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Abstract. Consider a linear partial di¨erential equation in C
d�1 P�z; q�u�z� � f �z�,

where u�z� and f �z� admit singularities on the surface fz0 � 0g. We assume

that j f �z�jUAjz0j
c in some sectorial region with respect to z0. We can give an exponent

g� > 0 for each operator P�z; q� and show for those satisfying some conditions that if

Ee > 0 bCe such that ju�z�jUCe exp�ejz0j
ÿg � � in the sectorial region, then ju�z�jUCjz0j

c 0

for some constants c 0 and C.

§0. Introduction.

Let P�z; q� be a linear partial di¨erential operator with holomorphic coe½cients

in a neighbourhood W of z � 0 in C
d�1 and K � fz0 � 0g. In the present paper we

consider

P�z; q�u�z� � f �z�;

where f �z� is holomorphic except on K. The purpose of the present paper is to study

behaviours of singular solutions near K. First we remark that for given P�z; q� we can

de®ne an exponent g� > 0 called minimal irregularity with respect to K and g� plays an

important role in the present paper.

This paper follows OÅ uchi [11]. In the present paper we treat a wider class of

operators than in [11]. As stated in Abstract, the main result in this paper is the

following.

If u�z� grows at most some exponential order near z0 � 0, that is, for any e > 0,

ju�z�jUCe exp�ejz0j
ÿg �� and f �z� is slowly increasing near K, that is, j f �z�jUAjz0j

c
in a

sectorial region W�y�, then the singularities of u�z� are also slowly increasing.

The main Theorem in [11], where we considered a class of operators containing of

the normal form with respect to q=qz0 as a typical example, was the following.

If u�z� grows at most some exponential order near z0 � 0, that is, for any e > 0,

ju�z�jUCe exp�ejz0j
ÿg �� and f �z� has a Gevrey type asymptotic expansion f �z�@

P�y

n�0 fn�z
0�zn0 as z0 ! 0 in a sectorial region W�y�, where j fn�z

0�jUABnG�n=g� � 1�,

then u�z� has also an asymptotic expansion like f �z� as z0 tends to 0.

It was an extension of the main result of [8] and [9], where we had used an integral
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representation of solutions with singularities on K. We did not use it in [11] but we

proved the main result there, by estimating the derivatives �q=qz0�
n
u�z�. The proof was

much simpler and completely di¨erent from [8] and [9].

The class of operators considered here is wider than in [11]. So the main result

in this paper becomes somewhat di¨erent from that in [11] as above and even if f �z�

has a Gevrey type asymptotic expansion, u�z� does not necessarily have. We show the

main result in this paper by constructing a parametrix. If P�z; q� belongs to the class

in [11], then we can show the results in [11] from those in the present paper, which will

be discussed in the forthcoming paper.

Finally we comment about singular solutions. As for the existence of solutions

with singularities on K, it was investigated in Hamada, Leray and Wagschal [2],

Kashiwara and Schapira [3], OÅ uchi [7], Persson [12] and other papers cited in those

papers. The behaviours of singular solutions were also studied in OÅ uchi [4] and [5] by

using the integral representation. We considered some singular solutions in [4] and

[5] and obtained results such as Stokes phenomenon, that is, they grow really with some

exponential order as z tends to K in a region and behave mildly as z tends to K in

another region.

§1. Notations and results.

In this section we give notations and de®nitions in order to state results more

precisely. The coordinates of C
d�1 are denoted by z � �z0; z1; . . . ; zd� � �z0; z

0� A

C � C
d . jzj � maxfjzij; 0U iU dg and jz 0j � maxfjzij; 1U iU dg. Its dual variables

are x � �x0; x
0� � �x0; x1; . . . ; xd�. N is the set of all nonnegative integers N �

f0; 1; 2; . . .g. The di¨erentiation is denoted by qi � q=qzi, and q � �q0; q1; . . . ; qd� �

�q0; q
0�. For a multi-index a � �a0; a

0� A N �N
d , jaj � a0 � ja 0j �

Pd
i�0 ai. De®ne

qa �
Qd

i�0 q
ai
i . We often denote q 0 a

0

�
Qd

i�1 q
ai
i by qa 0

.

Let us de®ne spaces of holomorphic functions in some regions. Let W � W0 �W 0

be a polydisk with W0 � fz0 A C
1
; jz0j < Rg and W 0 � fz 0 A C

d
; jz 0j < Rg for some

positive constant R. Put W0�y� � fz0 A W0 ÿ f0g; jarg z0j < yg and W�y� � W0�y� �W 0.

O�W��O�W 0�;O�W�y��� is the set of all holomorphic functions on W (resp. W 0;W�y��.

O�W�y�� contains multi-valued functions, if y > p.

Now let P�z; q� be an m-th order linear partial di¨erential operator with coe½cients

in O�W�,

P�z; q� �
X

jajUm

aa�z�q
a:�1:1�

Let ja be the valuation of aa�z� with respect to z0. Hence aa�z� � z
ja
0 ca�z�, where

ca�0; z
0�2 0 for aa�z�2 0 and ja � �y for aa�z�1 0. Let us de®ne some quantities for

P�z; q�:

e� :� minf ja ÿ a0; a A N
d�1g;D :� fa A N

d�1
; ja ÿ a0 � e�g

k �
:� maxfjaj; a A Dg:

(

�1:2�

We de®ne minimal irregularity used in [6] and [10].
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Definition 1.1.

g� :� min
ja ÿ a0 ÿ e�

jaj ÿ k �
; a A N

d�1jaj > k �

� �

if k � < m,

g� :� �y if k � � m.

8

<

:

�1:3�

We rewrite P�z; q� in another form for later calculations. Put Q :� z0q0. It

follows from the identity z
ja
0 q

a � z
jaÿa0
0 �za00 qa� � z

jaÿa0
0 Q�Qÿ 1� � � � �Qÿ ja � a0 ÿ 1�qa 0

that we can write P�z; q� in the following form

P�z; q� �
X

jajUm

zea0 ba�z�Q
a0qa 0

;�1:4�

where ea A Z, ba�z� �
P�y

h�0 ba;h�z
0�zh0 and ba;0�z

0�2 0 for ba�z�2 0. We put ea � �y

if ba�z�1 0. We remark that the quantities de®ned by (1.2) do not depend on the

representations, that is,

Lemma 1.2. The following equalities hold: e� � minfea; a A N
d�1g and D �

fa A N
d�1

; ea � e�g.

Lemma 1.3. If k � < m,

g� � min
ea ÿ e�

jaj ÿ k �
; a A N

d�1
; jaj > k �

� �

:�1:5�

The proofs of Lemmas 1.2 and 1.3 are easy. So we omit them. Put

P�z; q� �
X

a AD

ze�0 ba;0�z
0�Qa0qa 0

;�1:6�

which plays an important role in this paper.

We introduce O�k��W�y�� and Asyfkg�W�y��, which are subspaces of O�W�y�� and are

fundamental function spaces in this paper.

Definition 1.4. O�k��W�y���0 < k < �y� is the set of all u�z� A O�W�y�� such that

for any e > 0 and any y 0 with 0 < y 0
< y

ju�z�jUC exp�ejz0j
ÿk� for z A W�y 0��1:7�

holds for a constant C � C�e; y 0�. We put O��y��W�y�� � O�W�y�� for k � �y.

Definition 1.5. Oreg; c�W�y���c A R� is the set of all u�z� A O�W�y�� such that for

any y 0 with 0 < y 0
< y

ju�z�jUCjz0j
c

z A W�y 0��1:8�

holds for a constant C � C�y 0�.

We say that u�z� A O�W�y�� is regular singular or slowly increasing or tempered in W�y�,

if u�z� A 6jcj<�y
Oreg; c�W�y��. We proceed to introduce conditions on P�z; q�.

Condition 0. If a � �a0; a
0� A D, then a 0 � �0; 0; . . . ; 0�.
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Suppose that P�z; q� satis®es Condition 0. Then �k �; 0; 0; . . . ; 0� A D and P�z; q� is

an ordinary di¨erential operator

P�z; q� �
X

a AD

ze�0 ba;0�z
0�Qa0 :�1:9�

De®ne the indicial polynomial wP�z
0; l� of P�z; q� by

wP�z
0; l� :�

X

a AD

ba;0�z
0�la0 :�1:10�

The following condition is stronger than Condition 0.

Condition 1. P�z; q� satis®es Condition 0 and b�k �;0;0;...;0��0�0 0.

If P�z; q� satis®es Condition 1, then wP�z
0; l� is a polynomial in l with degree k �.

So wP�z
0; l� � 0 has k � roots, by shrinking R, and we choose real numbers a0; a1 and

b0 so that all roots of the algebraic equation wP�z
0; l� � 0 for jz 0jUR are contained in

fl A C ; a0 URlU a1; jIljU b0g. The main results are the following.

Theorem 1.6. Suppose that P�z; q� satis®es Condition 1. Let u�z� A O�g ���W�y�� be

a solution of P�z; q�u�z� � f �z�, where f �z� A Oreg; c�W�y��. Then there is a polydisk U

centered at z � 0 such that for any c 0 < minfcÿ e�; a0g, u�z� A Oreg; c 0�U�y��.

