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Introduction. Let X be a complex projective manifold of dimension n. Let L be
a very ample line bundle on X. Let S be the intersection of n—2 general members of
| L|. Assume, moreover, that S is an elliptic surface of Kodaira dimension k(S)=1 and
that (X, L) is not a scroll over a surface. By [20], we know that there exists a reduction
(X', L") of (X, L) such that Ky.+(n—1)L’' is very ample. Moreover, Ky.+(n—2)L’ is
semi-ample and any smooth surface S’, which is the intersection of # — 2 general members
of |L'| is a minimal model, with x(S’)>0 (see [9], [13], [19]). Let p: X'—>C be the
morphism associated to | N(Ky.+(n—2)L")| for N>0. N is chosen so that C=p(X’) is
normal and p has connected fibres. It follows that dim C=1. We restrict ourselves to
varieties of dimension #n >4, since the case n=3 has been considered by the first author
in [2]. Note that the general fibre of p is a del Pezzo manifold of degree d, where
3<d<8. We classify X’ in the cases d=3, 4, 7, 8. Since we have only partial results for
d=35, 6 those will not be included here.

The paper is organized as follows. In Section 0, we give some background material
and state, without proof, some of the needed results. In Section 1, we prove the results
used later in the paper. In Section 2 we classify the possible singular fibres of the
morphism p;: X’*—C in the case d=3, 4,7, 8. In Sections 3 through 6 we analyze the
structure of X’ for these values of d.
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0. Notation and background material. Throughout this paper we let X be an
irreducible complex projective manifold of dimension », and L a very ample line bundle
over X.

(0.1) Let L be a line bundle over X. We say that L is nef if ¢,(L):[C]>0, for
all effective curves C on X. We say that a nef line bundle L is big if ¢,(L)">0. We say
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that L is spanned if Bs | L|, the base locus of | L|, is empty. We say that L is semiample
if there exists an m>0 such that Bs |mL|, the base locus of |mL]|, is empty.
(0.2) N, is the normal bundle of 4 in B, and N, is its restriction to C.
(0.3) Let (X, L) be a polarized manifold. A reduction of (X, L) is a polarized
manifold (X, L) such that:
(a) there exists a morphism n: X— X’ expressing X as X’ with a finite set F
in X’ blown up.
(b) L=n*L)—[rn" YF)], or equivalently, Ky +(n—1)L=n*Ky +(n—1)L").
(0.4) Let L be a line bundle over X. Let 4,, - - -, 4,_, be general members of the
linear system |L| and let X*=|) 1<j<n—i4; Then dim X i=j. We have the following
descending chain Xo X" !5 --- 5 X35X?, and we will often denote X2 by S and Ly
by L;, and when no ambiguity exists, only by L.
(0.5) The following theorems ([20, (2.1)] and [19, (4.5), (5.1)]) play a major role
in this paper. The first one is stated for smooth varieties, but it also remains true for
varieties with “mild singularities”.

(0.5.1) THEOREM. Let L be a very ample line bundle on an n-dimensional complex
projective manifold X with n>3. Assume that Ky+(n—1)L is nef and big. Then there
exists a unique minimal reduction (X', L) of (X, L) such that Ky. +(n— 1)L’ is very ample.

(0.5.2) THEOREM. Let L be an ample and spanned line bundle on an n-dimensional
complex projective manifold X with n>2. Assume that Ky +(n— 1)L is nef and big. Then
there exists a unique minimal reduction (X', L) of (X, L) such that Ky, +(n—1)L' is
ample. If h°(N(K x +(n—2)L)) #0 for some N>0, then Ky.+(n—2)L' is semi-ample, and
any smooth surface S', which is the intersection of n—2 general members of |L'|, is a
minimal model of non-negative Kodaira dimension.

For the convenience of the reader, we recall the following definitions (see [8, (1.0)]).

(0.6) A rung of a polarized manifold (X, L) is an irreducible reduced member of
|L]. A rung D is said to be regular if the homomorphism I'(X, L)-I'(D, Lp) is a
surjection. A ladder of (X, L) is a sequence of subvarieties X=X">X""!> --- o X3>
X2> X! of X, with dim X' =i, such that each X’ is a rung of (X**?!, Ly...). The ladder
is said to be regular if each rung is regular. Note that d=L-L- - - - *L(n times)=L,"L,
where L, is the restriction of L to a 2-dimensional rung X2

(0.7) By F, with r>0 we denote the r-th Hirzebruch surface, i.e. the unique
P'-bundle n: F,—P* over P! with a section E satisfying E*E= —r. For r>1 we let F.
denote the normal surface obtained from F, by contracting E and let 7, : F,—F, be the
contraction map. Given a line bundle L on F,, the pullback of L to F, is of the form
alE +rf] for some integer a, where f'is a fibre of =.

