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§1. Introduction.

Let ¢t and g be integers such that t=1, x=0. A finite permutation group
(G, 2) of even order is said to be a (f, g)-group if G is t-transitive on £ and
g is the maximal number of the fixed points of involutions in G. All (2, p)-
groups with ¢=4 have been classified; for y=0 and =1 by Bender [2][3],
for p#=2 by Hering [12], for =3 by King and for =4 by Noda
and Buekenhout [4]. The (1, 3)-groups have been classified by Buekenhout
and (1, 4)-groups have been studied by Rowlinson and Buekenhout [6][20]. In
[18T19], Rowlinson has shown that a simple (1, g)-group with one conjugate
class of involutions is one of the known simple groups when 1<pu<7.

In this paper we shall consider primitive (1, 5)-groups. Let (5, 2) be a
primitive (1, 5)-group and G be a minimal normal subgroup of G.

If G is solvable, G is an elementary abelian p-group for some prime p. In
this case we can easily show that p=5. Moreover G is a group of automor-
phisms of an affine space satisfying one of the following:

(1) Dimension of the affine space is 2 or 3.

(2) If T is a Sylow 2-subgroup of 6a (a= Q) then T is cyclic or generalized

quaternion and |Cg(z)| =5 where z is a unique involution in T.

If G is not solvable, G is a direct product of r isomorphic nonabelian simple
groups. In this case, the permutation group (G, ) is a (1, p)-group where g
€11, 3, 5} and we can easily show that =1, with the exception of the follow-
ing case

G=G,XG,=A;X A;

where G; (1=:=2) is isomorphic to the alternating group of degree 5 and G is
a permutation group on the set {(7, j)|1=1, j=5}, which is defined by (i, j)¥=
(i1, j%2) for g=g,-2:=G with g, =G, (1<i<2). Thus we have Aut(G)=G=G,
where G is a simple (1, p)-group (g€ {1, 3, 5}) or the group isomorphic to As
X As. Since simple (1, 1)-groups and (1, 3)-groups are known simple groups by
Bender [3], Buekenhout and Rowlinson [18], we may consider simple (1, 5)-
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groups to classify the primitive (1, 5)-groups.

The purpose of this paper is to prove the following theorem.

THEOREM 1. Let (G, 2) be a (1, 5)-group and T be a Sylow 2-subgroup of
O%G). Then we have one of the following;

O IT|=2

(2) T has a cyclic subgroup of index 4.

(8) O*G) has a unique conjugate class of involutions.

Here O¥G) is the subgroup of G generated by all elements of odd order.

In our theorem let G be simple. A simple (1, 5)-group satisfying (2) or (3)
is known ([7],[18]). In order to classify simple (1, 5)-groups satisfying (1), we
shall prove in §5 the following lemma.

LEMMA 2. Let G be a simple (1,5)-group which satisfies (1) of Theorem 1.
Then G has a unique conjugate class of involutions or G has sectional 2-rank at
most 4. (A group G is said to have sectional 2-rank k if every section of G has
2-rank at most k and some section of G has 2-rank equal to k.)

Simple groups with sectional 2-rank at most 4 were decided recently by D.
Gerenstein and K. Harada [10]. Thus we shall obtain the following theorem.

THEOREM 3. Let G be a simple (1, 5)-group. Then G is isomorphic to one
of the simple groups in the following list.

(1) L,2", n=0 (mod4), degree=2"X5+5. G, is a (unique) subgroup of
Ne(T) of index 5, where T is a Sylow 2-subgroup of G.

(2) U,2™), n=0 (mod2) degree=2°"X54+5. G4 is a (unique) subgroup of
Neg(T) of index 5.

(3) Ly(7), degree=21, G,=T.

(4) L,9), degree=45, G,=T.

(5) L,(19), degree=285, G.=A,.

(6) L,19), degree=57, G.= As.

(7) Ly(25), degree=65, G,=PGL(2, 5).

(8) L), degree=21, (2-transitive).

(9) Ly(3), degree=13, (2-transitive).

(10) A, degree=21, G,=S..

(11) A,, degree=9, (7-transitive).

(12) J,, degree=1045, G.=Nu(T).

By 31, and [21], we obtain

THEOREM 4. Let (G, 2) be a (2, 5)-group. Then we have the following:

(1) A Sylow 2-subgroup of G is cyclic or generalized quaternion, or G 1is
one of the following groups:

(2) A subgroup of automorphisms of the affine space of dimension 3 over

GF(5) such that
C=G N>N=ZXZXZs, Ga=SL(3, 5).
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(3) A subgroup of automorphisms of the affine space of dimension 2 over
GF(5) such that

GC=Ga N>N=Z;XZ;, Goa=GL(2, 5).

(4) A subgroup of (3) of index 2 containing SL(2, 5).
(5) A subgroup of (3) such that G=G, N>N=Z;XZ5, Ga=Ngr2,5(Q), Q<
Syl.,(SL(2, 5))| G| =2°-3.
(6) A subgroup of (5) of index 2 containing Ngics,s(@).
(7) Aut(L,(16)), |2]|=17.
(8) A subgroup of (7) of index 2.
9) Aut(U;(4)), |2]|=65.
(10) A subgroup of (9) of index 2.
1y s, |2|=".
(12) L43), |L2]=13.
(13) L,4), |Q2]|=21.
(14) A subgroup G of Nso(Ls(4)) such that |G: Ly4)|=3, |2]|=21.
(15) A, |2]=9.
In §3 and §4, we shall prove [Theorem 1. In the let us remark
that O%G) is also transitive on 2. '
If 0%G) contains no involution, then (1) of holds. If O%G) has
an involution, (O¥G), £) is a (1, p)-group where p< {1, 3,5}. When p=1 or 3,
we can easily show that either (2) or (3) of the theorem holds. Hence we may
assume O0%G)=@G.
The proof is divided into two cases;
Case 1: Z(T) contians no 5-involution.
Case 2: Z(T) contains a 5-involution.
Here an involution is called a pg-involution if it fixes exactly u (=0, 1, 2---)
points.
In the first case, we have
PROPOSITION A. Let (G, £2) be a (1, 5)-group with no subgroup of index 2.
If the center of a Sylow 2-subgroup T of G contains no 5-involution, then the
order of T is at most 28,
In the second case, we have
PROPOSITION B. Let (G, 2) be a (1, 5)-group with no subgroup of index 2.
If the center of a Sylow 2-subgroup T of G contains a 5-involution, then one of
the following holds.
@1 TI=28
(2) T has a cyclic subgroup of index 4.
(3) G has a unique conjugate class of involutions.
We use the standard notation of [9] except the following;
F(X): the set of fixed points of a nonempty subset X of G.
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cclg(x) : the G-conjugate class containing an element x&G.
| Hl;: maximal power of 2 dividing the order of a subgroup H of G.
G|4: the restriction of G on a subset 4 of £.

§ 2. Preliminary results.

We list now some results that will be required in the proof of the theorems.

(2.1) (Rowlinson [20] Lemma 1) Let V be the semi-direct product of a 2-
group Y by a four-group {1, t,, t., ts}. If |Cy(t)| =4 (i=1, 2, 3), then |V | =25

(2.2) (Hobby, Satz 7.8 (b), IIl [13]) Let P be a p-group for some prime p.
If Z(®(P)) is cyclic, then @(P) is also cyclic.

