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1. Introduction. In this note we extend to double sequences certain results
obtained by Lorentz [4J for simple sequences. We begin with the following
summary of the Lorentz results. We recall the existence of Banach limits
LL [1, p. 34] defined for each element in the Banach space (m)x of all bounded
real sequences f= {/(£)} with || / || = supfc| f(k)\. These limits have the
following familiar properties.

(1. 1) L,(α/ + bg) = aUU) + bLx(g), {all real a, b)

(1. 2) Un^O ifallf(k)^0;

(1. 3) U / 0 = Uf) where fx = {f(k + l)j

(1. 4) Lie) = 1 where e(k) = 1 for all k .

If we introduce the positively homogeneous and subadditive functional,

(1. 5) q(f) = inf lim sup ~ Σ / f a + k),
ni,nit...np k p i = ι

for /<= (m)u and set q'(f)=-q(-f\ then the inequality qXf^L^f^qtf)
holds for all f € (m)ι and all Banach limits Lλ. Furthermore, all Banach limits
will coincide at / if and only if q'(f) = q(f). Sequences f satisfying this
condition are called almost-convergent, and we denote the class of all such
sequences by (αc)i. In order that q'(f) — q(f) it is necessary and sufficient
that the sliding (C, l)-means of /,

P i=i

converge uniformly in n as p —> oo. If this condition is satisfied the limit over
p in (1. 6) is equal to Lx(f) for every Banach limit Lx. Finally, any sequence
whatever such that the means (1. 6) converge uniformly is necessarily bounded.

The problem of extending these results to double sequences / = {f'(i,j)}
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is of some interest since a tractable substitute for the dominating functional

(1. 5) must be found. It has been observed by various writers that the rather

awkward expression in (1.5) can be replaced by any one of the following

simpler expressions:

qι(f) = inf linkup -j £ f{n + ί), [3], [5]

?,(/) = lim lim sup - ^ Σ /(« + i), [3], [5]
p n p .

qlf) = inf sup 4" Σ /(* + *") , [2]

g4(/) = lim sup — X; f(n + ί ) , [2] .

With these models as a guide it turns out that the functional,

(1. 7) I\(f) - lim inf lim sup w+SZ5+tί(/)>
JH P,q>M JV ιn,n>N

where,

serves adequately for the generalization of Lorentz's results to the Banach space

(m)2 of all bounded real sequences f= {f(i,j)} with \\f\\ = sup i ; ; \f(i,j)\>

We show first that (1. 7), in conjunction with the Hahn-Banach Theorem, can

be used to extend the functional l i m / = lim^/(/,/) to a Banach limit over

(m)2. This establishes the existence of limits L2 satisfying (1.1)—(1.4) with

the appropriate modifications. Complete analogs of the above results of

Lorentz are obtained, leading to the class (ac)2 of almost-convergent double

sequences. In §3 we show that a certain standard double limit theorem

remains true under the concept of almost-convergence. We also clarify the

connection between {f(i,j)} belonging to (ac)2y and its row and column

sequences belonging to {aό)λ.

2. Banach limits in (m)2. Our results depend on the following lemma.

(2.1) LEMMA. Corresponding to each f £ (m)2, each 8 > 0, and each

pair of positive integers p and q, there exists an index Q = Q(f£,p,q) such

that,
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(2. 2) l im sup m+rZ8

n+s ^ l im sup TO+jZS.α + £ ,
N- m,n>N N m,n>N

(2. 3) l im inf m + ? Z * , s ^ l im inf m + ?Z? i + , - £ ,
i\τ m,n>N N- m,n>N

for all r, s> Q .

PROOF. AS in (2.2) and (2.3) we omit the symbol " ( / ) " following the
Z symbol when the dependence on / is clear. Let r — ap-\-c (0^c<p) and
s = bqΛ-d (0 gΞ d < q). Recalling (1. 8) we have the following decomposition
of the double sum involved.