Theorem 1.7. Suppose that P�z; q� satis®es Condition 0. Let u�z� A O�g ���W�y�� be

a solution of P�z; q�u�z� � f �z�, where f �z� A Oreg; c�W�y��. Then there is a polydisk U

centered at z � 0 and a constant c 00 such that u�z� A Oreg; c 00�U�y��.

We give some examples satisfying Condition 1:

(a) Operators of normal type with respect to q0,

qk �

0 �
X

a0<k �

aa�z�q
a:

More concretely

qk �

0 � z
j
0q

m
1 �m > k �� P�z; q� � qk �

0 g� � � j � k ��=�mÿ k ��;

q30 � q41q
2
0 � q71 P�z; q� � q30 g� � 1=3:

(b) Operators of Fuchsian type de®ned in Baouendi-Goulaouic [1], where

g� � �y.

(c) Other concrete examples are

q31 � z20q
2
0 � q0 P�z; q� � q0 g� � 1=2;

and

q31 � z0q
2
0 � a�z�q0 � b�z� P�z; q� � z0q

2
0 � a�0; z 0�q0 g� � 1:
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§2. Construction of parametrix and proof of theorems.

In order to show Theorem 1.6 we construct a left parametrix of P�z; q�,

P�z; q� :�
P

jajUm

zea0 ba�z�Q
a0qa 0

�Q � z0q0�;

ba�z� �
P

y

h�0

ba;h�z
0�zh0 :

8

>

>

>

<

>

>

>

:

�2:1�

We ®nd the parametrix of the form for 0 < g� < �y:

Gd�z;w� �
1

2pi

�

C

z
lÿe�ÿg �

0

wl�1
0

dl

� d

0

exp�ÿzz
ÿg �

0 �U�z;w 0; l; z� dz;�2:2�

where d > 0 is a small constant. When g� � �y, the form of the parametrix is slightly

di¨erent. This section consists of 3 subsections. The form of the parametrix Gd�z;w�

implies that the construction of it is to determine U�z;w 0; z; l�, which is done in §2.1.

By integrating it, we construct Gd�z;w� in §2.2. We give the proofs of Theorems 1.6

and 1.7 in §2.3. The proofs of Propositions 2.1 and 2.2 and Theorem 2.3 are not given

in this section but in §3 and §4.

§2.1. Construction of Parametrix 1.

We assume Condition 1 in this subsection. We need the transposed operator
tP�z; q� to construct a left parametrix of P�z; q�,

tP�z; q� �
X

jajUm

�ÿ1�jaj�Q� 1�a0zea0 q
a 0

�ba�z� ��:�2:3�

Recall

wP�z
0; l� �

X

a AD

ba;0�z
0�la0�2:4�

and we have

w tP�z
0; l� �

X

a AD

�ÿ1�ja0jba;0�z
0��l� e� � 1�a0 :�2:5�

tP�z; q� also satis®es Condition 1. We have chosen a0; a1 and b0 so that all the roots

of algebraic equation wP�z
0; l� � 0 for jz 0jUR are contained in fl; a0 URlU a1,

jIljU b0g. Hence it follows from this assumption that all the roots of w tP�z
0; l� � 0

for jz 0jUR are contained in fl A C ;ÿa1 ÿ e� ÿ 1URlUÿa0 ÿ e� ÿ 1; jIljU b0g.

First suppose g� < �y. Let us introduce an integro-di¨erential operator
t
P�z; l; z; qz; qz�;

t
P�z; l; z; qz; qz��2:6�

:�
X

jajUm

�ÿ1�jaj�g�zqz � z0q0 � l� 1�a0q
ÿ�eaÿe��=g

�

z qa 0

�ba�z� ��;

where qz � q=qz and the operator qÿs
z �sV 0� is de®ned as follows:
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qÿs
z

za

G�a� 1�
�

za�s

G�a� s� 1�
for aV 0:�2:7�

We determine U�z;w 0; l; z� so as to satisfy

t
P�z; l; z; qz; qz�U�z;w 0; l; z� �

1

�2pi�d
Qd

j�1�zj ÿ wj�
;�2:8�

where w 0 � �w1;w2; . . . ;wd�. We try to ®nd a solution of (2.8) of the form

U�z;w 0; l; z� �
X

y

l;n�0

z l0z
n=g �

G�l � 1�G�n=g� � 1�
ul;n�z

0;w 0; l�:�2:9�

By substituting U�z;w 0; l; z� into (2.8), we have the following recursion formula,

X

fa ADg

�ÿ1�jajba;0�z
0��l� l � n� 1�a0

0

@

1

Aul;n�z
0;w 0; l��2:10�

�
X

f�a;h�; eaÿe��h>0g

�ÿ1�jaj�l� l � n� 1�a0 l!

�l ÿ h�!
qa 0

�ba;h�z
0�ulÿh;nÿea�e��z

0;w 0; l��

�

1

�2pi�d
Qd

j�1�zj ÿ wj�
�l; n� � �0; 0�,

0 �l; n�0 �0; 0�.

8

>

>

<

>

>

:

Thus we can determine ul;n�z
0;w 0; l� successively by (2.10) and it is a rational

function in l, whose poles are in fl;
Q l�n

i�0 w tP�z
0; l� i ÿ e�� � 0g, which are contained in

fl;ÿa1 ÿ 1ÿ �l � n�URlUÿa0 ÿ 1; jIljU b0g.

Suppose g� � �y. Then we put

t
P�z; l; qz��2:11�

:�
X

jajUm

�ÿ1�jaj�z0q0 � l� 1�a0zeaÿe�
0 qa 0

�ba�z� ��;

which is independent of z and qz. We determine U�z;w 0; l� so as to satisfy

t
P�z; l; qz�U�z;w 0; l� �

1

�2pi�d
Qd

j�1�zj ÿ wj�
�2:12�

and ®nd a solution of (2.12) of the form

U�z;w 0; l� �
X

y

l�0

z l0
G�l � 1�

ul�z
0;w 0; l�:�2:13�

We have
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X

fa A Dg

�ÿ1�jajba;0�z
0��l� l � 1�a0

0

@

1

Aul�z
0;w 0; l��2:14�

�
X

f�a;h�; eaÿe��h>0g

�ÿ1�jaj�l� l � 1�a0 l!

�l ÿ ea � e� ÿ h�!
qa 0

�ba;h�z
0�ulÿea�e�ÿh�z

0;w 0; l��

�
dl;0

�2pi�d
Qd

j�1�zj ÿ wj�

and can determine ul�z
0;w 0; l� successively by (2.14) and it is a rational

function in l, whose poles are in fl;
Q l

i�0 w tP�z
0; l� i ÿ e�� � 0g, which are contained in

fl;ÿa1 ÿ 1ÿ lURlUÿa0 ÿ 1; jIljU b0g.

We need the estimate of ul;n�z
0;w 0; l� �ul�z

0;w 0; l�� to show the convergence of

U�z;w 0; l; z� (resp. U�z;w 0; l�). For this purpose we introduce notations of regions.

Let 0 < r1 < r2 < r3 UR. De®ne regions X 0�r1; r2; r3� in �z 0;w 0�-space and L�a; b� in

l-space,

X 0�r1; r2; r3� � f�z 0;w 0�; jwij < r1; r2 < jzij < r3 for 1U iU dg;�2:15�

L�a; b� � fl;RlU a; jIljU bg:�2:16�

Proposition 2.1. Let a 0 < a0 and b0 < b 0. Then there are positive constants A �

A�a 0; b 0�, B � B�b 0� and small constants 0 < r1 < r2 < r3 such that the following estimates

hold for �z 0;w 0� A X 0�r1; r2; r3� and l B L�ÿa 0 ÿ 1; b 0�: if g� < �y,

jul;n�z
0;w 0; l�jUAB l�n�jlj l � G�l � 1���jljn=g

�

� G�n=g� � 1���2:17�

for all l; n A N and if g� � �y,

jul�z
0;w 0; l�jUAB l�jlj l � G�l � 1���2:18�

for all l A N .

We have the following proposition from Proposition 2.1.

Proposition 2.2. Let a 0 < a0 and b0 < b 0 and suppose that �z 0;w 0� A X 0�r1; r2; r3�

and l B L�ÿa 0 ÿ 1; b 0�.

(1) If g� < �y, then there exist positive constants r0 and d0 such that the series

U�z;w 0; l; z� de®ned by (2.9) converges for jz0j < r0 and jzj < d0, and

jU�z;w 0; l; z�jUA exp�c�jz0j � jzj�jlj��2:19�

for some constants A � A�a 0; b 0� and c � c�b 0�.

(2) If g� � �y, then there exists a positive constant r0 such that the series

U�z;w 0; l� de®ned by (2.13) converges for jz0j < r0 and

jU�z;w 0; l�jUA exp�cjz0j jlj��2:20�

for some constants A � A�a 0; b 0� and c � c�b 0�.
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The proofs of Propositions 2.1 and 2.2 are given in §3.

