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On removable singularities of an analytic function of
several complex variables.

MASATSUGU TSUJI.

(Received June. 18, 1947)

1. Let $u(P)=n(x_{1}, \ldots\ldots.., x_{n})$ be defined in a domain $D$ in an
$n$ -dimellSiotlal Space and all its partial delvativeS of the Second order be
continuouS and SatiSfy tlie equation:

$\Delta u=\frac{\partial^{\underline{9}}u}{\partial x_{1}^{\sim^{1}}}+\cdots+\frac{\partial^{\underline{)}}u}{\partial x_{n}^{\sim^{)}}}=0$ , (1)

then $/l(P)$ iS called a harmonic $f(\iota nction$ in $D$ . It iS eaSily Seen $tllat$

$u(P)=\overline{OP}^{n-2}(;\geqq:;)$ is a harmonic $f_{L}\iota$ nction, where 1’ iS a variable point
and $O$ iS a fixed point.

Let $\Sigma$ be a $Sp1_{1}ere$ in an n-dimenSional Space with $0$ aS itS center
and $R$ be itS radiuS and $S$ be itS boundary Let $Q$ be a point of $S$ and
$\varphi(Q)$ be an integlable function on $S$ We define a $1^{-)}oiSSon$ iiltegral with
$\varphi(Q)$ aS its boundary value:1)

$u(P)=\frac{1}{RS_{n}}\int_{s}\varphi(Q)\frac{R^{2}-\overline{OP}^{2}}{\overline{PO}^{n}}d\sigma_{\ell}$ , (2)

where $S_{n}$ iS the Surface area of a unit sphele and $d\sigma_{(1}$ iS the Surface
element of $S$ at $Q$ . Then $u(P)$ iS hal monic in $\sum$ .

We can prove that $u(P)$ tendS to $\varphi(Q)$ almost everywhere on $S$ , when
$P$ tendS to $Q$ non-tangentially to $S$ . If $\varphi(Q)$ iS continuouS at $Q_{0}$ , then
$u(P)$ tends to $\varphi(Q_{0})$ , when $P$ tendS to $Q_{0}$ fiom the inSide of $\Sigma$ . Let $u(P)$

be a $bo_{\vee}1nded$ harmonic $f_{L1}nction$ in $\Sigma$ , then $\lim u(P)=\varphi(Q)$ exiStS almoSt
everywhere on $S$ , when $P$ tendS to $Q$ non-tangentially to $S$ and $u(P)$ can be
expreSSed by (2)2).

1) For an n-dimcnsional Poisson integral, $c$ . $f$ . C. Carath\’eodory: On Dirichlet problem.
Amer. Jour. Math. 59(1937).

2) The case $11=2$ is tlie well known theorcms of Fatou and Schwarz. For the case $n=3$

I have proved analogous thcorems in a paper: On Fatou’s theorem on Poisson integrals. Jap.

Jour-Math. 15(1938). The method can be applied for the general case.
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We will prove:

Lemma 1. $ L^{\underline{\rho}}t\Sigma$ be a splzere of radius $R$ with $O$ as its center and
$\sigma$ be a concentric $sp_{/l}^{\gamma}er\ell^{\prime}$ of radius $\rho<R$ . If $u(P)$ is harmonic in $\sum$ and
$u(P)\equiv 0$ in $\sigma$, llten $u(P)\equiv 0$ in $\Sigma$ .