(2.3) (Buekenhout and Rowlinson [6] Let T be a Sylow 2-
subgroup of G with O%G)=G and v be an element of T of order 2™ If X is
a subgroup of T of index 2™, then X contains a G-conjugate of the involution
el

(24) Let G be a transitive permutation group on £ and H be a stabilizer
of a point in 2. For any element x& H, we have

[F(x)|=1Ce(x)| - lccle(x)NH| /| H].

PROOF. Set M={(y, a)lccle(x)>2y, F(y)2a} and My={z€G|F(z2)2p, z&
cclg(x)}. By transitivity of G, we have |Mg|=|M,| for all 8, y€2. Now we
count the number of elements of M in two ways and get

1G: Ce)]- | F()| =121 I1Mal  (a=9).

We may assume H=G,. Hence we have |M,|=|ccle(x)\H|. Thus we get
24).

As a corollary of (2.4), we have

(25) Let 4 be a set and T be a 2-group acting transitively and faithfully
on 4. If x is an element of T with | F(x)|+0, we have

|Cr(D) =1 F)1L- [ T1/14].

(2.6) Let £ be a finite set with |£2| odd and G be a transitive permutation
group on 2 of even order. Assume F(x)=F(y) for all involutions with |F(x)|
>1, |F(y)|>1 in a fixed Sylow 2-subgroup of G. Then all involutions lying
in a fixed Sylow Z2-subgroup of G have the same set of fixed points, G has a
unique conjugate class of involutions and G has a strongly embedded subgroup.
(Hence if G is a simple group, G is isomorphic to a simple group of Bender
type ([3]).)

PrROOF. Let u be a l-involution and x be an involution with |F(x)| >1.
By transitivity, we may assume F(u)C£2—F(x). The element u is not conjugate
to x in G, hence O(ux) is even. There exists a unique involution y={uxy with
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[u, y1=[x, y]=1.

When y is a l-involution, it follows that F(u)=F(y) and F(y)< F(x), hence
F(u)SF(x), a contrandiction. When y is not a l-involution, by assumption we
get F(x)=F(y) and F(u)SF(y), hence F(u)CF(x), a contradiction. Thus the
first statement is proved.

Let x, y be involutions with F(x)#F(y). Then O(xy) is odd. For otherwise,
there exists a unique involution z<<{xy) with [x, z]=[y, z]=1. By the first
statement of (2.6), we have F(x)=F(z) and F(y)=F(z), hence F(x)=F(y), a
contradiction. From this, G has a unique conjugate class of involutions.

Let z be an involution and H be a global stabilizer of F(z). If x is an
involution contained in H, x centralizes an involution y contained in the kernel
of the action of H on F(z). Since O(xy) (=2) is even, it follows that F(x)
=F(y) by the preceding paragraph. Hence H is a strongly embedded subgroup
of G.

(2.7) Let P be an elementary abelian 2-group of order 2" and ¢ be an
automorphism of P of order 2. Then we have

Colg)| z27".

PROOF. Set PZZT:Cp(gz’))-xi (the coset decomposition). Then x%x; is an
=1

element of Cp(¢) for each i (1=<i=<7) and x%x; is not equal to x%x; for i#j (1=i,
J=r), hence r=|Cp(¢)|. Since r=|P: Cp(¢)|, we have |P|=[Cp(¢)|?, which
gives (2,7).

(2.8) Let G be a finite group and x be an element of G. Then we have
lecla(0)| = 1G]

PrOOF. If y is an element of cclg(x), there exists geG with y=g"'xg.
Since x 'x¥=[x, gl=G’, we have x*<xG’. Hence we have |ccla(x)| Z|xG'|=|G’].

§3. Proof of Proposition A.

Since G has a 5-involution, | 2| is odd. Hence there exists a=Q with T
<G, Set M*=M—{a} for any subset M of £. If G has a 3-involution, then
G has an odd permutation and hence G#0O%G). Thus G has no 3-involution
and Z(T) acts semi-regularly on £2%*.

Now we suppose |T'|=2° and show this leads to a contradiction.

(3.1) If a subgroup R of T is contained in Tg for some B=Q%* then R=1
or R is not normal in 7.

PROOF. By semi-regularity of Z(T) on Q*, Z(T)"\R=1, so (3.1) holds.

3.2) |121=1 (mod 8).

ProOOF. We assume |T: T3/ <4 for some BeQ* Since |[T|>4, Ts+1.
Hence by (3.1), T is not normal in 7. In particular |T: Tgl=4, |T: No(Tp)l
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=2. Hencelcclr(Tg)={Ts T§ for t€T—Nr(Tg) and T> TsN\Th |T: Ter\T
=8. By 3.1) |TsnTil=1 and so |T|=2° a contradiction. Thus |[T: T =8
for any 8<%, which implies |£2*[=0 (mod 8).

(8.3) |Z(T)|=2 or 22

PrRoOF. Since T has a b-involution, semi-regularity of Z(T) on £2* gives
| Z(T)| 2% ‘

(34) If a subgroup U of T satisfies | F(U)| =5, then U has order at most 4.

PrOOF. U acts semi-regularly on £—F(U). If (3.4) is false, |2—F(U)|=0
(mod 8), which is contrary to (3.2).

(3.5) If the center of a subgroup V of T has a 5-involution, then |V |=<25,

PrROOF. Let x be a 5-involution contained in Z(V). V acts on the set F(x)*.
Let U be the kernel of this action, then the factor group V/U is isomorphic to
a subgroup of S,, hence V/U is isomorphic to a subgroup of D, the dihedral
group of order 8, therefore |V/U|=2%. On the other hand |U|=2? by (3.4).
Thus we obtain | V| <25,

REMARK. (3.1)-(3.5) hold if T has order at least 2%

(3.6) For any fef* the 2-rank of T is at most 1.

PROOF. Suppose Tz contains a four-group @ for some S 2%

First we assume |Z(T)|=2. By considering the class equation for T, there
exists x&T—Z(T) with |T: Cr(x)|=2. Since G has no subgroup of index 2,
Cr(x) contains a 5-involution by (2.3). If |Z(Cy(x))| =8, then Z(Cr(x)) contains
a 5-involution and so by (3.5) we get |Cp(x)|<2% contrary to |7]=2°. Thus
| Z(Cr{x))] =4 holds.

Cr(x) has no element y with |Cr(x): Cr(x)NC(y)| =2. Suppose false. Since
| Z(Cr(x) ~C()| = | <Z(T), x, y>1=8 and |Cr(x) "C(y)| =27, it follows that
Cr(x)NC(y) contains no 5-involution, which clearly means Cr(x)"\C(y) acts semi-
regularly on @*. There exists a normal subgroup S of T such that |T:S|=<2°
and S=ECr(x)N\C(y) as |T: Cr(x)ne(y)|=4. Applying (2.1) to Q and S, we see
that |S]=<2° hence |T|=2% a contradiction. Thus the number of Cr(x)-con-
jugate classes which consist of four elements is odd. On the other hand, T
normalizes Cr(x), so that at least one of these, say cclc,(y) is T-invariant.
It follows that cclr(y)=ccloy(y) and so [T: Cr(y)| =4. Let cclr(y)={y=
Vi, Vo, Vs 3’4} .