§2.2. Construction of parametrix II.

In this subsection we assume that P�z; q� satis®es Condition 1. The constants

c � c�b 0�, d0 and ri �0U iU 3� are those in Propositions 2.1 and 2.2 in §2.1. Now

suppose g� < �y. Let us construct a parametrix Gd�z;w� with a parameter d, by

integrating U�z;w 0; l; z�. Let d be a constant with 0 < d < d0. De®ne

Kd�z;w
0; l� � z

ÿe�ÿg �

0

� d

0

exp�ÿzz
ÿg �

0 �U�z;w 0; l; z� dz�2:21�

and a region Xy�r0; r1; r2; r3� in �z;w 0�-space

Xy�r0; r1; r2; r3� :� f0 < jz0j < r0; jarg z0j < yg � X 0�r1; r2; r3�:�2:22�

We have

Theorem 2.3. Suppose g� < �y. Let a 0 and b 0 be constants with a 0 < a0 and

b 0 > b0. Then

(1) Kd�z;w
0; l� is holomorphic on Xy�r0; r1; r2; r3� � �C ÿ L�ÿa 0 ÿ 1; b 0��.

(2) For any 0 < y < p=�2g�� there exist constants c0 � c0�b
0�V c�b 0� and A �

A�a 0; b 0; y� such that

jKd�z;w
0; l�jUAjz0j

ÿe� exp�c0�jz0j � d�jlj��2:23�

for �z;w 0� A Xy�r0; r1; r2; r3� and l B L�ÿa 0 ÿ 1; b 0�.

(3) It holds that

tP�z; q��zl0Kd�z;w
0; l�� �

zl0

�2pi�d
Qd

j�1�zj ÿ wj�
� zl0K

R
d �z;w

0; l�;�2:24�

where K R
d �z;w

0; l� is holomorphic in �z;w 0� A Xy�r0; r1; r2; r3� and l B L�ÿa 0 ÿ 1; b 0�.

Moreover for any 0 < y < p=�2g�� there are positive constants c0 � c0�b
0�, c1 � c1�y; d�

and A � A�a 0; b 0; y� such that

jK R
d �z;w

0; l�jUA�1� jlj�m exp�ÿc1jz0j
ÿg � � c0�jz0j � d�jlj��2:25�

for �z;w 0� A Xy�r0; r1; r2; r3� and l B L�ÿa 0 ÿ 1; b 0�.

The constant c0 in (2) and (3) is independent of y and d.

The proof of Theorem 2.3 is given in §4. De®ne

Gd�z;w� �
1

2pi

�
C

zl0

wl�1
0

Kd�z;w
0; l� dl;�2:26�

where C :� C�f� �jfj < p� is an in®nite path in C ÿ L�ÿa 0 ÿ 1; b 0� starting at l �

y exp�if� and ends at l � ÿaÿ 1�a < a 0 < a0�. More precisely if jfjU p=2, C�f� is a

half line connecting y exp�if� with ÿaÿ 1, if p=2 < f < p �ÿp < f < ÿp=2�, C�f� is a

broken line through y exp�if�, ÿaÿ 1� bi (resp. ÿaÿ 1ÿ bi) and ÿaÿ 1, where b0 <

b 0 < b. De®ne
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Rd�z;w� �
1

2pi

�

C

z0
l

wl�1
0

K R
d �z;w

0; l� dl:�2:27�

Now let us proceed to study Gd�z;w� and Rd�z;w�. By putting

~Gd�t; z;w
0� :�

1

2pi

�

C

exp�lt�Kd�z;w
0; l� dl;

~Rd�t; z;w
0� :�

1

2pi

�

C

exp�lt�K R
d �z;w

0; l� dl;

�2:28�

we have

Gd�z;w� � ~Gd�log z0 ÿ logw0; z;w
0�=w0;

Rd�z;w� � ~Rd�log z0 ÿ logw0; z;w
0�=w0;

�2:29�

where log z0 and logw0 are principal valued.

Proposition 2.4. Let 0 < y < p=�2g��. For any 0 < e0 U p=2 ~Gd�t; z;w
0� and

~Rd�t; z;w
0� are holomorphic in ft;ÿp=2�e0<arg t<5p=2ÿe0; jtj sin e0ÿc0�jz0j�d�>0g�

Xy�r0; r1; r2; r3� and there are constants A � A�y; d� and c1 :� c1�y; d� such that

j ~Gd�t; z;w
0�jU

A exp�ÿ�a� 1�Rt� bjItj�

jz0j
e��jtj sin e0 ÿ c0�jz0j � d��

;�2:30�

j ~Rd�t; z;w
0�jU

A exp�ÿ�a� 1�Rt� bjItj ÿ c1jz0j
ÿg ��

�jtj sin e0 ÿ c0�jz0j � d��m�1
:�2:31�

Proof. Let �z;w 0� A Xy�r0; r1; r2; r3� and ÿp=2� e0 < arg t < 5p=2ÿ e0. Then we

can choose l so that jarg lj < p and jarg l� arg tÿ pj < p=2ÿ e0. Hence by Theorem

2.3

j ~Gd�t; z;w
0�jUAjeÿ�a�1�Rt�bjItjzÿe�

0 j

��y

0

e�jtj cos�arg l�arg t��c0�jz0j�d��jlj djlj

UAjeÿ�a�1�Rt�bjItjzÿe�
0 j=�jtj sin e0 ÿ c0�jz0j � d��:

By the same method we have the holomorphy and the estimate of ~Rd�t; z;w
0�.

De®ne a region Yy;y 0�r0; e� in �z0;w0�-space,

Yy;y 0�r0; e� �

�

�z0;w0�; 0 < jz0j < r0; jarg z0j < y;w0 0 0; jargw0j < y 0;

jarg �log z0ÿlogw0�ÿpj<
3p

2
ÿ e; jlog z0ÿlogw0j sin eÿc0�jz0j�d�>0

�

:

Then we have from (2.29)

Proposition 2.5. Let 0 < y < p=�2g��. For any 0 < e0 U p=2, Gd�z;w� and

Rd�z;w� are holomorphic in Yy;y 0�r0; e0� � X 0�r1; r2; r3� and satisfy
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tP�z; q�Gd�z;w� � d�z;w� � Rd�z;w�;

d�z;w� �
1

�2pi�d�1
�

wa
0

za�1
0 �log z0 ÿ logw0�

Qd
j�1�zj ÿ wj�

�2:32�

and there are constants A � A�y; y 0; d� and c1 � c1�y; d� such that

jGd�z;w�jU
Ajw0j

a=jz0j
a�e��1

jlog z0 ÿ logw0j sin e0 ÿ c0�jz0j � d�
�2:33�

and

jRd�z;w�jU
Ajw0j

a
eÿc1jz0j

ÿg �

�jlog z0 ÿ logw0j sin e0 ÿ c0�jz0j � d��m�1
:�2:34�

Proof. It follows from Theorem 2.3 that

tP�z; q�Gd�z;w� � d�z;w� � Rd�z;w�;

where

d�z;w� �
1

�2pi�d�1

�

C

zl0

wl�1
0

dl
Y

d

j�1

�zj ÿ wj�
ÿ1

�
1

�2pi�d�1
�

wa
0

za�1
0 �log z0 ÿ logw0�

Qd
j�1�zj ÿ wj�

:

The estimates (2.33) and (2.34) follow from Proposition 2.4.

Let us de®ne integral operators with kernel Gd�z;w� and Rd�z;w� respectively. Put

W�y 0� � fw0; 0 < jw0j < r̂0=2; jargw0j < y 0g � fw 0
A C

d
; jwij < r1 �1U iU d�g;�2:35�

Z�y� � fz0; 0 < jz0j < 2r̂0; jarg z0j < yg � fz 0 A C
d
; jzij < r3 �1U iU d�g;

where 0 < y 0 < y, 0 < 2r̂0 < r0 and r̂0 will be chosen so small. De®ne a chain S�w0�

in z-space. Let w0 with 0 < jw0j < r̂0=2 and jargw0j < y 0. Put for small 0 < e < yÿ y 0

S0;1�w0� � fz0 � r̂0e
is argw0 ; 0U sU 1g

S0;2�w0� � fz0 � �1ÿ s�r̂0e
i argw0 � s�w0 � ejw0je

i argw0�; 0U sU 1g

S0;3�w0� � fz0 � w0 � �ejw0je
i argw0�e is; 0U sU 2pg

S0;4�w0� � fz0 � �1ÿ s��w0 � ejw0je
i argw0� � sr̂0e

i argw0 ; 0U sU 1g

S0;5�w0� � fz0 � r̂0e
i�1ÿs� argw0 ; 0U sU 1g:

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

�2:36�

Put S0�w0� :� S0;1�w0� � S0;2�w0� � S0;3�w0� � S0;4�w0� � S0;5�w0�. S0�w0� is a path in

fz0; 0 < jz0j < r; jarg z0j < yg, which starts at r̂0, encloses w0 once on the circle jz0 ÿ w0j

