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Introduction. In the theory of two-dimensional singularities, simple elliptic
singularities and cusp singularities are regarded as the next most reasonable class of
singularities after rational singularities. Cusp singularities appear on the Satake
compactifications of Hilbert modular surfaces and have loops of rational curves as the
exceptional sets of the minimal resolution. Simple elliptic singularities were investigated
by Saito [11] in detail. By definition, each of them has a nonsingular elliptic curve as
the exceptional set of the minimal resolution. Here we are interested especially in a
hypersurface simple elliptic singularity (X, x). In this case, the defining equation of (X, x)
is given by one of the following in some coordinates z,, z,, z3 around x,

Eg:234 23+ 23+ 412,2,23=0  (E*=-3),
E 224284284 0,2,2,2,=0  (E*=-2),
Eg: 224 234254 232,2,2,=0  (E*=-1),

with the parameter satisfying 13 +27#0, A5—64#0, 1§—432+0 and corresponding
to the moduli of the elliptic curve E which appears as the exceptional set.

The purpose of this paper is to study similar properties for simple K3 singularities
which we regard as natural generalizations in three-dimensional case of simple elliptic
singularities.

The notion of a simple K3 singularity was defined by Watanabe [4] as a
three-dimensional Gorenstein purely elliptic singularity of (0, 2)-type, whereas a simple
elliptic singularity is a two-dimensional purely elliptic singularity of (0, 1)-type. Ishii
[4] pointed out that a simple K3 singularity is characterized as a quasi-Gorenstein
singularity such that the exceptional set of any minimal resolution is a normal K3
surface. Let feC[z,, z,, z,, z3] be a polynomial which is nondegenerate with respect
to its Newton boundary I'(f) in the sense of [14], and whose zero locus X={f =0} in
C* has an isolated singularity at the origin 0e C*. Then the condition for (X, 0) to be
a simple K3 singularity is given by a property of the Newton boundary I'(f) of f (cf.
Proposition 1.6). Tomari [12] showed that a minimal resolution = : (X, E)—(X, 0) of
a simple K3 singularity is also obtained from I'(f). In this paper, we classify
nondegenerate hypersurface simple K3 singularities and study the singularities on the
K3 surface E through the minimal resolution =.

In §2, we classify nondegenerate hypersurface simple K3 singularities into ninety
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five classes in terms of the weight of f.

In § 3, we construct the minimal resolution 7 using the method of torus embeddings,
and study the singularities on the weighted projective space P(py, p;, P3, Pa)-

In §4, we prove that the singularities on the normal K3 surface E are determined
by the weight of f, and show the relation between the rank of singularities on E and
the number of parameters in f.

We denote by R, (resp. R,) the set of all positive (resp. nonnegative) real numbers.
We define Q,, 9., Z,, Z. etc. similarly.

1. Preliminaries. In this section, we recall some definitions and results from [2],
[4], [15] and [16].

First we define the plurigenera d,, me N, for normal isolated singularities and
define purely elliptic singularities. Let (X, x) be a normal isolated singularity in an
n-dimensional analytic space X, and n: (X, E)>(X,x) a good resolution. In the
following, we assume that X is a sufficiently small Stein neighbourhood of x.

DEerINITION 1.1 (Watanabe [15]). Let (X, x) be a normal isolated singularity. For
any positive integer m,

5u(X, x):=dimeI (X — {x}, OmK))/L?"™(X —{x}) ,

where K is the canonical line bundle on X—{x}, and L*™(X —{x}) is the set of all
L?m™_integrable (at x) holomorphic m-ple n-forms on X —{x}.

Then 4, is finite and does not depend on the choice of a Stein neighbourhood X.

DEerFINITION 1.2 (Watanabe [15]). A singularity (X, x) is said to be purely elliptic
if §,,=1 for every me N.

When X is a two-dimensional analytic space, purely elliptic singularities are
quasi-Gorenstein singularities, i.e., there exists a non-vanishing holomorphic 2-form
on X—{x} (see [3]). But in higher dimension, purely elliptic singularities are not always
quasi-Gorenstein (see [4], [17]).

In the following, we assume that (X, x) is quasi-Gorenstein. Let E=|JE; be the
decomposition of the exceptional set E into irreducible components, and write
Ky=n*Ky+Y ;. ;mE; =Y ;. ,m;E; with m; >0, m;> 0. Ishii [2] defined the essential part
of the exceptional set E as E;=)_ m;E;, and showed that if (X, x) is purely elliptic,
then m;=1 for all jeJ.

jedJ

DeriNiTION 1.3. (Ishii [2]). A quasi-Gorenstein purely elliptic singularity (X, x)
is of (0, i)-typeif H"~*(E,, Op) consists of the (0, i)-Hodge component H%(E,), where

n—1
C~H""\(E;, O5)=GrpH" " YEj))= @ H*'(E,).
i=0
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DEFINITION-PROPOSITION 1.4 (Watanabe-Ishii [4]). A three-dimensional singular-
ity (X, x) is a simple K3 singularity if the following two équivalent conditions are satisfied:

(1) (X, x) is Gorenstein purely elliptic of (0, 2)-type.

(2) (X, x) is quasi-Gorenstein and the exceptional divisor E is a normal K3 surface
for any minimal resolution n: (X, E)—(X, x).

REMARK 1.5. A minimal resolution 7: (X, E)—(X, x) is a proper morphism with
X — E~X—{x}, where X has only terminal singularities and Ky is numerically effective
with respect to 7.

Next we consider the case where (X, x) is a hypersurface singularity defined by a
nondegenerate polynomial /=Y a,z"€ C[z, zy, " **, z,], and x=0e C"*!. Recall that
the Newton boundary I'(f) of f is the union of the compact faces of I' ,(f), where
I ,(f) is the convex hull of {J, ., (v+R5"") in R"*'. For any face 4 of I'.(f), set
fa:=Y,.,a,2". We say f to be nondegenerate, if

s _0a_.. _%_,
0z, 0z, 0z,

has no solution in (C*)"*?! for any face 4. When f is nondegenerate, the condition for
(X, x) to be a purely elliptic singularity is given as follows:

THEOREM 1.6 (Watanabe [16]). Let f be a nondegenerate polynomial and suppose
X={f=0} has an isolated singularity at x=0e C"*".

(1) (X, x) is purely elliptic if and only if (1, 1, - - -, ) e I'(f).

(2) Let n=3 and let A, be the face of I'(f) containing (1,1, 1, 1) in the relative
interior of Ay. Then (X, x) is a simple K3 singularity if and only if dimgd,=3.

Thus if f is nondegenerate and defines a simple K3 singularity, then f, is a
quasi-homogeneous polynomial of a uniquely determined weight « called the weight of
f and denoted a(f). Nemely, a=(;, a,, &3, ¢,) € Q4 and deg,(v): =Zf= L ov;=1for any
ve 4,. In particular, Z?=1 o;=1, since (1, 1, 1, 1) is always contained in 4.

2. Weights of hypersurface simple K3 singularities. In this section, we calculate
the weights of hypersurface simple K3 singularities defined by nondegenerate
polynomials.

Let W':={a=(x, &y, a3, 2,) € Q% | oy +o,+az+o,=1} and for an element « of
W', set T(a):={ve Z§|a-v=1} and (T(@)>:={Y .1, & VER*|1,€ Ro}. Then the set
{T(a)) is a closed cone in R* spanned by T'(x).

Let W,:={aeW' [ (1,1, 1, Delnt{T(x), o0y >0, > 03 >, }. By Theorem 1.6, W, is
the set of weights of simple K3 singularities.
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PROPOSITION 2.1.

In Table 2.2 can be found the complete list of weights ae W, and examples of

T. YONEMURA

The cardinality of W, is 95.

f=Y ver@®2" such that f is quasi-homogeneous and that {f =0} = C* has a simple

K3 singularity at the origin 0 € C*. The polynomials f in Table 2.2 are chosen to satisfy
the condition that a,+#0 if and only if v is a extremal point of the convex hull of T'(x)
in R*. In particular, I'(f) =4, is the convex hull of T(«).

We express a weight « in W, as a=(p,/p, p./p, P3/P, P4/P), Where p, p; are positive

integers with ged(py, p,, P3, ps)=1.

TABLE 2.2.

