, 3, 4 intersect),
{a = b} (branches 1, 2, 3 intersect), {e(a + b) = b — a} (branches 2, 3, 4 intersect).
Case ii of a tangent triple point . The branches {z = 2?> — a}, {z = 0} have a
tangency if @ = 0. The triple point appears when 22 —a=0=2z—b, i.e. a = b%.
The bifurcation diagram of Figure 8ii has 1 parabola and 1 line touching each
other.
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8ii: the bifurcation diagram of a tangent triple point X
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8iv: the bifurcation diagram of a cubic tangency /{/
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.
N /J'F/

8v: the bifurcation diagram of a ramphoidal cusp ﬂ
|

A
b

8vi: the bifurcation diagram of a horizontal cusp —<
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8vii: the bifurcation diagram of a mixed tangency >‘<
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8viii: the bifurcation diagram of an extreme tangency m
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PN SN A

8ix: the bifurcation diagram of a horizontal triple point %

A

b
|
/\ %
y ” +e “ /
AN < /<

//\/

8x: the bifurcation diagram of a horizontal triple point %

Figure 8. Bifurcation diagrams of codimension 2 singularities.
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Case iii of an intersected cusp ). The branch (r3 — br,7?) has a self-intersection at
r = £v/b, b > 0, which becomes an ordinary cusp if b = 0. The self-intersection is a
triple point when it is on the branch (r — a,r), i.e. a = b. Finally, we get a simple
tangency of (r® — br,r?) and (r — a,7) if a = 2r® — r2, b = 3r? — 2r or 3a — 2br = r?
has a double root, i.e. b? + 3a = 0. The bifurcation diagram of Figure 8iii contains
1 parabola, 1 line and 1 ray meeting at 0.

Case iv of a cubic tangency f. The branch (r® — 3br + a,r) has extrema of the
z-coordinate at r = 4v/b, which lie on (0,7) if 7> — 3br +a = 0, i.e. a®> = 4b°. The
only subspace EI is adjoined to ¥ - in the bifurcation diagram of Figure 8iv.
Case v of a ramphoidal cusp . The curve (r° + ar® + br, %) has an ordinary cusp
when 2 = 2= 0, i.e. 7 = 0 and b = 0, and a self-tangency when 5r* + 3ar® + b = 0
has two double roots, i.e. 9a*> = 20b. The bifurcation diagram of Figure 8v
contains 1 parabola and 1 line touching each other at 0.

Case vi of a horizontal cusp <. The curve (2,7 + ar? — br) has a crossing at +r,
hence 1 =br and r=+vb, b>0. This crossing is critical, i.e.
2=3r24+2ar —b=0, if b=a? The critical point becomes degenerate, i.e.
2=6r+2a=0, if b=—a?/3. The subspace ¥~ of ordinary cusps, where
& =2%2=0, is represented by {b=0}. The bifurcation diagram of Figure 8vi
shows 2 parabolas, 1 line and 1 ray meeting at 0. The arc associated to a canonical
loop moves in the vertical direction and remains parallel to the parabola
{b = —a?/3} representing the subspace X

Case vii of a mixed tangency <. The branch (r,r? —b) touches (r + a,—r?) if
r?—b=—(r— a)2 has a double root, i.e. a®> = 2b. Both curves have extrema in the
same horizontal line when b = 0. The bifurcation diagram of Figure 8vii has 1
parabola and 1 line touching each other at 0.

Case viii of an extreme tangency /\. The branch (r, —2r? + b) touches (r + a, —r?)
if b—2r2 + b= —(r — a)® has a double root, i.e. 2a2+ b = 0. Both branches have
extrema in the same horizontal line when b = 0. The branch (r, —2r? + b) passes
through an extremum of (r + a, —7?) at r = 0 if b = 2a®. The branch (r + a, —r?)
passes through an extremum of (r, —2r% +b) at r = 0 if b = —a®. The bifurcation
diagram of Figure 8vii has 3 parabolas and 1 line touching each other at 0.
Case ix of a horizontal triple point %. The branches (r + a,7) and (—r — b, r) pass
through the extremum of (r, —r?) at 7 = 0 when a = 0 and b = 0, respectively. The

crossing of (r +a,r) and (—r —b,r) at r = —(a + b)/2 lies in the same horizontal
line with the extremum of (r,—r?) at r =0 if a +b = 0. The branches (r, —1?),
(r+a,r) and (—r—b,r) have a triple point if r=-—r’+a=7>—-b or

(@ —b)®> = 2(a+b), which is a parabola in the bifurcation diagram of Figure
8ix. The arc associated to a canonical loop is transversal to the subspaces, because
only one tangent remains horizontal under the rotation.

