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The purpose of this paper is to generalize Tate’s theorem concerning
Galois cohomology of finite modules. It will be shown here that a large
part of the theorem holds also for finitely generated modules. In section 2
we shall consider, particularly, unramified cohomology of finitely generated
modules over local fields. In the final section, we shall study the relation
between local and global cohomology. I wish to express my thanks to
Dr. K. Uchida for his useful suggestions.

1. Notation. Let R be a Dedekind ring with field of fractions 2. Let Q
be the union of all finite extensions K of %2 in which the integral closure of
R is unramified over R, and let R denote the integral closure of R in Q.
Let G; denote the Galois group of the extension Q/k. For any discrete
Gr-module A, we put

H(R,A) = H(Gn, A) (reZ)
H(Gg, 4) (rz=1)

HR A=,
H (G, A) (=0

(cf. [5]). By M we shall always understand a finitely generated discrete
Gr-module such that the order of the torsion part of M is invertible in R.
Such a module M is said to be a Galois module over R. We put T = [the
torsion part of M], F = M/T and M’ = Hom(M, R*) where R* is the group
of units of R. For any locally compact abelian group H, we let H* denote
its Pontrjagin character group.

2. Local fields. Let £ be a local field (ie., a non-discrete locally compact
field). Then we have isomorphisms

N 2N
Hr(k, M) = H>~(k, M')*
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for all 7€ Z (cf. [2; Chap. II, Théoréme 6]). Suppose % is a non-archimedean
local field with valuation ring 0. Let M be a Galois module over o.

THEOREM 1. i) H(o,M)=0 (r=2).
il) The inflation map H*(o, M)— H*k,M) and the canonical homo-
2N
mor phism H°(0, M) — H%k, M) are injective. The subgroups H%0, M) of
H*k,M) and H%o,M’) of H(k,M’) are the exact annihilators of each
other.

iii) The inflation map H' (o, M)— H'(k,M) and the homomor phism
Hi(o, M)~ H'(k, M") by the inflation map and the injection 0* —k* are
injective. The subgroups H (o, M) of H'(k, M) and H'(o,M") of H'(k,M")
are the exact annihilators of each other.

PROOF. i) Since edG,=1, we have H'(0,7)=0 for r=2, and
H(v, M)=0 for »=3. Since 0* is cohomologically trivial, we have H’(0, F")
=0 for r=1. By the exact sequence

H*(o, F")— H*o, M")— H*,T"),

we get H*o,M") = 0.

ii) Consider a commutative diagram :

H*k,M) —— Hk, F)
inf inf

H(0, M) ——> H(v, F) .

Since H?(o, M) is isomorphic to H?¥(o,F) and the inflation map H?(o, F)
— H*k, F) is injective, the inflation map H?2(o, M)— H%k,M) is injective.
For any finite extension K of %, let K* denote the compactification of K*,

J— ey
and we put £*" = UK*, the union taken over all finite separable extensions
K

K of k. The injectivity /?f the map H%o, M ')—»I/-\P(k,M') is an immediate
consequence of the fact H'(k, M') = H(k, Hom(M, k*")). Let k, denote the

maximal unramified extension of k. Now by the G -split exact sequence

o

- N
0 —>o* kY Z 0

and H°(o, Hom(M, //;,’,‘,)) = H°k,Hom(M, £*")), we get an exact sequence

0 —> H(0, M") —> H*(k, Hom(M, ")) —> H(0, Hom(M, Z)) —> 0.
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Hence we get an exact sequence
0 —> Ho(0, M') —> H(k, M") —> H?(0, M)* —>0,

because Z is a “module dualisant” for the group G, (= zZ ) (cf. [2; Chap. ],

Annexe]).
iii) Consider a commutative diagram with exact rows

0 = Ho, T)* —> H(0, FY* —> H'(0, M)* —> H'(0, T)*
!
Hi(k, F’) —> Hi(k, M') —> H'(, T")

0 = H'(0, F') —> H'(o, M") —> H'(0, T") —> H*©0,F") =0

where H'(k, F') (= H'(k, F)¥) = H'(0, F)*. The sequence H' (o, T")—>H'%,T")
— H'(o, T)* is exact by [3; Theorem 2.4]. Now it is easily verified that the
sequence

0— H(o,M)—> H'(k,M’)—> H'(o, M)* — 0
is exact and the theorem is proved.

