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1. Let f(x,y) be integrable in the square | x| ==, |y| ==, let its Fourier
series be

oo"

( 1 ) Z Z Cm,n ei(mz+ny) >
0 N=—eo

m=— =

where

Con = (2_7%-_)2 jilf_nf(x’y)e—i(mz+nu) dx dy ,

and let its (s, n)-th partial sums be
m

n
sm,n(xyy) = Z Z Ck_,e“""””) .

k=-ml=-n

J. Marcinkiewicz [1], G. Griinwald [2] and J. G. Herriot [3] considered the
summability of the sequence

(2) {8, (2, )}
and obtained the following Theorems A and B.

THEOREM A. If flx,y)e L (p> 1), then

lim H,(x,y) = 0 almost everywhere,

n—reo

and
[ [ e yydeay=a, [ [ 1p@niracay,

where
1 1/2

Hy@y) = (51 X Isea@o) = f@l?) |
k=0

n+1 =
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and
H¥*(x,y) = sup H,(x,y).

THEOREM B. If flx,y) € L, then

limo,(x,y) = flx,y) almost everywhere,

and for any t >0

oy nl= [ [ feyidedy,

where

n

1
O'.,,(x,y) = n+1 Zsk,(kx,y) ’
k

=0

and

o*(xr,y) = sup Lo, (L, )]

When @(x,y) € L has a Fourier series of power series type, i.e.

P@3) ~ LT e e,
=0

k=0

we denote its partial sums by

m n
tm,n(xyy) = chk,lei(szrw) s

k=0 1=0
its (C,1,1) means by
1 m n
T, y) = m : g l:zo i, (x,y),

and we put

w — AT
T%(x,y) — (nzﬂ) ‘tn,n(x7yzl+{z,n(x’y)i ) i
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Then we have the following theorems.

THEOREM 1. If @(x,y)log*|@(x,y)| € L and its Fourier series is of
power series type, then we have for r =2

i) ([ [ wrwmraray)”

-7 -

éAu,Tf_zf_ |p(x, ¥)|log* |p(x, y) | dx dy+ A,,, 0<p<1.

@ [ [ ey aray

=8 [ [ 1pwyllog' lpte, )y dedy + B..

THEOREM 2. If f(x,y)< L, then we have

limv,(x,y) = flx,y) almost everywhere,

and
A T T
(@ >l <2 [ [ fayldedy,
where
=17, 0<k=1,
1 n
D) = 5T 2 Sl ),

and

V¥ (x,y) = sup |7a(x, )] -

This theorem is due to G. Maruyama [4] in one variable case.

2. To prove Theorem 1, we need several lemmas.

LEMMA 1. Let fo(x) € L, and let its conjugate function be ﬁ(x) Then
we hque for r > 1
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[ (S TFwr) @

153
=a.([ (zir@r)

1/r

(i) f(z F@)) da

/T

n
dx) , O<pu<l.

1/r 1/r

=4[ (Zi@1) e (Sin@1) o 4.

This is known, see G. Sunouchi [5].

LEMMA 2. Let f,(x)e L, and let the k,th partial sum of its Fourier
series be s, . (x). Then we have for r > 1,

[ (Sisr)

/r

= an([ (S 1r1)

" :
dx) , 0<u<l1,

yr

@ [ (St de

1

=af (Tir@r) o’ (Sir@r) dera;.

This is derived from Lemma 1 in the usual way.

LEMMA 3. Let ¢p(z) = D_c,2", 2=p€'®, be regular in the interior of a
n=0
unit circle If we put

g0 = ([a-pr1g@Irds)

then we have for r =2

[ g@yar=a, [1¢e9)r e, p>1.
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This is due to G. Sunouchi [6].

LEMMA 4. Let ¢(x)c L have a Fourier series of power series type, i.e.

(3) plx)~ > c, e,

We denote the partial sums and (C,1) means of (3) by t,(x) and 7,(x),
respectively. If we put
1/r

then for r =2, we have

J 4 \’1/;1. T
(i) S w@rar =a.f @i

(ii) f;lT*(x) dr<B, f lp()llog* [ @(@)| dx + B;.

This lemma is proved by the same way as in A. Zygmund |7 ; p. 237-239)]
with exponent 7 = 2, using Lemmas 2 and 3.
Now after J. Marcinkiewicz [1], we can prove Theorem 1. We have
tﬂ,?l(x’y) - Tu.n(‘r’y) = t7l(1){t7l(2)(¢) - Tll(z)(q))}
+ Tn(Z) {tn(l)(¢) - Tvz(l)(‘p)}
= L(z,y) + J.(z,),
where, in general, £,‘°(¢) or 7,°(g) means the partial sums or (G, 1) means
of Fourier series of g(x,y) considered as a function of x only for any fixed

v, respectively. £ (g) or 7,”(g) means those of y only for any fixed x,
respectively. Then we have by Lemma 2 (i) and Lemma 4 (ii)

([ ] (s aea)

T [ o 1/r \
< @ [ {Am | (Z 4D(@) — ()| /(kt 1>) dz dy
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= A [ [ 1@ yitog| gy idedy + 4,

Concerning J,, we have a similar calculation.
The proof of Theorem 1, (ii) is similar to that of above and we may
omit it.