� ejw0j and ends at r̂0. For 1U iU d put Si � fzi � �r2 � r3�e
is=2; 0U sU 2pg and

S�w0� � S0�w0� �
Qd

i�1 Si:
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Let 0 < y 0 < y < p=�2g��. Let f �z� A O�Z�y��. De®ne

�Gd f ��w� :�

�
S�w0�

f �z�Gd�z;w� dz;�2:37�

�Rd f ��w� :�

�
S�w0�

f �z�Rd�z;w� dz:�2:38�

Now we can choose a small e0 :� e0�y
0� > 0, which is independent of r̂0 such that

for z0 A S0�w0�

jarg �log z0 ÿ logw0� ÿ pj < 3p=2ÿ e0

and ®x it. We note for z0 A S0�w0�

jlog z0 ÿ logw0jV inf
0UsU2p

jlog �w0 � ejw0je
i�s�argw0�� ÿ logw0jV 3e=4:

Hence for z0 A S�w0� and small e; e0 > 0

jlog z0 ÿ logw0j sin e0 ÿ c0�jz0j � d�V �3e sin e0�=4ÿ c0�r̂0 � d�:

Finally we choose r̂0 and d > 0 so small that 0 < r̂0; d < �e sin e0�=4c0 and

jlog z0 ÿ logw0j sin e0 ÿ c0�jz0j � d�V �e sin e0�=4:

Hence on z A S�w0�

jGd�z;w�jU
Ajw0j

a

�e sin e0�jz0j
a�e��1

;

jRd�z;w�jU
Ajw0j

a exp�ÿc1jz0j
ÿg ��

�e sin e0�
m�1

:

�2:39�

We have chosen positive constants e; e0; r̂0 and d and ®x these constants and omit the

su½x d. Thus we can construct integral operators �Gf ��w� and �Rf ��w� and these

operators have the following properties.

Theorem 2.6. Suppose g� < �y. Let a < a0 and 0 < y 0 < y < p=�2g��. Let Z�y�

and W�y 0� be sectorial domains de®ned by (2.35) and f �z� A O�Z�y��. Then

(1) �Gf ��w� and �Rf ��w� are holomorphic in W�y 0�

(2) f �z� A Oreg; c�W�y��, then �Gf ��w� A Oreg; c 0�W�y 0��, where c 0 � minfcÿ e�; ag.

(3) If f �z� A O�g ���W�y��, then j�Rf ��w�jUAjw0j
a
in W�y 0�.

(4) Let u�z� A O�W�y�� and P�z; q�u�z� � f �z�. Then �Gf ��w� � u�w� � �Ru��w��

�Iu��w� and j�Iu��w�jUAjw0j
a
in W�y 0�.

Proof. Though the integral path S�w0� depends on w0, we can take locally a ®xed

path. So �Gf ��w� and �Rf ��w� are holomorphic in W�y 0�. Let us show (2) and (3).

We have

j�Gf ��w�jU

�
S�w0�

j f �z�G�z;w�j jdzjU
Ajw0j

a

�e sin e0�

�
S0�w0�

jz0j
c

jz0j
a�e��1

jdz0j:
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Since �
S0�w0�

jdz0j

jz0j
a�e�ÿc�1

UC�1� jw0j
ÿ�a�e�ÿc��;

we have j�Gf ��w�jUA�e; e0�jw0j
c 0 , c 0 � minfa; cÿ e�g. Similarly we have

j�Rf ��w�jU

�
S�w0�

j f �z�R�z;w�j jdzjU
Ajw0j

a

�e sin e0�
m�1

�
S0�w0�

exp�ÿc1jz0j
ÿg �=2�jdz0jUCjw0j

a:

Finally we show (4). Let P�z; q�u�z� � f �z�. Then

�Gf ��w� �

�
S�w0�

�P�z; q�u�z��G�z;w� dz

�

�
S�w0�

u�z� tP�z; q�G�z;w� dz� I�w� �by intergrations by parts�

�

�
S�w0�

u�z�d�z;w� dz�

�
S�w0�

u�z�R�z;w� dz� I�w�

� u�w� � �Ru��w� � I�w�;

where I�w� is determined by the values of qau�z� and qa
zG�z;w��jajUm� at f�r̂; z 0�;

z 0 A
Qd

i�1 Sig. Hence jI�w�jUAjw0j
a.

Let us consider the case g� � �y. De®ne

K�z;w 0; l� � zÿe�
0 U�z;w 0; l�;�2:40�

which does not contain a parameter d. We have, instead of Theorem 2.3,

Theorem 2.7. Let a 0 and b 0 be constants with a 0 < a0 and b 0 > b0. Then

(1) K�z;w 0; l� is holomorphic on Xy�r0; r1; r2; r3� � �C ÿ L�ÿa 0 ÿ 1; b 0�� and there

exist constants c0 � c�b 0� and A � A�a 0; b 0� such that

jK�z;w 0; l�jUAjz0j
ÿe� exp�c0jz0j jlj�:�2:41�

(2) It holds that

tP�z; q��zl0K�z;w 0; l�� �
zl0

�2pi�d
Qd

j�1�zj ÿ wj�
:�2:42�

Proof. The statement (1) follows from Proposition 2.2. We have

tP�z; q��zl0K�z;w 0; l��

� zl0

X
jajUm

�ÿ1�jaj�Q� l� 1�a0zea0 qa 0

�ba�z�z
ÿe �

0 U�z;w 0; l��

� zl0
t
P�l; z; q�U�z;w 0; l� �

zl0

�2pi�d
Qd

j�1�zj ÿ wj�
:
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De®ne

G�z;w� �
1

2pi

�
C

zl0

wl�1
0

K�z;w 0; l� dl;�2:43�

where C :� C�f��jfj < p� is an in®nite path in C ÿ L�ÿa 0 ÿ 1; b 0� that is the same as in

(2.26), and an integral operator with kernel G�z;w� for f �z� A O�Z�y��,

�Gf ��w� :�

�
S�w0�

f �z�G�z;w� dz;�2:44�

where S�w0� is the same path as in (2.37). By repeating the similar method to the case

g� < y, we have

Theorem 2.8. Suppose g� � �y. Let a < a0 and 0 < y 0 < y. Let Z�y� and

W�y 0� be sectorial domains de®ned by (2.35) and f �z� A O�Z�y��. Then

(1) �Gf ��w� is holomorphic in W�y 0�.

(2) f �z� A Oreg; c�W�y��, then �Gf ��w� A Oreg; c 0�W�y 0��, where c 0 � minfcÿ e�; ag.

(3) Let u�z� A O�W�y�� and P�z; q�u�z� � f �z�. Then �Gf ��w� � u�w� � �Iu��w�

and j�Iu��w�jUAjw0j
a
in W�y 0�.

§2.3. Proof of Theorems 1.6 and 1.7.

Proof of Theorem 1.6. Suppose g� < �y. Theorem 2.6 is valid for any

0 < y 0 < y < p=�2g�� and we note that we can choose a < a0 as close to a0 as

possible. So if y < p=�2g��, then we have Theorem 1.6 easily from Theorem 2.6.

Otherwise let ÿy � y0 < y1 < � � � < yn � y such that yi ÿ yiÿ1 < p=g� for i � 1; 2; . . . ;

n. Put ji � �yi � yiÿ1�=2. By rotating the variable z0, let us consider ui�z� �

u�z0e
iji ; z 0� �i � 1; 2; . . . ; n�. Then, by applying Theorem 2.6 to ui�z�, we have

Theorem 1.6 for any y. If g� � �y, we have Theorem 1.6 from Theorem 2.8.

Proof of Theorem 1.7. Put b�z 0� :� bk �;0;...;0�z
0�. Condition 0 means b�z 0�2 0.

So there is a polycircle M �
Qd

i�1fzi; jzij � rig such that b�z 0�0 0 on M. For ẑ 0 A M

there is a neighbourhood of Uẑ 0 of �0; ẑ 0� such that ju�z�jUCẑ 0;y 0 jz0j
c�ẑ 0� in Uẑ 0�y

0� for

any 0 < y 0 < y. Since M is compact, there are a constant c 00 and a neighbourhood UM

of f0g �M such that ju�z�jUCjz0j
c 00 in fz A UM ; jarg z0j < y 0g. Hence it follows from

the maximal principle of holomorphic functions that there is a neighbourhood U of z �

0 such that ju�z�jUCy 0 jz0j
c 00 in U�y 0�. This means u�z� A Oreg; c 00�U�y��.

§3. Estimate of ul;n�z
0;w 0; l� and ul�z

0;w 0; l�.