Case x of another horizontal triple point % is similar to Case ix. ]
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5. The diagram surface of a link.

In this section the classification problem of generic links K C V reduces to
their diagram surfaces DS(K) in the thickened torus T = A,, x S}, A, =
[—1,1], x SL.

5.1. The diagram surface of a link and generic surfaces.

Briefly the diagram surface of a loop {K,} of links is the 1-parameter family of
the diagrams pr,,(K:) C A, x {t}. This family can be considered as the union of
link diagrams, i.e. as a 2-dimensional surface in the thickened torus T' = A, X Stl.

DEFINITION 5.1.  Let {K;} C SL be a loop of links. The diagram surface
DS({K:}) C A,, x S} is formed by the diagrams pr,.(K;) C A,. x {t}, t € S}. If
K; are knots, DS({K;}) is the torus S!' x S! mapped to the thickened torus
T = A,. x S}. The diagram surface DS(K) of an oriented link K C V consists of
the diagrams pr,,(rot;(K)) C A,, x {t} and is oriented by the orientations of K
and S}.

Figure 9 shows vertical sections of DS(K) for a smoothed trefoil K from
Figure 2, t € [0,7]. Each section is the diagram of a rotated trefoil rot;(K) for
some t € S!. Local extrema of rot;(K) form horizontal circles parallel to S;.
Several arcs in Figure 9 are dashed or dotted, because they are invisible in the
x-direction.

By Definition 3.9 the shift ¢ — ¢ + 7 maps the surface DS({K;}) to its image
under the symmetry in S!. Actually the link K, is obtained from K; by the
symmetry rot,, i.e. the diagrams pr,,(K;,) and pr,,.(K;) are symmetric for all
t € S}. For a generic loop {K;}, the vertical sections of DS(K) are the diagrams
pr,.(K;) and allow the codimensionl singularities X, >(,Y", Ak only. It follows
from the fact that any critical point of pr, : K; — S! remains critical under rot;.

For any ¢ € S}, the points from K; (\(D,, x {z = £1}) and the critical points
of pr, : K; — S! divide the i-th component of K; into arcs Ay, 4, ¢ =1,--+,n;. The
total number of these arcs does not depend on ¢ since any critical point a; € K; of
pr, remains critical while ¢ varies. The union | Ja; of the extrema of pr, : Ky — S!
for all t € S} splits into critical circles C; of DS({K;}). The union B;, = |J A,
over all t € S} is called a trace band of DS({K;}). The 3 trace bands in the bottom
picture of Figure 9 have different colours. The arcs A;;, are monotonic with
respect to pr,, : K; — S! x {t}. Then the trace bands project 1-1 under pr, :
DS({K;}) — S! x S}. Successive bands B, Bii1, meet at a critical circle.

The singular points of DS({K;}) are crossings and codimension 1 singularities
of the diagrams pr,.(K;) over all t € S}. A trace arc is an intersection of the
interiors of 2 trace bands in DS({K;}). The triple points, tangent points, cusps
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and critical crossings of link diagrams pr,,(K;) are called triple vertices, tangent
vertices, hanging vertices and critical vertices of DS({K;}), respectively. So a
trace arc may contain several vertices of DS({K;}) in the usual sense.

Figure 9. Half the diagram surface of a smoothed trefoil from Figure 2.

Take a singular point p € DS(K) that is not a vertex and does not belong to a
critical circle of DS(K). Then p is a double crossing of two arcs A;;, and A, in a
diagram pr,,(K;). If the arc A;;, passes over (respectively, under) A;;, then
associate to p the label (¢;s;) (respectively, the reversed label (s;¢;)). If K is a knot
then we miss the indices ¢,j = 1 as in Figure 3.

Trace arcs of DS({K,}) end at hanging vertices, meet each other at critical
vertices and intersect at triple vertices. Each trace arc of DS(K) is the evolution
trace of a double crossing in A, x S! while ¢ varies. The label of a point p does not
change when p passes through tangent vertices and triple vertices.