If T>Cr(y), then since |Z(Cr(y))|=8, we get a contradiction as before.
Therefore Cz(y) is not normal in 7. We may assume Cr(y,)=Cr(y:)# Cr(ys)
=Cr(y,). Evidently T normalizes Cr(y)NCr(32)=Cr(y)NCr(y2). Cr(y)NCr(32)
contains a 5-involution, otherwise applying (2.1) again, we get |Cr(y)NCr(ys)|
<2° Hence |[T|=2% a contradiction.

We have |Z(Cr(y,)|=4 as above. Thus Z(Cr(y))={y1, ¥s 2z, 1} =Z(Cr(y,))
={ys, Vs 2, 1} acts semi-regularly on 2%, where <{z)=Z(T).
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Let ¢t be a 5-involution in Cr(y,) N\ Cr(y,). The restriction of Z(Cr(y,)) on
F(t*)* is regular for every u€T and is isomorphic to the restriction of Z(Cr(y,))
on F(t*)*. By regularity of Z(Cr(y,)) on F(#*)* with uT, it follows that either
F({t“)=F(t*) or F“)*NF(t°)*=¢ holds for u, veT. We can easily show that
[T =16 for F=F(H)* and so |{F(t*)*|usT}|=4. Considering the permutation
representation of y, and Z(Cr(y,)), it follows that y,=w on at least two blocks
in {F(t“)*|lueT} for some w in Z(Cr(y,)). This implies y,w™* €T fixes at least
8 points on £%, hence by assumption, y,w *=1 and y, is contained in Z(Cz(y,)),
a contradiction.

Assume next that |Z(T)|=4. In this case, the class equation for T shows
that T contains an element xeT—Z(T) with |T: Cx(x)| =4. Since | Z(Cr(x))| =8,
Cr(x) contains no 5-involution, hence |7T|=<2% as before, which is a contradiction.

(3.7 |T:T'|=8.

Proor. If |T: T'|=4, T is of maximal class. Hence T is dihedral, semi-
dihedral, generalized quaternion or cyclic by Theorem 5.4.5 [9]. Since G has
no subgroup of index 2, G has a unique conjugate class of involutions, but G
has a l-involution, a contradiction.

(38) |Tzl=1 or 2 for all Be2*

Proor. By (3.6) T is cyclic or generalized quaternion. Suppose Tz con-
tains an element v of order 8. From (3.2) and the cycle structure of v, we
have |F(v*)| =9, whence v* is a g-involution (¢#=9), contrary to the assumption
that (G, £2) is a (1,5)-group. Thus Ts=Qs, the quaternion group of order 8 or
T3 is cyclic of order at most 4.

In the first case, we have |F(Ts)|=3 by (3.2). Let F(Tg)={a, B, 7}. There
exists a subset 4 of 2—F(Ty) such that 47 =4, |4|=4. Since Tj acts faith-
fully on 4, T3 is isomorphic to a subgroup of S,, so that Q;= Ds, a contradiction.

To complete the proof, we need only show that 7'z is not isomorphic to Z,.
Suppose Tp=<v) with o(v)=4 for some S Q* Since G does not contain an
odd permutation, it follows that |F(T)|=3 by (3.2). Then [Z(T)|=2, and so
T has an element x with |T: Cp(x)| =2. Considering the T-orbit which contains
B, we get |Cr(v)|=8=|Cr(v*)| by (25), whence |T: T'|=8 by (2.8) and (3.7)
and so ccly{(V)=T"v, cclr(v®)=T"13. If T'v=T'v*% then v~7? whence we have
|Cr(v)| <4 by (2.4), which is contrary to |Cr(v)|=8. Thus T'v+T'v®, conse-
quently <vyN\T'=1.

Let Ng(T)=N-T where N is a Hall 2’-subgroup of N4(T). We argue that
N normalizes Cy(x). Since T/T' is isomorphic to Z,X Z,, the Frattini subgroup
O(T) of T is T'<v*) and T/D(T)=Z,XZ,. If N does not normalize Cr(x), the
whole maximal subgroups of T are Cr(x), Cr(x®) and Cr(x?") for some a<N.
Since T'#<v), v is contained in one of these. Without loss of generality, we
may assume v is contained in Cyp(x). Furthermore, Z(Cr(x)) acts semi-regularly
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on £2*, for otherwise we get |Cr(x)|=2° by (3.5), which implies |T|=<2°% a
contradiction. Since |F(v)*|=2 and veCy(x), the semi-regularity of Z(Cp(x))
on £2* gives | Z(Cr(x))| £2, a contradiction. Hence N normalizes Cy(x).

Thus N acts trivially on T/®@(T), so we have [N, T]=1 by Theorem 5.1.4
[9]. By Griin’s theorem ([9] Theorem 7.4.2), the focal subgroup TG’ =<{TN
N(T)Y, TN\(T")¢|g=G>. Hence we have TNG'=<{T"\(T")?|geG>. Since {v)NT’
=1, it follows that T/T'={T"v, T'w) for some weT—T'<v) with w*c7T’. The
groups T’Cw) and T/{v*w) are normal subgroups of T of index 4. We denote
one of these X. By (2.3), we can take ucccls(v’)NX. If T,#{uy for some
y€ F(w*, then T,=<{u,y with #,€T and wuj=u. Since {u,yN\7'=1, we have
ueT’. On the other hand u is containd in @(T)N\X=T', a contradiction.
Hence it follows that T,=<u) for all ye F(w)*. Thus there exist elements u,,
u,€T such that ccly(u)=T'w, ccly(u,)=Tv*w by (2.5). If T’ contains a 5-
involution x, it follows that T,=<x) for y€ F(x)*. For otherwise, there exists ye
T such taht T,=<y), y*=x and {y>N\T’=1, hence x& T, a contradiction. Thus
|Cr(x)| <8 by (2.5). Since |T:T’|=8, ccly(x)=T'x=T" by (2.8), a contradiction.
Hence 7 acts semi-regularly on £*. From this, we have T(T")¢<T—{T"v,
T'v3, T'uy, T'us} =T’ {vw)<T for all gG, which implies that the focal subgroup
TG’ is a proper subgroup of T, contrary to O%G)=G.

(3.9) If u is a 5-involution in 7, then |Cp(w)| =8, cclr(1t)=T’'u and u inverts
every element of T7.

Proor. Let B8 be a fixed point of u with S+#a. Now Tz=<u) by (3.8),
hence |Cp(w)] <8 by (2.5). Thus (3.9) holds by (3.7) and (2.8).

(3.10) T/T’ is an elementary abelian 2-group of order 8.

PROOF. Suppose false. There exists 7€ T/T’ with O(#)=4. Since |T : T'<v)|
=2, by (2.3), T’{v) contains a 5-involution, say u. By (3.9), we have us7’v\J
T’v%, hence usT’v?. Again by (3.9), v* is contained in ccly(x) and so v*® is a
5-involution. Considering the cycle structure of v, we get | F(v)*| =0, contrary
to (3.8).

(3.11) Contradiction.