In this section we give the proofs of Propositions 2.1 and 2.2. First let g� < �y

and let us estimate the coe½cient ul;n�z
0;w 0; l�'s of

U�z 0;w 0; l; z� �
Xy
l;n�0

z l0z
n=g �

G�l � 1�G�n=g� � 1�
ul;n�z

0;w 0; l�:�3:1�

Recall what we need in this section. We assume P�z; q� satis®es Condition 1. Choose

R > 0 so that bâ�0; z
0�0 0, â � �k �; 0; 0; . . . ; 0� on fz 0 A C

d
; jz 0jURg. Let a0, a1 and
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b0 be real numbers such that all the roots of algebraic equation wP�z
0; l� � 0

for fz 0; jz 0jURg are contained in fl; a0 URlU a1; jIljU b0g. So all the roots of

w tP�z
0; lÿ e�� � 0 for fjz 0jURg are contained in L0,

L0 � fl A C ;ÿa1 ÿ 1URlUÿa0 ÿ 1; jIljU b0g;�3:2�

by the relation w tP�z
0; l� � wP�z

0;ÿlÿ e� ÿ 1�.

The recursion formula of ul;n�z
0;w 0; l� is

w tP�z
0; l� l � nÿ e��ul;n�z

0;w 0; l��3:3�

�
X

�a;h�
eaÿe��h>0

�ÿ1�jaj�l� l � n� 1�a0 l!

�l ÿ h�!
qa 0

�ba;h�z
0�ulÿh;nÿea�e��z

0;w 0; l��

�

1

�2pi�d
Qd

j�1�zj ÿ wj�
�l; n� � �0; 0�,

0 �l; n�0 �0; 0�.

8

>

>

<

>

>

:

By the above formula, we can determine ul;n�z
0;w 0; l� successively and it is a rational

function in l, whose poles are in fl;
Q l�n

i�0 w tP�z
0; l� i ÿ e�� � 0g.

We have introduced regions X 0�r1; r2; r3� in �z 0;w 0�-space and L�a; b� in l-space.

Let 0 < r1 < r2 < r3 < R and a; b A R. Then they were de®ned by

X 0�r1; r2; r3� � f�z 0;w 0�; jwij < r1; r2 < jzij < r3 for 1U iU dg;�3:4�

L�a; b� � fl;RlU a; jIljU bg:�3:5�

For our purpose, to estimate functions, the method of majorant functions is

available. Let A�x� �
P

a Aa�xÿ x̂�a and B�x� �
P

a Ba�xÿ x̂�a be formal power series

of N-variables x centered at x � x̂. Then A�x�g 0 means Aa V 0 for all a and A�x�f

B�x� means jAajUBa for all a. We give elementary properties of majorant power series.

Lemma 3.1. Let y�t� be a formal power series of one variable t centered at t � 0

such that y�t�g 0 and �rÿ t�y�t�g 0. Then for the derivatives y� j��t� � �d=dt� jy�t�,

j � 0; 1; . . . ; we have

�rÿ t�y� j��t�g 0; ry� j�1��t�g y� j��t�;

�r 0 ÿ t�ÿ1
y� j��t�f �r 0 ÿ r�ÿ1

y� j��t� for r 0 > r:
�3:6�

For the proof of Lemma 3.1 we refer to [13]. Let y�t� � 1=�rÿ t�. Then y� j��t� �

�G� j � 1��=�rÿ t� j�1 for jV 0. We have

Lemma 3.2. Suppose 0 < r < 1. Then

y�n1��t�

n1!
f

y�n2��t�

n2!
for n1 U n2�3:7�

and if 0Um0 Um, 0UN0 < N and N 0
V 0,
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y�mN0�N 0�m0��t�

�mN0�!
f �m�N0 � 1��m0

y�mN�N 0�

�mN�!
:�3:8�

Proof. The ®rst inequality is obvious. Since

G�mN0 �N 0 �m0 � 1�

G�mN �N 0 � 1�

�mN�!

�mN0�!

U
�mN��mN ÿ 1� � � � �mN0 � 1�

�mN �N 0��mN �N 0 ÿ 1� � � � �mN0 �N 0 �m0 � 1�

U �mN0 �m0� � � � �mN0 � 1�U �m�N0 � 1��m0 ;

we have the second.

Now let us proceed to estimate ul;n�z
0;w 0; l�. Let ẑ 0 � �ẑ 01; ẑ

0
2; . . . ; ẑ

0
d� be a point

with jẑi
0j � �r2 � r3�=2 and r 0 � �r3 ÿ r2�=3. Put t �

Pd
j�1�zj ÿ ẑj� and A�z 0�fz 0ÿẑ 0

B�z 0� means as formal power series of �z 0 ÿ ẑ 0�. Let d�l;L0� be the distance of l and

the set L0 (see (3.2)). First we have from the location of the zeros of w tP�z
0; lÿ e��

Lemma 3.3. Let a 0 < a0 and b0 < b 0 and �z 0;w 0� A X 0�r1; r2; r3�. Then the following

inequalities hold.

(1) d�l� i;L0�U jlj � ja0 � 1j � i for iV 0.

(2) There is a positive constant C such that

w tP�z
0; l� i ÿ e��ÿ1

f
z 0ÿẑ 0

C

d�l� i;L0�
k �

1

r 0 ÿ t
:�3:9�

(3) There is a positive constant C such that for l B L�ÿa 0 ÿ 1; b 0�

Y

N

i�1

jlj � ja0 � 1j � i

d�l� i;L0�

� �k �

UCN�1:�3:10�

Proof. We have d�l�i;L0�U jl�iÿa0ÿ1jU jlj � ja0�1j � i, which means (1).

Let li�z
0��1U iU k �� be roots of wP�z

0; l� � 0 such that a0 URl1�z
0�URl2�z

0�

U � � � URlk ��z 0�U a1. Then wP�z
0; l� � bâ�0; z

0�
Qk �

i�1�lÿ li�z
0�� and by w tP�z

0; l� �

wP�z
0;ÿlÿ e� ÿ 1� there exists B0 > 0 such that

jw tP�z
0; l� sÿ e��j � jbâ�0; z

0�j
Y

k �

i�1

jl� li�z
0� � s� 1j

VB0d�l� s;L0�
k �

;

from which the estimate (3.9) follows.

Let us show (3). First we note that L0 HL�ÿa 0 ÿ 1; b 0�HL�ÿa 0; b 0�. If l 0
B

L�ÿa 0; b 0�, then d�l 0;L0�Vminfb 0 ÿ b0; 1g. So there is a constant B1 � B1�b
0� such

that �jl 0j � 1�=d�l 0;L0�UB1. Hence if l B L�ÿa 0 ÿ 1; b 0� and iV 1, we have l� i B

L�ÿa 0; b 0� and jl� ij � 1UB1d�l� i;L0�. So for l B L�ÿa 0 ÿ 1; b 0�
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Y

N

i�1

jlj � ja0 � 1j � i

d�l� i;L0�

� �k �

U BN
1

Y

N

i�1

jlj � ja0 � 1j � i

jl� ij � 1

 !k �

:�3:11�

We note the inequality,

Y

N

i�1

jlj � ja0 � 1j � i

jl� ij � 1
U

Y

N

i�1

jlj � ja0 � 1j � i

j jlj ÿ ij � 1
� j�jlj� for all l A C :

Hence we only have to show that there is a constant B such that j�s�UBN for all

sV 0. Let sV 2N. Then there is a constant B2 such that for 1U iUN

s� ja0 � 1j � i

sÿ i � 1
U

s� ja0 � 1j �N

sÿN � 1
U

1� �ja0 � 1j �N�=s

1� �1ÿN�=s
UB2

and j�s�UBN
2 . For NU s < 2N we have

QN
i�1�jsÿ ij � 1� �

QN
i�1�sÿ i � 1�V

QN
i�1�N ÿ i � 1� � N! and for 0U s < N there exists 0 < B3 < 1 such that

QN
i�1�jsÿ ij � 1� �

Q�s�
i�1�sÿ i � 1�

QN
i��s��1�i ÿ s� 1� V

Q�s�
i�1��s� ÿ i � 1�

QN
i��s��1�i ÿ �s��

� �s�!�N ÿ �s��!VBN
3 N!. Hence if 0U s < 2N,

j�s� �
Y

N

i�1

�s� ja0 � 1j � i�

jsÿ ij � 1
U

QN
i�1�2N � 1� ja0j � i�

BN
3 N!

UBN
4 :

Thus we have the desired inequality.

Let y�t� � �rÿ t�ÿ1 with 0 < r < minfr 0; 1g, where r 0 � �r3 ÿ r2�=3. We have

Proposition 3.4. Let a 0 < a0, b 0 > b0 and �z 0;w 0� A X 0�r1; r2; r3�. Then there are

positive constants A and B such that for l B L�ÿa 0 ÿ 1; b 0�

ul;n�z
0;w 0; l� f

z 0ÿẑ 0
AB l�n y

�m�l�n���t�

�m�l�n��!

G�jlj�l�n=g��1�

G�jlj�1� d�l;L0�
k �

Y

l�n

i�1

jlj�ja0�1j�i

d�l�i;L0�

� �k �

�3:12�

for all l; n A N , where t �
Pd

j�1�zj ÿ ẑj�.