3. We now prove Theorem 2. We may suppose that 0 << 2 < 1, because
that the case 2 = 1 of Theorem 2 was proved by G. Griinwald [2]. We have

1 n
(5) 'yn(x, _')/) T a1 kgo sm,m(xvy)
1 [ 1
= ——2f f(x+u,y+v)[ }D"(u,v)dud-v,
T dxd o 4(n+1) sin-%- sin 2
2 2
where
D,(u,v) = 3 sin (pk + %) u sin <pk. -+ % )'v .
k=0 “ ~
We consider two functions of a variable s such that
1 . .
ns)=p + o5 for i=s<i+ 1,
(6) 9:(8) = @iy + 1+ (s—i=1)(qis,—q:) for i=s<i+1,

where
g, =1, 0<k<1.
Then we have
nt1
D,(u,v) = j; sin(g,(s)z) sin(g,(s)v) ds .
If we put

n+1

5n(u, V) = j; sin(g.(s)%) sin(g(s)v) ds,
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then
Vol Ly y) = — [ flx+u,y+v) [ D, (u, v) ] du dv
7 ., 4(n+1)sin-%sin -2
2 2
. %f f f(x+u,y+v)[ D, (u, v)— D,(u, v) }du dv
i ndn . u . v
4(n+1) sin——sin——
2 2
(7) = 7Pz, 9) + 1Dz, ).

To estimate the last expressions we need the following lemma and some
calculations.

LEMMA 5. If f(x,y)< L, then we have the inequalities

o*(x,y) = A(f¥(z,y) + ¥z, ),

and
ran>al =2 [ [ fayldzay,
(>l =2 [ [ fzpldzdy,
where
fH@y) = suplfil@) 28], s =0, %1, %2,
FrH(z,y) = sup{fi*(2,9) 278}, 5= 0, %1, %2,
and

y _ 1 ah [IL
Salx,y) = sup o f_am_h | flx+u,y+v)|.dudv,

h+v

ah
fix(x,y) = Sng?ZC%}L?[ahdv | flx+u,y+v)|dudv.

—h+v

The proof of this lemma is found in G. Griinwald [2].
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Now we estimate 7,®(x,y) in (7) first. We have

D, (u, v) — 5,,(u, v) = j:{'sin (g:1(5) @) sin (g,(s) v) — sin (g2(s) %) sin (¢5(s) v)} ds

= — fo ?gg(S) — ¢:(8)} {u cos (&(s) w) sin (§(s) v) + v sin (E(s) ) cos (E(s) v)} ds ,
where
:1(8) < E(s) < go5) »

and from (7) we have

n+1

1@ = 747 [100 = g@ds [ [ 1 sy

» | cos (£(s)w) sin (£(s)v) + v sin (E(s)«) cos (&(s) v)| du do

’4sin—zg—sin%’

’ n+1
= 4

= A7 [r@nas

(8) = A" (%),

since ¢,(s) — ¢i(s) is bounded from the definition (6).
Finally, to estimate 7,‘”(x,y), we proceed as follows. From (6) and (7)
we have

n+1

Dy, v) = % f [cos{ga(s)(eu—2)} — cos{gu(s)utv)}] ds

i+1

= ’%—an[COS{Q£+1+1+(5—i_ 1)(gin—g)}(u—v)

i=0 V1

— cos{gu+1+(s—=1)gi —g)}(w+v)lds

_ ‘1—”2{ sin (¢iv1+1)(w—v) — sin (¢, +1)(u—v)
T2 (@i —g)(u—v)

i=0

_ sin(gin+1)(@+v) — sin(g, + 1)(u+v) }
(@i —q:)(u+v)



158 H. WATANABE

by partial summation

sin (g4, +1)(#—v) — sin(q,+ 1)(x—v) A( 1 )
u—v 9iv1— g

sin (g4, +1)(u+v) — sin(g,+ 1) (u+v) A < 1 )
u+v qiv1— 4G

1 sin(@u+1)(—v) 1 _ 1 sin(gutD(m+v) 1
2 u—v Gni1—Gn 2 u+v Qni1—4n

’

and we have

= 1« { sin (¢, +1)(@=v) _ sin(gun+1)(z+v) f ( 1
B = L  singg (L)
(@, v) 2 g u—v u+v qi1—q;
1 [sin(go+1(w—v)  sin(g,+D(u+v) = ( 1 )
(9) 2 1 u—v u+v };A qir1—q:
1 [ sin(gu+D@—v)  sin(gu+D@+v) } 1
+ = - :
2 u—v u+v Qni1—4qa
If we put

1
8(n+1) sin_’zf_ sin %

mwy =5 [ [ rereyro

y [ sin(n+1)(u—v)  sin(n+1)(u+v) ldud-v
u—v u+v )

and
¥ (x,y) = sup | .z, 3|,

then we have from (9)

1 n—1~ 1
) == ; —
1@ ) = iy | @@+ DA ()
n-1 1 1
_'~o+ X, +1 A(—_>+~+Ix’ n+ +1 ————-————_‘
Gao1(, Y)(Qo );:2 2izq ) T Cun@N G+ ) =
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and

n-1

7, Oy =¥ y) ‘Z(‘l”l“) A q)’

S i=0

n-1

D S
dn+1—4n -‘ '

+ (g,

1
A< ) + (g +1
qdiv1— 4 ’ (@ne )

It is easily seen that the expression in the bracket is finite since ¢; = ¢*
0 < k<1, so we have

(10) 7.0z, )| = Ao¥(z,y) = A o¥(x,y),

since a,(x,y) is essentially equal to

1 ([ 1
o (x,y) = s f f flr+u,y+v) » -
I 8(n+ 1) Sin~2— Sin 7—

<

X { sin(n+1)(x—v) _ sin (n+1)(u+wv) dudv .

u—7v u+v

2 sin 2 sin

Combining (7), (8) and (10) with Lemma 5 we get the inequality

7z, 3) = A{f*¥(x, ) + (2, )}

And finally we have, again by Lemma 5,

L {v¥(x,y) >t} = f;ij:zf_l\f(x,y)ldxdy-

The convergence almost everywhere of v,(x,y) to f(x,y) is derived from
the above inequality by the usual way. Thus we complete the proof.
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