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WEAK SOLUTIONS OF NAVIER-STOKES EQUATIONS
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Introduction. Consider the initial-value problem for the Navier-
Stokes equation in a domain Q2 of R™:

ou . L
(N-S) = A+ u-Vu+Vp=f; Vu=0, z€2, 0<t<T.
ull‘ =0; u’lt:O =a
(I": the boundary of 2) where u = u(x, t) is the unknown velocity vector
(u', w2, -+, u"); p = p(x, t) is the unknown pressure; a = a(x) is the initial
velocity vector field; f = f(x, t) is a given external force. Here we use
the notation:

w-Fo = Zn‘ui@— ;o Veou = Zn,aut
=l o, i=1 ox;
for vector funections u, v.

In his famous paper [8], E. Hopf showed the existence of the so-
called Hopf’s weak solution to the problem (N-S). The first purpose of
the present paper is to show the existence of a weak solution, belonging
to some class of functions introduced by J. L. Lions [14], which seems
to have a somewhat stronger property than the Hopf’s weak solution.

In the general case the uniqueness of a weak solution has been not
known. Lions-Prodi [15] gave the uniqueness theorem when n = 2. C.
Foias [15] introduced function spaces L™ (for the definition see the chapter
1 of this paper), and showed that if 2 = R", and if there is a weak solu-
tion  in L™ with r > n, and with n/r + 2/’ <1, then this « is the only
weak solution of (N-S). J. Serrin [23] gave a similar theorem under the
assumptions that £ is a general domain of R* (n = 2, 8, 4), and that a
pair of exponents r, v’ satisfies » > n and m/r + 2/*' £1. The second
purpose is to generalize the Foias-Serrin uniqueness theorem in two direc-
tions. First we shall remove the artificial restriction on the dimension
n imposed in the theorem of Serrin. Secondly, we shall show that if
there is a weak solution % in L™= which is right continuous for ¢ as an
Lr-valued function, then % is the only weak solution. Recently von Wahl
[26] obtained similar results (the uniqueness in the class C([0, T); L™))
under the assumptions that the initial velocity and the external force
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are regular to some extent, and that 2 is a bounded domain, His method
is however different from ours.

In the celebrated paper [13], J. Leray considered the case 2 = R?,
and constructed a weak solution. At the very end of the paper cited
above he posed the problem whether or not the energy of the flow
(1/2) Sns |u(x, t)’dx tends to zero as t — oo, Our third purpose is to give
an affirmative answer to this; the more general situations will be con-
sidered. T. Kato has obtained similar results on the decay of strong
solutions with small initial value by a different method from ours.

1. Results.

1.1. Before stating our results we introduce some function spaces,
and give our definition of weak solutions of (N-S). C, is the set of all
C= (vector) functions ¢ = (¢, ¢% ---, ¢") with support in 2, such that
V-¢ = 0. L is the closure of Cy, with respect to the L*-norm |-|; (-, -)
denotes the L’-inner product. L7 stands for the usual (vector-valued)
Lr-space over 2,1 < p < . H;, denotes the closure of C;, with respect

to the norm

lollm = 1lgll + (V8]
where V¢ = 0,6 = (0¢*/02;;1,5 =1,2, -+, n). Y is the set of all ¢ in
H{,NnL". Equipped with the norm

H¢||Y = H¢||H1 —+ H¢HLn ’

Y is a Banach space.

When X is a Banach space, its norm is a denoted by ||-||x; C*([t,, t.]; X),
L*((t, t,); X) are then usual Banach spaces, where ¢, and ¢, are real
numbers such that ¢, <, H'(t,t); X) is the closure of C'([¢, t,]; X)
with respect to the norm

1 Qw® i + 1w dt

(w, = ow/ot). In this paper we shall denote by M various constants.
We can now introduce the assumptions on the initial function a and
the external force f, and state the definition of weak solutions of (N-S).

AssuMPTION 1. The initial funetion o = a(x) is in L.

ASSUMPTION 2. The function f = f(-, t) is in L* for almost all ¢ in
(0, T), and Pf(t) is an L2-valued integrable function on (0, 7). (P: the
projection on L? (in L?)).

Throughout the present paper, we make the above assumptions. Our
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definition of a weak solution of (N-S) is as follows.

DEFINITION. Let a and f be as above. A measurable function % on
2 % (0, T) is called a weak solution of the initial-valued problem (N-S) if
(i) wuelLl*, T); H, for any T with 0 < T" < T;
(ii) weL=((0, T); L));
(iii)
(1.1) S:{—m, 0,) + (Vu, VO) + (u-Vu, O)}dt = ST( £, ®)dt + (a, 9(0))

for all @ in H¥(0, T'); Y) such that for some T, < T, &(-,t) =0 on (T,, T),
(@(0) = @(-, 0)).

The above definition is essentially due to J. Lions [14]. There are
many other definitions of weak solutions. Concerning the relation be-
tween the Hopf’s weak solution and the weak solution in our sense, we
have

PROPOSITION 1. Any weak solution in the above sense is a Hopf's
weak solution. The converse is true when C7, is dense in Y. Cg, is
dense in Y if one of the following conditions is satisfied:

(a) 2=n=4;
(b) Q 1s a star-shaped bounded domain;
(e) 2=R".

(For the proof, see the appendix).
Concerning the (weak) continuity (in ¢) of weak solutions, we have
the result of G. Prodi [20] (see also J. Serrin [23]).

PROPOSITION 2. (Prodi) Suppose that u is a weak solution of (N-S).
After suitable modification of its value of u(t) on a set of measure zero
of the time interval [0, T], we have that wu(-,t) is continuous for t in
the weak topology of L:, and that for any 0 S s =t < T,

t
(1.2) g (—(u, ®) + (Vu, VO) + (u-Vu, B)dt

= | (7, 0t — it), o) + (w(s), 0(s)

for every @ in H'(s,t); Y). Here and tn what follows we simply write
u(t), O(t) for u(-,1t), (-, t).