No. f $T(2)
1 (71{, %, ~‘1‘—, %) x4yt +wt 35
2 (%,%,i—,—;—) x3+yt4+zt+ws 15
3 (%,%, %, %) xX3+y3+z5+w 30
4 (%, —;—, %, 1—12) x3+y3+zt+wt? 21
5 (%, %, %, %) x2+yS+z6+wt 39
6 (%, %, %, %) X2+yS+z5+wto 28
7 (%,%, % %) x24+y*+z84+wh 35
8 (—}%é—%) x2+y*+z5+wt? 27
9 (—;,%,%,%) X2+ yt+zo+w?0 23

10 <%,%~,%,le—> x24y3+z124wi? 39
11 (%%%%) x24+y3 42104 w3 18
12 (é,%%,%) x2+y34+z%+w!d 30
13 (%, %, %, %) x24+y34+28 w24 27
14 <%,%,%,—l—) x24y3427 w*? 24

»H
N
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TABLE 2.2. (continued)
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No. weight o f #T(v)
1 4 1 1

15 <?’E’?,?> x3+y3z4ydw+z5—wd 12
1 7 11

16 <?,§Z,7,'§) x3+y3W+Z4+W8 9
1112 3,35 s s 6

17 ?’?’?’E x’+y +z7+xw +yw’ +zw 14
1 1 2 1

18 3399 X34+y34x34y3 w4 w? 23
31 1 1

19 ARV X2y +x2z4x2w24p4 244wt 24
311 1

20 (?’?’Z’E) x2z4+x2wl+p3 2% 4 w2 18
2 1 1 1

21 55 x4+ x2z4x2w+yS+25+ws 34
2 11 1

22 (?, —3—, ?, E) X224 x2w3+p3 425 wis a1
S5 1 1 1

23 (ET’?’?) x2z4+x*wyt+z8+we 17
5 1 1 1

24 (_15’—3_’?’—13> )«TZZ+)czw2-{-y3-4-25+w'2 24
4 1 1 1

25 (3’?’;’? x2z+x*w4y>+2°—w? 33
9 1 1 1

26 (E’T’?’E) x2w+yt4z5 4wl 13
11 1 1 1

27 <§’?’?’E> x2w+y3+z84wh2 15
10 1 1 1

28 (E’?’T’E) x2w+y34z7 4w 24
1 11 2

29 <?,?,Z,G) X2 +yS 425+ ywb 22w 10
1 1 7 1

30 (?’?’E’?) x2+yS+z25w+w 3
1 5 11

31 <?,§,z,—8-) x2+ytz+y3wd 426+ wh 12
1 3 11

32 (?,3,7,7> x2+ptz4+ytwrz’—w’ 19
1 2 11

33 (7,?,€,3> x2+p3z2 4 ytw+z+w® 16
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TaBLE 2.2. (continued)

No. weight o f #T(2)
34 (%,310,%,1—15) x2+ytw+z5+wts 13
35 (%, %, %, %) X4yt +yw’ 42wt 12
36 (%’%’2%’]%) x24y*+yz5 20w+ w! 16
37 <%,%, %, T%) x2+y*+yzt+ 5w wle 24
38 (-;—, 745—, %, %) x2+y3z4p3wt 425 —wd0 21
39 (%, 1—58 % Tlg) x2+p3z+p3wi+z0+w't 24
40 (%, %, %, T%) x24y3z4+y3w24 27 —wit 27
41 (%, -574—, %,% x24+y3z+ywi 4284 wi? 16
42 (—;—, 13—0,—1%, _llf)_> x2+y3z4piw+z'0 4wt 36
43 (%, -%.%, %) X2+ y3w4z2+wi? 12
44 (—;—, ng, %, 1—16—) x24+y223 4+ yPw4 28 4 wit 28
45 (%,%,%, —2%) x2+y3w+z7+w28 24
46 (%, %, %, 6_5:5) x24 34z +zwt? 9
47 (%, %, %, %) x24+y34+yz" +2%w2 +wi¢ 13
48 (%, %, -4%,—:;) x2+y3+2%w+w'e 12
49 (%, %, -4%, —2—11—> x24y3 428w w2t 15
50 (% % % 3—10> x24+y3+yz 4z w4 w30 25
51 (% %%%) xX24y3 427w+ w3 24
52 (%, %, %, ?76_) X34yt xz3+zw? 5
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TABLE 2.2. (continued)
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No weight o f #T(o)
1 5§ 21
53 —_— =, — x34+y3w4y222 4 x23 4+ 23w 4w 10
3 18 9 6
1 2 5 1
54 (‘3—,7,’2—1,7) x3+y3w+yz3+z3w2—w7 9
7 3 1 1 .
55 L 254 52,34 3 4_ 10
(20 103 10) XyExwIrytwkzt-w I
11 4 1 1
56 An® e’ 20 2 + 3 s 6
(30 15’5 6> TyryEesAw 6
31 5 1
57 (3,2—,5,‘6—) x2y+y4+xz3+z“w+w6 8
58 2L X2+ x*wh xp?+ 3wzt 4 wie 19
816" 4’ 16
8 1 5 1
59 - 2,4 x2S 43 4 24— !
(21321 21) TETEwIA Tz wow 18
7 1 2 1
60 —_— =, — 2 2.4 3 3 4,2 18
(18 3°9° 13 X z+x Wi+ y +yz 42wl w 19
111 3 1
61 — 2 4, 4 7
<28 414 7) Ay wEw 7
2 11 3
62 (?,-4—,?,50—> X2z4xwt 4y 4 ywS 425 4224 10
63 (i, i, l,_l_ X224 x2Ww2 4 xp2+y222 4+ pdy 4 25 4 wi0 23
510 5 10
5 7 11
64 <E’E{’??) x2z4xp2+p3w+254+ w8 10
14 1 5 1
65 = 2 3,6 11
(33 ENER 11) Xrhyswaw 9
66 —{,E,L,L X2z x2wH+xy2+y3iz 43wtz 4w’ 31
77 77
311 2
67 <7’?7’E> x2z+xwl+p3 4 yw? 427+ 20 14
131 2 1
68 = = 2 3 S, 6,2 ,10
(30 315 10) XEHyTAy AW AW 10
69 —7—, i,—g’— L x2wxz3 4yt yzt 424w 4wt 14
16°4° 16 8
4 5 11
70 (;’E’?’;) X2w+xy2+y3z+p2wd 426 4 w® 14
7 4 1 1
71 L 2 2,3 3,03 54 15
(15 5 15) XWXy +yiz+ywi4z +w 22
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TABLE 2.2. (continued)

No. weight o f $T (o)
7 1 2 1 ) . 3

72 1531515 xX2w+xzt+y3 4 yz5 427w+ wls 26
11 4 7

73 (?’?’E’%) x2+y5+yz°42w° 6
1 7 5 1

74 (?,—35,5,—5> x 2+ yptw+yzS +z4wd 4w 9
1 5 2 1

75 <?’E’W’W) x2+y*w+y2z3 425w wit 14
1 3 5 1

76 (?,—E’%’E) x2+ytw4yzt 424w w3 13
1 7 5 1

71 (?,g,%,%) X«'z'F}*""Z--l-y‘3w5+zsw+w26 21
1 3 2 1 2 3 .

78 CXTHTEET) X243+ 3wt yzt+ 25w 4 w22 22
1 9 5 1

79 (—E,E,E,E) x24+y324y*wT 4+ 25w+ wi6 13
1 13 5 1

80 <?,Z4—,H,Tl—> x24+y3z4 28w wit 9
1 4 3 1

81 (?,E,%,E) x?4+y3w+yzo + 28w+ w13 16
1 7 3 1

82 <?’E’Z’E> x2+y*w+yzS+z'w+w?? 25
11 5 2

83 (3—,?,5,?) x2+p3 +yw® +21% 4 22p1! 10
1 7 2 5

84 (?’57’;’?7‘) x3+xz3+y3z+ypwt 42203 6
5 2 3 1 2 2 3 3 2,2 7

85 w77 x2y+x2w2+xz23+y3w+y2zi 4+ 24w+ w 13
9 7 1 4

86 (E’E’?’§> x2y+xwt+y3w+z° 42w’ 7
5 4 3 1 2 3 2 3 3 4 13

87 IEMTISTRET) x2z+x2w3+xp?+y3w4yzd+ 24w+ w 20
111 5 2

88 (E’?’E’E) x2z4+xw8+y3 +yw® 4 25w 4 2wl 11
5 3 2 1 2 2 3 3 3,,2 J4 5 11

89 T 2wt xy?+xz3+y3z+y3wityzt+ 25wt w 24

90 <%,3l4,%,%) x2+y*z+yiwi+ 25w+ zw? 8
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TABLE 2.2. (continued)

No. weight o f #T(0)
1 4 3 5
91 (;,E,Tg—,§> X2 4 ytz4yzS +yw 4 z3w* 7
3
92 <%’%’%’3§> x24+y3z4yw 4+ 27w+ zw'! 10
1 5 2 3
93 <?’F’F’§) x24y324+yz0 +ywd 427w 4 zw!0 11
7 5 4 3
94 (E,B,E,—ﬁ) xty+xz3+xwt+y3z+y2witztwtzw’ 9
7 5 3 2 2 2 5 3 4 6 5 7
95 STARTARTANT] X224+ x4 xw3+y3w4yzt+ ywS + 25w+ zw 13

Here we have the following proposition, essentially used in §3 and §4.

