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WIRTINGER TYPE INEQUALITIES AND ELLIPTIC
DIFFERENTIAL INEQUALITIES
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Riccati transformations are frequently encountered in the study of oscillatory
behavior of ordinary differential equations. The purpose of this note is to extend
such transformations to linear elliptic differential equations and inequalities and
to generate certain integral relations and identities. Such a connection between
a Riccati equation and the two-dimensional elliptic equation

Ugy + Uyy +p(x,y)u = 0

was first observed by Beesack [2]. In this paper we show how his method can
be modified and extended. In addition to generating inequalities of the Wirtinger
type, the integral relations obtained are also useful in establishing comparison
and oscillation theorems for elliptic equations. This approach provides yet another
connection between some of the methods used in ordinary differential equations
and those employed by a number of authors [3,5-8,11-14] in the study of
Sturmian theorems for elliptic differential equations and systems.

A variable point of 7n-dimensional Euclidean space R™ will be denoted by
x=(xy,*++,x,). Let G be a bounded domain of R™ with piecewise smooth
boundary 9G, and let G, be an open set of R" such that GcG,. Throughout
this paper we shall adopt the Einstein summation convention in which Latin indices
i, 7, k, etc. will take values 1,2,---,m while Greek indices & and 8 will take
values 1,2,---,n All functions considered will be real-valued with domain
G or G,. We consider the system of linear second order differential inequalities

(1) v-(AVU) + 2B-vU + PUO0,
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where
PU=ZP‘;“’1¢=P1“’1¢,
j=1
o
VU— ax‘x (ujk):
(2) ¢ ’é.vUzzthﬁ — (') = B, 2] (W),
Bt =1 813
_ s« 0 1g O 9 [p18 9
v-(4vl) —uél?:-'} ox. {A“’ ox (uj")} ~ oz {A” (uj")}’
Z,k=1,2, ,m, a,8=1,2,".>n

Here P=(p%;) is a given m Xm matrix of class C(G,), l/i’\=B‘,5 is an mXmXxn
third order tensor of class C(G;), and A=A, is an nxmXxmxn fourth order
tensor of class C'(G,). In addition we also suppose P to be symmetric and A to
be symmetric and positive semidefinite throughout G, 1. e,

Aatjﬁ = Aﬁija — Aﬁjia ,
FANNESVAN
Z TAZ - ZaikAai’ﬂZﬁjk > 0 s

AN
for every Z=Zg). The inequality in (1) is understood to mean the resulting
m Xm matrix function is negative semidefinite at each point of G,.
We recall that if # is a solution of the scalar ordinary differential equation

u + plx)u=0

such that #(x)#0 on some interval I, then setting v=u#"«"!, one finds v to be
a solution of the Riccati equation

v+ v+ plx) =0.

In Theorem 1 below we shall establish the analog of this elementary fact for
inequation (1) by means of an extended Riccati matrix transformation. Such
Riccati matrix equations have been used extensively in ordinary differential
equations, c.f. [1], [4], [9], and [10].

LEMMA A. If U is any solution of the equation in (1) such that the
nXn matriz function U'B.VU is symmetric in G,, and if
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(3) E=UTAVU - VU'AU,
then V-E=0.

PROOF. From the symmetry of A and P, a direct calculation using (1) shows
that

V-E = VUTAVU + UV -(AVU) — V- (VUTA) U — VUTAVU
= [VUTB'U—U*B-vU] + U(P*—P)U
= —2UTB. VU - (U*B- VU)].

Since U ¢ C¥(G,), V-E< C'(G,). By hypothesis U?B-VU is symmetric so that
V-E=0.

When n=1, this result is well known and it implies in particular that E
is constant. In the special case where E is identically zero, the solution U is
sometimes called self-conjugate, c.f. [4]. Following this usage we shall also refer
to any solution for which E=0 self-conjugate, c.f. [8] and [14].

THEOREM 1. Let U be a solution of (1) such that U(x) is nonsingular
at every xe G,. Define

(4) Z=(vU)U-.

Then 7 satisfies the Riccati inequation

(5) V-(A2) +2B-Z + AZ+Z + P<0,
~AAN\ A

where AZ + Z denotes the contracted multiplication

Z Auijﬂ ZBjs Zask .

a=1

A\
Suppose Z = Z,}; is an nxmXm third order tensor function of class C'(G,)
which satisfies the Riccati equation

(6) V-(A2) +2B-Z+AZ+xZ+P=0,

and the compatibility conditions
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o

o0x,

Zﬂtj Zajk = Zatj Zﬁjk .