Proof. We show the estimate by induction on N � l � n. We have u0;0�z
0;w 0; l�

fz 0ÿẑ 0 Ad�l;L0�
ÿk �

y�t� for some constant A � A�a 0; b 0�. Assume the estimate (3.12)

holds for l � n < N. It follows from Lemmas 3.1 and 3.2 that

qa 0

�ba;h�z
0�y�m�l�nÿea�e�ÿh���t��

�m�l � nÿ ea � e� ÿ h��!

f
z 0ÿẑ 0

C h�1
0

y�m�l�nÿea�e�ÿh��ja 0j��t�

�m�l � nÿ ea � e� ÿ h��!

f
z 0ÿẑ 0

C h�1
1 �l � nÿ ea � e� ÿ h� 1�ja

0j y
�m�l�n���t�

�m�l � n��!
:

Hence
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l!

�l ÿ h�!
qa 0

�ba;h�z
0�ulÿh;nÿea�e��z

0;w 0; l��

f

z 0ÿẑ 0
AB l�nÿea�e�ÿhC h�1

1

y�m�l�n���t�l!

�m�l � n��!�l ÿ h�!
�l � nÿ ea � e� ÿ h� 1�ja

0j

�
G�jlj � l ÿ h� �nÿ ea � e��=g

� � 1�

G�jlj � 1� d�l;L0�
k �

Y

l�nÿea�e�ÿh

i�1

jlj � ja0 � 1j � i

d�l� i;L0�

� �k �

f

z 0ÿẑ 0
AB l�nÿea�e�ÿhC h�1

1

y�m�l�n���t�

�m�l � n��!
�l � n� 1�ja

0j

�
G�jlj � l � �nÿ ea � e��=g

� � 1�

G�jlj � 1� d�l;L0�
k �

Y

l�nÿea�e�ÿh

i�1

jlj � ja0 � 1j � i

d�l� i;L0�

� �k �

:

We have, by using �ea ÿ e��=g
�
V jaj ÿ k �,

�l � n� 1�ja
0j�jlj � l � n� 1�a0G�jlj � l � �nÿ ea � e��=g

� � 1�

UC2�jlj � l � n�k
�

�jlj � l � n� 1�jajÿk �

G�jlj � l � �nÿ ea � e��=g
� � 1�

UC3�jlj � l � n�k
�

G�jlj � l � �nÿ ea � e��=g
� � jaj ÿ k � � 1�

UC3�jlj � l � n�k
�

G�jlj � l � n=g� � 1�

and by Lemmas 3.2 and 3.3,

�l� l � n� 1�a0 l!qa 0

�ba;h�z
0�ulÿh;nÿea�e��z

0;w 0; l��

�l ÿ h�!w tP�z
0; l� l � nÿ e��

�3:13�

f

z 0ÿẑ 0
AB l�nÿea�e�ÿhC h�1 y

�m�l�n���t�G�jlj � l � n=g� � 1�M�l; n; a; l�

�m�l � n��!G�jlj � 1� d�l;L0�
k � ;

where

M�l; n; a; l� �
jlj � l � n

d�l� l � n;L0�

� �k �
Y

l�nÿea�e�ÿh

i�1

jlj � ja0 � 1j � i

d�l� i;L0�

� �k �

U

Y

l�n

i�1

jlj � ja0 � 1j � i

d�l� i;L0�

� �k �

:

Thus we have

ul;n�z
0;w 0; l� �

X

�a;h�
eaÿe��h>0

�ÿ1�jaj�l� l � n� 1�a0 l!qa 0

�ba;h�z
0�ulÿh;nÿea�e��z

0;w 0; l��

�l ÿ h�!w tP�z
0; l� l � n� e��

f

z 0ÿẑ 0

AB l�nÿ1y�m�l�n���t�G�jlj � l � n=g� � 1�

�m�l � n��!d�l;L0��
k �

G�jlj � 1�

Y

l�n

i�1

jlj � ja0 � 1j � 1

d�l� i;L0�

 !k �

N�l; n�;
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where N�l; n� �
P

�a;h�
eaÿe��h>0

Bÿea�e�ÿh�1C h�1. We may assume that CV 1 and BV 2C.

Then

N�l; n�UC2
X

�a;h�
eaÿe��h>0

�B=C�ÿea�e�ÿh�1
UC2

X

�a;h�
eaÿe��h>0

1

2

� �eaÿe��hÿ1

UC 0:

Thus, by choosing B > C 0, the estimate (3.12) holds for �l; n� with l � n � N.

Now we give the proofs of Propositions 2.1 and 2.2. First let g� < �y.

Proof of Proposition 2.1. Let a 0 < a0; b0 < b 0, l B L�ÿa 0 ÿ 1; b 0� and r 00 < r <

r 0 � �r3 ÿ r2�=3. Suppose
Pd

j�1 jzj ÿ ẑj j < r 00. Then jy�N��t�=N!jUCN�1
0 for N A N .

It follows from (3) in Lemma 3.3 that there exist constants A � A�a 0; b 0� and B � B�b 0�

such that

jul;n�z
0;w 0; l�jUAB l�n G�jlj � l � n=g� � 1�

G�jlj � 1�
:�3:14�

The above estimate holds for all ẑ 0 � �ẑ1; . . . ; ẑd� with jẑij � �r2 � r3�=2. Therefore

there are r 02 and r 03 with r 02 < �r2 � r3�=2 < r 03 such that the estimate (3.14) holds on

fz 0 � �z1; z2; . . . ; zd� A C
d ; r 02 U jz 0i jU r 03 for i � 1; 2; . . . ; dg. By the formula G�z�1� �

zG�z� and the Stirling's formula, there is a constant C0 such that

G�jlj � l � n=g� � 1�

G�jlj � 1�
�

Y

l��n=g ��ÿ1

i�0

�jlj � l � n=g� ÿ i�

 !

G�jlj � n=g� ÿ �n=g�� � 1�

G�jlj � 1�

UC0

Y

l��n=g ��ÿ1

i�0

�jlj � l � n=g� ÿ i�

 !

�jlj � n=g� ÿ �n=g���n=g
�ÿ�n=g ��:

Hence there are constants C1 and C2 such that

Y

l��n=g ��ÿ1

i�0

�jlj � l � n=g� ÿ i��jlj � n=g� ÿ �n=g���n=g
�ÿ�n=g ��

U

C
l�n=g ��1
1 G�l � n=g� � 1� for jljU l � n=g�,

C
l�n=g ��1
1 jlj l�n=g � for jljV l � n=g�

8

<

:

and

G�jlj � l � n=g� � 1�

G�jlj � 1�
UC

l�n=g ��1
1 �G�l � n=g� � 1� � jlj l�n=g ��

UC
l�n=g ��1
2 �G�l � 1� � jlj l��G�n=g� � 1� � jljn=g

�

�:

Thus there are constants A � A�a 0; b 0� and B � B�b 0� such that

jul;n�z
0;w 0; l�jUAB l�n�G�l � 1� � jlj l��G�n=g� � 1� � jljn=g

�

�:
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Proof of Proposition 2.2. We have by Proposition 2.1

jU�z 0;w 0; l; z�jU
X

y

l;n�0

jz0j
l jzjn=g

�

G�n=g� � 1�G�l � 1�
jul;n�z

0;w 0; l�j

UA
X

y

l;n�0

B l�njz0j
l jzjn=g

�

1�
jlj l

G�l � 1�

 !

1�
jljn=g

�

G�n=g� � 1�

 !

:

Let jz0j < r0 < Bÿ1 and jzj < d0 < Bÿg � . The constant B � B�b 0� depends only on b 0.

So there is a constant c � c�b 0� > 0 such that

jU�z 0;w 0; l; z�jUC exp�c�jz0j � jzj�jlj�:

Secondly suppose g� � �y and consider

U�z 0;w 0; l� �
X

�y

l�0

z l0
G�l � 1�

ul�z
0;w 0; l�:�3:15�

By repeating the preceding arguments, we have

ul�z
0;w 0; l� f

z 0ÿẑ 0
AB l y

�ml��t�

�ml�!

G�jlj � l � 1�

G�jlj � 1� d�l;L0�
k �

Y

l

i�1

jlj � ja0 � 1j � i

d�l� i;L0�

� �k �

�3:16�

and

jul�z
0;w 0; l�jUAB l G�jlj � l � 1�

G�jlj � 1�
�3:17�

and we can show Propositions 2.1 and 2.2 for g� � �y.

§4. Proof of Theorem 2.3.

In this section we give the proof of Theorem 2.3. First we prepare lemmas.