In what follows we shall mean by a weak solution a weak solution
redefined as above.
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1.2, Our result on the existence of weak solutions now reads:

THEOREM 1. Let the assumptions 1 and 2 hold. Then there is a
weak solution u of the problem (N-S). Moreover,

@8 Jue+2{ |vulat <2 (fwdt + el ©=t<T)
(1.4) lim [|u(t) —a] = 0.

ReEMARKS. 1. The existence of a Hopf’s weak solution is well-known.
For the existence of our weak solution, see J. Lions [14].
2. For the existence of strong solutions, see Kiselev-Ladyzhenskaya
[10], Fujita-Kato [5], Giga-Miyakawa [6].
3. If 2 is a bounded domain, then the energy inequality (of strong
form)
t t
Lty I + 2 { I vulias < 2 (f wdt + o)
holds for almost all s = 0, including s = 0, and all ¢t > s. However, it is
not known whether or not the above energy inequality of the strong
form does hold for a general domain 2. Thus in the general case it is
not known whether or not there is a weak solution of (N-S) with f=0,
such that ||u(t)| monotonously decreases with ¢.

1.3. We next proceed to our uniqueness results. To this end we
first define a function space L™". If w = w(x, t) is defined and measur-
able in a cylindrical domain 2 x (¢, t,) of space-time, we set

lw@ o = ({106, H1rde)”

and

t yr’
Gﬂmmme (f 1 <7 < o)
| w lr,r’ = i
sup || w(t) ||z (f 7" = ).
t1Ststy
Here r and 7’ are considered to be independent exponents with 1<r, ' < .

DEFINITION. We say that w = w(x,t) is contained in the class
L2 X (t, t,)) if w is defined and measurable in 2 x (¢, t), and
lw[r,r’ < 0.

REMARK. It is easy to see that
(1.5) Lrm(2 X (b, t,) = L7((t, t); L7) .
(see H. Rikimaru [21]).
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Our uniqueness theorems read:

THEOREM 2. Let the assumptions 1 and 2 hold. Let w, v be weak
solutions of the problem (N-S). Suppose also that

t t
1.6) lv]* + 2 SO Vo |dt = 28 (fivdt + |al*, 0<t< T,
and that we L™ (2 x (0, T)) for a pair of exponents r, v’ satisfying
(1.7) ®42<
r r

and also r > n. Then uw=v on [0, T).

THEOREM 3. Let the assumptions.1 and 2 hold. Let w, v be weak
solutions of the problem (N-S). Suppose that v satisfies the inequality
(1.6) and that w e L=((0, T); L*). If there is an s (0 =s < T) with u = v
on [0, s], and if w is right continuous for t at t = s in the norm of L",
then there is a 6 > 0 such that w = v on [0, s + 0).

COROLLARY. Let the assumptions 1 and 2 hold. Let w, v be weak
solutions of (N-S). Suppose that v satisfies the inequality (1.6) and
we L0, T); L*). If u is right continuous for all t in [0, T) in the norm
of L, then w = v on [0, T).

REMARKS. 1. If » = 2, then it can be shown that any weak solu-
tion # in L*((0, T); L*) is continuous for all ¢ in (0, T). The uniqueness
theorem for » = 2 due to Prodi-Lions [15] can be obtained.

2. C. Foias [4] first introduce function spaces L™*' and showed that
the uniqueness theorem (similar to Theorem 2 above) holds if 2 = R
r>mn and n/r + 2/r" <1. On the other hand, J. Serrin [23] gave the
uniqueness theorem under the assumptions that 2 is a general domain;
2<n<4; r>n; n/r+2/r"<1. Thus Theorem 2 may be considered
as a generalization of the Foias-Serrin uniqueness theorem.

3. Recently von Wahl [26]” gave the uniqueness theorem similar to
Theorem 3 above. Under the assumptions that a = a(x), and f= f(«, t)
are regular to some extent, and that 2 is a bounded domain, he showed
that the uniqueness theorem holds in the class C([0, T'); L"), by using
the a-priori estimates due to Solonnikov [24]; the method is different

from ours.

(1) After the completion of the present paper, Professor von Wahl kindly informed the
author of their recent work [27], in which they independently showed similar results (Theorems
2 and 3 above) by using the Yosida approximation; the author would like to express his
sincere thanks to Professor von Wahl for it.
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1.4. We are next concerned with the problem whether or not
|u(@)|| — 0 as t — . We first define the operator 4, in L:. Let A, be
the operator in L defined by: A = —4¢; D(4,) = C5,. (D(S); domain
of S). Then the A, thus defined is clearly symmetric and positive in L2.
Moreover we have (A4, ¢) = ||[Fg|®>. Hence A, admits the self-adjoint
extension A (called the Friedrichs extension of A, in L:. It is then
easy to see that A is positive and satisfies:

(1.8) [A”s[l = [[Vall .

From the above identity it follows that the zero is not an eigenvalue of
A. Thus A is a strictly positive self-adjoint operator in L:. Now we
make the following assumption on A.

ASSUMPTION 3. For some non-negative q,
I+ A)¢eL* for all ¢ in L3.
In many cases the above assumption is satisfied:

PROPOSITION 3. The above assumption is satisfied with o = (n — 2)/4
if one of the following conditions is satisfied.

(i) 2=n =4

i) 2=R", n=2.

