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Let f be an isometric immersion of a Riemannian manifold M into
a Riemannian manifold M of constant curvature and let N, be the
normal bundle. The normal connection is a metric linear connection in
the bundle N, which satisfies the Codazzi equation for the second funda-
mental form «. The first aim of the present paper is to prove the
following result: in the case where the first normal space N,(x) coincides
with the normal space N(x) at each point x of M, a metric linear con-
nection in the bundle N; which satisfies the equation of Codazzi type
coincides with the normal connection. This fact can be derived as a
special case of the general treatment of connections in the bundles of
normal spaces of higher orders as given by O. Kowalski [6], but simpli-
city of the result under our assumption is remarkable. Indeed, we shall
define the torsion tensor of an arbitrary linear connection in the bundle
N; in such a way that the normal connection can be characterized, still
under the assumption that N,(x) = N(x) for every point 2, as a unique
metric linear connection in N, whose torsion tensor is 0. This then is
an analogue of the uniqueness theorem of the Riemannian connection as
a linear metric connection with zero torsion in the tangent bundle of a
Riemannian manifold.

The second aim of the paper is to apply the result above to obtain
congruence theorems for isometric immersions which satisfies N,(x) =
N(x) for all points ® or whose second fundamental forms are parallel.
Isometric immersions into a Euclidean space with parallel second funda-
mental forms have been essentially determined by D. Ferus [2], [3], [4],
and our result has a close bearing on part of the proof of the main
result in [4].

1. Uniqueness of the normal connection. Let f be an isometric
immersion of a Riemannian manifold M into a Riemannian manifold M
of constant curvature. For each point x of M, let N(x) be the normal
space and let N, be the normal bundle. The second fundamental form
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o defines for each point ¢ of M a bilinear symmetric mapping of
T.(M) x T(M) into N(x). Thus a is a section of the bundle Hom
(T(M)R T(M), N;), where T(M) is the tangent bundle of M. It is
known that a satisfies the equation of Codazzi:

(1) (7ie)Y, Z) = (Fe)X, Z)
where X, Y, Z are tangent vectors to M and (Fia)(Y, Z) is defined by
(2) (V;a)(sz):Vj'a(Y!Z)_a(Vny Z)'—a(YyVXZ)'

Here /* denotes the normal connection in the bundle N;. (For the
standard terminology on isometric immersions, see [5].)

More generally, let 7 be an arbitrary linear connection in the vector
bundle N;. We define the torsion temsor of 7 as the section 7' of

Hom (T(M) @ T(M) Q T (M), Ny)

defined by

(3) (X, Y)Z = (P3a)(Y, Z) — V)X, Z),
where Via is defined by

(4) (Pra)Y, Z) =V yalY, Z) — a7 Y, Z) — (Y, V1 Z) ,

in other words, using 7 instead of F* in (2). Thus the torsion tensor
of V is identically 0 if and only if 7 satisfies the equation of Codazzi’s
type:
(5) (73aXY, Z) = (T3e)X, Z) .
There is another way of defining the torsion tensor T. We interpret
« as a section p of the bundle

Hom (T(M)7 HOID.(T(M), Nf))

by setting
oX)Y =a(X, Y).

Given a linear connection 7 in the bundle N;, we have a linear connec-
tion in the vector bundle Hom (7' (M), N;) over M defined by

7 x)Y) = P o(x(Y)) — 2(7:Y) ,

where 7 is a section of Hom (T' (M), N;) and X, Y are vector fields on
M. TUsing this connection we have

(6) T(X, Y) = 7x(o(Y)) — T(0(X)) — p(X, Y)) .

To prove (6) it is sufficient to note
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7AO(YNZ = 7 (0(Y)Z) — o(Y)( xZ)
=V, Z)) - aV+2, Y),
PAAXNZ = T la(X, 7)) — a(vZ, X)
and
(X, YDZ =a(X, Y], Z2)=a(V,Y, Z) — a(VyX, Z) .
Now (6) gives another expression for the torsion tensor of 7 which is

quite similar to the expression for the torsion tensor of a linear connec-
tion on a manifold:

TX,Y)=rV,yY—-V,X—[X,Y].
We shall now prove
THEOREM 1. Let f be an isometric immersion of a Riemannian
manifold M into a Riemannian manifold M of constant curvature.