(A)

α p,d

1 " c «

I - I ί . j - = l

T7 Σ Am + ap+ i, » + bq +j)

Let R stand for the final three sums on the right side of (A). The number
of individual terms composing R is equal to apd+bqc+cd, which is less than
rq 4- sp + pq. Consequently, | R\ < | | / | | (rq + sp + pq)/rs, so that we have
\R\<S for all ?% s exceeding a suitably chosen Q — Q(fyS, p,q). Using this
estimate in (A) we find that,

a b

/ M SUp m + (β-i)p + pZ>n + (v-i)Q+q -h θ ,
mn>N

p m + r n + s j
m,n>N 7"S

^ -^2_ α & s u p m +»Z«+ β + £ ,
7^5 m,n>N

^ sup m +?Z^+ Q + £, (α// r, 5 > Q) ,
τn,τz>iV

since ab ̂  rs/pq. The inequality (2.2) is now apparent, and (2. 3) follows by
applying (2.2) to - / .

The requisite properties of P+(f) are established in the next proposition.
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(2. 4) P R O P O S I T I O N , ( i ) P+(tf) - tP+(f) for all t^O;

(ii) PΛf+g) ^ P+(f) + P+(Sί) for all f g € ( m ) 2 .

PROOF. Since (i) is obvious we proceed to the proof of (ii). Referring
to (1. 7) we see that if £ > 0 is given there exists an index Mo = Mo(£) such
that,

Consequently,

inf lira sup m+lZl+Q (f+g)> P+(f
p,q>Mo JST m,n>N>

lim sup m+jzs+, ( / + g)> PΛf + g) - £,
Jsr m,n>N

and hence,

P+(f + #) — £ < lim sup m+pZt
iV m,n>N ' N vι,n>N

for all p,q> Mo, Now since,

inf lim sup m+%ZQ

n+Q ( / ) ^ P+(f) >
P,Q>M0 W m,n>N

it follows that there exist >̂', q>M0 such that,

lim sup TO+£Zg'+ί, (/) < P + ( / ) + £ .
Λτ< m,n>N

Similarly, there exist f>\ q" > MQ for which,

Hm^up TO+g::zί;β- (g) < P+(g) + «.

By Lemma (2. 1), if p, q > max[M0, Q(f £, p\ q), Q(g, £, p",q")], then,

l i m SUp TO . ζZn+a ( / ) = l ΐ π i SUP m + p''Zn'+q'
iV m,n>N N m,n>N

l im sup TO+?Zj+<7 C )̂ ̂  l i m sup m+$',Z£lQ,> (g) + £ .
iV m,n>lSΓ N m,n>N

An evident combination of the preceding inequalities leads to P+(f-\-g) — £
<P+(f) + 2S+P+(g) + 2β and this is equivalent to (ii).

The next proposition showβ that the class of Ba.nach limits Lz over {m)%

is nonempty.
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(2. 5) PROPOSITION. There exist continuous functionals L2 over (m)2

satisfying the conditions,

(2. 6) Llaf + bg) = aLlf) + bL,(g), (all real a, b)

(2. 7) L2(/)^0 if all βf,j)^O;

(2. 8) L,(/«,) = L2(/) wλm? /„(*,./) = /(£ + u,j + v)

for all positive integers u, v

(2. 9) L2(e) = 1 w&m? e(i,j) = 1 /or αW z'J.

PROOF. For / in the Banach space (bc)2 c (m)2 of all bounded conver-

gent double sequences we define the continuous linear functional lim / as

lim 4 j/(ί,τ). It follows immediately from (1.7) that l i m / = P + ( / ) for all / € (έc)2.

An application of the Hahn-Banach Theorem then yields the existence of

continuous functionals L2 over (m)2, satisfying (2. 6) and the condition,

(2. 10) P_(/) rg L 2(/) ^ P+f/), (all / e (m)2),

where P_(/) = ~P+(-f) = lim sup lim inf m + % U ( / ) H /(ί, j) ^ 0 then
JV p,q>M Λτ m,n>N

P-(f) ^ 0, and (2.7) then follows from (2.10). Since (2.9) is clear it remains

to establish (2.8). In the notation of (2.8) we have,

•j P,Q

»+SZ5+β(/-/io) = τ : Σ [/O + *\ » + /) - Λm + l + i, n+j)],

from which we obtain

The latter implies P + ( / - / l o ) = P-(f~fιo) = 0, and (2.10) then yields L 2(/ l o)

= L2(f). A parallel argument leads to L2(/Oi) ~ L2(f), and (2.8) follows by

induction.