Each subgroup of T of index 2 contains a 5-involution, whence 7 has at
least three conjugate classes of 5-involutions, say T’u#; 1=<:<3 by (3.10). If
T’u;u; contains a 5-involution, say u,, we have cclr(u,)=T'uu; by (3.9) and so
u;u; is a 5-involution. Hence |[Cr(u;u;)|=8 by (3.9). On the other hand u; and
u; invert 77 by (3.9) and so wu;u; centralizes 77. Hence |77|=|Cr(uu;)|=8,
which implies |7T|<2% a contradiction. Thus 7’u,u; contains no 5-involution
for 7, j={1, 2, 3}. Hence the subgroup {77, T'u,u,, T usus, T'usu,} of T of index
2. contains no 5-involution, a contradiction. Thus Proposition A is proved.
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§4. Proof of Proposition B.

To prove Proposition B, we assume the following three Hypotheses :

(1) G has at least two conjugate classes of involutions.

(2) T does not have a cyclic subgroup of index 4.

3) |T|=2"=2°
and show these lead to a contradiction.

Since G has a 5-involution, |£2]| is odd, hence T is contained in G, for some
asf. Let z be a 5-involution in Z(T), so T acts on F(z2)*=F(z)—{a}. Let K
be the kernel of this action, then T/K is a subgroup of D,. K acts semi-regularly
on 2—F(z). By Hypothesis (3), | K|=2°>8, hence we have

(4.1) 12|=5 (mod |K|) where |K|>8.

By Hypothesis (1) and (2.6), we have

(4.2) There exists a 5-involution x, in T—K.

(4.3) |T/K|=2 or 4.

Proor. By (4.2) we get |T/K|+1. To prove (4.3), it will suffice to show
that T/K is not isomorphic to D, Suppose T/K=D,. Then there exists an
element x=T such that x is 2-cycle on F(z)*.

Assume x is not an involution. Considering the cycle structure of x, o(x)
=|2—F(2)|,=|K|=2""* because x is an odd permutation on £2—F(z). By
Hypothesis (2), o(x)=2""% and so |2—F(K)|,=|K|, whence x stabilizes a K-
orbit, say 2,S2—F(z). The group K{x) is transitive on £, Since |K|=|82,[,
there exists an element kx such that k=K and F(kx)N\2,#0, and then kx is a
5-involution. On the other hand kx=x on F(z)*. Thus we may assume x is a
5-involution.

Since |F(x)*NF(2)| =2, F(x)N(2—F(2))={B, y} for some f, yef£2. Now
Cr(x) acts on {B, r}.. The kernel K, of this action does not contain a four-
group by (2.1). Hence x is a unique involution in K,, which is an odd permuta-
tion on £2—F(z) so that K, contains no element of order 4 and so K,=<{x),
whence |Cp(x)|<4. This implies that |7: T7'|=4 and T is dihedral or semi-
dihedral ([9] Theorem 5.4.5), which is contrary to Hypothesis (1) by (2.3).

(44) For all €2—F(z), T; is cyclic of order at most 4.

PrROOF. Since TyN\K=1, we have |Tz|<4 by (4.3). If T is isomorphic to
Zy,X Z,, we get |K|=2° by (2.1), contrary to Hypothesis (3).

(4.5) T/K is not isomorphic to Z,.

ProoF. We assume T/K=Z, By (4.2), we can take a 5-involution x, €T
with F(x,)#=F(K). There exists an extremal element z, of T in G with z,&
cclg(x;). Here an element z, is said to be an extremal element of T in G if
|Cr(zo)] =|Cr(u)| holds for any usTnccle(x,). Let u be an arbitrary 5-involu-
tion in T—K. Then we obtain |Cr(u)|=|<{udCx(u)| <8. Hence we may assume



224 Y. HIRAMINE

z,€ K by Hypothesis (1) and (2.3). There exists an element g&G such that
xf=2zy, (Cr(x)¥=<Cr(z,). It follows that (Cx(x))<T and (Ck(x,)?* " K=1 since
F(x))#F(zo)=F(K). Hence |Cxg(x,)|=2 and |Cr(x,)|=4, which means T is of
maximal class, contrary to Hypothesis (1) by (2.3).

(4.6) T/K is not isomorphic to Z,.

PrOOF. Suppose T/K=Z, Set T/K=<{Ky). Since y is an odd permutation
on F(K) and G has no odd permutation on £, y is an odd permutation on 2—
F(K). If O(y)#4, we have O(y)=|2—F(K)|.=| K|, contrary to Hypothesis (2).
Hence O(y)=4 and »* is a 5-involution. Set y*=x. By (2.3), we obtain cclg(x)
NK#0. Let uscclg{(x)NK.

We shall argue that there exists an involution in K\ cclg(x) which is an
extremal element of T in G. Suppose false. Then we have ueZ(T). Let v be
an extremal element with veccls(x)N\T. There exists an element g G such that
uf=v and (Cr(w))!<Cr(v). Since F(v)#F(u), we have (Cx(u))* \K=1 and (Cg(n))®
<7T. On the other hand, Cx(u) contains a four group because u< Z(T'). Hence
we have T/K=Z,XZ, a contradiction. Thus we may assume that v is con-
tained in K. '

There exists an element A=G such that x*=v and (Cr(x))*<Cr(v). Since
F(x)#+F(w)=F(K), we have (Cx(x))""K=1 and (Cx(x))*<T. Hence Cx(x)=Z,
because Cx(x)=Z, by Hypothesis (2). Since x is a square of y, x is contained
in @(T). Since |Cr(x)|=16, we get |T: T'| <16 by (2.8). Clearly x& Z(®(T)).
If follows that Z(D(T))=ZCepox(x)=Cx>X Cx(x)==Z,X Z,. Hence Z(P(T)) is cyclic,
whence @(T') is also cyclic by (2.2), which means x= K, a contradiction.

REMARK. By the proof of (4.6), we know that in the case T/K=Z,, there
exists an element yeT—K such that O(y)=4, y*T—K and |F(y*|=5b.

By (4.3), (4.5) and (4.6), we have

A7) T/K=2Z,XZ,. :

4.8) |Tgl=1or 2 for B=f2—F(2). |Cr(x,)|=8 for any 5-involution x,&
T—K, whence |T: T'|=8, cclr(xy)=T"'x,.

PrROOF. T is cyclic of order at most 4 by (4.4). Since T/K=Z,xZ, and
TsNK=1, we get |Tz|+4. Hence [Tz|=1 or 2 and (2.5) gives the latter
statement.

(4.9) There exists a conjugate class of 5-involutions ccly(x,)=T"x, contained
in T—<{xp K.

PROOF. Suppose false. Let N be a Hall 2’-subgroup of Ng(T'). N stabilizes
the following normal series: T/7’ > K<{x,>/T’'> K/T’>1. Hence [T, N]=1 by
Theorems 5.1.4. and 5.3.2. of [9]. Thus we have TNG'={(TNN(T), T \(T")*|
geCY={TN\(T")¢|geG><K{x,»>, whence TNG’ is a proper subgroup of T,
contrary to O¥G)=G.

(4.10) There is no l-involution in T—K.
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PROOF. Suppose false. Let u be a l-involution in 7. Since {T”, T'x;, T'x,,
T'x,x,} is a subgroup of T of index 2, u is conjugate to some element in 77x,x,.

