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1. Let f(x,y) be integrable in the square \x\ :g 7r, \y\ ίg 7r, let its Fourier
series be

where

(27Γ)" J-τr.J -π

and let its ( /z, ;/)-th partial sums be

•»«• n

J. Marcinkiewicz [1], G. Grϋnwald [2] and J. G. Herriot [3] considered the
summability of the sequence

( 2 ) {Sn.n(x*y)}

and obtained the following Theorems A and B.

THEOREM A. If f(χ,y)zLp (p> 1), then

lim Hn(x,y) = 0 almost everywhere,

and

f f {H*(x,y)}»dxdy^Ap[ ί \f(x,y)\» dxdy,
J -TCJ -it J -πJ-π

where

/ i n \ 1/2

Hn(x,y) =
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and

H*(x,y) = sυpHn(x,y).

n

THEOREM B. Iff(χ,y) z L, then

\imσn(x,y) = f(x9y) almost everywhere,
π->oo

and for any t > 0

f \f(x,y)\dxdy,

where

and

σ%r, y) = sup | σn(x9 y) \ .
n

When φ(xyy)ζ L has a Fourier series of power series type, i.e.

we denote its partial sums by

m n

/ . / . ck.l
fc=0 1=0

its (C, 1,1) means by

1 m n

TmfU{X,y) — —( i-r-7 rτ~ 2^ 2^ tk,ι\X>y) >

and we put
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Then we have the following theorems.

THEOREM 1. If φ(x,y)\og+\φ(x,y)\ £ L and its Fourier series is of
power series type, then we have for r §Ξ 2

(i) (/ J ^{T*{x,y)Ydxd

^Aμ,rf ( \φ(x,y)\log+\φ(x,y)\dxdy+Aμ,,, 0 < μ < l .

(ii) [ f {T*{x,y)}dxdy

^Br( ί I φ(x, y) I (log+1 φ(x, y) \ )2 dx dy + B'r.

THEOREM 2. Iff(x,y)z L, then we have

lim Ύn(x,y) =f(x, y) almost everywhere,
n—»co

and

\{y*(x,y)>t}\<^-( f \f(x,y)\dxdy,
t J -7CJ -X

where

Pn = [nk], 0 < k ̂  1 ,

1 n

vn(χ,y) = zrrr Σ sPmtJm{χ9y)9

n~r L m=0

and

\Ίn(x,y)\ .
This theorem is due to G. Maruyama [4] in one variable case.

2. To prove Theorem 1, we need several lemmas.

LEMMA 1. Let fn(x) <= L, and let its conjugate function be fn(x). Then
we have for r>X
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vμ/r

^Aτ\ (Σl/»(^)lr) i°g+

This is known, see G. Sunouchi [5],

( ) '

LEMMA 2. Let fn(x) € L, ίz/2(i / ^ the kn-th partial sum of its Fourier
series be snfίCn(x). Then we have for r > 1,

^ Ar,M (/ ( Σ 1/-̂ ) V) dx\ , 0 < M < 1,

This is derived from Lemma 1 in the usual way.

CO

LEMMA 3. Let φ(z) = ^cnz
n, z=peίx, be regular in the interior of a

71 = 0

unit circle If we put

}
then we have for r §: 2

fφ(eι*)\»dx, p>\.
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This is due to G. Sunouchi [6].

LEMMA 4. Let φ(x)z L have a Fourier series of power series type, i.e.

oo

( 3 ) ^ - Σ ^ ^ '

We denote the pa?~tial sums and (C, 1) ?nea?ίs of (3) by tn{x) and τn(x),
respectively. If we put

then for r ^ 2, we have

(i ) {/ (T ίΛr))"dx^ " ̂  Ar,μ Γ Iφ{x)\dx

(ii) f Γ»(x) dx^Br [ I<p(.r)I log+1 «p(x) I Λc + Br.

This lemma is proved by the same way as in A. Zygmund [7 p. 237-239]
with exponent r ^ 2, using Lemmas 2 and 3.

Now after J. Marcinkiewicz [1], we can prove Theorem 1. We have

= In(x,y) + Jn(x,y),

where, in general, tk

O)(g) or τfc

(1)(ρr) means the partial sums or (C, 1) means
of Fourier series of g(x,y) considered as a function of x only for any fixed
y, respectively. tk

C2)(g) or rk

i2)(g) means those of y only for any fixed x,
respectively. Then we have by Lemma 2 (i) and Lemma 4 (ii)

2£ (27Γ)1-* f \A^ f ( Σ W(φ) - τ^(φ)\r/(k+l)Xdx dy
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I I φ(x,y) Ilog+1 φ{x,y) \dxdy + Aμ,r.
7tJ -π

Concerning Jn, we have a similar calculation.
The proof of Theorem 1, (ii) is similar to that of above and we may

omit it.