Proof. $u(P)$ is expressed by a Poisson ingearal:

$u(P)=\frac{1}{R_{)}S_{n}}\int_{6_{1}}\iota/(Q)\frac{R_{1}^{2}-\overline{OP}^{2}}{\overline{PQ}^{n}}d\sigma_{Q}$ ,

here $S_{1}$ is the boundary of a concentric sphere $\Sigma_{1}$ of radius $R_{1}<R$ .
If we put $r=\overline{OP}$ and $\theta$ be the angle between $OP$ and $OQ$ , then $\overline{PQ^{2}}=$

$R\frac{?}{1}-2R_{1}r\cos\theta+r^{2}$, w’tich vanishes for $r=R_{1}e^{\pm i\theta}$ , so that if we consider $r$

a complex variable,

$\frac{R^{2_{1}}-}{\overline{PQ}}\frac{\overline{OP}-}{n}=\frac{R_{1}^{2}-r^{2}}{(R_{1}^{2}-2R_{1}rcos\theta+^{o}r^{A})^{\frac{n}{2}}}$

is a regular function of $r$ fo$I|r|<R$ . Let $Q_{0}$ be a point on $S_{1}$ and $P$

vary on the segment $OQ_{0}$ , then $u(P)$ is a regular $f\llcorner,nction$ of $rfor|r|<R_{1}$ ,
whicl] by the hypothesis, vanishes for $ 0\leqq r\leqq\rho$ , hence $u(P)=0$ for
$0\leqq r\leqq Rl$

’ so that $u(P)$ vanishes OI1 the segment $OQ_{0}$ and since $Q_{\cup}$ is arbitrary,
$u(P)\equiv 0$ in $\Sigma_{1}$ . Hence for $R_{1}\rightarrow R$ , we have $u(p)\equiv 0$ in $\sum_{1}q$ . $e$ . $d$ :
Flom this we can deduce the following

Lemma 2 Let $u(P)$ be $ha/monic$ in a domain $D$ and if $u(P)\equiv 0$ in a
parlial domain $D_{1}\subset D,$ $t/\iota enu(P)\equiv 0$ in $D$ .

Theorem 1 Let $\Sigma$ be a $sp_{1}^{r_{l}}ere$ and $E$ be a closed set in $\Sigma$ . Then $m$ general
$\sum-Econs\iota sts$ of’ at most $cou$nlal le number of $COJ^{\prime}npom\cdot n\Gamma sD_{i}$ . Suppose $tf_{l}atth_{l}re$

exists in each componet D. a positzve harmo$mc$ function $v_{i}(P)$ , suck $tha^{f}$

$\lim z\prime i(P)=+\infty$ , when $P$ tends to any bouudary point of $D_{i}$ , whicli belongs to $E$ ,
$t/\iota en$

(i) $\Sigma-E$ is coimected, so tiiat it consisls of only one component.
(ii) $L^{\rho}tS_{F_{J}}$ be tlze part of $E$, which lies on $t/\iota e$ boundany $S$ of $\sum,$ $t/len$

$S_{F}$ is of $su$ face measure zero. Hence by Fubini’i theorem, $E$ is of measure
zero, so $t/latE$ has no inner points.

Proof. (i) Suppose that $\Sigma-E$ is not connected and consists of more
than one component and let $D_{1},$ $D_{2}$ be any two components. The boun-
dary point of $D_{1}$ belongs to $S$ or $E$ . If all its boundary points belong to
$E$ , then $ v_{1}(P)\equiv+\infty$ in $D_{1}$ , which is absurd. Hence $D_{1}$ has a boundary
point on $S$, so that if we denote the part of the boundaly of $D_{1}$ , which
lies on $S$ by $S_{J}$ , then $S_{1}$ has an inner point on $S$ . Similarly the part $S_{2}$
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of the boundary of $D_{2}$ on $S$ has an inner point on $S$ .
We put

$u_{1}(P)=\frac{1}{RS_{n}}\int_{Sa}\frac{R^{o}-\overline{O/3}2}{\overline{PQ}^{n}}d\sigma_{Q}$ ,

then $u_{1}(P)$ is a bounded harmonic function in $\Sigma$ and $u_{1}(P)=0$ on $S_{1}$ .
Let for any $\epsilon>0$ ,

$\Phi_{e}(P)=u_{1}(P)-\epsilon v_{1}(P)$ ,

$t1_{1}en$ since $z/_{1}(P)_{0}\geqq 0$ , we have $\Phi_{s}(P)\leqq 0$ on $S_{1}$ and since $u_{1}(P)$ is bounded
and $\lim v_{1}(P)=+\infty$ on $E$, we have $\Phi_{e^{(}}P$ ) $\overline{=}o$ on $E$ , so that by the
maximJm principle, $\Phi_{e}(\rho)\leqq 0$ in $D_{1}$ , hence for $\epsilon\rightarrow 0,$ $u_{1}(P)\leqq 0i1D_{1}$ .