ProPOSITION 2.3. (1) For any i=1, 2, 3, 4, one of the following is satisfied:
@ p; IP,
() p:|(p—p;) for some j#i.
(2) gcd(pi, pj, p)=1 for all distinct i, j, k.
(3) Let a;;:=gcd(p,, p;) (i#)), then a;;|p.
@ If pilp and pil(p—pj), then a;=p; and ag=a;=1, where we set
{i,j, k, 1}={1, 2, 3, 4}.

ProoF. (1) The proof will be found in the proof of Proposition 2.1.

(2) Since ged(py, ps, P3; Po)=1, if ged(p;, p;, p)=d>1, then ged(p,, d)=1 and
ged(p,d)=1. Thus v,;>1 for every veT(x), a contradiction to the condition
(1,1, 1, )elnt{T(x)).

(3) If there exists g;; such that a;; t p, then v, #0 or v,#0 for every ve T(«). Since
the point (1,1,1,1) is contained the hyperplane {x,+x,=2} in R* we have
{xx+x,<2} nT(2) # . Assume that v,=1and v, =0, i.e., v;p;+v;p;=p—p,. Then a;;| p;,
hence we have g;;=1 by (2), a contradiction.

(4) From the condition p;| (p—p;), we have p;| (p,+p)), hence a;=a,=1 by (2).
The other assertion a;;= p; follows from the fact p; | Dj- Q.E.D.

ReMARK 2.4. One can check the assertion (1) directly by Table 2.2.

PROOF OF PROPOSITION 2.1. Let a=(a,, ®,, a3, a,) be a weight in W,, and let H,
be the hyperplane in R* containing 7(«). Denote by & the point (1, 1, 1, 1) in T'(a).

First, we explain the outline of the proof. By definition, there exist v, ue T(«) with.
vi=2, u,>2. Let H be the plane in H, through §, v, and u. Then by definition again,
there exists a point Ae T(x) not contained in H. Conversely, for fixed v, u, and A, we
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can calculate the weight «. Thus we may classify all the possible triples of points {v, u, A}
as above and check the condition é € Int{T(x)). We proceed in four steps.

Step 1. Weclassify points vin T'(e) with v, > 2. Since o; > 1/4, we have 2<v, <4.
Case 1. v;,=3or4.

Since 3o, +a;>1 (j=1, 2, 3, 4), only possible cases are

v=(4,0,0,0),(3,1,0,0),(3,0,1,0), a=(1/4, 1/4, 1/4, 1/4) or
v=(3,0,0,1), 00, =0, =03 or

v=(3,0,0,0), 2, =1/3.
Case 2. v;=2 and v, #0.

Since 20, +a,+a;>1 (=2, 3, ,4), we have
v=(2,2,0,0),(2,1,1,0),a=(1/4,1/4,1/4,1/4) or
v=(2,1,0,1),00,=0,=0t3 oOr
v=(2,1,0,0), 20, +a,=1.

Case 3. v,=2,v,=0and v;#0.
Since 20, + a3 +a;>1 (=3, 4), we have

v=(2,0,2,0), a;=0,, 03=0t4 OT

v=(2,0,1,1), 0, =0, or

v=(2,0,1,0), 20, +a3=1.

Case 4. v=(2,0,0,n), 20, +no,=1 (n=>0).
Thus if a € W,, then « satisfies one of the following conditions:

(A) o =ua, (ie,v?2,0,1, 1)eT(2)).
B) a;=1/3 (ie., v(3,0,0,0)eT(x)) .
©) 2a,+a,=1(Ge,v2,1,0,0)eT(x)).
(D) 2a,+a3=1 (i.e., v(2,0,1,0)e T(x)).
(BE) 20;,+na,=1 for n>0 (i.e., v(2,0,0,n)e T(x)) .

Steps 2 and 3. Next we classify points pe T(x) with u, >2, and determine weights
by searching another point A.

Step 2 of the case (A) a;=a, (i.e., v(2,0, 1, 1)e T(ax)). There exists pe T'(x) such
that u; =0 and 2<u,<4. If pu,=2, then v, u, de {x; +x,=2}, hence we may assume
3<p,.

(A-1) Assume that y,=4. Then a;=a,=1/4 and a=(1/4, 1/4, 1/4, 1/4).

(A-2) Assume that u,=3. Since 3a,+a;>1 (j=3, 4), we have
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u=(0,3,1,0) and a=(1/4,1/4, 1/4,1/4) or
u=(0,3,0,1) or
1r=(0,3,0,0).

Step 3 of the case (A). If u=(0, 3,0, 1), then a; =, =03 and v, u, d€ {x,=1}. So
there exists (n,0,0,0)e T(a) with n>4. Thus n=4 and a=(1/4, 1/4, 1/4, 1/4). If
u=(0, 3,0, 0), then o; =a, =03+, and v, pu, d € {x3=x,}. So there exists (0, 0, m, n)e
T(e)) with m>n. Since (0, 0, 3, 3)e T(x), we have

1 1 1 1
a3=a, and “=<~,~—,~,—> or

1 1 2
203=3a, and oc=<—, —, L, —) or

11 21
o3=2a, and a=<——,—,—,—> or

a3=3a, and a:(i, L, l, i) .

Step 2 of the case (B) a; =1/3 (i.e., v(3, 0, 0, 0) e T'(x)). Since a,+as+a,=2/3, we
have 2/9<a,<1/3, so there exists ue€ T(x) such that 2<pu, <4.
(B-1) Assume u,=4. Since 1=3(a,+oz+a,)/2<4a,+o,/2,

(B-i) ©4=(0,4,0,0) and a;=1/3, a,=1/4.
(B-2) Assume u,=3. Since 1=3(a,+ 05+ 04)/2 <3, +30,/2,
B-ii) u=(1,3,0,0) and a=(1/3,2/9,2/9,2/9) or
(B-ii) u=(0,3,1,0) and 3a,+az;=1 or
(B-iv) u=(0,3,0,1) and 3a,+a,=1 or
(B-v) u=(0,3,0,0) and a,=a,=1/3.

(B-3) Assume pu,=2. Since 1=3(x,+a3+0a,)/2<2a,+a3+30,/2 and 7/9<
0y + 2“2 < 1,

u=(1,2,1,0) and a=(1/3,2)9,2/9,2/9) (Case (B-ii)) or
(B-vi) wu=(,2,0,1) and a,=a; or

u=(1,2,0,0) and «,=a,=1/3 (Case (B-v)) or
(B-vii) u=(0,2,2,0) and a,+oa;=1/2 or
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u=(0,2,1,1) and a,=a,=1/3 (Case (B-v)) or
(B-viii) u=(0,2,0,n) with n>2 and 2a,+no,=1.

Step 3 of the case (B). We study the above eight cases in more detail.
(B-i). Assume o,=1/3, a,=1/4, v=(3,0,0,0) and u=(0,4,0,0). Then az;=
5/12—a, and 1/6<a, <5/24. If Ae T(a), then

1 1 5 1 1 5
?11 +712+<—1—2““4>13+“4'{4="§11+712+*1313+(—'13+14)°‘4=1 ,

and since v, u, 6 € { — x5+ x, =0}, there exists Ae T(a) with — A3+ 1, <0. For this 4, we
have

1 1 5 5 1 1 1 1
A A At At Ay S < — At — Ayt — Ayt — Ay,
37T 47047 0™ 37T 4T e

and thus
4=(0,0,4,0),(0, 1, 3,0),(0,2,2,0),(1,0,3,0),(1,0,2,1),(1,1,2,0),

a_1111>(1127 (1155)
“\3’4° 4’6 37479’ 36 3°4°2424)°

Similarly, from the cases (B-iii), - - -, (B-vii), we obtain the following weights:

(B-vii) =<l, _1_, l, L) 1
34 4 6 3 3 6 6 18 9 6

(B-viii). Assume o, =1/3, 2a,+no,=1 (n>2), v=(3,0,0,0), u=(0,2,0,n). If
n=2, then a,+o,=1/2 and a=(1/3, 1/3, 1/6, 1/6). Let us consider the case n>2. By
oy =1/2—no,/2 and a3 =1/6+(n—2)x,/2, we have

1 1 1
?/11‘}“7/12‘*'—6‘},3 <__}-2 )' +l4>a4—1
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for any Ae T'(). Since 8, v, ue{—nx,/2—(n—2)x3/2+ x, =0}, there exists A€ T(a) with
nid,>(m—2)A;+24,. By a; =1/3, we may assume A, <1. But in this case, 4, is greater
than 1, and the case (B-viii) is reduced to the cases (B-i), - - -, (B-vii).