The diagram surface can be defined for any loop of links and can be extremely
complicated. The surfaces corresponding to generic loops are simple and play the
role of general link diagrams in dimension 3. As in the case of links, we define a
generic surface associated to a generic loop. A generic surface will be an immersed
surface with all combinatorial features of diagram surfaces of generic loops. For
any generic surface, a corresponding generic loop is constructed in Lemma 5.6.
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DEFINITION 5.2. Decompose SZ-1 into arcs A; 1, -+, Ain,. Introduce the trace
bands B;, = Aiy x S}, q=1,---,n;. A generic surface S is the image of a smooth
map h: (L2, S}) x S; = UL (UL Big) — Az x S} such that Conditions (i)-(v)
hold
(i) Conditions on symmetry and trace bands.

e under t — t + 7 the surface S maps to its image under the symmetry in S';

e each trace band B;, C S projects one-to-one under pr,, : S — S! x S}.
The surface S should be simple enough. More formally we require the following.
(ii) Conditions on sections Dy = S((Ay. x {t}), t € S}.

There are finitely many critical moments ¢;,---,# € S} such that
o for all t¢ {ti,---,%}, the sections {D;} are general diagrams;

e foreacht=t,--,t, the section D; has one of the singularities X, ), Y, A;
e while ¢ passes a critical moment, D; changes by a move I-IV in Figure 5.

Conditions (ii) on sections imply some restrictions on trace bands. These
requirements can be stated independently to define trace arcs and critical circles.

(iii) Conditions on trace arcs and critical circles.

e a trace arc is an intersection of the interiors of 2 trace bands B; ; and Bj;
e a critical circle Cj 4 is the common boundary of successive bands B; 4, Bj 4+1-

The arcs defined above allow us to introduce vertices of a generic surface S.

(iv) Conditions on vertices.

e a triple vertex is a transversal intersection of 3 trace bands B;,, B; s, B.,;
e a hanging vertex of S is the endpoint of a trace arc in B () Big+1;

e a critical vertex is the intersection of a critical circle C;, and B 2 Ci4;
e a tangent vertex is a critical point of pr; on the interior of a trace arc;

e all the vertices are distinct and map on different points under pr, : S — Stl.

Finally fix labels (4, q) and (j, s). Take a trace arc from the intersection B; () Bj.s
of interiors of 2 trace bands. Endow the chosen arc with a label: either (g;s;) or
(sjg;) in such a way that the following restrictions apply.

(v) Conditions on labels.

e under the time shift ¢ — ¢ 4 w, each label reverses: (¢;s;) — (s;4¢);

e trace arcs intersecting at a triple vertex are endowed with (g;s;), (s;ri),
(girh);

e a hanging vertex is endowed with the label of the trace arc containing it;

e cach circle C;, has 2 hanging vertices endowed with ((¢+1),,4),

(@i, (g4 1),);
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e if a trace band B intersects a critical circle Cj, in a vertex c then the label
at ¢ transforms as follows: (g;s;) <> ((¢+1);,s;) or (sjq;) < (sj,(g+1),).

To get the following result compare Definitions 3.9, 5.1 with Definition 5.2.

LEMMA 5.3.  For any generic loop L of links, the diagram surface DS(L) is a
generic surface in the sense of Definition 5.2.

5.2. Three-dimensional moves on generic surfaces.

DEFINITION 5.4. A smooth family of surfaces {S, C A,, x S}'}, r € [0,1], is
an equivalence if there are finitely many critical moments rq,---,r; € [0,1] such
that

e for all non-critical moments r ¢ {ry,---, 7}, the surfaces S, are generic;
e if r passes through a critical moment, .S, changes by a move in Figure 10.

Each move in Figure 10 denotes 2 symmetric moves since the surfaces S, are
symmetric in S; under t+— ¢+ m. The following claim will be proved using
bifurcation diagrams of codimension 2 singularities of link diagrams, see
Lemma4.4.

LEMMA 5.5.
(a) Suppose that a family of loops {Ls}, s € [=1,1], in the space SL of all links
K CV transversally intersects the subspace ©? at s=0. Then the diagram
surface DS(Ls) changes near 0 by a move in Figure 10i-x.
(b) If a family of loops {Ls}, s € [—1,1], in the space SL has a simple tangency with
E>K at s =0, then DS(Ls) changes near 0 by the move in Figure 10xi.

Sketch: The pictures in Figure 10 are obtained from the corresponding pictures in
Figure 8. For instance, in Figure 8iii the canonical loop CL(K_.) meets 3
subspaces I Therefore the surface DS(K_.) has three distinguished
points: a hanging vertex, a tangent vertex and a critical one as in Figure 10iii.
Right after the move when all three points pass through each other, the surface
DS(K ) has 4 interesting points: three have the previous types, the new one is a
triple vertex. This situation agrees with 4 intersections of CL(K,.) with
codimension 1 subspaces in Figure 8iii. The remaining cases are absolutely
analogous.