1. General Results.

(1.0) Throughout this paper, unless otherwise specified, X will denote a complex
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projective manifold of dimension n. Let L be a very ample line bundle on X. Assume
that the intersection of n—2 general members of | L] is an elliptic surface S of Kodaira
dimension x(S)=1 and that (X, L) is not a scroll over a surface. Then (see [13], [19])
there is a reduction (X’, L') of (X, L) such that K. +(n—2)L’ is semi-ample. Letp: X'—>C
be the morphism associated to the linear system | N(Ky. +(n—2)L")| for N>0. Choose N
big enough so that C=p(X’) is normal and the fibres of p are connected. It is clear that
for X" €| Ly.i+:| we have py.: X"'—C. From now on we denote py.: by p,. Whenever it
is clear from the context we will write p instead of p;.

(1.1) LeMMA. Under the above assumptions dim C=1.

PrOOF. We note that x(S’)=1. The elliptic fibration map on S’ extends to X’
giving the map p: X'—C. Hence by [19, (0.3.2)] it follows that dim C=1. |

(1.2) LemMA. L’ is locally very ample with respect to p.

ProoF. Ky .+(n—1)L’' is very ample for n>3 (see [20]). Moreover we have
Ky +(n—2)L'=p*(M) for some ample line bundle M on C. Hence Ky +(n—1)L' =
p*¥(M)+ L', or equivalently, L' is locally very ample with respect to p. ]

(1.3) REMARK. Let F"~! denote a general fibre of p. Then there exists a smooth
regular ladder of (F"~1, L).

(1.4) REMARK. Since (F"~!, L’) has a ladder it follows easily (see [8, (1.0)]), that
d=(Lpn-1)""'=(Lgn-2)" %= -+ =(Lpn-)""'= -+ =(Lp2)?, where (Lpn-i)" ‘= Lpn-s"
“++ +Lga—i (n—i times). But F? is a smooth del Pezzo surface. Hence 1 <d<9.

(1.5) LemMA. Letp: X'—C be as in (1.0) and d=deg Ly.-1. Then
(1) 3<d<4,ifdim X' >8;

(i) 3<d<S,ifdimX'=6,7,

(iii) 3<d<6, if dim X' =5;

(iv) 3<d<38, if dim X'=4.

PrOOF. By (1.4) we know that 1<d<9. If d=1, it follows that Bs | Lp.-:|, the
base locus of | Lrn-1], is nonempty which contradicts (1.2). Hence d=1 cannot occur.
Since L' is locally very ample with respect to p,d=2 cannot occur either. The rest
follows from [8]. |

(1.6) LemmA. p, (L) is a vector bundle of rank d+n—2 over C, where d=
deg Lyn-1 and n=dim X".

PROOF. By (1.3)
0"’(91:n~ 1 —’Llpn— 1 —>L’pn—2—’0 .
Moreover h'(F" !, Gpn-1)=0. Hence h°(F" ', L')=h°(F"~2, L')+1 or more generally
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(*) WO(F™~ L L)y=ho(F" "1, L)+1.
Thus we have
hO(F"~ ', L)=h°F% L)+ (n—3).

Noting that Lj.= —Kj. and using the Riemann-Roch theorem we conclude that
h°(Ly2)=d +1, where d =K K., whence h°(Lpn-1)=d+n—2. Hence in a neighbour-
hood of a smooth fibre, p,(Lf--1) is locally free of rank d+n—2, and since C is smooth
it follows that p,(L') is everywhere torsion free of rank d+n—2. [ ]

2. The possible singular fibres of p;: X'—>C. Let Fbe a general fibre of p;: X'—C.
Note that (F, L’) is a del Pezzo surface and that L' is locally very ample with respct to
P3, see (1.2). Hence 3 <deg Ly <9. Since the degree is preserved by flat maps, it follows
that 3<deg L'- <9, where I is a possible singular fibre of p;. Let S’ be a general element
of |L'|,and let y=I"nS’. Note that y is a possible singular fibre of p,: S'—C. Moreover,
S’ is an elliptic surface with no multiple fibres (see [2]). Hence the possible types for
y are: I, with 1 <b<9, II, III, IV and I} with b=0, 1 (see [14, (6.2)]).