Step 2 of the case (C) 2a,+a,=1 (i.., v(2, 1,0, 0)e T(x)). There exists ue T(x)
such that u, >2. Since «, +2a;+ 20, =1, we have 1/5<a, and 2<pu,<S5. As in Step 2
of the case (B), we have the following cases:

(C-) u=(0,5,0,0),(0,4,1,0) etc.,, and a=(2/5, 1/5, 1/5, 1/5) .
(C+ii) p=(0,4,0,0) and o,=3/8, a,=1/4.

(CHi)) p=(0,3,0,2),(1,2,0,1),(0,2,1,2) and a,=0a3 or
(C-iv) u=(0,3,1,0) and 3a,+a3=1 or

(Cv) u=(@0,3,0,1) and 3a,+a,=1 or

(Cvi) u=(0,3,0,0),(1,2,0,0),(0,2,1,1) and a;=a,=1/3.
(C-vii)) u=(0,2,2,0) and o,+a;=1/2 or

(C-viii)) p=(0,2,0,n) and 2oa,+no,=1.

Step 3 of the case (C). Next, we determine the weights a for the above eight cases.
By the same calculation stated in the case (B-i), we have the following weights o for
the cases (C-ii), - - -, (C-vii):

(Cii) _(3 11 7><3 1 5 )(3 I_L 1)(3 1 3 3)
845740\ 84’ 24°6 )\ 84" 4’8 84716 16
(Cif) a_(z 1 1 1)(3 11 1
575 5 5/\8 4”4

(C-iv) a=

—

9 7 1 4\(5 23 1\(7 3 1 1
€V a=(rmrm o b
25°25° 5725 )\14° 77 14" 720" 10" 4 10

(4 3 2 2><6 5 4 2)
TR T I VAN AR VAR VAR T IA

(C-vi)  This case already appeared in the case (B).

.. 1 1 1 1 7 3 1 3 5 2 3 1 3 1 1 1
(C'Vll) =\ A o AR an? 22 m PV TA T A iy B
37376’ 6 200 10 5 20 14> 77 14" 7 4748
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(C-viii). Assume 2o, +a,=1, 2a,+no,=1 (n>2), v=(2,1,0,0), and pu=
0,2,0,n). If n=2, then a,+a,=1/2 and a=(1/3, 1/3, 1/6, 1/6). Let us consider the
case n>2. Since oy =1/4+no,/4, a,=1/2—a,/2, a3=1/4+(n—4)a,/4, for any ie T(x),
we have

1 1 1 n n n—4
—4—'11 +?2«2+713+<‘Z—Al—?lz+—4—l3+l4>a4=1 .

Since d, v, pe {ni,/4—ni,/2+(n—4)A3/4+ 1, =0}, there exists A€ T'(«) withnd, —2nd, +
(n—4)A; +41,<0. By assumption, we have 2o, =a,+na,, 0 we may assume A, <1.
But in this case, one can easily check that there exist no A€ T(a) with 1, <1, or a=(2/5,
1/5, 1/5, 1/5), (1/3, 1/3, 2/9, 1/9). Thus, the case (C-viii) is reduced to the cases (C-i),
-+ -, (C-vid).

Step 2 of the case (D) 2a; +az=1 (i.e., v(2,0, 1,0)e T(a)). There exists ue T(x)
such that p,>2. Since 2o, +a3+20,=1 and a,<1/2, we have 1/5<a,<1/2 and
2<p,<5. We may assume yu, =0 for a; =a,+a,. Then the only possibilities are the
following ten cases:

(D-i) u=(0,5,0,0), (0,4, 1,0) etc., and a=(2/S, 1/5, 1/5, 1/5) .
(D-i) p=(0,4,0,0) and o,=1/4.

(D-iii)) ©=(0,3,0,2) and a,=a; or

D-iv) p=(0,3,1,0) and 3a,4+az;=1 or

D-v) u=(0,3,0,1) and 3a,+a,=1 or

D-vi) p=(0,3,0,0) and a,=1/3.

(D-vii)) u=(0,2,3,0),(0,2,2,1),(,2,0,3) and az;=a, or
(D-viii) p=(0,2,1,2) (necessarily contained in T'(a)) or

D-ix) p=(0,2,2,0),(0,2,0,4) and oa3=2a, or

(D-x) u=(0,2,0,n) with n>3 and 2a,+na,=1.

Step 3 of the case (D). Each case is investigated more precisely in the following.
For the cases (D-ii), - - -, (D-vi), we obtain the following weights:

(D-ii) a_(s 11 1)(2 11 3)(11 1 3 1)(3 11 1)
\1274°6’6)\5°4"5°20)°\28° 4’14 7)\8 4’4" 8)

<13 1 3 5)
324716 32)°

(D-iii). Assume 20, +o3=1, a,=a3, v=(2,0,1,0), and u=(0,3,0,2). Then
(2, 1,0, 0) is contained in T(x), and this case was already considered in (C).
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321 1 5515><1zssi>
7777 /\12° 187 6736 /°\29° 29729 29 S

3 2412)(3111)
"2 )\5715° 5 15)\8° 4 4’ 8 )

7 1 2 1 ( 1 5 1 31 1
18739718 )°\21" 3’2121 )°\8° 3 4’24 )"

The cases (D-vii) and (D-ix) are special cases of the case (D-x) below.

(D-viii). Since d, v, pe{x; +3x,—2x;—2x,=0}=H, and {(2,0, 1,0), (1,1, 1, 1),
0,2, 1,2)} = Hn T(«), there exists A€ T(a) such that A=(2,1,0,0) or 1,>2, A#u.

(D-x). Assume 2o, +a3=1,20,+ne,=1(n=>3),v=(2,0, 1,0),and u=(0, 2, 0, n).
Then oy =1/2—(n—2)y/2, 0, =1/2—na,/2, ay=(n—2)x, and for any e T(x),

1 1 n—2 n
—2—11 +712+{—T}.1 ’——2“1.2+(n"“2)2«3+14}a4=1 .

Since 6, v, pe {—(n—2)x,/2—nx,/2+(n—2)x;+x,=0} = H, there exists 1€ T(x) with
2An—2)Ay+24y <(n—2)A; +ni,. Then, HnT(@)={(2,0,0,n—2), (2,0,1,0), (I,1,0,
n—1),(1,1,1,1),(0,2,0,n), (0,2,1,2), -- -} and thus A1=(2,0, 1,0) or 1,>2. So the

cases (D-vii), (D-ix), (D-x) are reduced to the cases (D-i), - - -, (D-vi).
(E) 2ay+na,=1 (n>0) (@.e.,v2,0,0,n)eT(x)).

(E-0) First we consider the case n=0.

Step 2 of the case (E-0). Since o, =a,+ay+a,=1/2, there exists ue T(x) with
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Uy =0, 3<pu, <6. Thus we have the following cases:

(E-0-1) u=(0,0,6,0), (0, 5, 1, 0) etc., and a=(1/2, 1/6, 1/6, 1/6) .
(E-0-ii) u=(0,5,0,0) and a,=1/5.

(E-0-iii) u=(0,4,0,2),(0,3,1,2) and a,=0; or
(E-0-iv) ©=(00,4,1,0) and 4a,+a3=1 or

(E-0-v) u=(0,4,0,1) and 4a,+oa,=1 or

(E-0-vi) u=(0,4,0,0),(0,3,1,1) and a,=1/4.
(E-0-vii) ©u=0,3,2,0) and a,=2a, or

(E-0-viii)  u=(0,3,1,0) and 3a,+a3=1 or

(E-0-ix) #=(0,3,0,0) and a,=1/3 or

(E-0-x) u=(0,3,0,n) with n>1 and 3a,+na,=1.