3. Global fields. Let % be a finite extension of @, or a function field in
one variable over a finite field, let S be a non-empty set of primes of %,
including the archimedean ones, and %; denote the ring of elements in £Z
which are integers at all primes not in S. For each prime v in S, let &,
denote the completion of k2 at v. Throughout this section, M will be a Galois
module over ks. Let P7(ks, M) (resp. P7(ks,M’)) be the restricted direct
product of H7(k,,M) (resp. H'(k,,M’) (veS) relative to the subgroups
H"(0,, M) (resp. H"(0v,,M’)). Since H'(0,, M) and Ho,,M’) are finite,
P'(ks, M) and P'(ks,M’) are locally compact. By Theorem 1, P7(ks, M) is
the direct sum for » = 2. Since scd G, =2 if v is non-archimedean, P"(ks, M)
and P7(ks, M) are equal to [| H"(k,,M) and [[ H"(k,, M’) respectively for

v arch v arch
r=3. The localization maps H’(ks, M)—~H"(k,, M) and H"(ks, M')—~H"(k,, M")
give canonical maps :

Sr: H(ks, M) —> P7(ks, M),
Sfr: H(ks, M) —> P7(ks, M").

By Theorem 1, local duality yields an isomorphism
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(*) P'(ks, M) = P'(ks, M')*.

Hence by duality we obtain maps :

fl* H Pl(ks, M’) a— H'(ks, M)* ’
fi¥: P ks, M) —> H'(ks, M')*.

Let Q be the maximal extension of %2 unramified outside S, and let G be
the Galois group of the extension Q/k. Let J denote the projection to S of
the idéle group of Q, and we put C=J/Ef. Then C is a class formation

for extensions of % unramified outside S. For simplicity, we put J(M)
= Hom(M, J) and C(M) = Hom(M,C). Let [/ be a prime number such that
lks = ks.

LEMMA 1. H(ks, (F)(}) =0 (r=3).

PROOF. By Nakayama-Tate’s Theorem, we have a commutative diagram
whose horizontal arrows are isomorphisms

H" XL/, Hom(F, Z)) ~~> H'(L/}, Hom(F, Z)® H'Ls, C))
| [L:K] int T inf
H~¥(K /k, Hom(F, Z)) > H'(K/k, Hom(F, Z) ® H*Ks, C))

for r = 3, where LDK are sufficiently large Galois extensions of % unramified
outside .S. Since [*|[Q : k], we obtain H"(ks, C(F))!)= H'(ks, Hom(F, Z)® C)1)
= llg H'(K/k,Hom(F, Z) ®@ H(K;,C)){) = 0.

K

LEMMA 2. i)  H'(ks, J(F)) = P'(ks, F).
i) Hr(ks, JF)D) = P(ks, YD) (r=2).
PROOF. By Shapiro’s Lemma, we have
H(ks, J(F)) = >_ H(G,,Hom(F, Q})) (r=1)
veS

where G, is the decomposition subgroup for a place lying above v and Q, is
the extension of %, corresponding to G,. We remark P7(ks, F’) is the direct
sum for r=1. Of course, if v is archimedean, G,=Gy,.

i) Let v be a non-archimedean prime in S. Consider the inflation-
restriction sequence :
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0 —> HYG,, Hom(F, Q})) —> H'(k,, F') — H'(Q,, F").
Since Gy, acts trivially on F, we get H'(Q,, F') = 0, hence
HYG,,Hom(F, Q;)) = H'(k,, F").

ii) Let v be non-archimedean. Since [*|[Q,:k,] and G, acts trivially
on F, we get H*Q,, F')\!)=0. Since scd G, = 2, we get H'(Q,,F)=0 for
r=3. Hence we obtain

H'(G,, Hom(F, 0))(0) = H(k,, FXI) (r=2)
by the inflation-restriction sequences. Q.E.D.