$S$ imiarly considering $n_{1}(P)+\epsilon v_{1}(P)$ , we have $u_{1}(P)\geqq 0$ in $D_{1}$ , so that
$u_{1}(P)\equiv 0$ in $D_{1}$ , hence by Lemma 2 ?/1 $(P)\equiv 0$ in $\sum$ , which is absurd,
since $u_{1}(P)$ tends to 1, $whe\downarrow 1P$ tends to an inner point of $S_{2}$ . Hence
$\Sigma-E$ is connected.

(ii) $S$ uppose that $S_{B}$ is of positive surface measure and put

$u(P)=\frac{1}{RS_{n}}\int_{s_{F_{J}}}\frac{R^{2}-\overline{OP^{\prime}}}{\overline{PQ^{n}}}d\sigma_{Q}$ ,

then $u(P)$ is a bounded harmonic function in $\sum and$ tends to 1 almost
everywhere on $S_{\Gamma_{J}}$, when $P$ tends to $S_{F\ovalbox{\tt\small REJECT}}$ non-tangentially to S. $B_{\llcorner}1t$ from
the argument itt (i), we see that $?l(P)\equiv 0$ in $\Sigma$ , which is a contradiction.
Hence $S_{B}$ is of surface measure zero. Hence by Fubini’s theorem, $E$ is
of measure zero. q.e. $d$ .

Theorem 2. Let $Eb_{\vee}$’ a $cl/sed$ set $m$ an n-dimensional space and $D$ be
$i_{P^{\iota}}sn_{c}’ i_{>}^{\sigma_{\nu}}’ bonr^{\prime}lod$ . $Snpp_{\mathcal{O}.\nabla^{\ovalbox{\tt\small REJECT}^{\prime}}}t/latt/lere$ exists a positive $ha$ monic function
$v(P)$ in $D-E,$ $s/pchl^{x}/la;\lim r\iota;(P)=+\infty,$ $’\iota\ell/h_{\vee}\ovalbox{\tt\small REJECT} nP$ tendes to $a,ly$ point $af$

E. $LJ^{\prime}\prime t$ $u(P)$ be a $bo^{\gamma}\iota/ldld$ harmonic function in $D-E,$ $t/lenu(P_{J}$ is har-
monic on $E$.
Proof. Let $O$ be a point of $E$ and $\Sigma$ be a sphere about $O$ of radius $R$ ,
which is contained in $D$ . Then by Theorem 1, $\Sigma-E$ is connected and $E$ has
no inner points. We co istruct a Poisson inte, ral witlx $u(Q)$ as its boun-
dai $y$ value :

$u_{1}(/))=\frac{1}{RS_{n}}\int u(Q)S-S_{F_{J}}\frac{R--\overline{OP}^{2}}{\overline{PQ^{n}}}d\sigma_{Q}$ ,
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where $S_{F_{J}}$ is the part of $E$ , $w\}_{1}ich$ lies on $t^{1_{\urcorner}}ebo\cdot\prime \mathfrak{j}\uparrow d^{J}t1^{-}yS$ of $\Sigma$ . $Tfie\urcorner$