We may assume x,x, is a l-involution. Hence a four-group {1, x, x,, x.x5}
has trivial intersection with K. By (4.8), Cr(x)= {1, x;, x5, x1x,} X<{2z>, and so
Cr(x)=<2z>. Hence |Cxcs;>(x)|=|xCx(x;)|=4 and K{x,> is of maximal class,
which is contrary to Hypothesis (2).

(4.11) The group 7’ is an abelian 2-group of 2-rank 2.

PrOOF. Since ccly(x,)=T"x,, an involution x, inverts 77, hence 7" is abelian.
Furthermore |Cr(x;)| <|Cx(x,)| <4 and so the 2-rank of 7" is at most 2. Sup-
pose the 2-rank of 7" is 1, that is, 7'=<{d) for some d=T’. Since xx,&T’, it
follows that (xx.)?< T’ and (x;x,)% < {d*, for otherwise O(x;x,)=2-0(d)=2""%,
contrary to Hypothesis (2). Hence for some d,=<{d) we have (x,x,)*=d?. Since
Cxixe, TV1=1, (x1x,d”Y)?=1. Hence x,x,d™* is a 5-involution contained in 7—K by
(4.10). Thus x,;x,d™* also inverts 7”, hence |7’|=2, contrary to Hypothesis (3).

(4.12) cclg(x)NT' +0.

PROOF. Suppose false. Let y be an element in K—7’. Since {77, T'x.x,,
T'x,y, T'x,y} is a subgroup of T of index 2 and cclg(x)NT =cclelx) N T x1%,
={), there exists an element tx;y<ccls(x,)N\T x;y for some i {1, 2} and tT".
If y is an involution, then [tx;, y]=1. Hence Cx(tx;)= Cr>(tx;)=2,(T" )y,
whence |Cxk(tx;)|=8 by (4.11), which imples that |F(ix;)|=9, a contradiction.
Thus there is no involution in K—7' and so ccle(x)N\T'y=0. Since {T7, Ty,
T x1x5, T'x:x,y} is a subgroup of 7 of index 2 and cclg(x)NT ' =cclo(x)NT"y
=cclg(x)NT x,x,=0, there exists a b-involution sxx,ye< cclg(x)NT x,x,y for
some s=7T7, hence sx,x,y inverts 7/. Since sx, and x, invert 77, sx,x, centralizes
T’/ and so y inverts 7. On the other hand, ix;y and tx; invert 7/, hence
y centralizes 7’. Thus T'=Q,(T’) and we have |T|=2° by (4.8) and (4.11),
contrary to Hypothesis (3).

(4.13) Contradiction

By (4.8) and (4.12), there exists in K an extremal element z, of T in G
with z,€cclz(x,). Hence there exists an element g G such that (Cr(x))?=Cr(z,)
and xf=z,. Since F(x)#F(z,)=F(x,)%, the element g does not stabilize F(K)
as a set, hence there exists f=(@—F(K)NF(K)?. Clearly we have Cr(x,)
>Cr(x)Z2(T")=Z,XZ, by (411). Hence Tz=Q(T')*=Z,XZ,, contrary to
(4.8). Thus Proposition B is proved.

§5. Proof of Lemma 2.

Throughout this section we assume the following :
(1) G is a simple (1, 5)-group with |G|,<28
(2) G has at least two conjugate classes of involutions.
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(3) Let T be a Sylow 2-subgroup of G. There exist subgroups T,, T, of
T with T,0T,, T/T,=E,;.
and show these lead to a contradiction.

We shall often use the following theorem to prove

THEOREM (K. Harada [11]). If 2-group S has a subgroup A of order 8 with
Cs(A)< A, then the sectional 2-rank of S is at most 4.

(5.1) Let Q be a subgroup of T with Q=Z,XZ,. If |F(q)*N\F(g)*|=2
for some ¢;, g,=Q¥, then the sectional 2-rank of T is at most 4.

PrROOF. Cr(Q) acts on 4,=F(q)*N\F(g)*, 4,=F(q)*—4, and 4,=F(g.)*— 4.
If |C(Q)] =16, the kernel of this action is not trivial, a contradiction. Hence
we have |Cr(Q)]|<8. Let A be a subgroup of T of order 8 containing Cr(Q).
Then Cr(A)=Cr(Q)=<A because A contains Q. By Harada’s theorem, the sec-
tinal 2-rank of T is at most 4, which is contrary to (3).

We note that T has order at least 2° by the assumption (3), hence in the
case that Z(T) has no 5-involution, (3.1)<(3.5) hold (see Remark in (3.5)).

(5.2) Suppose Z(T) contains no 5-involution. If U is a subgroup of T
such that Z(U) has a 5-involution u, U is semi-regular on F(u)* and |U| <2

PROOF. Let u be a b5-involution in Z(U). By (3.5), |U|<2°. Hence we
have only to show |U|+#2° Assume |U|=2°. Then there exists vel with
V| pewy» =(B)(y)Xde) where F(u)*={B, 7,9, ¢}. By (5.1), o(v)+2, so (3.2) gives
o(v)=4. Cr(v) acts on {B, y} and {d, ¢}. Let K, be the kernel of this action.
Since |2]=1 (mod 8), K, stabilizes a {v)-orbit of length 4. Since [K,, v]=1, K,
is isomorphic to a subgroup of Z,. Since G contains no odd permutation, K,
*7,, hence |Cr(v)|=8, which is contrary to (3) by Harada’s theorem.

(5.3) Suppose Z(T') contains no 5-involution. Then Tg=1 or Ts=Z,XZ,
holds for every Be2*.

Proor. We take an involution v=Z(Ts). Then Cy(v)| peyy+ is semi-regular,
by (56.2). We have |Cr(v)| =16 by (3) and Harada’s theorem. Thus |Cr(v)| rcpy|
=4, T3=7,X 2,

(5.4) Let T, be a subgroup of T containing 7,. Then T, does not contain
a cyclic subgroup of index 8.

PrROOF. Let x be an element of T, with |T,: <{x)|=8. If T, is a subgroup
of T, of index 2", an element x*" is contained in 7, and |7,: {x?">|=8, which
is contrary to T,/T,=FE,;.

(5.5) Suppose Z(T) contains no 5-involution. Then T, acts semi-regularly
on 0%,

PrOOF. If T, contains a 5-involution u, |T,: Cr,(w)| = | cclr,(w)| < |T7| <
—215—|T1! by (2.8). Hence |Cr (u)|=2° contrary to (5.2).

First we consider the case that Z(T) has no 5-involution. Next we show
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that the same argument can apply to the case that Z(T') has a 5-involution.

If Z(T) has no 5-involution, we have |T | =27 or 28 by (5.3) and (5.5). Suppose
|T|=27, then T,=E,; and T,=1. There exists a 5-involution x such that x
normalizes T,. By (5.4) and (56.5), we get |T«{x>: (T{x))|=8 and x inverts
(Tx>). Since (T{x))Y£T,=E,; x centralizes (T, {x»). Thus [(T\(x))| <4
and we have |T|=<2°% a contradiction. Next we suppose |T'|=2%. By (5.3) and
(54), |T: T,|=2% or 2® and |T,|=2 or 1, respectively. If Ny(T,) contains a 5-
involution x, we have |T: T,|=2% and T.=Z, by (2.7) and (5.5). Since |T<{x):
(TKx>)'|=8 and x inverts (T{x)) (£T,), we have (T \{x)) =Z,XZ, by (5.4) and
(5.5), contrary to T,/T,=E,; and T,=Z,. Hence Ny(T,) acts semi-regularly on
2% By (5.3), we get |T: Nx(T))|=2% |T: T,|=2% and T,=1. There exists a
5-involution x which normalizes N(T,. As above x inverts (Kx>Nr(Tp).
Hence we have (Kx>N(T,)) =Z,XZ, since xDN(T)) = NH(T,)>T,=FE,s and
Q(KONH(T)))=Z,X Z,. But since |Ny(Ty): T,]=2 and T,=E,;, N/(T,) does
not contain a subgroup isomorphic to Z,XZ,. Thus we get a contradiction.