THEOREM 2. Let I be a prime number such that lks = ks. Then

Foo Hbe, MYD) = T H'(ky MY (r=3).

v arch
PROOF. a) Consider an exact sequence :
H™Y(ks, C(F)) —> H'(ks, F') —> H"(ks, J(F)) —> H"(ks, C((F)).

By Lemmas 1 and 2, we get the theorem in case M=F and » = 4.
b) Consider a commutative exact diagram :

H™(T"Xl) — H"(F"))) — H'(M')l) —> H'(T")X) —> H™'(F)J)
PTYY) —> PF)) — PI(M)Y) —> P(T'XD) —> PT(FXD)

for r =4, where H( )= H%ks, ) and PY( )= P¥ks, ). By a) and [3;
Theorem 3.1 ()], each vertical map except the middle is isomorphic. Hence
by Five Lemma the middle is also isomorphic.

¢) Finally we must prove the theorem for » =3. We can find an open
subgroup U of G such that its invariant field K is totally imaginary and
MY = M. We have an exact sequence :

0—>M—>Q—>A—>0

where Q is the induced module MZ(M) (cf. [2; Chap. I, n® 2.5]) and A=Q/M.
Consider a commutative exact diagram :
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HQ'))) —> H¥M'1) —> HYA'X) — H(Q')XD)

PHQYY) — PA(M')I) — PHAYD) — PHQ)D).

By Shapiro’s Lemma, we have H7(ks, Q)= H"(Ks,M') and P7(ks,Q")
= P"(Ks, M’). Since K is totally imaginary, P"(Ks, M) = 0 for r = 3. On the
other hand, we have H"(Ks, F')!) =0 for r=3, because Gx, (=U) acts
trivially on F and H"(Ks, K3)(!) = 0 for » = 3. Hence we have H"(Ks, M')()
= H'(Ks, T'XI) for r = 3. Since cd, Gg,=2, H"(Ks, T"(1)=0 for » =3. Thus
we get H3(ks, M")(0) = P*ks, M')([) by the above diagram. Q.E.D.

REMARK 1. The proof of Tate’s Theorem [3; Theorem 3.1 (c)] which
has been used in the above proof has been unpublished. It can be proved
as follows: In the exact sequence 0 » 1" — J(T") —» C(T), the universal norms
of J(T') are mapped isomorphically onto the universal norms of C(T"). Hence we

get an exact sequence : I/I\“‘(ks, ) — I/-}"(ks, J(T)— /I:I“(ks, (1)) —>ﬁ°(ks, )
~H %ks, J(T)) (cf. [6]). Since 7" has no universal norms, a ks, T)=0. It
is easily shown that Ho(ks, T7) — H%ks, J(T)) is injective, and H-'(ks, J(T))

= [[ H(k,, T)). Hence we get H(ks, T)= H'(ks, OT))* = H(ks, J(T))*

varch
=11 I/{\"(kv,T')*; 1I H%,,T). Let K,Q and A be as in the proof of
v arch v arch

Theorem 2 respectively, and M=T. Then Q and A are also finite. Consider
a commutative exact diagram :

0=H"Y Q) — H YA —H(T)— H"(Q)=0
0=P Q) —> P(A) — P(T) —> P (Q)=0
for r = 4. By induction we get the theorem.

LEMMA 3. Suppose that there exists an open subgroup of G which has
strict cohomological dimension 2 for . Then

S+ H(ks, M)(1I) = P'(ks, MYI) (r=3).
PROOF. By Theorem 2 we obtain H"(ks, N)I) = P"(ks, NXI) (r = 3) for

any module N of torsion. Using the exact sequence: 0-F® Z,—-F® Q,
—-FQQ,/Z,— 0 and the above isomorphism, we get H"(ks, F')(I)= P"(ks, FXI)
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for r=4. Now the lemma can be proved similarly as Theorem 2 and
Remark 1.

THEOREM 3. i) If k is a number field, then we have

for HE,My= [ H(k, M) (r=3).

varch

ii) If k is a function field, then we have
H'(ks, M)=0 (r=3).