PrOOF. Define the operator B in L*R") by: By = —A¢, D(B) = H*(R")
(Sobolev space). By the Sobolev inequality

(1.9) [z = M||(I + B)*¢|l, ¢e€D(B")

(a=(mn—2)4). If 2=R" then (I + A)*= I+ B)*P. (P: the projection
on L?). By (1.9), I + B)™® is a bounded operator from L*R") to L"(R").
Hence (I + A)™* is a bounded operator from L:(R") to L"(R"). We next
suppose that 2 < n < 4. Let E be the extension operator from L (Q2) to
LYR"): E¢(x) = ¢(x) (if xe2); =0 (if x¢ 2). Since (I + B)*E[I + A)™*
is a bounded operator by (1.8), it follows from the interpolation theorem
that (I + B)’E(I + A)~* is a bounded operator for 0 =< B8 < 1/2. Hence
by (1.9) we see that (I + A)~* is a bounded operator from L? to L".

Our result on the decay of solutions reads:

THEOREM 4. Let T = o. Let the assumptions 1, 2 and 3 hold. Let
u be a weak solution of (N-S) with Sw | Vul|*dt < eo. Then ||(I + A)~*u(t)||
tends to zero as t — oo. '

The following two corollaries are immediate consequences of Theo-
rem 4.
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COROLLARY 1. Under the assumptions of Theorem 4,
t+1
(1.10) limS | u(s) [*ds = 0 .
tooo Jt

COROLLARY 2. Let the assumptions of Theorem 4 hold. If ||u(t)||
tends to some constant, say ¢, as t — o, then we have ¢ = 0.

J. Leray [13] considered the case £ = R® and f = 0, and constructed
a weak solution u that becomes smooth (in « and t¢) for large ¢, say
t > T; moreover, ||u(t)|| monotonously decreases with ¢ > T. He posed
a problem whether or not ||u(t)|| -0 as ¢t — o. Corollary 2, together
with Proposition 3, gives an affirmative answer to it. More generally,
if 2 is a domain of R? f =0, and if » is a generalized solution (in the
sense of Ladyzhenskaya [12]), then | «(f)| monotonously decreases with
t, and hence tends to zero as ¢ — oo, by Corollary 2.

REMARKS. 1. We can construct a weak solution that |u(t)|| tends
to zero as t — . (see K. Masuda [18]). T. Kato constructed a strong
solution with ||u(t)|| — 0 as ¢ — o by a method different from ours. (His
result was motivation for the present work.)

2. For the decay of [[u(t)||.~ and ||Vu(t)| see Masuda [17, 18], J. G.

Heywood [7], P. Maremonti [16].
3. Theorem 4 and the outline of its proof have been reported in

Masuda [19].

2. Preliminaries.

2.1. We first recall elementary properties of the mollifier J,[w] of
w,h>0. Let o be a C° function in R' with support in [¢| =1, such
that o(t) = p(—t), p(t) = 0, and Sm ot)ydt =1. We set 0,(t) = h™'0(t/h).
Let s, t be fixed numbers such the_ti’:c 0=s<t< +x. Let X bea Banach
space. For w in L*((s, t); X), 1 = p < o, we define the mollifier J,[w]
of w by

@.1) L@ = | i — Oulords,

Then the following lemma is well-known, and is easy to prove.

LeMMA 2.1. We have

(i) For each fixed h, J, ts a bounded operator from L*((s,t); X)
wnto C'([s, t]; X).

(ii) For each fixred w wn L°((s, t); X), JJlw]—w as h—0 in
L*((s, t); X);
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(iii) If weC([s, t]; X), then J,[w](t) — 1/2)w(t) and J,[w](s) — (1/2)w(s)
as h — 0 in the norm of X.
LEMMA 2.2. Let X, be a dense subset of a Banach space X. Then

any function @€ H'((s, t); X) can be approrimated by a sequence {Dy}, in
the topology of H'((s, t); X), such that each @y has the form

(2.2) Dy(7) = ﬁZ N,(T)g;

where \; is some C* function on R' and ¢, is some element of X,. Simi-
larly, any function in L*(s, t); X) can be approximated by a sequence of
Sunctions of the form (2.2) in the topology of L((s, t); X).

Proor. Since C'([s, t]; X) is dense in H'((s, t); X), we may assume
that @ is in C'([s, t]; X). Since X, is dense in X by hypothesis, for any
positive integer N, there is a ¢y ; in X, with |¢y,; — @(t;)|| < 1/N? j =
0, 1, ceey, N. (tJ:s"'jAN; N:(t_s)/N). Set
(2.3) By(7) = by, + 45T — t) By, 01 — b1.)
if ¢, <7 <t;,. It is easy to see that &,c HY(s, t); X). Moreover &,
tends to ® as N — o in H'((s, t); X). Indeed, we have

Fr(z) — O(z) = A;vl[m,m — Ot;1) — (B — B(E)) + S ™ @(0) - cb'(r»do]
if t; =t = t;,,. Therefore

185(2) = V@) | < 24y + sup [|@'(0) — @'(o)]|

¢
tj

from which it follows that the integral
t ~
1850 - o0 |az

tends to zero as Njoo. Thus we can see that &, — @ in H((s, t); X);
note that clearly @y — @ in C([s, t]; X). Extend @, to function on
R Dy(7) = ¢y, (if 7 = ¢,); = dyv (if 7= ty). Then we mollify @y

0,7 = | oustc — Bn(odo .
The @, thus defined is a desired function of the form (2.2). The latter
statement can be proved similarly.
2.2. In this subsection we shall give some estimates for (w,-Vw,, w,).

LEMMA 2.3. Let ¢, ¢, be in H},, ¢;€L", and ¢, € Y, where n = r =
., Then
(i) H¢1¢3H = MHV%H""HmH"""H%Hu;
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(i) [(,- Ve, 89)| = MHV¢1HMTH¢1H1-MTHV¢2“ ”¢3HL’;
(1ii) [(Bs- Vo, ¢)| = M|V [|""[| g 1" || Vo || || @] v
(iv) (34 Vi, ) = — (¢4 V,, 6).