(leij) = %( ai;)

(7)

Then the equation
(8) V-(AVU) + 2B-VU + PU =0

has a solution U in G,.

PROOF. The first statement of the theorem follows directly from the

definition of Z and (1). To show the second part we suppose that 7= Za'; is a
solution of (6) for which (7) holds. Consider now the system of first order
partial differential equations

(9) vU =2U,

or in component form,

(9) (u'e) = Z s

]

According to the theorem of Frobenius [4], a necessary and sufficient condition for
(9°) to be solvable is that

C]

2
By (Ca's¥h) = 5

axp

(10) (Z4' k) »

provided Ze C!(G,). Expanding both sides of (10) we see that (7) is indeed
sufficient for (9°) to have solution (uf;). A direct calculation using (6) and (9)
shows that

v-AVU) = v-[(A2)U]
=[V-(AZ2NU + A2)vU
= [zﬁ 2+AZ%2+PIU + (AZ* 2)U
= —2B.(ZU) - PU
= —2B.(VU) — PU

so that (8) follows.
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COROLLARY 1.1. Let U be a solution of (1) such that U(x) is nonsingular
and self-conjugate at each x< G, i.e.,

(11) UTAVU = vUTAU .
If 7 is defined by (4), then A satisfies the Riccati inequation
~ I\ AN AN AN
(12) V(AZ)+2B-Z+Z"AZ + P<0.
PROOF. Since U™ exists for every < G,, (4) and (11) together imply that
~ A\ AN\~
AZ=7Z%A
so that (12) follows from (5).
In the particular case where m=1 inequality (1) reduces to
(1) V- (AVu) + 2B-Vu + p(x)u<0,
where A=(A*f) is a symmetric nXn matrix, B=(B',+--, B") is an n-vector, and

p(x) and u(x) are scalar-valued functions. Furthermore, formulas (4) and (5) can
be written as

(4) zw=u“aa;, a=1,--+,n
and
(5) % (A% 25) + 2B 20 + A% 2,25 + plz) <O

respectively. In this case we can strengthen the second half of Theorem 1 to read
as follows:

COROLLARY 1.2. Suppose Z=(z,,+++,2,) is a vector field of class C'(G,)
for which (5°) and the compatibility conditions

o
ox,

(7) (o) = o (e 8=,

are satified. Then there exists a scalar-valued function u(x)#0 in G which
is also a solution of (1').
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To see this we merely let «(x)=exp f(x) in (4') and note that f must satisfy
the conditions

of _

o0xa

2y, aA=1l,ece n.

In other words we must find a scalar field f whose gradient is the given smooth
vector field Z=(z;,*+,2,). As before (7') is both necessary and sufficient for
the existence of such an f. The result follows.

THEOREM 2. Let U be a solution of (1) such that U(x) is nonsingular
for each x< G, and that (11) holds. Denote by

(13) Q= {We [C(G) NCG)] :f VWIAVWdzx < +o<>} .

Then for every We Q,

(14) QIW]= MIW] + 2 f Wr(B-Z2)Wdz + f We(n-A2) Wds,
G oG

where

(15)

] QW] = f [VWTAVW—W?PW]dz,
] M[W] = f (VW—ZW) A(VW—-2ZW)dz,

and n=(n',+++,n") denotes the outward pointing unit normal at OG.

PrROOF. From (15) we have
M[W] = f [VWTAVW + (ZW)* AZW)] dx
G
- f [VWTAZW)+2ZW)y AVW]dz .
G

To evaluate the last integral we note that

V- (WIAZW) = YW AZDW + Wrv- (A2 W + WI(AZ) YW
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so that

(16) M[W] = f [VWIAVW - - (WIAZW)] dx

~ A\

+ f Wi - (A2) + 2TAZ2| Wdx.
G

By hypothesis U(x) is nonsingular and self-conjugate so that Cor. 1.1 and Gauss’
Theorem can be applied to (16) to yield

MWL f (VWIATW—-WTPW)dz

G
— szT(ﬁ-?) de—fWT(n-Z/Z\') Wds
¢ a6
which is the desired result.