PROOF. i) It is well known that scd, G, = 2 if % is totally imaginary

(in case [ = 2). i) If k is a function field, C has no universal norm. Hence
scd Gy = 2.

REMARK 2. In general case, Tate [3] has asserted that the group G, has
strict cohomological dimension 2 for / such that [kgs = ks, except if / =2 and
k is not totally imaginary (the proof still remains unpublished).

THEOREM 4. Imf, and Im f, are the exact annihilators of each other
in our duality (¥). That is, the sequence

H'(ks, M) —2 s Py, My L2 Bl MY

is exact.
PROOF. a) In case M =T, the theorem was obtained by Tate [3;

Theorem 3.1 (b)]. We give here an outline of the proof :
For finite S, one can prove the equality

( 1 ) [Ho(ks’ ’Iv)] [Hz(kS’ 7’)] — l‘[ [Ho(kS’ 7-')]
[H'(ks, T)] varn  [[T1]s

by using Theorem 2 (cf. [4]). We have two exact sequences :

0— H%s, T)—> 11 ﬁ“(k,,, T)—> H*ks, T")* —> H'(ks, T) —> P'(ks, T),

veS
0 «—— H%ks, T")* «— P*(ks, T) «— H?(ks, T) «— H'(ks, T")* «— P'(ks, T)
(cf. [5]) and a null sequence:
(2) Hl(kS’TD—_)PI(kS,’I')—> Hl(kS, T)* .
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By the equality (1) we conclude the sequence (2) is exact. The passage to
infinite S is not difficult.

b) We have an exact sequence H'(ks, F') — H'(ks, J(F)) — H(ks, C(F)),
and two isomorphisms H'(ks, J(F))= P'(ks, F") (Lemma 2) and H'(ks, C(F))
= H'(ks, F)* (cf. [5]). Hence the theorem is proved in case M = F.

c) Let M, (resp. M,) denote the cokernel of H'(ks, JOM))— P'(ks, M’)
(resp. H'(ks, C(M)) — H'(ks, M)¥). For any module A of torsion, we put

A(T)= 3" A(p). We get following three commutative exact diagrams :
l(T]

0

HY(T") —> H{XT)) —> H\C(T)) —> HXT")

3
(3) H(T)—> PXT) —> HYTy* —>s HXT)

T, — T¢

|

0 0

0 0

HYJ(F)) —> H(J(M)) —> HJT)) —> H*J(F)XT)
! iso ! iso

4 .
4 PY(F) — P(M') — PY(T") — P¥F)T)

MJ _—> TJ

b

H(C(T)) —> H(C(F)) — H'(C(M)) —> H'(C(T)) —> H(F))
(5) epi ) iso N ) iso
HAT) — H{F} — HOM* — H({T¥ — BFF

M, N Tv

| \

0 0
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where H( )= H'(ks, ) and P"( )=P7(ks, ). In the diagram (3), H'(C(T))
— H'(T)* is necessarily injective, hence H'(C(M))— H'(M)* is also injective
by the diagram (5). Since all rows of the above diagrams are exact, we
get exact sequences : "

0—T,— Ty, 0— M, —>T; and 0—> M,—>T,.

A commutative diagram

P(T) St H(T)*

POy L iy

induces a commutative diagram

T, —— T¢

M; —— M.
Hence M; — M; is injective. Finally consider a commutative diagram :
0 0 0

H(M') —> H(J(M)) —> H(C(M))

H{(M)—> P(M) —> H\M)*

0o — M, — M,

|

0 0

where all sequences are exact except the middle row. Hence the middle row
is also exact. Q.E.D.

REMARK 3. Combining Theorem 4 with [5; Theorem 2], we have an
exact sequence

H(ks, M) —> P'(kg, M) —> H'(kg, M'Y¢ —> H*(ks, M) —> P*(kg, M).
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ADDED IN PROOF: Recently, the author has given the proof of the
Tate’s assertion in Remark 2. See Proc. Japan Acad., 44(1968), 771-775.
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