Proor. By the Holder inequality,
logul < Ml 5o gl o (3 =2 =)

Hence the statement (i) follows from the Sobolev inequality:
gl = M| Vs .

The statements (ii), (iii) follow from (i). Let {g,;}%, be a sequence in
Cz, such that ¢,;, —> ¢, as j— o in H;,, v =1,2,4. Then by (ii) and

(iii),
(¢u-V60 ¢ = lim lim lim (3,1- V5., 6..)
= —lim lim lim (¢2,jy Ba,1 'V¢1,k)

jooo koo oo

= _<¢2; ¢4'V¢1) ’
showing (iv).

LEMMA 2.4. Let w, e L¥(s, t); Ht,) N L=((s, t); L?), w,e L¥(s, t); Hi,),
wy,€ L™ ((s, t); L"), and w,€ L*(s, t); Y) where njr +2/v' =1, r=Zn. If
17 < oo, we set

ots, &) = ([ 1w 1w, 127 at)

and if r' = o, we set

g(s, t) = esssup [[wy(7)[[zn (=T =),
Then:
t t
@ | 1w, wyide + | 1w Vi, w)at
t 1/q
= Mys, o] I Vo, oo Vo, rat)

(@ = 2r/(n + r)) M being a constant independent of w,, w, w, and s, t.

(i) S (- Vaw,, wp)dt = —§t<w4-w2, wdt .

PROOF. The proofs of (i), (ii) follow from Lemma 2.3.

Let ¢ be a monotone increasing C* funection in R* such that 0 ={ <1,
|0,£(8)] <1 (for all s in R'), and {(s) =1 (if |s| £ 1); =0 (if |s|=4). Set
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L) =C(|x|/k), e R™) k =1,2, ---. Then a sequence {{,}i-, will be called
a sequence of m-dimensional cut-off functions. Then:

LEMMA 2.5. For any € > 0 and w, in C(0, T']; L"), there is a con-
stant M, an integer N, and functions « x) (t=1,---, N) in L* such
that the inequality

@4 | eV, wldt < | (1VwlF + [ V[ + [, )] Vo |t

+ 3w, ot

holds for all w,, w, in L*(s, t); Hy,), and 0 S s<t = T'.
ProOF. We fix w,, w,; and define the linear functional on C([s, t]; L").

I[w] = S:(wl-sz, w)dt .

Then we decompose I[w,] in the form:
(2.5) Iw,] = Ifw,,] + I[ws,] + I[w;,]
where
w; (2, 1) = 1 — L(0)ws(x, t) ;
Wy o (@, 1) = Cp(@)(1 — (| waler, B)[)wy(z, ?) ;
Ws,(%, 1) = p()7,(| e, €) Dwy(w, ©)
Here {C,}, {n,} be sequences of n-dimensional, 1-dimensional cut-off func-

tions, respectively. We shall estimate each term on the RHS of (2.5).
By Lemma 2.4 (i), (ii),

@8 Twdl = M| [ Vw ||V de sup [, @) ]ir, §=1,2.

We shall show that sup,c.<r || ws «(7)]||z» is sufficiently small for large p,
and ¢. From hypothesis it easily follows that | w,,(7)| .= is continuous
for z. Moreover the family of continuous functions ||w;, ,(7)|.» on [0, T']
is monotone decreasing in p, and converges to zero for each fixed = by
Lebesgue convergence theorem. Hence it follows from the Dini theo-
rem that ||w,,(7)|;» converges to zero as p — oo, uniformly on [0, T"].
Hence we can take p so large that

t
@7 lw,dl = £ IVl Vi de, 0ss<t<T

(see (2.6)): we fix such a p. Using the elementary inequality

7(16D& — 2,18 D' | = sup (p(s) + [s7/(s) DI — &'
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for two vectors ¢& &, we can see that ||w,,(7)||,» is continuous for <.
Also the family of continuous functions | w;.(7)|,» is monotone de-
crersing in ¢ and tends to zero as ¢ — « for each fixed z (and a fixed
p). Hence by the Dini theorem, it converges to zero as ¢ — co, uniformly
on [0, T']. Hence we can take ¢ so large that

2.8) Tyl = £ Vo Vwjat, 0ss<tsT

(see (2.6)): we fix such a q.
We finally proceed to the estimate of I[w,,]. We have

@9 [wll = | 16wV de sup 17,00, @) 1

A trivial calculation gives:
(2.10) |[7]q(|ws(f)l)wsHL°° =4, 0=tc=T.

On the other hand since H{(2,) is compactly imbedded in LXR2,) (2, =
{xe ;x| < 4p}), and since {,w, € H{(2,), it follows from the Friedrichs
inequality (Courant-Hilbert [2; p. 489]) that for any & > 0 there is an
integer N and functions w; in L*(L2,) ¢+ =1, .-+, N) with

N
Hprl(T)H = 5'||V(pr1(z')>ﬂ + Mizﬂl(cpwl(f); C’)i)z,?(!?p)l a.e. in (s, 0) .
((+y )12, denotes the L’-inner product over 2,.) Hence since [9,{,(x)| = 1,
we have
N
(2.11) 1Gw(@) || = €[V (D) || + € lw() || + Mizzl | (wy(7), 4s) |
where (2) = {,(@)w,(x) (xc€Q,); =0 (xe2\92,). Thus, by the Schwarz
inequality, (2.9), (2.10), (2.11), we have

@12)  Ilwdl S 4 | (VW + [V + o) Vo D

+ M35\ I, pordt

Taking ¢ so small that 4¢¢’ < 1, and collecting all the estimates (2.7),
(2.9), (2.12), we obtain the desired estimate (2.4).