We produced Figure 10 first using our geometric intuition and then justified
the moves applying the singularity theory in Section 4. Since the family of
sections in a generic surface is a general equivalence of diagrams then Lemma 5.6
follows.
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10iii: a move on surfaces associated to an intersected cusp y
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10iv: a move on surfaces associated to a cubic tangency f

10vii: a move on surfaces associated to a mixed tangency ><
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10xi: a move on surfaces associated to a tangency with >K

Figure 10. Three-dimensional moves on diagram surfaces.



A 1-parameter approach to links in a solid torus 203

LEMMA 5.6.
(a) For any generic surface S, there is a generic loop L of links such that the
diagram surface DS(L) coincides with S.
(b) For any equivalence of surfaces {S, C Ay, x S}}, there is a generic homotopy
of loops {L,} such that DS(L,) = S,, r € [0,1].

Lemma 5.5 and Definition 3.10 of a generic homotopy imply Lemma 5.7.

LEMMA 5.7.  Any generic homotopy of loops {Ls}, s € |0,1] in the space SL
provides an equivalence {DS(Ls)} of diagram surfaces.

LEMMA 5.8.  Let Ly, Ly be generic loops of links. If DS(Lg) and DS(Ly) are
equivalent in the sense of Definition 5.4, then Ly and Ly are generically homotopic.

PROOF. Any equivalence of diagram surfaces gives rise to a smooth family
of loops {L,} by Lemma 5.6b. The constructed family {L,} is a generic homotopy
since all moves in Figure 10 correspond to singularities in the sense of
Definition 3.4. O

By Lemmas5.7 and 5.8 the classification of generic links reduces to the
equivalence problem for their diagram surfaces.

PROPOSITION 5.9.  Generic links Ky, K1 are generically equivalent if and
only if the diagram surfaces DS(Ky),DS(K1) are equivalent in the sense of
Definition 5.4.

The isotopy class of a link can be easily reconstructed from its plane diagram,
hence from its diagram surface with labels. Formally, one has the following.

LEMMA 5.10.  Suppose that the diagram surface DS(K) of a generic link K is
given, but K is unknown. Then one can reconstruct the isotopy class of K C V.

6. The trace graph of a link as a link invariant.

6.1. The trace graph of a link and generic trace graphs.
Here the classification of links K C V will be reduced to their trace graphs.

DEFINITION 6.1.  Let S C A, x S} be the diagram surface of a loop of links.
The trace graph TG(S) is the self-intersection of S, i.e. a finite graph embedded
into A,, x S}. The trace graph TG(K) of a link K is the trace graph of its diagram
surface DS(K). The trace arcs of DS(K) are called trace arcs of TG(K). The trace
graph inherits the vertices and labels from DS(K).



204 T. FIEDLER and V. KURLIN

DEFINITION 6.2. A finite graph G C A,. x S} is generic if Conditions (i)-
(ii) hold.
(i) Conditions on trace arcs and vertices.
e the graph G cousists of finitely many trace arcs, which are monotonic arcs
with respect to the orthogonal projection pr, : G — S;;
e any endpoint of a trace arc of G has either degree 1 (a hanging vertex o) or
degree 2 (a critical vertex -o-);
e the critical vertices of G coincide with the critical points of pr, : G — Sl;
e trace arcs of G intersect transversally at triple vertices (x¢);

)

e the critical points of pr, : G — S} are called tangent vertices ().

(ii) Conditions on labels.

each trace arc of G is labelled with a label (¢;s;) as in Definition 4.2;

under ¢ — ¢ + 7 the graph G maps to its image under the symmetry in S’;

under the time shift ¢ — ¢ + 7 each label (g;s;) reverses to (s;g);

every triple vertex v € G is labelled with a triplet (gis;), (s;7%), (¢irk)

consisting of the labels associated to the trace arcs passing through v;

e each hanging vertex is labelled with the label of the corresponding trace
arc;

e for any ¢ and ¢ =1,---,n;, there are exactly two hanging vertices of G
labelled with ((¢+1),,¢;) and (g;, (¢ + 1);), respectively;

e at every critical vertex of G the labels of trace arcs may transform as

follows: either (g;s;) < (g, (s £1);) or (gis;) < ((¢ £ 1);,5)).