We now consider the case Z(T) has a 5-involution z. If T|pqy is isomor-
phic to D,, in the same way as in the proof of (4.3), T has a cyclic subgroup
of index 8, contrary to (5.4). Suppose T|ru»=Z,. There exists an element
y€T—K such that O(y)=4 and »* is a 5-involution in T—K (see Remark in
(4.6)). Set y’==x. By (2.3), we have KNcclg(x)#0. Since |K<{x): (K{x))'|=8
and Cx(x)=Z,, (K{x)) is a cyclic subgroup of K<{x)> of index 8. Hence T, is
not contained in K<{x)». Take y, in T,—K<x). Clearly O(y,)=4 and »* is a 5-
involution. Since |T;: Cr,(y0)| = lcclr,(y)| = |T1| §—215— |T,|, it follows that
|Cr(yD1=2°. Cr(y) acts on F(3})* (S2—F(2)). Let K, be the kernel of this
action. Since |£2]/=5 (mod 8), we have |Cr (y,)|=2° and Cr(y,)/K,=D; There
exists an element u<Cr,(y,) such that u|pq%.=(B8)y)(0e) where F(y)*={B, 7,
0, ¢}. Considering the cycle structure of u, we get O(u)=2, contrary to (5.1).
Hence we have T/K=Z,XZ, and T|rxy, is semi-regular. From this, (6.1)-
(5.5) hold for Tg_rx. Thus we obtain a similar contradiction.

§6. Proof of Theorem 3.

By [Theorem 1|, Lemma 2 and the Fong’s theorem [7], we know any simple
(1, 5)-group G satisfies one of the following :
(1) G has a unique conjugate class of involutions.
(2) G has sectional 2-rank at most 4 and a Sylow 2-subgroup of G has
order at most 28,
By Rowlinson’s of [18], these are equivalent to the following:
(i) G is a simple group of Bender type.
(ii) G=Ly(q) (¢=1 (mod 2)).
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(iii) A Sylow 2-subgroup of G is semi-dihedral.
(iv) G is not of type (i)—(iii) and has sectional 2-rank at most 4, moreover
|Gl,=2%

CASE (i). We prove the followihg Lemma.

LEMMA 5. Let G be a simple group of Bender type and T be a Sylow 2-
subgroup of G.

(1) If H is a (unique) subgroup of No(T) of index pu where p is odd, then
G is a simple (1, p)-group as a permutation group on the cosets G/H.

(2) If G is a simple (1, p)-group on a set 2 where p is odd, then (G, 2) is
equivalent to a permutation representation obtained by (1).

PRrROOF. (1) Since Ng(T) is isomorphic to one point stabilizer as a (1, 1)-permu-
tation representation of G, Ng(T') is a strongly embedded subgroup of G (cf. [3]).

Set G=\UNg(T)X; and Ny(T)= CJIHyj, the left coset decomposition. We
T j=
can look on G as permutation group on the cosets \U Hy;x;. Let z be an
1,7

arbitrary element contained in T# Then we have (Hy;x;)z=Hy;x; if and only
if z€ HY/*i, Since H is a normal subgroup of Ng(T'), we have z< H¥/*¢ if and
only if ze(N(T))Vi*i=(N(T))*:. Since Ng(T) is a strongly embedded subgroup
of G, we have z&€(Ng(T))*t if and only if x;€Ng(T). Thus z fixes exactly u

cosets OlHiji, whence (G, G/H) is a (1, p)-group.
et

(2) Let (G, 2) be as in (2) and H be a stabilizer of a point a=£. Since
G have a pg-involution and g is odd, it follows that |£2] is odd, hence H con-
tains a Sylow 2-subgorup T of G. By the structure of G, H is 2-closed. Let
x be an involution in 7. By (2.4), we have pu=|F(x)|=|Ce(x)| - |ccls(x)NH|/| H].
Since H is 2-closed and G has a unique conjugate class of involutions, we have
leclg(x)NH | = cclg(x)N\Ng(T)|, hence

p=1Fx)|=(Ce()| - | ccleg(x)NNT)| / IN(T) )X (I Ne(T)| /| H|)=|N(T) : H|.

From this, it follows that a simple (1, 5)-group of type (i) is (1) or (2) of

CASE (ii).

LEMMA 6. A simple (1, 5)-group of type (ii) is one of the groups listed in
3)-(7) of Theorem 3.

PROOF. Let p be an odd prime and ¢g=p">3. Suppose G is a (1, 5)-group
on a set £ which is isomorphic to L,(¢q). If H is a stabilizer of a point in 2.
Since || is odd, H contains a Sylow 2-subgorup of G. Hence by the Dickson’s
([13] p. 213), H is isomorphic to one of the following:

(a) Dihedral group of order 2z where z|(qg—¢)/2, g=e={—1, 1} (mod4).

(b) A, ¢=3 or 5 (mod 8).

() S, ¢*—1=0 (mod 16).
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(@) A;, g=3 or 5 (mod8) or p=5 or ¢°—1=0 (mod 5).
(e) PSL(2, p™), n=mt and 1#i=1 (mod 2).
(f) PGL(2, p™), n=2mt and (=1 (mod 2).
We note a centralizer of an involution of L,(¢) with ¢ odd has order (¢—¢)
and L.(¢) has a unique conjugate class of involutions.
If His of type (a), by (2.4), we nave
5= (g=eletl) _ (g=e)/2
2z z

Hence z+1=5 and ﬂ—?&)LZ—:I, whence ¢=7 or 32. Thus (3) or (4) of

3 holds.
If His of type (b), we have

s (g—¢)3 _ g
| Al 4

Thus (5) of holds.

If H is of type (c), we have

5= (qrs‘j'g = (4_88)'3 , which can not occur.

If His of type (d), we have
5 (g—e)-15 _ g—¢
| Asl 4 -

Hence (6) of holds.

If H is of type (e), we have
5 (g—e)- I PSLZ2, p™)| /(p"—e) _ p™'—e
| PSL(2, p™)| pr—e ’

which can not occur since p™, =3 and = {—1, 1}.
If H is of type (f), we have

5 _(a=D-(p
[PGLZ, p™)]

(g = (L) P

_ AGmy T e ™A1 ™
p’m.
Hence we get =1 and p™=5. Thus (7) of holds.