We wish to relax the assumption, made in Lemma 2.5, that w, is
continuous on [0, 7] in the norm of L". To this end we prepare a lemma;:

LEMMA 2.6. Let f be a mnon-negative and integrable function on
[s, T'], and {g.}v-. be a sequence of non-negative functions in L>(s, T').
t

Suppose that S flzydr > 0 for any tin (s, T'). Suppose also that for each
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fized t g,(t) decreases monotonously to zero as k — oo, and for each fixed
k 9.(t) is right continuous for t at t =s. Then for any € > 0, there is

an N such that
| f©a)r 5 & e

Sor all t in (s, T') and k > N.
ProOF. Put
t

at) = | foarf| sae, t>s, k=1,
If we define 2,(s) = g.(s), then z, is continuous for ¢ in [s, T"]. Indeed,
it is clearly continuous for ¢ in (s, T']. It is also easy to see that

[2:(8) — gu(s)| = sup |gu(®) — guls)l,

from which it follows that z, is continuous on [s, 7"]. On the other hand
for each fixed t z,(t) decreases monotonously to zero as k — <. Hence

by the Dini theorem z,(¢{) converges to zero as k — oo, uniformly on
[s, T']. This proves Lemma 2.6.

LEMMA 2.7. Let we L¥(s, T"); Hy,), and we L>((s, T'); L"). Suppose
t
that S lwl*dt > 0 for any t in (s, T'). Suppose also that w is right con-
tinuous for t at t = s in the norm of L™. Then for any ¢ >0

(2.13) St[(w-Vw, wldt < ¢ Stllejjzdt ¥ MY lwldt, s<t<T,

M being a constant independent of t.
Proor. If we set
U= 1 = G@ul, 1) 5 u = §@)(1 — 7 (fulz, t)D)ulz, t) ;
us = C(@n(lulz, 1) Dulz, t) ,
then in the same way as in the proof of Lemma 2.5 we can get, by
U = U, + U + Us,

[[1a0- v, widt = M 1Vl flon + 11 o)

t
+aqm | iG] | wdt

From hypothesis it follows that for each fixed p ||u,(t)|.~» is right con-
tinuous for ¢ at t = s, and for each fixed ¢ ||u,(t)|.» decreases monot-
t

onously to zero as p — o, and that S [|[Vw|*dt > 0 for ¢t in (s, T’). Thus
by Lemma 2.6, there is a p, such that
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[1vwlinimde<e( ivolrd, pzp, sstsT.
Similarly we can see that for each fixed p there is a ¢, with
SiIIVwHZIquHLndt < eg IVw|'dt, q=gq,, s<t<T.
By the Holder inequality, for each fixed p and g,
[Icwliveia s e 1vuora + we [ wiae, sses.

Collecting all the estimates above, we can get the desired estimate
(2.13).

3. Existence of weak solutions; Proof of Theorem 1. Following
Hopf [8], we first construct approximate solutions of the problem (N-S)
by the well-known Galerkin method, in the Banach space Y = H},NL".
To this end we need the following.

LEMMA 3.1. The Banach space Y 1is separable.

PRrROOF. Define the extension £: Y — H'(R*) N L*"(R") by (Eu)(x) = u(x)
(if xe2); =0 (if xe R\2). By the identification u — Eu, Y can be
regarded as a closed subspace of H'(R")NL"(R"). By virtue of Lions
[12; p. 6], H(R")N L"(R") is separable. Hence, Y is separable.

Now by Lemma 3.1 just proved, there exists a sequence {¢,}i-, of
linearly independent vectors which is total in Y. Since C5,CcY CL? and
since Cf, is dense in L:, it follows that {¢,};-, is also total in L?; we
may assume, without loss of generality, that it is a complete orthonormal
system in L:. Using {¢,}, we construct approximate solution u, = u,(x, t)
of the problem (N-S) which has the form

(3.1) Un(T, t) = g Cni(t)pi() .
Here the coefficient ¢,;, = ¢,u(t) ( =1,2, ---, m) is a solution of a system

of ordinary differential equation

(8.2)  dew/dt + 3 GuCni + 3 GiiCuilny = fi (1 =1,2, -, m)
i=1 =

with the initial condition
(3.3) em0) =¢,;, (1=1,2,---,m)
where

aq = Vo, V4) 5 iy = (8:°Vy, Vo) 5 fi=(f, 605 ¢ =(a, ).
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We note that a,, is finite by Lemma 2.3. If »e HY(0, T)) 1 =1 = m),
then noting the relation

(3°4) (um(t)9 ¢l) = cml ’
we multiply the both side of (38.2) by N\ (t) and integrate it in ¢ over the
interval (s, t); and there results:

35) [ (s 0 + (Vitn, V0) + (- Vo, D))t
= (7, 2t — a0, 00) + (was), 2(s)),

where @ = \(t)é(x). Putting n\(¢) = ¢, (t) in the above identity, and
taking the summation with respect to I, we find

(3.6) la®) [+ 2 | 1 Van ldt = 2 uay St + [0l

where a,, = #,(0), since we have (4, V., #,) = 0 by Lemma 2.3. Since
la.l < |la|, it follows from the assumption 2 that

3.7) un®) It + S: IVu, fdt<M,, 0<t<T,

M, being a constant independent of m, t. (see Ladyzhenskaya [12; Chap-
ter 6, Section 3]). As is well-known the above a priori estimate (3.7)
guarantees the global existence of solution of (3.2), (8.3). Moreover, we

have:

LEMMA 3.2. For each fized j, the family {(u.(t), ¢}~ forms a
uniformly bounded and equicontinuous family of continuous functions

on [0, T].
PrOOF. The uniform boundedness is an immediate consequence of
(3.7). A simple calculation yields