(2. 11) PROPOSITION. 7/2 orofer 2λα£ α/Z Banach limits coincide at f

it is necessary and sufficient that P-(f) — P+(f)

PROOF. Let Λ2 be any continuous functional over (m)2 satisfying the
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conditions (2.6)—(2.9). It follows easily that,

(2. 12) lim inf f(m, n) ̂  Λ2(/) ^ lim sup f(m9 n).
N m,n>N- y m,n>N

For fixed p,q let pZQf denote the double sequence {m+pZn+q(f)}, so that
pZcιf = Xl%ifij/pq, where the fυ are the shift functions of (2.8). Replacing
/ in (2.12) by *Z*/, and observing that Λ2(

PZ«/) - Λ2(/) by (2.8), we obtain,

lim sup m+

p

PZ
Q

n+Λf) ^ Λ 2 (/) ̂  lim sup m<ϊZl+Q(f),
W m,n>N' y m,n>JSr

for all p q. Consequently, P-(f) ^ Λ2(/) g P+(f)> and this proves that the
stated condition is sufficient.

To prove the necessity we suppose that g e (ni)2 — (bc)2 is such that
P-(g)<P+(g). According to the Hahn-Banach construction [1, p. 28] the value
A2(g) of any extended functional Λ2 at g may be chosen arbitrarily subject
to the condition,

(2. 13) sup \PΛf+9) - lim /] ^ A2(g) ^ inf [P+(f+g) - lim /] .
/e(6c)2 /€(6C)S

It is readily verified that P±(f + g) = l i m y + P±(g), so that (2.13) reduces to
P_(flr) ^ Λ2($r) ̂  P+(fif). Hence if P_(ff) < P+(g\ the value of A2(g) is not
uniquely determined, and this completes the proof.

We come next to the characterization of coincident Banach limits in

terms of the sliding (C, l)-means of f

(2. 14) THEOREM. In order thafr PJf) = P+(f) it is necessary and suffi-

cient that,

(2. 15) l im w + J !ZS + β (/) ,
P,Q

exist uniformly for all ra, //.

PROOF. The proof of sufficiency presents no difficulties and it is there-
fore omitted. We remark, however, that the given condition implies that
the value of (2.15) is the common value of P-{f) and P+(/), and therefore
the value of every Banach limit at f

We assume now that P-(f) = P+(f) — /̂  Then for all M we have

sup lim inf m+pZn+Q ^ μ ,
p,Q>M JV m,n>N

inf l im sup m+

p

pZ
Q

n+q ^ μ .
p,q>M W m,n>N
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Hence there exist certain indices ft> q\ fi\ q" for which

(2. 16)

lim inf m+ζ,ZQ

n'+q, > μ — 6,
Λ* m,n>N

l im sup m+f>ZQn+Q" < μ + £•
iV* m,n>N

By Lemma (2.1) there exist Q' = Q(/, 6, />', q\ Q " =•• Q(f, 6, />", g") such that,

lim inf m+%',ZQ

n'+Q, — 6 5g lim inf m + ίZ* + s

Λτ m,w>Λ t iV7 m,n>N

g l im sup m+rZί+M ^ l im sup m4'',ZQ

n'lq>> + ^,

for all r, 5 > Q o = max(Q', Q"). Taking (2.16) into account we obtain,

μ - 26̂  < lim inf m+rZs

n+s ^ lim sup m+rZs

n+s < μ + 26,
iV m,n>N N τn, n>N

for all r, .f > Q(,. Then Ni} = N0(β) exists such that,

μ - 26 < inf m,;Z*ι+s ^ sup m +ίZ*+ s < /i + 26,

which yields,

(2. 17) μ - 26 < w +ί2ϊ+ . < /i + 26, for all r, s > Qo, all m,n> No.