Lemma 4.1. Let V�z0; l; z� �
P�y

n; l�0

vl;n�l�z
l
0z

n=k

G�l � 1�G�n=k� 1�
, where vl;n�l�'s are

functions in l de®ned on a domain L̂HC such that

jvl;n�l�jUAB l�n�G�l � 1� � jlj l��G�n=k� 1� � jljn=k�:�4:1�

Let jz0j < r0 < Bÿ1 and vn�z0; l� �
P�y

l�0

vl;n�l�z
l
0

G�l � 1�
. Put V 1

N �z0; l; z� �
PN

n�0

vn�z0; l�z
n=k

G�n=k� 1�
and V 2

N�z0; l; z� � V�z0; l; z� ÿ V 1
N �z0; l; z�. Let 0 < d < d0 < Bÿk. Then there exist

constants c � c�B� and A1 � A1�d0� such that if jzjV d,

jV 1
N�z0; l; z�jUA1 exp�c�jz0j � d�jlj� dÿN=kjzjN=k;

jq
ÿh=k
z V 1

N �z0; l; z�jU
A1 exp�c�jz0j � d�jlj� dÿN=kjzj�N�h�=k

G�h=k� 1�
;

8

>

<

>

:

�4:2�

and if jzjU d,
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jV 2
N�z0; l; z�jUA1 exp�c�jz0j � d�jlj� dÿN=kjzjN=k;

jq
ÿh=k
z

V 2
N�z0; l; z�jU

A1 exp�c�jz0j � d�jlj� dÿN=kjzj�N�h�=k

G�h=k� 1�
;

jq
ÿh=k
z V�z0; l; z�jU

A1 exp�c�jz0j � d�jlj�jzjh=k

G�h=k� 1�
;

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

�4:3�

and there are constants c 0�B; p; q� and A2�d0; p; q� such that for jzjU d

j�z0q0�
p�kzqz�

q�q
ÿh=k
z V�z0; l; z��jUA2 exp�c

0�jz0j � d�jlj�:�4:4�

Proof. It holds that

jvn�z0; l�j

G�n=k� 1�
UABn 1�

jljn=k

G�n=k� 1�

 !

X

�y

l�0

B l jz0j
l

1�
jlj l

G�l � 1�

 ! !

UA 0 exp�cjz0j jlj�B
n 1�

jljn=k

G�n=k� 1�

 !

:

Let jzjV d. Then we have

jV 1
N�z0; l; z�jUA 0 exp�cjz0j jlj�jzj

N=k
X

N

n�0

Bnjzj�nÿN�=k
1�

jljn=k

G�n=k� 1�

 !

UA 0 exp�cjz0j jlj� d
ÿN=kjzjN=k

X

N

n�0

�d 1=kB�n
z

d

�

�

�

�

�

�

�

�

�nÿN�=k

1�
jljn=k

G�n=k� 1�

 !

UA 0 exp�cjz0j jlj� d
ÿN=kjzjN=k

X

N

n�0

�d 1=kB�n 1�
jljn=k

G�n=k� 1�

 !

UA1 exp�c�jz0j � d�jlj� dÿN=kjzjN=k:

Let jzjU d. Then

jV 2
N�z0; l; z�jUA 0 exp�cjz0j jlj�

X

�y

n�N�1

Bnjzjn=k 1�
jljn=k

G�n=k� 1�

 !

UA 0 exp�cjz0j jlj�jzj
�N�1�=k

X

�y

n�N�1

Bnjzj�nÿNÿ1�=k
1�

jljn=k

G�n=k� 1�

 !

UA 0 exp�cjz0j jlj�
z

d

�

�

�

�

�

�

�

�

�N�1�=k
X

�y

n�N�1

�d 1=kB�n
z

d

�

�

�

�

�

�

�

�

�nÿNÿ1�=k

1�
jljn=k

G�n=k� 1�

 !

UA 0 exp�cjz0j jlj�
z

d

�

�

�

�

�

�

�

�

�N�1�=k
X

�y

n�N�1

�d 1=kB�n 1�
jljn=k

G�n=k� 1�

 !

UA1 exp�c�jz0j � d�jlj� dÿN=kjzjN=k:
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We have

q
ÿh=k
z

V�z0; l; z� �
X

�y

n�0

vn�z0; l�z
�n�h�=k=G��n� h�=k� 1�:�4:5�

Hence we have for jzjV d

jq
ÿh=k
z

V 1
N�z0; l; z�jUA 0 exp�cjz0j jlj�jzj

�N�h�=k

�
X

N

n�0

Bnjzj�nÿN�=k G�n=k� 1�

G��n� h�=k� 1�
�

jljn=k

G��n� h�=k� 1�

 !

U
A 0 exp�cjz0j jlj�jzj

�N�h�=k

G�h=k� 1�

X

N

n�0

Bnjzj�nÿN�=k
1�

jljn=k

G�n=k� 1�

 !

U
A1 exp�c�jz0j � d�jlj� dÿN=kjzj�N�h�=k

G�h=k� 1�

and for jzjU d

jq
ÿh=k
z V 2

N�z0; l; z�jUA 0 exp�cjz0j jlj�jzj
�N�h�1�=k

�
X

�y

n�N�1

Bnjzj�nÿNÿ1�=k G�n=k� 1�

G��n� h�=k� 1�
�

jljn=k

G��n� h�=k� 1�

 !

U
A 0 exp�cjz0j jlj�jzj

�N�h�1�=k

G�h=k� 1�

X

�y

n�N�1

Bnjzj�nÿNÿ1�=k
1�

jljn=k

G�n=k� 1�

 ! !

U
A1 exp�c�jz0j � d�jlj�jzj�N�h�=k

dN=kG�h=k� 1�

and similarly

jq
ÿh=k
z V�z0; l; z�jU

A1 exp�c�jz0j � d�jlj�jzjh=k

G�h=k� 1�
:

We have

�z0q0�
p�kzqz�

q�q
ÿh=k
z

V�z0; l; z�� �
X

�y

n; l�0

l p�n� h�qvl;n�l�z
l
0z

�n�h�=k

G�l � 1�G��n� h�=k� 1�
�4:6�

and by the same way as above

j�z0q0�
p�kzqz�

q�q
ÿh=k
z

V�z0; l; z��j

U

X

�y

n; l�0

l p�n� h�qjvl;n�l�jjz0j
l jzj�n�h�=k

G�l � 1�G��n� h�=k� 1�
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UA
X�y

n; l�0

B l�n l
p�n� h�q�G�l � 1� � jlj l��G�n=k� 1� � jljn=k�

G�l � 1�G��n� h�=k� 1�
jz0j

l jzj�n�h�=k

UA
X�y

l�0

B l l pjz0j
l 1�

jlj l

G�l�1�

 ! !
X�y

n�0

Bn�n� h�qjzj�n�h�=k 1�
jljn=k

G��n�h�=k�1�

 ! !

UA2 exp�c
0�jz0j � d�jlj�:

Lemma 4.2. Let V�z0; l; z� �
P�y

n; l�0

vl;n�l�z
l
0z

n=k

G�l � 1�G�n=k� 1�
be the same as in Lemma

4.1. Let 0 < d0 < Bÿk and ê A Z and de®ne for 0 < d < d0

V̂d�z0; l� � zÿêÿk
0

� d

0

exp�ÿzzÿk
0 �V�z0; l; z� dz:�4:7�

Suppose h A Z with hV ê, l A N and 0 < y < p=�2k�. Let z0 A fjz0j < r0; jarg z0j < yg,

V̂l;h�d; z0; l� :� �Q� l� 1� lzh0 V̂d�z0; l��4:8�

ÿ zÿk
0

� d

0

exp�ÿzzÿk
0 ��kzqz � Q� l� 1� lq

ÿ�hÿê�=k
z

V�z0; l; z� dz

and L be a ®xed positive integer. Then there are positive constants 0 < k0 < 1, c0 which

are independent of d; y and h and A 0 � A 0�y; h� such that for 0U lUL

jV̂l;h�d; z0; l�jUA 0�1� jlj� l exp�ÿk0d cos�ky�jz0j
ÿk � c0�jz0j � d�jlj�:�4:9�

Proof. By replacing hÿ ê by h, we may assume ê � 0. Let V 1
N�z0; l; z� and

V 2
N�z0; l; z� be those in the proof of Lemma 4.1. We show (4.9) by induction on l.

We note

��y

0

exp�ÿzzÿk
0 ��zh0V

1
N �z0; l; z� ÿ q

ÿh=k
z

V 1
N �z0; l; z�� dz � 0:

Hence

V̂0;h�d; z0; l�

:� zhÿk
0

� d

0

exp�ÿzzÿk
0 �V�z0; l; z� dzÿ zÿk

0

� d

0

exp�ÿzzÿk
0 �q

ÿh=k
z

V�z0; l; z� dz

� ÿ zhÿk
0

��y

d

exp�ÿzzÿk
0 �V 1

N �z0; l; z� dz

z��������������������������������}|��������������������������������{
I1�z0;l�

� zÿk
0

��y

d

exp�ÿzzÿk
0 �q

ÿh=k
z

V 1
N �z0; l; z� dz

z������������������������������������}|������������������������������������{
I2�z0;l�

� zhÿk
0

� d

0

exp�ÿzzÿk
0 �V 2

N�z0; l; z� dz

|������������������������������{z������������������������������}

I3�z0;l�

ÿ zÿk
0

� d

0

exp�ÿzzÿk
0 �q

ÿh=k
z

V 2
N�z0; l; z� dz

|����������������������������������{z����������������������������������}

I4�z0;l�

:

We estimate Ii�z0; l�. Put B1 � �d cos ky�1=k, A2 � A2�y; h� means various constants
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depending on y and h, and C means various absolute constants. We have from Lemma

4.1

jI1�z0; l�jUA1d
ÿN=kjz0j

hÿk exp�c�jz0j � d�jlj�

��y

d

exp�ÿcos�ky�jz0j
ÿk
z�zN=k dz

UA2B
ÿN
1 exp�c�jz0j � d�jlj�jz0j

h�N
G�N=k� 1�:

By the same method we have jI2�z0; l�jUA2B
ÿN
1 exp�c�jz0j � d�jlj�jz0j

h�N �

G��N � h�=k� 1�=G�h=k� 1�. As for I3�z0; l� and I4�z0; l� we have

jI3�z0; l�jUA1d
ÿN=k exp�c�jz0j � d�jlj�jz0j

hÿk

� d

0

exp�ÿcos�ky�jz0j
ÿk
z�zN=k dz

UA2B
ÿN
1 jz0j

h�N exp�c�jz0j � d�jlj�G�N=k� 1�

and jI4�z0; l�jUA2B
ÿN
1 exp�c�jz0j � d�jlj�jz0j

h�N
G��N � h�=k� 1�=G�h=k� 1�.