Step 3 of the case (E-0). We study the above ten cases in more detail. For the
cases (E-0-ii), - - -, (E-0-ix), we obtain the following weights:

won ae(LLL2)(LLT 111 1)
25 6 15 2 5 40 8 2°5 510

1 1 11 111 1
(E'O'lll) o=\ — —,— —>, ('—3 T T oy T o
2766 6 275 10
1 3 11 1 5 11 1 7 3
E'O" N\ T = b\ Ty o b O T s A
(E-01v) e (2 14°7 7)(2 24’6 8>(2 3417 17)
111 1 (1 4 3 5>
2°575710/\2°19°19° 38/
1 3 11 1 211 1 5 2 1
(E'O'V) O=\———s = bl ’(_a AN 140 '_’>9
214777 2797679 2722711711
1711<1751>1351>
2730°5715)°\2°32732°8)\ 27137 26" 13
1 1 11 1 11 3 1 1 3 1
(E-O-Vi) U=\ ——————— bl = 7> o> = 5<—: Ty T —>9
274788 2°477°28)°\274°20° 10
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—
S
OO | r—t
QO | r=mt
~—
N
0| =
SR
-
S|
S~—"
N
N‘»——
<]
gl
S
~—~—

(E-0-vii) a=<? S

()
(z3w)

o —(* 1107 10° Tl_) (é 755
(o
(rwww)
(323

8 (1 13 5 1)
'\2744" 44 11 )
1 5 3 1 7 1 1)(1 2 1 1)
17’ 734’2’24’8’12’2’7’7’14’
1 5 3 (1 3 2 1)(1 5 1 1)
2738°38°38/\2°11°11’22/'\2°18° 6 18/
1 7 5 1 (1 4 1 1)
726726 26)°\2° 15" 5 30
1 1 11 1 5 11 2
(E'O'IX) o= <_’ Ty T —>9 <_5 Ty T “)a <_'a ) "_5_5 __>,
2747127 12)°\2° 3711766\ 2 3 54" 27
(112 1 <111 1)(1111)
2°3’21714)°\273710015)°\27 379" 18/

(1121)(1151)(1111)
273715730\ 27373636/ \2°3 7 4)

(E-0-x). Assume a;=1/2, 3a,+na,=1, v=(2,0,0,0), and u=(0, 3,0, n). Then
o, =1/3—na,/3, a3=1/6+(n—3)a,/3, and for any 1e T(x),

1 1 1 n n—3
—2—11+?/12+~—6—/13+<*'3—/12+ /13+i4>a4=1.

First, assume n=1. Then we have
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a_(13 ] 1)(11111 (1431
\2°10°10010/°\ 27369 12\ 27137 26" 13 )

(1511)(1731)(1911)
2716°8716)°\2°22"22°22)°\2° 28" 7° 28 )"

Next, assume n>2. Let H={—nx,/3+(n—3)x,/3+x,=0}. Since J, v, ue H, and
(0, 3,0, n),(0,2,2,2)e Hn{x, =0}, there exists A € T(a) with (n— 3)A; + 34, <ni,, 1,>3,
and thus the case (E-0-x) for n>2 is reduced to the cases (E-0-i), - - -, (E-0-ix).

(E-1) Next, we assume n=1.

Step 2 of the case (E-1). Since 2u,+2u5+20,=1, there exists pe T(x) with
2<u,<5. The possibilities are the nine cases below.

(E-1-) u=(0,0,5,0), (0,4, 1,0) etc., and a=(2/5, 1/5, 1/5, 1/5) .
(E-1-i) u=(0,4,0,1),(0,3,1,1),(1,2,0,1) and a,=0a; or
(E-1-iii)) p=(0,4,0,0) and o,=1/4.
(E-1-iv) 4=(0,3,1,0),(1,2,0,0) and 3a,+a3=1 or
(E-1-v) u=(0,3,0,n) with n>0 and 3a,+na,=1 or
(E-1-vi) 4=(0,2,3,0) and o3;=a, or
(E-1-vii)) u=(0,2,2,1) (necessarily contained in 7'(«)) or
(E-1-viii)) p=(0,2,1,n) with n>2 and 2a,+az+na,=1 or
(E-1-ix) u=(0,2,0,n) with n»n>3 and 2ua,+noa,=1.
Step 3 of the case (E-1). We now study the above nine cases in more detail.
(E-1-ii). Assume 20, +o,=1, a,=03, v=(2,0,0,1), and u=(0, 4,0, 1). Then
o, =1/2—0,/2, 0, =03=1/4—0,/4, 0<a,<1/5, and for any 1€ T (o),
%,11 +%12 +%l3+<—%11—%22—%13+l4)a4=l .

Since 8, v, pe{—2;/2—2,/4—23/4+21,=0}=H, there exists AeT(a) with —21,/2—
A,/4—A3/4+ 1, <0. But one can easily check that Hn T(«) = {x,=1}, and thus

(E-1-iii). By the same procedure as in the case (B-i), we have

S 111 9 1 1 1 (7 1 3 1)
C=\—7——— b\ b\ T T o5 |
12476 6 200 4 510 16 4" 16 8



SIMPLE K3 SINGULARITIES 369

(E-1-iv). Similarly,

a*<3211><4511<5321)<7411)
77777 1)/\9 1876 9\ 111/ \15° 15" 57 15)°
(E-1-v). Assume2a; +oa,=1,30,+n0e,=1,v=(2,0,0, 1),and u=(0, 3, 0, n). Then

o, =1/2—a,/2, a,=1/3—na,/3, a;=1/6+(2n—3)a,/6, and for any 1€ T(x),
2n—-3

1 1 1 1 n
*‘2'21‘{"“3‘—12'*"?/13"'(_711"'?22 /13'*‘/14)0(4—1

Since 8, v, pe{—1,/2—nd,/3+(2n—3)13/6+1,=0}, there exists AeT(x) with
(2n—3)A;+ 61, <34, +2n4k,.
First, we consider the case n=0. Then we have
)
" 21

a_411111111><712 10 1
“\9’3’9°9)/\24°3°8 12/°\157 3715”15\ 21" 3’

Next, assume n=1. Then Hn T(x)={x,=1}, and thus

\1}»—

If n>2, then one can find A€ T(«) such that 1,>2 and 4#(0, 3,0, n), (0, 2,0, m)
(m=>=3), (0, 2, 2, 1). This case is thus reduced to the cases (E-1-i), - - -, (E-1-iv).

(E-1-vi). In this case, the point (2,0, 1,0) is in 7'(x), so we already considered
this case in (D).

(E-1-vii). In this case, one can easily check that there exists another ye T(a) with
Hy=2.

(E-1-viii). Assume 20y +o,=1, 20, +a3+na,=1 (n>2). Then a3=(n—1)a, and
0, 2,0, 2n—1)e T(x), so this case is reduced to the following case.

(E-1-ix). Assume 2a;,+a,=1, 20,+no,=1 (n=>3). Then a;=1/2—0,/2, a,=
1/2—nay/2, and oy=(n—1)a,/2. Let H={—x,/2—nx,/2+(n—1)x3/2+x,=0}. Then
d,v, ue H and

HaT@)n{x,=0}c{x,=2}, HnT(@)n{x,=1}c{x,=1}.

Thus, if Le {—x,/2—nx,/2+(n—1)x;3/2+ x, <0} nT(a), then A,>2, and hence this case
is reduced to the cases (E-1-i), - - -, (E-1-v).

(E-2) Letn>2.

Step 2 of the case (E-2). There exists pe T'(«) such that u, >p,. (This condition
for u is different from those in the above cases.) Because of the cases (A), - -, (D)
already dealt with, we may assume that y, =1 and p, =0.

(E-2-i) ©=(1,3,0,0),(1,2,1,0) and oa,=a3=a,.
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(BE-2-i) p=(1,1,2,0) and az=o0,.
(E-2-iii) p=(1,2,0,0) and a;+2a,=1.
(E-2-iv) pu=(1,0,m,0) with m>3 and o;+maz=1.

Step 3 of the case (E-2). We determine weights for the above four cases.

(E-2-i) and (E-2-ii). In these cases, (2, 0, n,, 0) € T'(x). Then n=2, and a; =a,. This
is the case (A).