There remains the problem of establishing this inequality, or an equivalent
one, in the following cases: (i) m,n^N0; (ii) m^NQ, n>N0; (iii) m> NOy

n^N0. The nature of the details will be sufficiently illustrated if we conrine
attention to case-(iii). In this case we consider,

(2. 18) *,.;2iίw-»+^.t.i+.= - 7 Σ Σ

Σ

Estimating the right side D we find that \D\ <Ξ 2 || / || (iV0 + l)Λ, so that
| D | < 6 for all s> 50(6). Returning now to the left side of (2.18) and noting
that the estimate (2.17) applies to the second term, we conclude that

(2. 19) μ - 3 6 < m+

rrZs

n+s < μ + 3 6 ,
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for all r, s > max(<20> S0)9 all m > No, and all n^ No. A precisely similar
argument in case-(ii) yields the inequality (2.19) for all r, s > max(Q0, So),
all m ___ No, and all n > _V0. The corresponding details in case-(i) are some-
what more troublesome but the outcome is the existence of an index R0(ε)
such that the inequality (2.19) holds for all r, s > max(Q0, RQ), and all m, n
rg No. Finally, then, we see that (2.19) is valid for all r,s> max(Q0, ROy So)
and all m, n. This completes the proof.

Following Lorentz -we can now define fz (m)2 to be almost-convergent
if all Banach limits L2 coincide at f. We use the symbol (ac)2 to denote the
class of all such double sequences, and mention in summary that the elements
of (ac)2 are completely characterized by either Proposition (2.11) or Theorem
(2.14). As a final remark we call attention to the fact that any sequence
satisfying the condition of Theorem (2.14) is necessarily bounded.

3. Related topics. Consider the following skeleton theorem.

(3. k) THEOREM. // {fli,j)} is to λ, and each of its row
and column sequences, {f{i,j)}j and {f{i,j)}t, is to λ[ and λj,
respectively, then each sequence {λ[} and {λ̂ } is to λ.

For k=l, read "convergent", for k = 2, read "almost-convergent", and for
k — ?>, read "summable-(C, 1)". Note that each concept implies the following
one. Theorems (3.1) and (3.3) are standard results whose proofs are readily
constructed. We are now in a position to give a

PROOF OF (3.2). The assumption of almost-convergent rows implies that
given £ > 0 there exists an index Q(β,i,m) such that,

1 Q

(3. 4) λ£+ i - 6 < — Σ f(m + i, n +j) < λ£+ ( + £ ,

for all q> Q(ε9i,m), and all //. Summing these inequalities from z —1 to p,
and dividing by p, we obtain,

(3. 5) ~ £ \r

m+ί - ε < m4Z«n+q < - ^ Σ λi+ ί + ε,
P ί = l P i = l

for all q > R(ε, p, m) = max[Q(θ, 1, m), , Q(β9 p, m)], and all n. On the
other hand, from Theorem (2.14), we find that,

λ - ε < m+

ppZQ

n+Q < λ + 6, for all p, q > S(ε), and all m, n .
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Now chose in succession any p> S(S), any integer m, and then any
q > max(i?, S). From (3.4) and (3.5) we obtain.

1 v

λ - 2 £ < - - / Γ X > ?

m + i < λ + 2£,

P ti
which shows that the sequence {λ[} is almost-convergent to λ. A parallel
argument proves the same fact for {λ$}.

We discuss next the general relationship between f belonging to (ac)2

and its row or column sequences belonging to (ac)lm On account of (2.8) it
is clear that any finite number of row and/or column sequences corresponding
to an fz (ac)2 may be arbitrary bounded sequences. Going further we now
outline an example which shows that {f(i,j)} may belong to (ac)2 while
none of its row or column sequences belongs to (ac)lm For k = 1,2, , v
and v = 1,2,3,. , we define /(I,j) = l if j=v5 + k; f(2,j)=l if j = (v + l)5

+ (v + ϊ) + k; f{3,j) = l if j = (v + 2)5 + (v + 2)-\-(v + l) + k; and so on. Make the
parallel definition for /(z,1), fit, 2), (/, 3), « , and let f(i,j) = 0 otherwise.
Each row and column sequence is summable-(C, 1) to 0 since the l's are
sufficiently sparse, but none of them belongs to (ac)ι since each contains
arbitrarily long runs of O's and arbitrarily long runs of l's. However, it can
be shown that {f{i,j)} is almost-convergent to 0, although we shall not go
into the details.