A trace arc of a generic graph may consist of several edges in the usual sense.

LEMMA 6.3.
(a) For any generic surface S, the trace graph TG(S) is generic in the sense of
Definition 6.2. So the trace graph TG(K) of a generic link K is generic.

PrROOF. Conditions (i)—(v) of Definition 5.2 imply Conditions (i)—(ii) of
Definition 6.2. d

DEFINITION 6.4. A smooth family of trace graphs {G;}, s € [0,1], is called
an equivalence if there are finitely many critical moments sy, -, si € [0,1] such
that

e for all non-critical moments s¢ {sy,---,s;}, the trace graphs Gy are
generic;
e if s passes through a critical moment, G5 changes by a move in Figure 11.
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11i: tetrahedral moves associated to a quadruple point %

(i5) (i5)

(4k) (i5)

11ii: a move associated to a tangent triple point X

(.j+1)  (G,4+1)
@)

11iii: a move associated to an intersected cusp y

(45)
(57) )
(45)

11iv: a move associated to a cubic tangency

@ /
(45)
]Z

11v: a move associated to a ramphoidal cusp \

H
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(#+1i-1) (i+1,) ~
(w—l)\/\ 2]

11vi: a move associated to a horizontal cusp <

(i+1,5) (i41,j—1)

(i)

~
1)

11vii: a move associated to a mixed tangency ><

z+1,g/X\,J+1 /7 <>\]+1
(i5) (i+1,5)

(i+1,54+1) (i4+1,j+1)

11viii: a move associated to an extreme tangency /\

(ik) \(i’kfl) ~

(j,k—1) A

11ix: a move associated to a horizontal triple point

(k)

11xi: a trihedral move associated to a tangency with

Figure 11. Moves on trace graphs.
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The moves in Figure 11 should be considered locally, i.e. the diagrams do not
change outside the pictures. Various mirror images of the moves are also possible.
Moreover, some labels s + 1 can be replaced by s — 1 and vice versa. Trace graphs
are symmetric under ¢t — t + 7, i.e. each move in Figure 11 denotes two symmetric
moves. The most non-trivial moves are tetrahedral moves 11i and trihedral moves
11xi. Their geometric interpretation at the level of links is shown in Figure 12.

Notice that both moves in Figure 11i can be realized for links and closed
braids. In general a tetrahedral move corresponds to a link or a braid with a
horizontal quadrisecant. Geometrically two arcs intersect a wide band bounded
by another two arcs. Under a tetrahedral move, the two intersection points swap
their heights as in Figure 12. The first picture of Figure 11i applies when the
intermediate oriented arcs go together from one side of the band to another like
=. The second picture means that the arcs are antiparallel as in the British rail
mark =. It is easier to understand Lemma6.5 first for knots, when the indices

1,7 = 1 can be missed.
AN
/ < N /
\ % \ / \
/

a trihedral move a tetrahedral move

Figure 12. A trihedral move and a tetrahedral move for links.

LEMMA 6.5.
(a) For a generic trace graph G such that G (A, x {0}) are crossings of a general
diagram, there is a generic surface S such that TG(S) = G.
(b) For any equivalence of trace graphs {G.}, there is an equivalence of surfaces S,
with TG(S,) = G,, r € [0,1].

PROOF.
(a) Consider a vertical section P, = G[(As. X {t}) not containing vertices of G.
Then P, is a finite set of points with labels (g;s;), where 4,5 € {1,---,m}, see
Definition 5.2. The points in P, will play the role of crossings of sections of S.

The labelled set P, defines the Gauss diagram GD; as follows, see
Definition 2.7. Take | |\, S}, split each circle S! into n; arcs and number them
by 1,---,n; according to the orientation. We mark several points in the ¢-th arc of
SZ-1 in a 1-1 correspondence and the same order with the points of P; projected
under pr, : P, — S! and having labels (g;s;) or (sjq;), s =1,---,n;.
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So each point of P; gives 2 marked points in | [, S}, labelled with (¢;s;) and
(sj¢;). Connect them by a chord and get the Gauss diagram GD;. The zero Gauss
diagram GDy is realizable by the given general diagram. Hence all Gauss
diagrams GD; give rise to a family of diagrams D,, i.e. to a surface S =
U(D, x {1}).