3. We now prove Theorem 2. We may suppose that 0 < k < 1, because
that the case k = 1 of Theorem 2 was proved by G. Griinwald [2]. We have

(5) Vjx,y)=-^ϊΣ,sVt,vJίx,y)

Dn(μ,v)dudv9

where

Dn(u, v) = Σ s i n \Pk + ~w~) u s i n \pk + -s

We consider two functions of a variable 5 such that

(Ji(s) = pi 4- -g- /or i ^ 5 < ί + 1 ,

( 6 ) r/20) = gi + 1 + 1 + 0-z- ϊ ) (q ι + ι -qi) for i ^ s

where

gt = ί*, 0 < * < 1.

Then we have

/iTC + l

7Λ(^, v) = I sin (^(5) u) sin ((7X5) v) ds .

If we put

^ ( M , V) = I sin (gr2 (5) w) sin (,92(5) v) ds ,
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then

Dn(u,v)-Dn(u9v) Ί , ,
— \ d u d v

V JV
sin-^--sin-2 2

To estimate the last expressions we need the following lemma and some
calculations.

LEMMA 5. Iff{x,y)^L9 then we have the inequalities

σ*(x,y) =g A(f*(x9y) +f**(x,y)),

and

{f*(x, y) > t] I :=§ —— I 1 I f(χ, y) \dx dy ,

I {j**(x,y) >t}\^^ ί / \Λx,y)\dx dy ,

where

f*(x,y) = sup{Mx,y) 2Λr) , s = 0, ± 1 , ±2,
S

T v\"/Γf V̂ Λ Λ —— CΛΛ TΛ i t ( Ύ* Λ Λ y ~ o L C I I ϊ • 1 I J m Λ Λ

s

and

y) = S U P T ^ Γ ¥ - / /

f**(x,y) = sup^~p- 1 Jz; / |

The proof of this lemma is found in G. Grίinwald [2],
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Now we estimate Vn™(x,y) in (7) first. We have

Dn(u, v) — Dn(u, v) = I {sin (gι(s) u) sin (g^s) v) — sin (g2(s) u) sin (r/2(s) v)} ds
Jo

/*n + l

= - I [g*(s) - <7,0)} {u cos (ξ(s) u) sin (f (s) t;) + v sin (g(ί) «) cos (f (5) v)} ds ,
Jo

where

and from (7) we have

,y+v)\

u cos (g(^) «) sin (g(5) Ϊ;) + v sin (g(^) M) COS (ξ(s) v) \

4 sin -^- sin
du dv

( 8 )

since gf2(̂ ) — gx(s) is bounded from the definition (6).
Finally, to estimate Ί^(x,y), we proceed as follows. From (6) and (7)

we have

Dn(u,v) = ~2- (u-v)} - co&{g2(s)(u+v)}]ds

= 1 ^ ί sin(g t + 14-l)(^-t;) - s i n ^ + l ) ^ -
2 ft ) ( )
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by partial

!

2

!

2

, 1
+ 2

summation

n-l

n-l

i=0

sii

and we have

3>, v)

If we put

= -

I

1"

y ) -

sin

sin

1 ί
2 I

2 I

1
7Γ2

(# i + 1 + l)(# —

(g i+1-f-l)(w+

+1 + l)(w—v)
u — v

l i ί s in(? ί + H

sin(go + l)(α

u — v

•/ —7Γ»/ — π

x \ —

H.

v ) -
w —

77) -

-1)(

- t ;

— v

)(u —

WATANABE

- sin (#o + l) («

- sin(g o +l)(^

,i-#» 2

w — v) sin

) sin (#0+]

!+!)(«-V)

- v )

+ v)

L)(w+'

w4-?7

1

iin

* ( •

•i)(

y ) )

(«+

sin

sin(/? +

1 \
I

1 \
)

+ l)(«+τ;) 1
+-*> qn+ι-qn

u + v)} ( 1 ^
Γ ΛA 1

V^ Λ 1 1
2^ΔI _ J

} gn + l-Qa

ί)(u+v) } j j
— t du dv

-v u+v ]

and

7r*(x,y) = sup I

then we have from (9)

7l~1 / 1 \ _ 1
1) j Γ Δ ί — ) + σQn^(x,y)(qn+ι + 1) — —

ί = 0 \qi+\~~qi / qn+i~qn
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and

n-l

+ (?. +1) Σ I Δ ( — - 1 — ) I + (*B+1+1)

It is easily seen that the expression in the bracket is finite since qt = ik,

0 < k < 1, so we have

(10) I Ύn

( ι\x, y) I ̂  A7*(x, y)^A o*(x, y),

since σ'nix.y) is essentially equal to

sin

sin(/2-h l)(u — v) sin

x ____.
2sin 2sin

Combining (7), (8) and (10) with Lemma 5 we get the inequality

Ί*(x,y) ^ A{f*(x,y) +f**(x,y)} .

And finally we have, again by Lemma 5,

I {Ί*(x,y) > t] I ίS ~ J J J f{x,y)\dxdy .

The convergence almost everywhere of Ίn{x, y) to f(x, y) is derived from

the above inequality by the usual way. Thus we complete the proof.
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