$u_{1}(P)$ is a bounded halmonic function in $\sum$ and $lt_{1}(P)=u(P)$ on $S-S_{F}$,
so that $U(P)=u(P)-tt_{1}(P)$ is a bounded ha monic function in $\sum-E$ ,
wbich vanishes on $S-S_{\Gamma/J}$. Hence by the argument of Thecrem 1 we have
$U(P)\equiv 0$ in $\sum-E$, or $u(P)=n_{1}(P)$ in $\sum-E$ . Since $E$ has no inner
points, we can continue $u(P)$ halmonically in $\Sigma$ by $u(P)=u_{1}(P)$ , so
that $u(P)$ is harmonic on $L*^{\backslash }$. q.e.d.
As an application of Theorem 2, we have

Theorem 3. Let $g(\sigma_{1}\ldots\ldots.\sim\sigma n)$ be a $\prime cg\cdot ular$ function of $n$ complex
$v$ar$iabl_{t}s$ in a 2n-/fimensional domain $D$ ancl $p^{\backslash }$ be $t1_{l}e$ mamfold $defin\ell\cdot d$ by
$g(\simeq 1’ \cdot.,?_{n})=0$ . Let $f\{\sigma_{1}\ldots\ldots\ldots,\sim^{\prime}\wedge n$ ) be a $lounde’ dr\ell g/llarf’/nctionirl$

$D-E$ , then $f(z_{1},\ldots\ldots\ldots,s_{n}\sim)$ is $reg$ nlar on $E^{2)}$

$P/^{\prime}oof$. It is evident that $E$ has no inner roints. If we put $f=u+iv$ ,
then $u,$ $v$ are bounded hal monic functions in $D-E$ . Let $|g\cdot(Z_{1}, \ldots\ldots..,2_{n})|$

$\leqq M$ in $D$ , then

$I^{r}’(P)=\log\frac{M}{|g(P)|}$ $P=(_{\sim}\approx)$

is a positive harmonic function in $D-E$, such that $\lim f^{\nearrow}(J^{y})=+\infty$ , when
$P$ tends to any point of $p^{\backslash }$ hence by Theorem 2, $u$ and $v$ are harmonic
on $E$, so that $f$ is regular on E. q.e. $d$

$\iota\$_{1(\supset m}^{\backslash J}$ Theorem 1, we have
$Theor\epsilon m4$ . Let $g(z_{1},\ldots\ldots\ldots,z_{n})bc$ regular in a domain $D$ and $E$ be

the mamfold $de.\beta ned$ by $g(2_{1},\ldots\ldots\ldots,z_{n})=0$ and $\sum$ be a sphere $’\iota vhich$ is
$con$ ained $l\prime D$ and contains points of $E,$ $t/\iota en\Sigma-E$ is connected4) and $S_{E}$

is of surface $m$ as$ure$ zero, rvhere $S_{F_{J}}$ is $thp$’ part of $E$ , whick lics on the
boundary $S$ of $\Sigma$ .

2. Let $E$ be an $(n-2)$ -dimensional manifold in an n-dimensional
$(X_{1},\ldots\ldots\ldots,t^{j}n)$ -space, which is defined by

$x_{i}=\varphi_{i}(tJ’\ldots\ldots\ldots,t_{n-2})=\varphi_{i}(t)$ $(i=1,2, \ldots..,n)$ , (1)

where $\varphi_{i}(/)$ are defined in an $(n-2)$ -dimensional domain $\Delta$ in $(l_{1},\ldots\ldots t_{n-\nearrow\sim})$

-space and satisfy the Lipschitz’s condition:
$|\varphi_{i}(t)-\varphi_{i}(t^{\prime})|=|\varphi(\vee\gamma_{1}\ldots\ldots,t_{n-2})-\varphi_{i}(t_{1}^{\prime},\ldots\ldots,l_{n-1})|\leqq A^{\prime}\sum_{\nu=1}|t_{\nu}-\iota_{\nu}^{\prime}|$ , (2)

3) Osgood: Lehrbuch $d$ . Funktionentheorie $II_{1}$ . p. 191
4) $Boc1_{1}ner$ : Functions of several complex variablcs (1936) p. 194. Lemma,
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where $K$ is a constant and $(t),$ $(t^{t})$ are any two $\Gamma$ oints of $\Delta$ .
I.et