(E-2-iii). Assume 2o,+no,=1 (n>2), a;+20,=1, v=(2,0,0,n), and u=
(1,2,0,0). Then a;=1/2—no,/2, a,=1/4+no,/4, ay=1/44+(n—4)0,/4, and for any
Ae T(w),

1 1 1 n n n—4
?/114-2—12-!-713"'(’“7114'?12‘* 7 '13‘*'/14)“4:1-

Since 6, v, pe{—nx,/2+nx,/4+(n—4)x;/4+x,=0}=H, there exists AeT(x) with
ni, +(n—4)A;+44,<2ni,. If n=2, then {(0,2,2,0), (0,1,3,1), (0,0,4,2)}=Hn
T(@)n{x;=0} and {(1,2,0,0), (1,1,1,1), (1,0,2,2)}=HnT(x)n{x,=1}. If 1, <1,
then a3 =0, or az=2a,, and thus

a_<1 11 1)(2 301 1)
“\3’3°6°6/)\5°10°5 10/

If n>3, then HnT(@)n{x;=0}={(1,0,4,1)} or &, and {(1,2,0,0), (1,1,1,1),
(1,0,2,2)}=HnT()n{x;=1}. So 4,>2, and this case is reduced to the cases
(A), -, (D).

(E-2-iv). Assume 2a;+na,=1 n>2), o, +moaz=1 (m=3), v=(2,0,0, n), and
u=(1,0,m,0). Then a; =1/2—na,/2, a,=(m—1)2m+(mn—n—2m)a,/2m, a3=1/2m+
no,/2m, and for any 1e T'(x)

m—1 1 n mn—n—2m n
P Ayt =g T " At A Jae=1.
2m22m3< 2 M 2m 22m3+“>°‘“

L
Since 8, v, pe {—nx,/2+(mn—n—2m)x,/2+nx,/2m+x, =0} = H, there exists 1€ T(x)
with (mn—n—2m)A, +ni;+2mi, <mni,. We may assume that {v} = T(«) n {x, >2}, for
otherwise, this case is reduced to the cases (A), - - -, (D). In particular, we obtain o > a,.
But then, one can easily check that 4, =1, 1;=0, and 1,>2. Hence A=(1, 2, 0, 0) and
this case is reduced to the case (E-2-iii).
Step 4. In conclusion, we check the condition (1, ], 1, 1)eInt{T(a)) for o’s
obtained by the calculation in (A), - - -, (E), and we obtain ninety five weights listed
in Table 2.2. Q.E.D.

ReEMARK 2.5. The set of weights W, coinsides with the set A} in Reid [10]. The
inclusion 4, = W, is obvious. For the list of 4}, see also [1].
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3. Minimal resolution. Here we study the minimal resolution of a hypersurface
simple K3 singularity (X, x) which is defined by a nondegenerate polynomial f. Tomari
[12], [13] proved the following theorem in terms of filtered rings without assuming f
to be nondegenerate.

THEOREM 3.1. (Tomari [12], [13]). Let (X, x) be as above with [ nondegenerate
and o(f)=(p4/p, P2/D> P3/D, P4/P)- If n: (X, E)—(X, x) is the filtered blow-up with weight
(P1, P25 P3, Pa), then w is a minimal resolution of (X, x).

Moreover, if f is semiquasi-homogeneous, i.e., { f4,=0} has an isolated singularity
(which is also a simple K3 singularity) at the origin 0€ C*, then © is a unique minimal
resolution for (X, x).

To investigate the above filtered blow-up =, we begin with the filtered blow-up of
C* at the origin 0 C*. Let p=(p,, P2, P3» P4) be the 4-ple of positive integers with
ged(p;, p;, p) =1 for all distinct i, j, k. Then the filtered blow-up IT: (¥, F)—(C*, 0) with
weight p is constructed as follows by using the method of torus embeddings.

First we introduce the notation (cf. [6], [8]). Let N:=Z* and let M : =Homg(N, Z)
be the dual Z-module of N. A subset g of Ny=N® 2R is called a cone if there exists
ny, -+, nye N such that o is written as 6={) ;_, tm;| ;€ R,}, which we simply denote
o={ny, -, ngy. We call ny, - - -, ng the generators of . For a cone ¢ in Ng, we define
the dual cone of o by ¢ ={me Mg|m(u) >0 for any u€ g}, and associate a normal variety
X,=Spec C[M ng] with the cone o, where C[M nd] is a C-algebra generated by z"
for me M ng.

ReMARK 3.2. In this paper, we assume that the generators n,, - - -, n, of a cone
o consist of primitive elements of N, i.e., each n; satisfies n,Rn N=n;Z. We define the
determinant det o of a cone o as the greatest common divisor of all (s, s) minors of the
matrix (rn;;), where n;=(n;y, - - -, n;,) (cf. [9]).

Let = Ng=R* be the first quadrant of R*, ie., o={e,,e,, e;, e,> where
e;=(1,0,0,0), ---,e,=(0, 0,0, 1). We divide the cone ¢ into four cones by adding the

point p=(p;, p,, P3, P4) in 0.
4
O'=‘U Oi, 6i=<pa eja €, el> .

From the inclusions ¢;< o, we obtain natural morphisms
II;: V,=Spec C[6;nM]—— Spec C[6 nM]=C*.

Let V' be the union of V; (i=1, 2, 3, 4) which is glued along the images of IT;. Then we
have a morphism

II: Vv-c*
and one can easily check that V—IT"'(0)~C*—{0} and IT~'(0) is the weighted
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projective space P(p,, p,, P3, ps). We set F:=I1"'(0)=P(p, p,, P3, Pa)-

ReMARK 3.3. The normal variety V is a torus embedding associated to the fan
I'*(f) which is called the dual Newton boundary of f in [9], and denoted by
V=Tyemb(I"*(f)) (see [6], [8]).

We obtain the filtered blow-up of (X, x) by means of the above morphism IT as
follows: Write o(f)=(p./p, P»/P, P3/P; P4/P) as in §1 and construct IT for the weight
p=(P1, P2, P3, Pa)- Let X be the proper transform of X by IT, and set w=IT | #» E=n"1(0).
Then 7: (X, E)>(X, x) is the filtered blow-up with weight p.

Next we study the structure of V for a general weight p=(p, p,, P3, p4) With
ged(pi, pj, p)=1 for all distinct i, j, k. Let a;;=ged(p;, p;) and set z;;=z; Pila)zpila),
We can take z;, z;;, zy, z; to be a system of parameters on V.

ProrosiTiON 3.4. (1) V;nV;~C* x Spec C[7;;n Z3), where 1,;=¢(0,1,0),
0,0, 1), (a;, Pi> P1)Y-

(2) {z;=0} in V;~Spec C[p;;n Z°], where p.,—((O 1,0), (0,0, 1), (i, P P)>-

Proof. (1) Let my, m,, m;, m, be generators of M such that my(e;)=4; ;. Then
the cone ¢, is expressed as

Since ged(py, pj)=a;;, there exist integers o, f such that —pa+pf=a;;. If we take
another base {m}, m’, m, m;} defined by

Di Dj
m=o-mi+—-mj, m;=Fm+= m=mj, m=mj,
a;; au
then the cone d; is expressed as
. Pi P
0i=<“'m2+—l'm}, mi, —=—-0mi—p, Qg mi+a;; a;°my,
a;; ik

14! ’ ’ ’
_a—'“'mi—Pz'aik'mj+aij‘aik'mt .
il

Since V;nV;=V;—{z;;=0} and z,-j=z"‘;, we get
Vin V;~C*xSpecC[1t;; n M'],
where M’ is a free Z-module generated by m’, m;, m; and
Tiy=Lmj, —py-mj+a; my, —p-mi+a;mp .

If we use the base {e), ¢;, e;} of N'=Hom(M’, Z) such that ey(m;)=0,,, then t;; is
written in this new coordinate system as
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7;=<(0, 1,0), 0,0, 1), (@, > ) -
(2) We have

({z;j=0} in V,.):SpecC[<m,~, —p—k°mi+ﬁ‘mk, —&'mi+&-ml>nl3].
Ay Ak a; a;
Q.E.D.

COROLLARY 3.5.  If (p1/P, P2/P> P3/D> PalP) € W, then
(1) SpecC[%; n Z*] has a terminal singularity at worst,
2 ifp; I (p—p;), then Spec C[p;;n Z>] has a terminal singularity at worst.

The above corollary follows directly from Lemma 3.6 below. First we recall the
notion of cyclic quotient singularities for the case of dimension three. Let £ be a primitive
n-th root of unity, and let p, ¢ be integers with ged(n, p, g)=1. We define an equivalent
relation on C? by (x,, x5, x3) ~(Ex;, EPx,, E9%;). Then X=C3/~ is expressed in terms
of torus embeddings as

X=SpecC[¢nZ°] with o={(n, —p, —9),(0,1,0),(0,0,1)>.
In particular, X has an isolated singularity if and only if ged(n, p)=gcd(n, g)=1.

LemMmA 3.6 (Terminal lemma [5], [7]). In the above situation, X has a terminal
singularity if and only if X has an isolated singularity and one of the following conditions
are satisfied:

(1) —p=1 (mod n),

2) —¢g=1 (modn),

(3) p+4q=0 (mod n).