COROLLARY 2.1. Suppose A is positive definite. Let U be a self-conjugate
solution of the self-adjoint equation

17) V- (AVU) + PU =0

such that Ul(x) is nonsingular for every xe G,. Then for every We Q

(18) QW= | Wlp- A(VU) U1 Wds,

oG

with equality holding if, and only if, W=UK, where K is constant matriz.

PROOF. In this case B=0 and inequality (1) is an equality so that (14)
becomes

QW] = MW] + | Won- A(VU)U- 1 Wds.

oG

Since A is symmetric and positive definite, M[W]=>0 for all We Q so that (18)
follows. Moreover, equality can hold in (18) if, and only if, M[W]=0, ie.,

YW= (VU)U'W.
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Rewriting this we get
[U-{(vO)U-1w -U-'vW=0,
or
VU *W)=0
so that we must have U~! W=const.

We remark that the integral relation (14) contains as a special case an identity

of Beesack ([2], p. 479, formula (1.4)) in which m=»n=1 and B=0. Moreover,
inequality (18) is recognized as an inequality of the Wirtinger type. In order
to state this more explicitly we shall suppose a boundary condition for (17) of

the form

U=0 on I

(19)
U,=g(x)U on T,,

where I'; and T', are disjoint sets whose union is 2G. Here U, is the conormal

derivative
U,=9-AVU = n"A,} ”i(u" )
o a j axﬁ k] -
COROLLARY 2.2. Let U be a self-conjugate solution of (17) and (19) such

that U(x) is nonsingular at every xe GUTs. Then for every We Q for which
W=0 on I, we have

(18') f (VW AVW—W*PW]dx > f W g(x) Wds ,
G )

with equality holding if, and only if, W=UK.

When m=n=1 (18) again reduces to an inequality of Beesack [2]. Moreover,
this inequality also contains an elementary proof of the extremal property of the
first eigenfunction associated with the operator defined by

V- (AVU) + PU = AU

and the boundary condition (19), providing of course such a U exists. It follows
that the comparison theorems of Kreith [5] and Swanson [12, Theorem 1] as
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well as bounds on eigenvalues may be deduced from this inequality directly. As
an illustration of this we shall prove an extension of Kreith’s comparison
theorem [5] for equation (17). To this end let A, and A, be two tensor functions
and P, and P, be two matrix functions satisfying the same assumptions as A and
P. As before let T, and T, be two disjoint sets whose union is the boundary
9G. Further we assume two matrix functions g, and g, to be defined on T',.

THEOREM 3. Let U be a self-conjugate solution of

(20) V-(4,VU)+ PU=0, =zcG
such that

U=0 on T,

{U,, =gU onT,.

Let W be a solution of

(21) V- (A, VW) + P,W =0, z¢G
such that

{W =0 on T,
W,, = g.W on T,
If

2 [ (VWA ~A) YW+WT(P—P)Wdz> [Wrlgs—g,) Wi,
@ T
then either det U(x,)=0 for some x,¢ GUT, or W=UK.

PROOF. Suppose the contrary and let det U(x)#0 for all x¢ GUT,. Then by
Cor. 2.2,

(23) f VWA, TW—WTPW]dz > f W7g, Wids,
-] T

where equality holds if, and only if, W=UK. On the other hand, if we multiply
(21) by WT and integrate by parts, we get

f [VWTA, VW-WTP,W]dzx = f WTg,Wds.
@ Ty
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Combining this with (23) we arrive at

f VWA, — ) YW+ W (P,—P)Wldz = [ W'(g,—gs) Wds
G

T,

which contradicts (22) unless equality holds. However, by Cor. 2.2, this situation
occurs if, and only if, W=UK, and the result follows.

In view of Theorem 2 we can state the following

COROLLARY 3.1. Suppose V is a self-conjugate sub-solution of (20), i.e.,
a solution of

(24) Ve (4, VV)+PVLO

for which (11) and the same boundary conditions hold. Further we suppose
that strict inequality holds in (24) for at least one interior point of G. If
W is the same as above then det V(x,)=0 for some x,¢ G, and W=V K only
if V is in fact a solution of (20).

We remark that by using the method of Swanson [13] one can also extend
these results to the case of unbounded domains G. For a comparison theorem
derived by means of a generalized Picone identity, c.f. [3], [6] and [8].
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