SOME PROPERTIES OF A’ RIEMANNIAN SPACE ADMITTING
A SIMPLY TRANSITIVE GROUP OF TRANSLATIONS®

BY

Yosio Mutd

In the present paper we first consider (§1 and §2) some properties of a
simply transitive group of translations, or of transformations whose constants
of structure are skew-symmetric in three indices or can be made so by a
suitable choice of fundamental vectors Er. In later sections we then consider
some properties of a Riemanniin space admitting a simply transitive group of
translations and state for example the following theorem: A Riemannian
space 17, which admits a semi-simple simply transitive group of translations
G, admits also a group of mnotions G, which is commutative with G,. It
should be mentioned that we are dealing with local properties only.

§1. The simply transitive group of translations

Let us consider an z-dimensional manifold 17 and a simply transitive group
G, on I/ whose fundamental vectors are denoted by Er. For convenience
we shall use small Latin letters for the indices of vectors and tensors in the
vector space associated with the group and Greek ones for the indices in /.
Both letters take on the values 1, 2, -, #.

The vectors £* satisfy equations®

(1) b~ BE,. = CrE

where C:;d are the constants of structure.

A Riem.nnian metric will be introduced in the manifold 17 by putting
(2) fy, = E4E Co,
where £2 are defined by

(hence EAEP = 89

'\
“a"u "

(3) FrEa— 5

*)  Received in revised form, November 22, 1950
1) We adopt summation convention,
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and Cu is a symmetric tensor of rank # in the vector space. The contravariant
fundamental tensor g+ is then given by

(4) g’\i& = gzgg-c‘ab

with Ce satisfying Cay C? = 2.
As the numbers C® are constants, we can get the following theorem by
making the Lie derivative? of (4) (see [3]):

Taeoreym L. The necessary and sufficient condition that a simply transitive
groud becomes a Jroup of translations is that we can find ost a symmetric matrix
WCI of rank n which satisfies the equations

(5) CorCow+ Cypy Cor = 0,
In this theorem we may replace (5) by an equivalent condition
(5) Ci7 Ca+ Cii# Cra = 0.

Now we can replace the vectors £ "by any linear combinations of them
with constant coefficients, and to do so is‘the same as to make a linear transfor-
mation in the vector space associated with the group. If the new constants
of struc:ure satisfy C.2+ C b =0 after such transformation, we write them
as Cupa and say that they are skew-symmetr c®. Evidently, the constants
of structure of arLy simply transitive group of translations can be made skew-
symmetric by a suitable transformation, for we need only to bring Cs to the
canonical form 8.

With the skew-symmetric Caua we get

C ady nyz Cbzy
= Cdyx Craz Cbzy - Cyax dez C bzy
=2 C, axy bez C. dzx

by using Jacobi’s relation. We see that this expression is skew-symmetric
with respect to 4z and § and hence get the relation

(6) Cadx th + dex Gxa =0
where G is defined by

2) See reference [4].

3) By Catc we do not mean the quantity C;;¥ gxc With gap = — C;3¥ ng:”. But on the
othzr hand we see that we can a_l_ways take skew-symmetric constants of structure for
a semi-simple group.
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( 7) Gab == Caxy bexc

If the group is semi-simple, the rank of Gu is # and we can take Ga as Cau
in (2), for (6) is then equivalent to (5). Then we get

(8) Ruw =—}1—Gab!§gff

by calculating the curvature tensor. Thus we have the

Tueorenm IO, If a space V" admits a simply transitive group of transformations
which is semi-simple and hence has skew-symmetric constants of structure (or has
constants of structure which can be made skew-symmetric by a suitable transfor-
mation in the vector space associated with the group), then we can find a Riemannian
metric such that the group becomes the group of translations and the space is an
Einstein space.

§2. Decomposition of the group

Now let us consider an orthogonal transformation in the vector space
(9) nh = PxE, 7t = QhEx,

where the coefficients satisfy Pr Qb = &, P Qs = &* and P* = Qa.  Then the
a X a a 2 y a x
constants of structure are transformed into K34 = C;z Pz Py 04, which will be

easily found to be skew-symmetric with respect to 4, » and 4.
Let

(10) &= Ca Eﬁ ‘EZ

be a tensor such that G, is the group of translations with respect to this
metric. Then we get (5) which will become by the orthogonal transfor-
mation (9)

(] 1) I\’,arlx Kxb + Kbdx Kxa =0

with Ku = Pz Py Cyy. The indices are lowered, for the constants of structure
are assumed to be skew-symmetric and the transformation (9) is orthogonal.