$7/(P)=\int_{\Delta}\cdot\cdot\int\frac{d_{\rceil}^{f}\ldots.d^{\gamma_{n- 2}}}{\overline{P}\overline{Q^{n-2}}}$
(3)

where $P=(x_{1},\ldots,x_{n})$ is a variablc point in thc space and $ Q=(t)=(\varphi_{1}(t),\ldots$

$)\varphi_{n}(l))$ is a point of $E$, then $v(P)$ is harmonic outside of $E$. We will
prove:

Lemma 3 $\lim v(P)=+\infty,$ $’\iota c!he/\iota P_{l6’/l}ds$ to any point of $L\prec^{\backslash }$.
Proof. In the proof, we denote constants by $K_{1},$ $ I\zeta_{2}\ldots\ldots$ .
Let $Q_{0}=(l^{0})$ be any point of $E$ , thcn by (2),

$\overline{PQ}^{\underline{o}}\geqq\overline{(P}Q_{0}+\overline{Q_{0}Q})^{2}\geqq=K_{1}(l^{\prime}o,+_{\nu}^{n_{\frac{\overline{y}^{2}}{=1}}}(t_{\nu}-l_{\nu}^{0})^{2})$

where $r=\overline{PQ_{0}}$ .
By putting $r\tau_{\nu}=t_{\nu}-t_{\nu}^{0}$ , we have

$’’(P)\geqq K_{2}n-2\int_{\sum_{\nu=\iota}}\cdots\int_{\tau_{\nu}^{2}\leqq\frac{\delta^{?}}{r\sim^{)}}}\frac{d_{\mathfrak{r}_{1}}}{(1+\sum_{v=}^{n-}}\frac{d\tau_{n-0}}{1^{\prime n-\underline{\cdot J}}\sim_{{}^{t)}\nu}^{2}}$

where we take \‘o so small that $\sum_{\nu=I}^{n2}(l_{\nu^{-r_{\nu}^{0})^{\underline{o}}\leqq\delta^{o}}}^{\iota}\lrcorner$ is containcd in $\Delta$ .
Let $ n-\sim\sum_{\nu=1}^{o}\sim_{\nu^{\underline{o}}}=_{I^{\prime\prime^{\underline{0}}}}\tau_{v}=u_{\nu}\rho$ , then it is easily seen that

$v(P,)\geqq K_{3}\int_{1}^{\delta}’\frac{\rho^{n-3}d\rho}{(1+\rho^{\underline{0}})^{\frac{n-2}{2}}}\geqq K_{\triangleleft}\int_{I}^{\frac{\delta}{r}}--d_{I^{\gamma^{I_{)}^{\prime}}}})=K_{4}\log\frac{\delta}{r}$ ,

so that $ v(P)\rightarrow+\infty$ , for $F\rightarrow Q_{0},$ $q$ . $e$ . $d$ .
From Theorem 2 we have

Thcore $m5$ . Let $E$ sa $Jr_{\dot{l}.\backslash }fy$ the conclitio $ll$ of lemma 3 and $u(P)$ be a
bounded harmonic $f7l\prime ict$ on $\iota n$ a neighbourhood $()fE$, then $u(P)$ is harmonic
on $F_{\vee}$.

Theorem 6. Let $f(2_{\mathfrak{l}},\ldots,z_{n})b_{-}$, a $\iota_{0\iota/n’/edrc_{\mathscr{S}^{7/l_{\Omega}rfi//;clionof’ lCO7Jlplcx}}}$

variables in a neighbourrliood of a (2n-2)-dim-nsional $ma/nfol_{\mathcal{L}}lE,$ $\tau vhich$

satisJies the condi.$x_{lOl}$ of $L?mma3$ ($\tau vith2/l$ instead of n), lhen $f(z_{1},\ldots,\approx n)\iota s$

regzdar on $L^{t}$ .

Mathematical lnstitnte, Tokyo University.
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