At the other extreme the following example shows that each row and
column sequence may belong to (ac)1 while {f(i,j)} does not belong to (ac)2.
Along the main diagonal place any sequence of O's and l's that is not
summable-(C, 1). For £ = 1,2, 3, let the kth row to the right of the main
diagonal and the kth column below the main diagonal consist entirely of the
symbol, 0 or 1, on the main diagonal at their intersection. Each row and
column sequence is convergent, and therefore almost-convergent. However,
neither the sequence of row limits nor the sequence of column limits is
summable-(C, 1), and hence neither belongs to (ac)γ. Therefore, by Theorem
(3.2), / does not belong to (ac)2.

A certain amount of order is restored by the following result.

(3.6) THEOREM. For arbitrary {f(i9j)}, in order that eachrozv sequence
{f(i,j)}j belong to (ac)u it is necessary and sufficient that for each R>0 we
have limg ζZ%+Q(f) exist uniformly for all n, and all p^ R. The correspond-
ing fact is true for the column sequences.

PROOF. Suppose for each i that,

1 Q

lim 2Z /(z> n + I) — λί > uniformly in n.
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Then given i and £ > 0 there exists an index Q(z, 8) such that,

λί - ε < — Σ f(i, n + j) < λ[ + ε,

for all q> Q(i,S) and all n. Let i?>0 be specified and set Qo(8, R) = max [Q(l, £),
• ,Q(R, £)]. Select p, 1 ĝ p^ R, and sum the preceding inequalities from
i—1 to p. After division by p we obtain,

(3.7)

for all q > Q0(R,8), all p^R, and all ?/. This establishes the stated condition
as necessary.

To show that it is also sufficient, fix an arbitrary row index k > 1 and
choose R^k. Setting p= k and p = k—1 in (3.7) in turn, eliminating the
factors 1/k and l/(£—1), and then subtracting the second inequality from the
first, we arrive at,

K - (2k- ΐ)€ < -J-Σ/(*. n+j) < K + (2k-1)8 ,

for all q > Q0(R, 8) and all n, with k independent of £. The inequality is also
true if k = l9 and this completes the proof.

We assemble certain of the preceding results in the form of the following
theorem.

(3. 8) THEOREM. In order that {βjj)} belong to (ac)2, with all row
and column sequences in (ac)l9 the conditions of Theorems (2.14) and (3.6)
are necessary and sufficient. Moreover, if these conditions are satisfied then
the conclusion of Theorem (3.2) holds.

Another familiar double limit theorem has its analog in the following
result.

(3. 9) THEOREM. // the row and column sequences of {f(i,j)} belong
to (ac)ί9 and the row {or column) sequences belong uniformly, then f belongs
to (ac)2.

PROOF. Let us suppose that the row sequences belong to (ac)ι uniformly,
that is to say, that
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1 q

lim Σ / ( w + / , n-hj) = Xr

m+i, uniformly in n, m, and &".

Then given £ > 0 there is an index Qo(£) such that

Vm+i - 6 < - ^ Σ / ( " * + *> n+y) < λr

m+i 4- S ,

for all q> Qo and all n, m, i. Summing from i = l to p, and dividing by p,
we obtain,

(3. 10) ~Σ^*t-e< ^zn^ < \ Σ λ̂ +i + e,

for all g > Qo and all ra, /z, ̂ >. Since the column sequences also belong to
(ac)u but not necessarily uniformly, similar considerations lead us to,

(3. 11) 4 " Σ λ - ̂  - S < ~+?ZS+fl < 4 " έ >S+j + S,
* 3=1 * 3---1

for all p > Ro(£, n, q) and all m. We now fix q0 > Qo, fix ^ 0 arbitrarily, and
consider p> R0(£,n09q0). Then we find from (3.10) and (3.11) that,

for all m. An immediate consequence is the Cauchy condition,

1 p 1 p'
-irΣ^n+i τ ^ Σ λ ^ + ί < 4 f ' a 1 1 p,p'>Ro(€,no,qo)> all m,

for the existence of the limit,

1
(3. 12) lim Ŷ  λ^+/ = λ, uniformly in m .

P P i=i

(This, of course, shows that the sequence {λ[} of row limits belongs to (ac\.)

Using (3.12) in (3.10) we find that,

lim m+%ZQn+Q = λ , uniformly in m, n ,
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and so fz (ac)2 by Theorem (2.14).
In the converse direction, it is not difficult to show that under the

assumptions of Theorem (3.2), the row and column sequences belong to (ac)ι
uniformly.
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