We can find an orthogonal transformation that makes the matrix 1Kl
diagonal, that is,

4) See [3]. See also the related theorem of Cartan and Schouten, [1], [2] p-206, (4]
P 24, ‘
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(12) . Kap = Ka 8ap,
and in this case we get from (11)
(13) Kara (Ks — Kj) = 0.
If the eigenvalues K, are not all the same, we may put
K, =K; = =K, Kp = Kp+1, Kp+2, =5 Ko
Then we get from (13)
(14) Kara = Kapp = Krga =0

where the indices run as follows: A4, B, . =1, 2, -, p PO - =p+T,
p +2, -, n. (14) means that the group G, is not simple. Hence if the group
is simple we get

(‘a h = Csah

as long as C, satisfies (5). As G, satisfies (6) we get Ga = G&u. Accordingly
we have the following theorem:

Tueorex UL If a simply travsitive group G is simple, there is essentially
only one Riemannian metric with respect to which the greud ic a group of trais-
lations.  The space is then an Finstein space.

When the constants of structure are skew-symmetric it is evident that
Ca» = Sw satisfies (5). Hence the group is a group of translations with

(15) &, = CZ E7Ex

as the fundamental tensor. Let us consider that the group is a group of
translations with respect to the metric

(16) &, = CwEoE?

too. Then after an orthogonal transformation that makes Ca diagonal, we
get the equations having the same form as (13).  Hence if (16) is essentially
different from (15), we must have (14). We can now use again the letters C
and ¥ instead of K and » and write (14) as

(17) Carai = Capp = Croa = 0.

Tt will be easily found that on account of (17) we can find out a coordinate
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system satisfying the condition

B2 = E8 (s, s ), £z =0,
'5:; = 0) E; = ‘i:;t; (x{)_'le Tty x")

(18)

where the indices @ and » are used for the manifold 7 and take on the
values @« =1, -, p; = =p+1, -+, n. (18) means that the group and the
space are decomposed simultaneously. Hence we get the

‘Tueorem IV. If a simply transitive group of transformations G, with skew-
Symmetric constants of structuve admits two or more esientially different Riemannian
metrics with respect to which G, becomes a group of translations, then the gromp
and the space are simultanconsly decomposed into Gy x Gunop and 1V p x Vau-p.

If the group is not semi-simple, one of the igenvalues of G, is equal to
zero. If Gayo =0 we get Cua =90 from X, Cuy Cayy = 0. Hence a simply
transitive group which is neither Abelian nor semi-simple and has skew-
svmmetric constants of structure has the matrix 1Gwl with eigenvalues not
all the same. On the other hand the equations

Cadx Xxb + dex Xm =0

are satisfied with "X, = 8,, and X,, = G.;, and this fact leads to the con-
sequence that G, is decomposable into G; x Gup.
Performing such decomposition as far as possible we get the

Tueorem V. The Ricmannian metric that makes a simply fransitive groap
G with skew-symmetric constants of structure a group of tramslations makes the
space V' an Einstein space or a product of Einstein spaces. The group Gn is a
simple group or a direct product of simple groups.

The latter part of the theorem follows from the fact that a semi-simple
group is a simple group or a direct product of simple groups.

§3. A one-parameter group of motions in a Riemannian space ad-
mitting a simnly transitive groun of translations

In preceding sections we considered some properties of a Riemannian
space admitting a simply transitive group of translations G,. In deriving
the first theorem we used the property of a group of translations that the
ciuantities defined by

gub = g}\‘u, Ez)z\ EI’:
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are constant, see (2] p. 212, [4] p. 32. As we consider that the group is
simply transitive we can find the vectors %2 and a tensor g# in the vector

space associated with the group such that ) 52 = 82, gab = £2 £0 ghe, ga® gy = 82
and £2 = gab gy, Ei

We can add here some relations which can be obtained from (1) and the
fact that a translation is a kind ‘of motions, that is, £ satisfy Killing’s

equations®
Enu EQ;» + &y —2;# =0,
which give on account of preceding relations
FLE) +ELEN =0,

Then we get the equations
n — 1 7
(19) Ea Eg -2 Cab E:);’

which are the bases for deriving the curvature property of the space, see
[37.
Now, let us consider that the vector

(20) ) = hx B
defines a motion in the space. We get from Killing’s equations the equations
(21) (o By + hep E2) g, = 0.