Caske (iii).
LEMMA 7. Let G be a group isomorphic 1o Li(q) or Us(q) for q odd. If q

+3,5 then G has no (1, 5)-permutation representation.
PRrROOF. Suppose false. Let (G, 2) be a (1, 5)- group and T be a Sylow 2-
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subgroup of G, with «=£. Since T is semi-dihedral or wreathed, G has a
unique conjugate class of involutions ([I]). Hence an involution z contained in
Z(T) is a 5-involution. Cg(z) is isomorphic to a quotient of either GL(2, q) or
GU(2, ¢q) by a central subgroup Z of order (¢—e¢, 3) where e=1 or —1, respec-
tively ([1]). Hence G¢(Z) has a normal subgroup N of index ¢—e/(g—¢, 3)
isomorphic to SL(2, ¢).

Let K, be the kernel of the action of Cg(z) on F(z). Since ¢>5 and z=K,,
N is contained in K, and so Cg(z)/K, is isomorphic to a subgroup of Z, with
r=q—e/(qg—e, 3). Set K=K,N\T. By (2.6), we have T+#K and so T/K is iso-
morphic to Z, or Z,. Hence |K|?*>T because T is semi-dihedral or wreathed.
Thus K is a weakly closed subgroup of T and so Ng(K) is transitive on F(z)
by the Witt’s [Theoreml Since |F(K)|=>5, there exists a 5-element x in Ng(K)
such taht <{x) is transitive on F(K)=F(z). By the structure of T, x centralizes
2.(Z(K)), which contains z. Hence x is contained in Cg(z). Thus Ce(2)/ K,
contains a cyclic subgroup of order 2-5, contrary to |F(z)|=|F(K)|=5.

Simple group with semi-dihedral Sylow 2-subgroups are L;(g) (¢=—1(mod 4)),
M,, or Uy q)(¢=1(mod4)) by Third Main Theorem of [I]. By Lemma 7, we
can prove that a simple (1, 5)-group of type (iii) is (9) of [Theorem 3.

CaASE (iv)

LEMMA 8. Let G be a (1, 5)-group on £2 with OXG)=G and z be a central
nvolution such that

() Ca(2)= Ly LoCur,
L,=SL(2, q)), L,=SL2, ), v*=1,
[Ly, L,]=1, Z(L)=Z(Lo)=LiNL.=<2),
uLyLou=L,-L,.

Then one of the following holds:

(a) ¢.=5 or ¢,=b.

(b) z is not a b-itnvolution.

PROOF. Suppose false. Let T be a Sylow 2-subgroup of G such that ze
Z(T) and ueT. Since |£]| is odd, there exists a= R with T<G,.

Let K, be the kernel of the action of Cgz(z) on F(z). Since |F(z)|=5, ¢,
>5, ¢,>5 and z is contained in K,, it follows that L, and L, are contained in
K,. Hence we have |T: K| <2 where K=TNK,. By (2.6), we have T+# K and
so T/K=Z,, u¢ K. Since the 2-group T is not of maximal class, we have
|Cr(u)| =8, hence |Cx(u)|=4. On the other hand we have |Cx(u)| <4 because
K acts semi-regularly on 2—F(K), hence |Cr(u)|=8. By (2.3), we get cclg(u)
NK=#0. Clearly there exists an extremal element w of T in G with weKn
cclg(u). There exists geG such that uf=w and (Cr(u))*=<Cr(w). Since F(u)
#*Fw)=F(K), we get (Cxw)*"\K=1. Thus |Cg(uw)|=|(Cx(w))*| <2, a contra-
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diction.

LEMMA 9. Let G be a finite group isomorphic to Gy(q), Di(q) or PS,(4, q) for
q odd. If q is not equal to 3 or 5, then G has no (1, 5)-permutation represen-
tation.

PrROOF. Suppose false. We note that a centralizer of a central involution
in the groups G,(q), Di(q) and PS,(4, ¢) for ¢ (>5) odd is of type (*) of
8 ([8]). Moreover G,(q) and Di(q) for ¢ odd have a unique conjugate class of
involutions and so shows that G,(q) and D%¥q) (¢>5) have no (1, 5)-
permutation representation. Since PS,(4, q) for ¢ (>5) odd has two conjugate
classes of involutions, G is isomorphic to PS,(4, ¢) for some g with ¢ (>5) odd
and central involutions are l-involutions. Hence noncentral involutions are 5-
involutions and |£2]=1 (mod8) by (3.2). Let z be a central involution of G.
Then the following holds ([22]):

Co(z)=L,L,{uy  [Ly, Ly]=1 =1
L=, L,=L,=SL(2, q)
LiNnL,=Z(L)=Z(L,)=<z>  cclg(z)Pu.

From this, M= {xx*|x=L,} is a subgroup of Cs(u) and isomorphic to L.,(¢) with
up\M=1. Let K, be the kernel of the action of L, L<up"\Cs(u) on F(u).
Since |F(u)|=5 and ¢>5, M is contained in K,, hence {upX M<K, Thus we
have |£2|=5(mod 8) because |{u)x M|,=8, which is contray to |£2|=1 (mod 8).

LEMMA 10. Let q (>5) be equal to an odd power of 3. Re(q) has no (1, b)-
permutation representation. (Here Re(q) is a group of Ree type.)

PROOF. Suppose false. Let z be an involution of Re(q). The centralizer
of z in Re(q) is equal to <{z)xX L where L is isomorphic to L,(¢). Since Re(q)
has a unique conjugate class of involutions, z is a 5-involution. Let K, be the
kernel of the action of <z) XL on F(z). Then L=ZK, because |F(z)|=5 and ¢
=>3% Hence <z)X L=K,, which is contrary to (2.6).

LEMMA 11. Let q be a power of an odd prime and G be a finite group
1somorphic to U,(q) (¢z=7(mod 8)) or L,(q) (¢£1(mod 8)). If ¢>5, G has no (1, 5)-
permutation representation.

PrROOF. We can easily show that a Sylow 2-subgroup of G has order at
least 2° when g=1, 7(mod 8). Moreover U,(¢q) with ¢=3 (mod 8) and L,(q) with
g=5(mod 8) have a unique conjugate class of involutions. Hence by
1 and of [18], G has no (1, 5)-permutation representation with the
exception of U,q) with ¢=5(mod8) and L,(¢) with ¢=3(mod8). From this,
if the lemma is false, G is isomorphic to U,(¢) with ¢=5(mod8) or L,(g) with
g=3(mod 8). Let z be a central involution of G and ¢=e< {—1, 1} (mod 4).
Then Cg(z) has the following structure ([16], [17]):

(@) Co(2)=L,Lu, wpl> Ly L,
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Ly=L,=SL(2, q), [L,, L,]=1
LinL,=Z(L,)=Z(Ly)=<{z), LiL,n<v, wy=1
{v, wy=the dihedral group of order 2(g-¢)
u=1, w*=w™', L¥=L,.

(b) G has two conjugate classes of involutions:

u~z7*uUz
Ce(2)NCu)=Ce(2)N\C(uz)
= XLxxt |l xe Ly, {uz) X<{xxt|x, €L .