We need later the following result on the weighted projective space P(py, pa, P3, Pa)-
Let a; be an integer defined by p;=a,a;;a,a;.
PROPOSITION 3.7. (1) There exists a cone o;; in R?* with det(o;)) =a;; such that
FnV;nV;~C*xSpecC[é;; n Z*], where F=I1"(0)=P(p;, P2, P3, Ps) -

Moreover, Spec C[6,;n Z*] has an A,,,, singularity if and only if a;; | (P4
(2) Let D;=F—V,; Then the following are equivalent to each other:
(@) D;—D; has a singularity of type A,
(b) D;—Djhas an A, singularity,
© p;|(@upi+aupy).
In particular, if (p1/p, P2/, P3/P, P+/P)€ W4 and p;|(p—p)), then D;—D;hasan 4,,, _,
singularity.

The following lemma is well-known:

LEMMA 3.8. Lett={m,, m,) be a two-dimensional cone in M. Then the singularity
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of Spec C[T n M] is of type A if and only if (m,+m,)/dett is an element of M.

Proof of ProrosiTiON 3.7. (1) The affine torus embedding F n V; is written as
FnV,=Spec C[¢:n M] where
Pj Di D Pi V4

v p.
o§=<——*m,~+—'mj, Sempt o my, —— m+omy )
a;j a;j Ak Ay a; a;

By the change of base for M defined in the proof of Proposition 3.4,

Px 4!

V,— . . . ! . ’ . . ’ . ’ - /

0'i-<m.~, — Oy — Py M+ A, my, —— 0 my— Py m+a;amy ) .
i a

Since FnV;nV;=(FnV;)—{z;=0}, and z,~,~=z’”3, we have
FnV;nV;=C*xSpecC[6;;nM],

where &;={—p, m;+a;;-m;, —p, -mi+a;;-m). Thus the assertion follows from
Lemma 3.8.
(2) Similarly, we have D;— D;=Spec C[%};n M], where

f;j=<—&'mi+&-mk, _ﬂ-mi+£i_-m’> .
ik ik ai ay
Since ged(pj, pi, p) =1, we have det1};=a;a;;. This shows the equivalence between (a)
and (b). By Lemma 3.8, the conditions (a) and (c) are also equivalent to each other.
Q.E.D.

4. Singularities on E. Let feC[z,, z,, 25, z,] be a nondegenerate polynomial
which defines a simple K3 singularity at the origin 0e C*. We set X={f=0}<=C*,
x=0eC*and let n: (X, E)—(X, x) be the minimal resolution of (X, x) constructed in § 3.
In this section, we investigate the singularities on the normal K3 surface E.

In this section, we assume that f satisfies the following condition:

(*) Forany i, f, contains a term of the form z or z}z; with a nonzero coefficient,

where f is said to contain z* if f=) a,z* and a,#0.
By Proposition 2.3, (1), there exists f which satisfies (*) for any weight o of W,. If f
is semiquasi-homogeneous, then the condition (*) is satisfied. In particular, the
polynomials in Table 2.2 satisfy ().

LEMMA 4.1. (1) E has y;; singular points of type A, _,, where
viy=#{vedonZ*|v,=v,=0}—1.

(2) If fo contains z}'z; but not z}, then E has a singular point of type A,, ;.

(3) Any singular point on E belongs to (1) or (2).

PrOOF. Here we use the notation introduced in § 3. Let L;;=D, n D, (={z,=2z,=0}



SIMPLE K3 SINGULARITIES 375

in F). Then L;; is a projective line P*(C) on F and any singular point on E is in L;;
for some i,j. We divide L; into two points P;=L;nD; P;=L;nD; and a
one-dimensional complex torus T;;=L;;— {P;, P;} ~C*. Since f is nondegenerate, there
is an embedded resolution p : (¥, M)— (X, x) such that Yis a torus embedding associated
with a simplicial subdivision 2* of I'*(f), i.e., 2* is a fan of cones generated by a part
-of a basis of N, and for any cone g€ X* there exists a cone 1eI'*(f) with cc=1. The
resolution p dominates the minimal resolution n. Hence there exists a resolution
¢: (Y, M)—(X, E) with p=7 - ¢.

(v, M)—2 (X, E)

N/

(X, x)

Choose a sufficiently small neighbourhood E;; of Tj; in E, and let ¢;;: (¢~ (E;), Cy))
—(E;;, Sing(E;;)) be the resolution of E;; obtained by restriction of ¢ to ¢ ~!(E;)). Then,
by Oka [9, Lemma 4.8 and its proof], ¢,; is locally y,; copies of the resolution of
Spec C[6;;n Z*], where 0;; is a cone in Proposition 3.7, (1). By Proposition 2.3, (3), we
have aij| (px+py), and hence the assertion (1) is proved. If f; contains z{"z; but not z},
then P,eE. Let E; be a sufficiently small neighbourhood of P; in E, and let
0;: (o~ Y(E), C)—(E,, P)) be the resolution as above. Then ¢; is locally isomorphic to
the resolution of D;— D;. Thus the assertion (2) follows from Propostion 3.7, (2).
Q.E.D.

THEOREM 4.2. Let f be a nondegenerate polynomial which defines a simple K3
singularity, and assume that f satisfies the condition (). Let n: (X, E)—(X, x) be the
minimal resolution. Then the type and the number of singularities on E are determined
by the weight a(f) independently of any particular choice of f. In particular, E has t;;
singular points of type A, and o, singular points of type A, ., where

0 if plp

ty=#veT(®)|v=v,=0}—1 and Gi={
1 otherwise .

Proor. By Lemma 4.1, the singularities on E are determined by the Newton
boundary of f,,. Let « be a weight in W, and let f be a polynomial such that o(f)=a
and that I'(f,) is the convex hull of T'(x). Then the singularities on E coincide with
those stated in the theorem. Thus it suffices to show that if g is a polynomial with
a(g)=o and if E’ is the exceptional set of the resolution of {g=0}, then the singularities
on E and E’ are the same. By the condition (), one of the following cases occurs for
each i=1,2, 3, 4. Let {i,j, k, I} be the set of indices {1, 2, 3, 4}.

() pi|(p—p) and p;|(p—ps).

@ pi|(p—p), pik(p—p) and p ¥ (p—p).
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®) plp, pik(p—p), pik(p—p) and pt(p—p).

For each case, we study singularities on En¥; and E’nV; using Proposition 2.3
and Proposition 3.6. Recall that the singularities on EnV; are contained in
{P;}uT;uT,uuT,in the same notation as in the proof of Lemma 4.1.

In the case (1), Both EnV; and E'nV; are nonsingular, or they have an
A, 1-singularity at the point P;.

In the case (2), E (resp. E') has no singular points on V;—T;; (resp. V;—L;;), and
the type of singularities on T;; and of a singularity P; are the same. Now we consider
the singularities on £n ¥;and E’'n V;. By the condition ( * ) again, we have the following
three cases:

(2-1) Assume p;|(p—p,) or p;|(p—p,). Then E and E’ have no singular points
on T;; and hence EnV; and E'nV; are nonsingular.

(2-2) Assume pj|(p—p,.), piX(p—py) and p; ¥ (p—py). Then E and E’ have no
singular points on T and T;. Since the type of the singularities on { P;} u T;;u {P;} are
the same, both En(V;uV)) and E'n(V;uV)) have ¢; singular points of type 4, ;.

(2-3) Assume p; ¥ (p—p), pi#(p—p) and p;¥(p—p;). Then the point P; is
contained in neither £ nor E’. Thus both EnV; and E’'nV; have ¢; singular points of
type A, 1.

In the case (3), the point P; is on neither E nor E’. So we have
Sing(E)=Sing(En (V;u V,u V) and Sing(E’)=Sing(E'n(V;uV,u V). If the case (3)
occurs for i and j, then both E and E’ have ¢; singular points of type 4,,,_; on T};

Q.E.D.

ReEMARK 4.3. The condition (%) is essential to Theorem 4.2. For example,
consider the polynomials
f=xt+y*+zt+ (2 +y2+ 2w +w?,
g=x*+y*+z*+ (w4 w+zHw+ws .
Then we have a(f)=a(g)=a=(1/4, 1/4, 1/4, 1/4), but the K3 surface E for f (resp. g)

has A,-singularity (resp. A4,-singularity) at the point P,, while E for a polynomial A
which satisfies (*) and a(h)=a is nonsingular.