Hence

jV̂0;h�d; z0; l�jU
X

4

i�1

jIi�z0; l�j

U 4A2jz0j
h z0

B1

�

�

�

�

�

�

�

�

N

exp�c�jz0j � d�jlj�
G��N � h�=k� 1�

G�h=k� 1�

U 4A2jz0j
h
C h�N z0

B1

�

�

�

�

�

�

�

�

N

exp�c�jz0j � d�jlj�G�N=k� 1�

holds for all N A N . This implies

V̂0;h�d; z0; l�

�Cz0�
h exp�c�jz0j � d �jlj�

�

�

�

�

�

�

�

�

�

�

U 4A2
Cz0

B1

�

�

�

�

�

�

�

�

N

NN=k�4:10�

for all N A N . The left hand side of (4.10) does not depend on N. Let

eÿ1�1�N�ÿ1=k
UCjz0j=B1 U eÿ1Nÿ1=k, where recall B1 � �d cos ky�1=k. Then there is

a constant 0 < k 0 < 1 such that

Cjz0j

B1

� �N

NN=k
U eÿN � e1ÿ�1�N�

UC exp�ÿk 0d cos�ky�jz0j
ÿk�:�4:11�

So it follows from (4.10) and (4.11) that there is a constant A 0 � A 0�y; h� such that

jV̂0;h�d; z0; l�jUA 0 exp�ÿk 0d cos�ky�jz0j
ÿk � c�jz0j � d�jlj��4:12�

and (4.9) holds for l � 0. Suppose

jV̂lÿ1;h�d; z0; l�jUA 0�1� jlj� lÿ1 exp�ÿk 0d cos�ky�jz0j
ÿk � c 0�jz0j � d�jlj�:�4:13�

We have
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�Q� l� 1�lzh0 V̂d�z0; l� � �Q� l� 1��Q� l� 1� lÿ1
z
h

0 V̂d�z0; l�

� �Q� l� 1� z
ÿk
0

�

d

0

exp�ÿzzÿk
0 ��kzqz � Q� l� 1� lÿ1

q
ÿh=k
z

V�z0; l; z� dz

� �

� �Q� l� 1�V̂lÿ1;h�d; z0; l�

and

�Q� l� 1� z
ÿk
0

�

d

0

exp�ÿzzÿk
0 ��kzqz � Q� l� 1� lÿ1

q
ÿh=k
z

V�z0; l; z� dz

� �

� z
ÿk
0

�

d

0

exp�ÿzzÿk
0 ��Q� l� 1ÿ k��kzqz � Q� l� 1� lÿ1

q
ÿh=k
z V�z0; l; z� dz

� z
ÿk
0

�

d

0

exp�ÿzzÿk
0 �kzÿk

0 z�kzqz � Q� l� 1� lÿ1
q
ÿh=k
z V�z0; l; z� dz

by integration by parts

� z
ÿk
0

�

d

0

exp�ÿzzÿk
0 ��Q� l� 1ÿ k��kzqz � Q� l� 1� lÿ1

q
ÿh=k
z V�z0; l; z� dz

� z
ÿk
0

�

d

0

exp�ÿzzÿk
0 �kqzz�kzqz � Q� l� 1� lÿ1

q
ÿh=k
z V�z0; l; z�� dz

ÿ kzÿk
0 d exp�ÿdz

ÿk
0 �f�kzqz � Q� l� 1� lÿ1

q
ÿh=k
z V�z0; l; z�gjz�d

� z
ÿk
0

�

d

0

exp�ÿzzÿk
0 ��kzqz � Q� l� 1� lq

ÿh=k
z

V�z0; l; z� dz

ÿ kzÿk
0 d exp�ÿdz

ÿk
0 �f�kzqz � Q� l� 1� lÿ1

q
ÿh=k
z V�z0; l; z�gjz�d

:

Hence

V̂l;h�d; z0; l� � �Q� l� 1�V̂lÿ1;h�d; z0; l��4:14�

ÿ kzÿk
0 d exp�ÿdz

ÿk
0 �f�kzqz � Q� l� 1� lÿ1

q
ÿh=k
z

V�z0; l; z�gjz�d
:

It follows from (4.4) in Lemma 4.1 that

jkzÿk
0 d exp�ÿdz

ÿk
0 �f�kzqz � Q� l� 1� lÿ1

q
ÿh=k
z

V�z0; l; z�gjz�d

UA
0�1� jlj� lÿ1 exp�ÿk

0
d cos�ky�jz0j

ÿk � c
0�jz0j � d�jlj�

and from the inductive hypothesis (4.13) and Cauchy's integral formula that

j�Q� l� 1�V̂lÿ1;h�d; z0; l�jUA
0�1� jlj� l exp�ÿk

00
d cos�ky�jz0j

ÿk � c
00�jz0j � d�jlj�

for 0 < k 00
U k 0 and c 00 V c 0. Thus there are positive constants 0 < k0 U k 00 and c0 V c 00

such that (4.9) holds for ®nite many l �0U lUL�.
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Proof of Theorem 2.3. Recall

Kd�z;w
0; l� � z

ÿe�ÿg �

0

� d

0

exp�ÿzz
ÿg �

0 �U�z;w 0; l; z� dz:�4:15�

We note by Proposition 2.2 that

jU�z;w 0; l; z�jUC exp�c�jz0j � jzj�jlj�;�4:16�

from which the statements (1) and (2) in Theorem 2.3 follow if cU c0. We proceed to

show (3). Let us calculate tP�z; q��zl0Kd�z;w
0; l��. We have

tP�z; q��zl0Kd�z;w
0; l�� � zl0

tP�l; z; q�Kd�z;w
0; l�;

where

tP�l; z; q� �
X
jajUm

�ÿ1�jaj�Q� l� 1�a0zea0 �qa 0

ba�z���:�4:17�

We can write

�Q� l� 1�a0zea0 qa 0

�ba�z�Kd�z;w
0; l��

� z
ÿg �

0

� d

0

exp�ÿzz
ÿg �

0 ��g�zqz � Q� l� 1�a0q
ÿ�eaÿe��=g

�

z qa 0

�ba�z�U�z;w 0; l; z�� dz

� K R
d;a�z;w

0; l�:

It follows from Lemma 4.2, by putting ê � e�, k � g�, d � d, l � a0, h � ea and

V�z0; l; z� � qa 0

�ba�z�U�z;w 0; l; z��, that if jarg z0j < y < p=2g�,

jK R
d;a�z;w

0; l�jUA�1� jlj�m exp�ÿk0d�cos g
�y�jz0j

ÿg � � c0�jz0j � d�jlj�

for a constant A � A�y�. Therefore we have

tP�z; q��zl0Kd�z;w
0; l�� � zl0

tP�l; z; q�Kd�z;w
0; l��4:18�

� z
ÿg ��l
0

� d

0

exp�ÿzz
ÿg �

0 � tP�z; l; z; qz; qz�U�z;w 0; l; z� dz

� zl0

X
a

K R
d;a�z;w

0; l�:

Since t
P�z; l; z; qz; qz�U�z;w 0; l; z� � �2pi�ÿd Qd

j�1�zj ÿ wj�
ÿ1 and z

ÿg �

0

� d

0 exp�ÿzz
ÿg �

0 � dz �

1ÿ exp�ÿdz
ÿg �

0 �, we have

zl0
tP�l; z; q�Kd�z;w

0; l� �
zl0

�2pi�d
Qd

j�1�zj ÿ wj�
� zl0K

R
d �z;w

0; l�;�4:19�

where K R
d � �

P
a K R

d;a�z;w
0; l� ÿ exp�ÿdz

ÿg �

0 ��. It follows from the estimates of K R
d;a

given above that if jarg z0j < y < p=2g�, there is a constant A � A�y� such that
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jK R

d �z;w
0
; l�jUA�1� jlj�m exp�ÿk0d�cos g

�y�jz0j
ÿg � � c0�jz0j � d�jlj�:�4:20�

Thus we complete the proof of Theorem 2.3.
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