First we consider the case that z is a 5-involution. Let K, be the kernel
of the action of Cg(z) on F(z). Since ¢>5 and |F(z)|=5, we have L,L,<K,.
Set g+e=2"-d with ¢ odd. Since g=e< {—1, 1} (mod4), n is equal to 1, hence
v=w? is an involution and [<u, w)|.=|<u, v)|. Let T be a Sylow 2-subgroup
of Ce(z) with T=u, v). Set K=TNK, If uekK,, we have |T: K|=2. In this
case, v is a 5-involution, hence |Cx(v)| <4. On the other hand, we have <z, u)
<Cx(v), hence |Cg(v)|=4. There exists an extremal element v, of T in G
with vo€ KNcclg(v). There exists geG such that v¥=v, and (Cr(v))*<Cy(vy).
Since F(v)#F(K)=F(v,), we have (Cx(1))!)\K=1. Thus |Cx(v)|=|{Cx(v))¢|=2,
a contradiction. If u< K,, we have F(u)#F(z). Since {xx¥|x,€L,> is a sub-
group of K, isomorphic to L,(q), the set F({z>xX<{xx¥|x,€L,>) is equal to F(X),
which shows |F(u)| =2%+1, a contradiction.

Now we consider the case that z is a l-involution. In this case uz is a 5-
involution by (b). Since <uz)X<{xx¥|x,€L,> is isomorphic to Z,X L,(q) with
g>5, we get |F({uz)X<xyx¥|x;€ L)) =|FKuz))| =5, hence |2—F(uz)| =0
(mod 8), which is contrary to (3.2).

By Lemma 7-11, and Harada’s ([10]), we can easily
show that a simple (1, 5)-group of type (iv) is one of the groups listed in (8)
(10) (11) and (12) of and the others in the Harada’s list of Main
of have no (1, 5)-permutation representation.

§7. Proof of Theorem 4.

Let (G, ) be a (2, 5)-group and N be a minimal normal subgroup of G.

First we suppose N is an elementary abelian p-group for some prime p and
G is not of type (1) of Clearly p is equal to 5 and G is a sub-
group of automorphisms of an affine space over GF(5) of dimension 2 or 3
because G, contains a four group whose involutions have 1 or 5 fixed points.
In the case of |N|=5% G has no l-involution.
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(7.1) If N is isomorphic to Z;XZ;XZs and G is not of type (1) of
4, then (2) of holds.

Proor. Let G, be a stabilizer of a point a=f2. We may assume G, is a
subgroup of GL(3, 5). Since G, is transitive on 2—{a}, |2|—1=2%-31 divides
|G,| and any element of order 31 has a unique fixed point.

If G, has an elementary abelian normal subgroup A of odd order, we have
|A]l=31 and A acts semi-regularly on £—{a}. By assumption, G, contains a
four group B, which normalizes A4, hence some involution x< B centralizes A.
Since |Cy(y)]=5 for any y=B, we have |F(x)|=5 and A acts on F(x). Hence
A is not semi-regular on £— {a}, a contradiction.

If G, has an elementary abelian normal subgroup A of even order, an ele-
ment vEG, of order 31 centralizes A. By semi-regularity of v on 2—{a},
every involution in A have a unique fixed point «, a contradiction.

Thus a minimal normal subgroup A of G, is the direct product of isomor-
phic non abelian simple groups. Since A is a subgroup of GL(3,5), A is a

.1 ..
simple group. The order of A is divisible by 31 because A is T—transmve

on 2—{a}. Hence A is contained in SL(3,5). Let Q be a Sylow 31-subgroup
of A. By Sylow’s theorem, we have |A: N,(Q)|=2° or 2°5° and so a Sylow
2-subgroup of A is isomorphic to that of SL(3,5). Since A=SL(3, 5), we get
A=SL(3,5). If A is a proper subgroup of G, it follows that the element

1 0 O
<8 % 0 > is contained in G,, which is a 25-involuton, a contradiction. Hence
—1

Go=A=SL(3, 5), which shows (7.1).

(7.2) If N is isomorphic to Z;XZ;, then we have (3), (4), (5) or (6) of
[Theorem 4

PrOOF. Let G, be the stabilizer of a point a=f. We may assume G, is
a subgroup of GL(2,5). Since G, is transitive on 2— {a}, |G.| is divisible by
| 2—{a} |=2%-3. The order of G,; for f=2—{a} is even because G,z contains
a 5-involution, hence |G,| is divisible by 2%3.

If |G,] is divisible by 5, it follows that G,=GL(2,5) or a subgroup of
GL(2, 5) of index 2 containing SL(2, 5). An involution in GL(2, 5) fixes one or
five points and SL(2,5) contains no 5-involution, hence we have (3) or (4) of

If |G,| is not divisible by 5, we have |G,|=2%*-3 or 2°-3. The normalizer
of a Sylow 3-subgroup of GL(2, 5) has order 22-3, hence O(G,)=1 and O,(Ga)
#1. Since O(G,)=1, an element of order 3 can not centralize 0,(G,), hence it
can not stabilize the following normal series: OxGa)l>0:(Ga)NSL(2, 5)1 1.
Since the factor group 0,G.)/0,(G)N\SL(2, 5) is cyclic and a Sylow 2-subgroup
of SL(2, 5) is quaternion of order 8, it follows that 0,(G,)N\SL(2, 5) is a Sylow
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2-subgroup of SL(2, 5). Set P=04G)N\SL(2, 5). G, is contained in Ngrcs,s(P),
which is a subgroup of GL(2, 5) of index 5. Hence we obtain (5) or (6) of

Next we assume that N is not solvable. In this case N is a simple (1, p)-
group where pg& {1, 3, 5} or N is isomorphic to A;X A; and G is a subgroup of
Aut(N) containing N. We note N, is %-transitive on R—{a} for acsf
because G, is transitive on 2— {a} and G,>N, From this N is not isomor-
phic to A;X As.

(7.3) If N is a simple (1, 1)-group, then (7), (8), (9) or (10) of
holds.

Proor. If N is a simple (1, 1)-group, N is isomorphic to one of the follow-
ing groups in its usual representation: L,(2"), Sz(2"), Uy 2™ (n=2). Since N is
2-transitive on £, it will suffice to consider that G is a (1, 5)-group or not.
Let T be a Sylow 2-subgroup of N, (a<£) and x be a 5-involution in G,. Since
N, is 2-closed ([3]), x normalizes T and also Z(T), which is an elementary
abelian 2-group. We have |Czr(x)| =2% by semi-regularity of T on 2—{a}
and so |Z(T)| <2* by (2.7), hence 2<n=4. From this we can verify (7.3) by [21].

(74) If N is a simple (1, 3)-group, G is isomorhic to S; in its usual repre-
sentation, that is, (11) of holds.

PrROOF. Let M be the subgroup which consists of all even permutations in
G. Since a 3-involution is a even permutation in this case and G contains a
5-involution, we have |G: M|=2 and involutions in M are 3-involutions. Since
Gqs contains a 5-involution for a=# B, it follows that |Gas: Masl=|Gas-M:
M| =2 and so M isa (2, 3)-group. By King’s ((I£]), M is isomorphic
to (@), (b), (), (g), (h) or (i) of his list. Hence we can easily verify (7.4).

(75) If N is a simple (1, 5)-group, then (12), (13), (14) or (15) of
4 holds.

Proor. If N is of type (1) or (2) of any element in 7% has
the same set of fixed points (see the proof of [Lemma 5). Here T is a unique
Sylow 2-subgroup of N, (a=£). Since T is characteristic in N,, 7 is a normal
subgroup of G, hence T fixes £— {a} pointwise, a contradiction.

The automorphism groups of the simple groups (3)-(12) of are
known. Hence we can verify (7.5).
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