By Theorem 4.2, the singularities on the normal K3 surface E are determined by
the weight a=oa(f). Let us define the rank of Sing(E) to be

4
re) =X tyay—=D+ X opi=1).
i<j i=
Let t(«)=#T(a). Then the polynomial f with a(f)=a has #«) terms in general. In

other words, f is of the form

f= Z a,z’ with a,#0 forall v.

veT(x)
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For a general f, we can choose a new variable w defined by

4
Z VjP,‘P:}

i=1

zi= 3, byw' with Nf(o)= {v e T(x)

veN;i(a)

which preserves the weight o in such a way that f(w) has #(a) —n() +4 terms, four terms
among which have coefficients 1, where

n(o) = ;1 #N(a) .

Then we obtain the following relation.
COROLLARY 4.4. For any weight o€ W,, we have

ta)—n(a)+r(e)=19.

In Table 4.6 can be found the list of #(x), n(x), r(2) and singularities on the K3
surface E for every weight ae W,.

REMARK 4.5. We may regard the number #(«) —n(«) as the number of parameters
in a polynomial f with a(f)=a. Then Corollary 4.4 suggests #(x) —n(c) to be the number
of parameters associate to the moduli of the K3 surface E with a fixed singularity of
rank r(x).

TABLE 4.6.

No.  (p1, P2 P3; Pa’D) () n(®) Sing(E) ()
1 1, 1,1,1:4) 35 16 non-singular 0
2 4,3,3,2:12) 15 7 34,+44, 11
3 2,2,1,1:6) 30 14 34, 3
4 “4,4,31:12) 21 11 34, 9
5 (3,1,1,1:6) 39 20 non-singular 0
6 5,2,2,1:10) 28 14 54, 5
7 4,2,1,1:8) 35 18 24, 2
8 6,3,2,1:12) 27 14 24,424, 6
9 (10, 5, 4, 1:20) 23 13 A+24, 9

10 6,4,1,1:12) 39 21 A, 1
11 (15, 10, 3, 2:30) 18 10 34,+24,+ 4, 11
12 9,6,2,1:18) 30 16 34,+4, 5
13 (12, 8,3,1:24) 27 15 24,+ A, 7
14 (21, 14,6, 1:42) 24 14 A+ A+ Ag 9
15 (5,4,3,3:15) 12 6 SA,+ A, 13
16 @8,7,6,3:24) 9 5 Ai+4A4,+ A 15
17 5,5,3,2:15) 14 8 A, +34, 13
18 (3,3,2,1:9 23 11 A, +34, 7
19 (3,2,2,1:98) 24 11 44, + 4, 6
20 ©,8,6,1:24) 18 10 Ai+A,+ A4 11
21 2,1,1,1:5) 34 16 A, 1
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TABLE 4.6. (continued)

No.  (p1, P2s P3> P4:P) (o) n(e) Sing(E) r(a)
2 @,5,3,1:15) 21 11 24,4 A5 9
23 5, 3,2,2:12) 17 8 64, +A, 10
24 5,4,2,1:12) 24 12 34,+A, 7
25 “,3,1,1:9) 33 17 A, 3
26 9, 5, 4, 2:20) 13 7 54, + Ag 13
27 (11, 8, 3, 2:24) 15 9 34,+A4,, 13
28 10,7, 3, 1:21) 24 14 Ay 9
29 (15, 6, 5, 4:30) 10 6 24, + A+ Ay +24, 15
30 (20, 8, 7, 5:40) 8 6 Ay +24,+Ag 17
31 (12, 5, 4, 3:24) 12 7 24,+24,+ A, 14
32 (,3,2,2:14) 19 9 TA,+ A4, 9
33 9, 4,3,2:18) 16 8 44,4245+ A, 11
34 15,7, 6, 2:30) 13 7 54, + Ay + Ag 13
35 (14,7, 4, 3:28) 12 8 A+ A, +24, 15
36 10, 5, 3, 2:20) 16 9 24, +A,+24, 12
37 8, 4,3,1:16) 24 13 Ay+24, 8
38 (15, 8, 6, 1:30) 21 12 A+ A, + A4, 10
39 ©,5,3,1:18) 24 13 24,+ A, 8
40 7, 4,2,1:14) 27 14 34,+ A, 6
41 (12,7, 3, 2:24) 16 9 24, +24,+Ag 12
42 G, 3,1, 1:10) 36 19 A, 2
43 (18, 11, 4, 3:36) 12 8 A +24,+Aqo 15
44 @, 5,2,1:16) 28 15 24,+A, 6
45 14,9, 4, 1:28) 24 14 A+ Ag 9
46 (33, 22, 6, 5:66) 9 7 A+ A, + A+ Ay, 17
47 (21, 14, 4, 3:42) 13 8 A 245+ Ay+ Ag 14
48 (24, 16, 5, 3:48) 12 8 24,4+ A, + A, 15
49 (21, 14, 5, 2:42) 15 9 34+ Ay + Ag 13
50 (15, 10, 4, 1:30) 25 14 A+ As+A, 8
51 (18, 12, 5, 1:36) 24 14 A +As 9
52 12,9, 8, 7:36) 5 4 Ay + Ay +Ag+ A4, 18
53 (6,5, 4,3:18) 10 5 Ay +34,+ A3+ A, 14
54 1,65, 3:21) 9 5 3d,+ Ay +As 15
55 @, 6,5, 2:20) 11 6 34, +As+Ag 14
56 (11, 8, 6, 5:30) 6 5 A+ A+ A4y, 18
57 0, 6, 5, 4:24) 8 5 24, + Ay + Ay + Aq 16
58 (6,5, 4,1:16) 19 10 A+ A, +As 10
59 8,75 1:21) 18 10 A+ A, 11
60 (7, 6,4,1:18) 19 10 A+ A+ Ag 10
61 (11,7, 6, 4:28) 7 5 24, +As+ Ay 17
62 @, 5, 4, 3:20) 10 6 Ay +24,+ A4, 15
63 @, 3,2,1:10) 23 11 24+ A, + A, 7
64 10, 7, 4, 3:24) 10 7 A +Ag+Ag 16
65 (14, 11, 5, 3:33) 9 7 Ay+A4,, 17
66 (3,2,1,1:7) 31 15 A +4, 3
67 ,7,3,2:21) 14 8 Ay +24,+ Ag 13
68 (13, 10, 4, 3:30) 10 7 Aj+As+A,, 16
69 (7, 4,3,2:16) 14 7 44, + A, + A 12
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TABLE 4.6. (continued)
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No.  (p1, P2s P3» P4:P) )] n() Sing(E) r(a)
70 @®,5,3,2:18) 14 8 24+ A4+ A, 13
71 (7, 4,3,1:15) 22 12 As+A4g 9
72 (7,5,2,1:15) 26 14 Ai+A4g 7
73 (25, 10, 8, 7:50) 6 5 A+ A+ A4+ A, 18
74 (16,7, 5, 4:32) 9 6 245+ A4+ As 16
75 (11, 5, 4,2:22) 14 7 54+ A3+ A, 12
76 (13, 6, 5, 2:26) 13 7 44, + A4+ As 13
77 (13,7, 5,1:26) 21 12 As+A4g 10
78 (11, 6, 4, 1:22) 22 12 A +A3+A4s 9
79 (16,9, 5, 2:32) 13 8 24+ A4+ Ag 14
80 (22,13, 5,4:44) 9 7 Ai+A4+ A4, 17
81 (13, 8, 3, 2:26) 16 9 34,+A4,+ 4, 12
82 (11,7,3,1:22) 25 14 A, +4g 8
83 (27, 18, 5, 4:54) 10 7 A+ As+ A +Ag 16
84 9,7,6,5:27) 6 4 A+ A+ As+ A 17
85 (5,4,3,2:14) 13 6 34, + A, + A3+ A, 12
86 0,7, 5, 4:25) 7 5 A+ Ag+Ag 17
87 (5,4,3,1:13) 20 10 A, + A3+ A, 9
88 (11,9, 5,2:27) 11 7 Ay +A4+ A4y, 15
89 (5,3,2,1:11) 24 12 A +A,+A4, 7
90 17,7, 6, 4:34) 8 5 24, + Ay +As+ Ag 16
91 (19, 8, 6, 5:38) 7 5 A+ A, +As+A, 17
92 (19, 11, 5, 3:38) 10 7 A, +Ag+Ag, 16
93 (17, 10, 4, 3:34) 11 7 A+ A+ A3+ Ay 15
94 (7,5,4,3:19) 9 5 Ay +As+A,+ A 15
95 (7,5,3,2:17) 13 7 Ay +A,+ A4+ A 13
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