Assume that the first mormal space N,(x) coincides with the mormal

space N(z) at each point x. Then a metric linear conmmection V with
zero torston temsor in the normal bundle N, coincides with the normal
connection V*.

PrOOF. For any section £ of N, and for any vector field X on M,
we set
K(X)E =V —Vxk.
Then K is a section of Hom (7'(M), Hom (N, N;)). For any Xe T,(M),
K(X) is a skew-symmetric endomorphism of the normal space N(x),
because both /' and 7/, are metric connections in N;. Since both con-
nections satisfy the equation of Codazzi’s type, we obtain from (1) and
(5)
(7) K(X)(Y, Z) = K(Y)a(X, Z)
for any X, Y, Ze€ T,(M). Using skew-symmetry of the endomorphism of
the form K(X), Xe T, (M), we obtain
(K(Z)x(X,, X3), a(Y,, Yo)) + (X, X;), K(Z)(Y,, Y,)) =0
<K(Xl)a(X29 Yl)! a(Z; Y2)> + <a(er Y,), K(Xx)a(zr Y2)> =0
(K(X)(Z, X)), (Y, Y,)) + <{a(Z, X)), K(X)x(Y, Y;)) =0
—(K(Y)a(Y,, Z), a(X,, X,)) — {a(Y,, Z), K(Y)a(X,, X;)) =0
—(K(Y)a(Z, X)), a(X,, Y))) — {a(Z, X)), K(Y)u(X,, Y))) =0.
Adding up these five equations and making use of (7) we obtain
2<K(Z)a(Xu Xz)r a( Yn Y2)> =0.
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Since N (x) is spanned by vectors of the form a(X, Y), X, Ye T, (M),
our assumption N,(x) = N(x) implies that

(K(Z)e,n) =0 for all & 7neN@).
This means K(X) = 0, that is, /'} = 7, for every Xe T,(M).

2. Congruence of isometric immersions. In this section, let M be
one of the standard models of Riemannian manifolds of constant curva-
ture, namely, the Euclidean space E™, the sphere S™, the real projective
space P™(R) of constant positive curvature, and the hyperbolic space H™.

THEOREM 2. Let f and f be two isometric immersions of a con-
nected Riemannian manifold M into M. If there exists a bundle
isomorph'z;sm @ of the normal bundle Ny for f onto the normal bundle
N; for f which preserves the metrics and the second fundamental
Sforms and if N(x) = N(x) for all xe M for the immersion f, then f
and f are congruent (by an isometry of M).

PROOF. Define a linear connection 7 in the bundle N; as follows.
For any section & of N; and for any vector field X on M, we set

Vié = 0T(E0(E))
where 7' denotes the normal connection in N; for f. Since @ preserves
metrics, 7 is a metric connection. Since @ preserves the second funda-
mental forms, i.e. ®a(X, Y) = &X, Y), the connection 7 in N, satisfies
the equation of Codazzi’s type for @. By Theorem 1 we conclude that
¥ coincides with 7*. This means that @ preserves the normal connec-
tions. By a well-known result in [7], f and f differ by an isometry of

M.
We now consider isometric immersions with parallel second funda-

mental forms.

THEOREM 3. Let f and f be two isometric immersions of a Rie-
mannian manifold M into M such that their second fundamental
forms a and & are parallel. If there exists a bundle isomorphism @
of Ny onto N} which preserves the metrics and the second fundamental
forms, then f and F are congruent.

PRrOOF. Since F*a = 0, the first normal spaces N,(x) for f are parallel
relative to the normal connection in N;. By a theorem of Erbacher [1],
there is a complete totally geodesic submanifold M, of M such that
f(M)c M,. (Note that the theorem is valid for P™(R) as well. Also
note that M, is again one of the model spaces.) The normal bundle for
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the immersion f of M into M, is denoted by N, its fibers being N,(x).
SimilaArly, there is a complete totally geodesic submanifold M, of I such
that f(M)C ]12[1, for which thAe normal bundle N ‘f has fibers 1\71(00), namely,
the first normal spaces for f.

The bundle isomorphism @ of N; onto N; induces an isomorphism
of N; onto N which preserves the metrics and the second fundamental
forms. Thus by Theorem 2, we conclude that there is an isometry ¢
of M, onto M, such that dof = F. We may now extend ¢ to an isometry
of M onto itself.
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