(Ualt), 8) — (al®), ) = | (@172, 908
= —{ Vun, Vopdr - (o Vun, 0)iz + | (7, 002

(=L+L+1).
We shall estimate I;, 5 =1,2,3. By the Schwarz inequality and (3.7),
(3.8) L] = M(t — s)”*
and
t
(3.9) 5= M| |Prlat
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M being a constant independent of m, s, t. Applying to I, Lemma 2.5
with w, = w, = u,, and w, = ¢;,, we see that for any & > 0, there holds

\Ll<¢ S |V, |'dt + MS’ R T
and hence, by (3.7)
(3.10) |L| < M¢" + M|t — s|

M being a constant independent of m, s, t. Therefore it follows from
(8.8), (3.9), (3.10) that for any ¢ > 0 there is a 6 > 0 with

(8.11) [(Un(D), ¢;) — (Un(8), 9))| < e if [t —s]|<d, m=1,2 ---.
Since ¢ is arbitrary positive number, (3.11) implies that the family
{(un(t), ¢,)} is equicontinuous.

Now by the Ascoli-Arzela theorem, and the usual diagonal argument,
it follows from (8.7) and Lemma 3.2 that there is a subsequence {m,} of
{m} along which {u,(t)} converges to some wu(t), uniformly in ¢€]0, T],
in the weak topology of L:(2): The uniform limit u(t) of a sequence of
continuous functions u,(t) is continuous for ¢, weakly (see Hopf [8]; and
also Ladyzhenskaya [12]). On the other hand, since {u,} is bounded in
L¥(0, T); H},) by (3.7), there is a subsequence of {m,} along which {u,,}
converges to some % weakly in L*((0, T'); H;,). It is easy to see that
# = u; we shall assume that the original sequence {u,(t)} itself converges
to u, for the sake of simplification of the notations. Since ||a.| < ||a||,
taking the limsup (in m) in (3.6), we see that the u satisfies the energy
inequality (1.8). To show that the w is a desired solution, it remains
only to show that it satisfies (1.2).

We claim:

(3.12) S”(um-wm, @)dt—»St(u-Vu, D)dt, as m— oo

for every @ in &,,: &,, is the set of all @ of the form
(8.13) @ = >, () (x) (finite sum)
where \,(7) is arbitrary function in H'((s, t); R'). Indeed, we have

St (- Vi, O)dt — S' (w-Vau, O)dt
- S (g — )V, D)t + S (W-V(up — ), Oydt (=1, + L) .

By (1.3), (8.7) and Lemma 2.5 (with w, = w, — %, w, = u,, w;, = @), we
see that for any ¢ > 0 there is a constant M = M,, a positive integer
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N = N,, and function ,(x) (¢t =1,2, ---, N) in L? such that

(3.14) L <eM + M3, S (s — 1, )t -

=1
M’ being a constant independent of ¢, m. Hence, letting m — oo, we get

limsup [[,| < eM’

m—oco

since u,(t) — u(t), uniformly in ¢, in the weak topology of L2. Since ¢
is arbitrary, it follows that I, - 0. We next show I,—0. If wyx, t) =
w'¥(x, t)0(x, t) (u'”: then i-th component of ), then w,e LXQ X (s, t)) by
Lemma 2.3. Hence there is a sequence {w,,}i-; (¢ =1, ---, n) in C3(Q X
(s, t)) with w,, —>w, as k — o in L2 X (s, t)). For the w,,, we have,
by partial integration,

n t
L= 5 I = u, sa0,0 1t
i=1 Js
n t 1/2/(t 1/2
+ 2 () 1vun = vupar) ([ o = woikat)” @ = ajaw) .
Letting m — o and then k — o in the above inequality, we have, by
(8.7), I, > 0. Hence we have (3.12).
Taking a finite sum with respect to ! and then letting m — o in

(3.5), we obtain, by (3.12),

(3.15) St (—(u, @) + (Vu, V) + (w-Vu, ®)dt

= | (5, 2t — (uit), 00) + (w(s), D(s)

for every @ in &,,., We next show that (3.15) holds for every @ in
C'(s, t]; Y). Let @eC¥s, t]; Y). Let &, be the set of all (finite) linear
combination of the functions in the set {¢,}; &, is dense in Y by defini-
tion. Hence by (2.3), there is a sequence {®@,} such that @&, — @ in
HY(s, t); Y), and which has the form

Oy(T) = Ay + 47T — t)(Yjer — Py) i ¢, =T =85,

where ¢, =s+ jdy (=0, -+, N); and ;€. ,. Applying (3.15) with
s =t; t = t;4, one finds

Stjﬂ{—(u, Dy.e) + (Vu, VOy) + (u-Vu, Oy)}dt
tj

= S:J:“ (f; Oy)dt — (%(tjﬂ); QN(tj+1)) + (u(tj), @N(t,‘)) .

Taking the summation with respect to j, we see that (3.15) holds for
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® = @y. Letting N— o in (3.15) with @ = @,, we can conclude that
(3.15) holds for every @ in C'([s, t]; Y). Since C'([s, t]; Y) is dense in
H'((s, t); Y), it follows from Lemma 2.2 that (3.15) holds for every @ in
H'((s,t); Y). By taking s =0, we can conclude that u satisfies (1.2).
This completes the proof of Theorem 1.

4. The uniqueness of weak solutions; Proofs of Theorems 2 and 3.
We follow Serrin [23]. Suppose u is a weak solution satisfying the as-
sumptions of either Theorem 2 or Theorem 3. We then define

w(@ = | o — Ouordo

for arbitrarily fixed ¢ (0 <t < T) and the weak solution u. Then
u, € H((0, T); Y). Hence we can take the wu, as a test function in (1.2)
with % replaced by v, and there results: (u,, = d,u;)

(4.1) || (=@ w0 + (F0, V) + (090, w)dt
= | wddt — (0(0), w(®) + (@ w0 .