(b) Apply the construction from (a) to each trace graph G,, r € [0,1]. O

PROPOSITION 6.6.
(a) Trace graphs TG(Sy), TG(S1) of generic surfaces are equivalent in the sense of
Definition 6.4 if and only if the surfaces Sy, S1 are equivalent in the sense of
Definition 5.4.
(b) Generic surfaces Sy, S1 are equivalent in the sense of Definition 5.4 if and only
if TG(So), TG(S1) are equivalent in the sense of Definition 6.4.

PROOF. (a), (b) Any equivalence {S,} of surfaces gives rise to the
equivalence TG(S,) of trace graphs. Any equivalence of trace graphs gives rise
to a smooth family of diagram surfaces {S,} by Lemma 6.5b. The family {S,} is an
equivalence of diagram surfaces since the moves in Figure 11 are restrictions of
the moves in Figure 10. O

Theorem 1.4 directly follows from Propositions 3.8, 3.12, 5.9 and 6.6.

LEMMA 6.7.  Suppose that the trace graph G = TG(K) of a generic link K is
given, but K is unknown. Then one can construct a generic link K' equivalent to K.

PROOF. Lemma 6.5a provides a generic surface S such that TG(S) = G.
Due to labels of trace arcs, the section Dy = S (A, x {0}) gives rise to a link
K' cV with pr,.(K') = Dy. The link K’ can be assumed to be generic by
Proposition 3.8a and is equivalent to K since K and K’ have the same Gauss
diagram. O

6.2. Combinatorial construction of a trace graph.

LEMMA 6.8. Let K CV be a link with 2e extrema of the projection pr, :
K — Si and l crossings in the diagram pr, (K). Let the extrema and intersection
points from K (\(Dyy x {z = £1}) divide K into n arcs monotonic with respect to
pr.. Then K is isotopic in V to a link K' such that TG(K') contains 2l(n — 2) triple
vertices, 4(n — e — 1)e critical vertices and 2e hanging vertices.

PROOF. Take a generic link K’ smoothly equivalent to K and having an
isotopic plane diagram. We split K’ by horizontal planes into several horizontal
slices such that each slice contains exactly one crossing or one extremum with



A 1-parameter approach to links in a solid torus 209

respect to pr, : K’ — S!. We may assume that all maxima are above all minima,
otherwise deform K’ accordingly. To each slice we associate the corresponding
elementary trace graph and glue them together, see examples in Figure 13 and
Figure 14.

J

5m/8

/2
X
2 (14)| (23)
1 P . <
%2 -1 TG(o, )N (A x{0<t<n))

Figure 13. Half trace graphs of the 4-braids o1,0,' € By.

Figure 13 shows two explicit examples for the opposite crossings in the braid
group By. In general we mark out the points 1, = 2%, k=0,---,n — 1 on the
boundary of the bases D,y x {£1}. The 0-th point ¢y = 27 is the n-th point.

The crucial feature of the distribution {¢;} is that all straight lines passing
through two points 1,41 are not parallel to each other. Firstly we draw all
strands in the cylinder dD,, x [—1,1],. Secondly we approximate with the first
derivative the strands forming a crossing by smooth arcs, see the left pictures in
Figure 13.

Then each elementary braid o; constructed as above has exactly n — 2
horizontal trisecants through the strands 4,7+ 1 and j for j#i,i+ 1. Each
trisecant is associated to a triple vertex of the trace graph, see 4 horizontal
trisecants in the left picture of Figure 13. The trace graphs in Figure 13 are not
generic in the sense of Definition 6.2, e.g. parallel strands 3 and 4 lead to the
vertical trace arc labelled with (34). But we may slightly deform such a trace
graph to make it generic.
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! 1 (34)
37/8 w/2 57/8 3m/4 ™
0o /4 /8 !
A 4 X a2)| @3y aaf @3)\ ()
-1
\ [ 1 12 as) | @3] () (34)
U /2| 57/8 m
i 0 m/4 3m/8 34 Tr/8 Stl
B!
1 Py X (14)
~1

Figure 14. Half trace graphs of elementary blocks containing extrema.

In the first picture of Figure 14 the arc with a maximum is the intersection of
the cylinder 0D,,, x [—1,1], with an inclined plane containing the straight line 1-2
in the base D,, x {—1}. The highest maximum of K’ leads to exactly 2(n — 2e)
critical vertices (with symmetric images under t +— ¢t + ), the next maximum
gives 2(n —2e+2) critical vertices and so on, i.e. the total number is
2(n—2e)+2(n—2e+2)+ -+ 2(n—2) =2(n—e—1)e. The number of critical
vertices associated to minima of K’ is the same. Moreover each of 2e extrema gives
one hanging vertex. O
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