If we further assume that the vector £} and the vectors ZA coniointly are
the fundamental vectors of an (» + 1)-parametcr group Gui1, We get from
Jacobi’s relations

Gt Gt + P G+ €2 Gy = 0,

Cir G+ G+ Cr G+ G G0+ R G + G2 G = 0,
Cr C(-);’ +CFC 2+ C;;f Cd+ Cf C;(')d -+ C‘(;;" C;it =0,

Cor Gl + G G + G G = 0

a

We must put Ci0=0 for G, is a subgroup of G,r1. Then a solution is
obtained by putting

5) A semi-colon means covariant derivation with respect to the metric gj,.
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(22) Cr=0Cy=¢r=0

which means that the group G,’ generated by £) and the group G, are com-
mutative.
The Lie derivatives of £) with respect to the group G.s1 are given by

XoEy = Co 8y + CxE,
which vanish on account of (22). On the other hand we get from {(20)
X By = (Xah?) BX + h* X, 8%
= (Xt + C; 2 h¥) E).
Hence A2 must satisfy the differential equations
(23) Xohb = = Cohx

It will be easily understood that (23) is just the necessary and sufficient
condition that #A define a group of motions and that this group and G, are
commutative. For if we multiply the left hand side of (21) by £ £« and con-
tract we get X h* gor + X, h* g Which vanishes on account of (23) and (5').

£ can not essentially generate a group of translations, for we get from

(g &) E:); vE =0 and (20)
Xb (g)\p.u E; E:hx) = Xb(gax hx) = gaxXb =0

which imply that 4e be constant. Thus we have the

Tueorem VI. A4 Riemannian space V. admitting a non-Abelian  simply
transitive group of translations G, admits also a one-parameter group of motions G'y

such that Gn and G'y are subgroups of a group Gni1 = G'y X Gy

§4. The group of motions containing the group of translations

Now let us assume that the rank of the matrix 1C::2i where x denotes
the rows and ¢ and ) the columns is p. Then the set of equations

(24) Clur=0
has #—p independent solutions

(25) w=Ci (P=p+1,,1)
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where C’s are constants, and we can find out p independent non-constant
solutions of (23),

(26) hx. (A = 1) 2 vy p)

A

If we make new symbols

(27) }’A = hi Xx
we get
(28) [Ya, X,1=YuX, - X.Ya=90

on account of (23). Furthermore we can obtain

(29) [(Ya, Yl =he ko Cr? Xa+ (h X, Ho) Xo
| — (b X ha) X,
= — he B C:+2 Xa.
where
(30) he Hy Coit = T

is again a solution of (23). Hence we can put

(31) Wop = = Dty = = Dyghy = Dy C%
with constant D’s, and get
(32) (Ya, Y1 =Dy2Yp + Dy Ct X,

For symbols X, and Y4 together Jacobi identitiés are satisfied and they
make a group. If the group G, is semi-simple (24) has no non-zero solution
as we get

Cow gt = = g = .
Besides we get (Y4, Y] = D72 Yp. Thus we have the

Tueorem VI A Riemannics space admitting a simply transitive group of
translations G, admits also a groap of motions Guip, cnd G, is an invariant
subgroup of Gu.p. P is such o numhes thai n—p is the number of independent
solstions of (%).  Especially when G, is semi-simple, p=n and the group Guin is
the direct product of G, (translations) and G,' (/;/01‘/'0;1})‘ '
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* . . . . .
Next, let us consider that G, is not semi-simple. I: was stated in §1
that we can choose the fundamental vectors so that the constants of structure
are skew-symmetric in three indices. Then the set of equations

C.udx Xxb + dex Xxu =9

has two essentially different solutions X = 8a and Xu = Gus, and the group
is decomposed.  After performing the decomposition as far as possible, we
find that G, is the product of several semi-simple (simple) groups of parameters
at least three and #—p one-parameter groups. Thz product of the former
groups is also a semi-simple group anl the product of the latter is an Abelian
group. As the space 17, is also simultaneously decomposed we have the

Tueoren VIIL. A Riemannian space V', admitting a simply transitive groap
of translations G. cdmits also a group of motions G', commutative with G, if G,
is semi-simple, o7 if V' is not a direct product of c one-dimensional Riemannian
space and an n—1-dimensiozal Riemasnian space. If V', is a direct product of n—p
one-dimensional spaces ani a 17, which can not be decomprsed into a one-dimensional
space-and a V p—1, then it admits a group of motions G’y commutative with Gy.
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