On the other hand, since ve L*(0, t); H;,) by hypothesis, and since C;’,
is dense in H;,, it follows from Lemma 2.2 that there is a sequence {v*}
in H'((0, T); Y) with +* — v in L*(0, T); H},): note C>, C Y. We then
define v,, v%:

v (T) = S:ph(f — o)v(o)do ; vi(r) = S: ot — o)v*(o)do .

Then it follows from Lemma 2.1 that v, € H'((0, t); Hy,), vie H (0, t); Y);
and that v, —v as h — 0, v} > v, as k — oo in the norm of H'((0, t); H},).
Now we take v! as a test function in (1.2), and there results

@2 (= eh) + (Vu, Vo + (- Vu, oblde

= (4 obdt — (o), vi(®) + (0, 050) .

Letting k¥ — o in the above identity, we get, by Lemma 2.1 and Lemma
2.4,
(4.8) S (=, va0) + (Vat, Vou) + (u-Vu, 0,))dt
0
t
= (£ vt — u(t), 0,®) + (@, 0,0)) .

Now by virtue of Fubini’s theorem and the symmetry of the kernel p,,
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it is easy to see that
[} @ vn0dt = —S (U, V) .
Consequently, addition of (4.1) and (4.3) yields
S (Yo, Vaa) + (Vi Vo) + (0- V0, w,) + (u- Vau, v,)}dt
= [ 40 ) + (7, ot = (00), ua(8)) = (), 04() + (@, w(0)+(a, 0,0)) .

In the above identity we let # — 0. Then it follows from Lemma 2.1
and Lemma 2.4 that

(4.4) St 2V, Vo) + (v- Vo, u) + (u-Va, v))dt

= | {0 + (F, ot — @), 0®) + (@, ).

By the theorem of Prodi [18] and Serrin [20], the u satisfies the energy
equality:

(4.5) In )+ 2| vl = 2| o, wdt + alr

since u is a weak solution in the class L™"'(Q x (0, T)). On the other
hand, by (1.6), it satisfies the energy inequality:

(4.6) low i+ 2 [ 1volras = 2{ f, vt + Jale.

Addition of (4.4) (multiplied by —2), (4.5) and (4.6) yields

4.7 lwwle + 2§ | vwlia < 2| @ vw, wit

where w(t) = v(t) — u(t). Here we made use of the identity:
[t v, w + o, u-vwyar = o,

which can be seen from Lemma 2.4.

PROOF OF THEOREM 2. From Lemma 2.4 and the Holder inequality
it follows that for any ¢ > 0
t
the RHS of (0.7) =& | | Vwirat + m{ |ulilwirar,
0
M being a constant independent of w. If we take & so small that ¢ < 2,
then by (4.7) and the above inequality,
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(4.8) )| < MS lwllwdt, 0<t<T.

Since ||w(¢)|]* is locally integrable on [0, T'), the above inequality (4.8)
implies w(t)=0, a.e. in (0, T'), by the Gronwall inequality. (see Beckenbach-
Bellmann [1; p. 134]). This completes the proof of Theorem 2.

PROOF OF THEOREM 3. Assume that there were not such a 6 > 0.
t
Then S [[Vw]|*dt > 0 for any ¢ > s. Hence it follows from Lemma 2.7 that
t
the RHS of (4.7) < eg | Vw|dt + Mgt llw|de ,
M being a constant independent of w. Hence, similarly to the proof of
Theorem 2, we can get

t
lw@)| < MS lwldt, s<t<T.
Hence we must have w =0 on (s, T); a contradiction. This proves
Theorem 3.

ProOF OF COROLLARY. Since # and v are both continuous in ¢ in
the weak topology of L2, Corollary easily follows from Theorem 3.

5. The decay of solutions; Proof of Theorem 4.

5.1. The proof of Theorem 4 is based on the following estimate to
be proved in the next subsection.

(6.1 [[(I+ A u®) " = e + A)~uls) [
+ M{ puleae + i PP 0 =5 <),

M being a constant independent of s, t.

For the moment we assume that (5.1) holds true. If Av = 0, then
Vv =0 by (1.8), from which it follows that v = 0. Hence the zero is not
an eigenvalue of the positive self-adjoint operator 4 in L:. Thus

(5.2) leHg]| —0 as t— oo

for every ¢ in L:. Hence, letting ¢ tend to infinity in (5.1), we see
(5.3) limsup [|[(L + A)~u(t)|]* = MrHVuH?dt + Mr || Pf|dt .
t—oo 8 8

Letting s tend to infinity in the above inequality, we have Theorem 4
by hypothesis.

5.2. We shall show the estimate (5.1). Let s, ¢t be fixed numbers
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such that 0 < s <t < +c. For positive numbers ¢, &, we define
(5.4) 0..(0) = U@ | 0uc = U u(odo , s=cst,

where u is a weak solution of the problem (N-S); o, = 0,(7) is a function
defined in the section 4; and

UE(T) — e—(t+s—z‘)A<I + A)-—a , T § t.
Then it is easy to see that for each fixed ¢ and &, @, , has the following

properties (i), (ii), (iii):
(i) @.,eC([s, t]; L) and

(5.5) 19, | = M, (M, = sup [[u®)[]) ;
(ii) @, ,(r)e D(A) and A, ,(r) is continuous for 7 (s = 7 = ¢) in the

norm of L2;
(iii) @, , satisfies

(5.6)  2.0.,(0) = 40,,) = U | 2.0.c = 0)- Uoyutordo , s<c=t.
(0. = 8/ot). Moreover we have:

(iv) @, ,€C(s,t]; L") and
(5.7 N9.4(7) |l zn = MM,

M, being a constant independent of ¢, A, u.

Indeed, since by the closed graph theorem (I + A)™>* is a bounded
operator from L’ into L" (with a bound, say, M,), it follows that @, ,(v)
is continuous for 7 in the norm of L", and that

10,42l = M, | 04 — ]| () |do < MM,

by hypothesis. Thus we have (iv).
Now we can take the @, , as a test function @ in (1.2) and there

results
(5.8) S -V, 0,0dt = | (£, 0.0t — WD), 0.0 + W(s), 0.a(5)
since
[ (= 0.0, + (Vu, Vo, )t
= (-, 0.0, + @, 40, it
= St St 0.0,(t — o)(U(t)u(z), Ulo)u(o))daodr (by (5.6))

=0 (by the symmetry of p,(t)) .
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We shall let ¢ — 0 and then A~ — 0 in (5.8). Since ((I + A) e~ 4y(t),
u(0)) (= g(0)) is continuous for ¢, we have, by Lemma 2.1,

lim lim (u(?), @.,,(1)) = lim S pu(t — 0)g(o)do = -—(u(t), (I + Ay u(?)) .

h—0 e—0

Similarly,

lim lim (u(s), 9. ,(s)) = %(u(S), et 4T + A) T u(s)) 5

h—0 e—0

and

lim lim § (f, ©.)dt = S (f, =94 + A)~*u(6))do

h—0 -0

= .| I1Pflds oy G.5) .
On the other hand, by Lemma 2.4 and (5.7)
the LHS of (5.8) = —MS V|2, | 1ndt = — MMM, S | Va |2dt .

Noting all the results obtained above, we let ¢ — 0, and then 2 — 0 in
(5.8). Then we get the desired estimate (5.1). This completes the proof
of Theorem 4.

5.3. PROOF OF COROLLARY 1. By the interpolation theorem,
Il = (T + A 1P| (I + A)”g[~*
where 8 = 1/(1 + 2a). Hence

6.9 |7 el
= (|71 + area@eas) (71T + ayeue)ds) ™
Since
|1+ areu@ s = |7 jue) ds + | | Vale) ds
=M+ M (M= S:IIVqut < oo)

by hypothesis, it easily follows from Theorem 4 that the RHS of (5.9)
tends to zero as t — . This proves Corollary 1.

5.4. PROOF OF COROLLARY 2. By the change of the variable and
Corollary 1,
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1 t+1
c = ltims [[u(s + t)|*ds = limS [|u(s)||*ds = 0 .
— JO tooo Jt

This proves Corollary 2.

Appendix. PROOF OF PROPOSITION 1. We first recall the definition
of a Hopf’s weak solution ([8], [23]). Let 7~ be the set of all C* vector
functions @ = (@', ---, ") on 2 x [0, T), which has its support in £ X
[0, T), and are divergent free, i.e., D7, (3/0x,)®'(x, t) = 0. A function u
on 2 x (0, T) is called a Hopf’s weak solution if

(H-1) for each T (0 < T < T), u is in the closure V,. of #° under
the norm of L*(0, T"); Hi,);

(H-2) the norm || is uniformly bounded in ¢;

(H-3)

[t @) + @, 80) + @, w-vo)dt = | (£, Dt — (a, 2(0)

for all @ in 77

Suppose that u is a weak solution in our sense. Since C;°, is dense in
H;,, it follows from Lemma 2.2 that for any T' (<T) u can be approxi-
mated by a sequence of functions u, of the form: wuy = >, \j(t)¥; (finite
sum) in the norm of L*((0, T"); H;,), where \; € C~([0, T"]), 4; € Cs>,. Hence
it is easy to see that uye V,. and so we V.. for all T" (<T"). Thus %
satisfies the condition (H-1). Since (H-2), (H-3) are easily verified, u is
a Hopf’s weak solution. Under the assumption that C;°, is dense in Y,
we next show that a Hopf’s weak solution % is a weak solution in our
sense. By Lemma 2.2, any function @ in H*((0, T'); Y) such that for some
T, (<T) &(-,t) =0 on (T,, T), can be approximated by a sequence of
functions of the form >} An;(¢)y; (finite sum) in the norm of L*(0, T'); Y)
where ); € C3([0, T)), ;€ Cs>,. Hence it follows from Lemma 2.4 and (H-3)
that (1.1) holds for such a @. It is now easy to see that a Hopf’s solution
is a weak solution in our sense. We next proceed to the proof of the
latter part of Proposition 1. If 2<mn <4, then by the Sobolev inequality,
Hi,c L*, and so Y = H;,. Hence Cs, is dense in Y. If 2 is a star-
shaped bounded domain with respect to some point, say the origin, then
for any w in Y, ;€Y and u;—»u as A —1 (A >1) in Y where u,(x) =
(Bu)(\x) (E is defined in Lemma 3.1). We mollify u:

@) = |, 0ia = @iy = o, x u@)
where 0, * is the usual mollifier on R*. Then u;,€Cs, and w;, — u; as

h—0in Y. Thus C5,is dense in Y. Finally we consider the case 2 = R".
If fe Y, then we mollify f: f, = 0, xf, h>0. Let B be the operator defined
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in Proposition 3, and {{y} be a sequence of n-dimensional cut-off functions.
We then set

(- i .
Fural®) = (=0 + 2T @ + B, > 0.

It is easy to see that f, ,.y€Cs,. After letting N — o, we let gt —0,
and then » — 0; we see that f, .,y — fin Y. Thus Gy, is dense in Y.
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ADDED IN PROOF. Professors J. Heywood and Y. Giga orally com-
municated to the author that C;, is dense in Y if £2 is a bounded or
exterior domain. (See Proposition 1.)