(2.0.0) REMARK. LetI'=) I'*andlet S'e|L’|. If y is one of the following types
I, with 1<b<9, III, IV and I} with 5=0, 1, then the general element of | L’'| cannot
pass through a possible singular point of a component I'* of a singular fibre. This
follows, since y* is smooth and I'* (=%%) is a local complete intersection,

(2.0.1) LEMMA. Let I'=) I'* denote a possible reducible fibre of p;. Let y=I'nS’
with S" a general member of | L'|. If y is one of the types 1, with 2<b<9, 111, IV and I}
with b=0, 1, then either I'*~F, with r>0 or F. with r>1.

ProoF. Note that if y is of one of the types I, with 2<5<9, II, IV, then y=) »*.
Or else y=y+y'+y2+9>+2y*+ --- +29**? with =0, 1, where y* are smooth
rational curves in both cases (see [14, (6.2)]. Also y*=TI*n S’ is ample on I'*. Hence
r*=F, with r>0 or F. with r>1 (see [17, (0.6.1)]). [ |

(2.0.2) LeMMA. Ler I'=Y I'* denote a possible reducible fibre of ps. If I*nI* is
nonempty and if L'-I'T* =1, then I'* and I'* meet transversely in a smooth rational curve
B.

ProOF. Let B=I*nTI"*. Since Ly is very ample and L'- B=1, it follows that B is
a linear P!. Hence B is a smooth rational curve. Therefore the intersection of I'* and
I'®is transverse. Also note that Be | [I''],0 |. Hence Bis a Cartier divisoron *and I'*. W

Since B=I*nT*, L'"B=L"I*I?=y*y?, and y*y* is either 1 or 2, it follows that
L'*B is either 1 or 2.

(2.0.3) REMARK. If I'* and I'# meet transversely, then
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(203.1) NB=NB/F°®NB/T‘ .

Moreover, since (Ky-+ L')g= g and L'- B=d with d=1 or 2, it follows that Ky.-B= —d.
Therefore from the adjunction formula and (2.0.3.1) we have

(2.0.3.2) deg Np=deg Npro+deg Ngri=—2+d.
We also have for a#f§
(2.0.3.3) NB/ru=Nrﬁ/xrB .

(2.0.4) LeMMA. Let I'*, I'*, B and L' be as in (2.0.1) and (2.0.2).
(i) If I*=P?, then [B]=(p:(e) with e=1 or 2. Moreover, we cannot have
r=p*xré
(i) If Ir*=F, then n*((BY)=a[E+rf], n*(L)=b[E+rf] for some a, beZ.
Moreover, r=1if L'*B=1,and r=1 or 2 if L*B=2.
(i) If I'*~F,, then L'=[E+kf] with k>r+1 and [B]=[aE+(d+ar—ak)f],
where d=L'*B.

ProoF. (i) follows from d= L' B = (jp:(a) Gp:(e) = ae and the fact that d=1 or 2. For
the remaining see ([18, (1.4)]).

(i) Note that if N is a line bundle on F,, then n¥(N)=a[E +rf] for some ae Z,
see (0.7). Moreover, if M is another line bundle on F,, then N*M=n}(N)n*(M)=
(alE+rf1)(bLE +rf])=abr. Thus d=L"“I'*I"* = L[ "*];«=abr. Whence r=1 or r=2,
since d=1 or 2.

(iii) Note that since L' is ample, L'=[E+kf] with k>r+1. Moreover,
[Bl=[aE +bf] for some a, be Z. Hence by d=L""B=[E + kf}'[aE + bf]= —ar+ b +ak,
we have b=d +ar—ak.

(2.0.5) REeMARk. If I'~F,, then deg L;=2a®> with aeZ. Hence L; has even
degree. Moreover, (deg Ly)/2 is the square of an integer.

In (2.1) through (2.4) we classify possible types of singular fibres.
(2.1) The case deg L-=3.
(2.1.1) CrLamM. I has at most two components.

PrROOF. It is easy to see that in this case the only possible types for y are I, I,
L, IL, IML, IV. If y is of type I, i.e. y=y°+7'+9?%, then =Y 2_ I By (2.0.1) we
have either I'*~F, with r>0 or F, with r>1. Note that 3=deg L}.. Since L' is very
ample on I'*, and deg Lj.=1 for 0<a <2, it follows that I'*= P? for each a. By (2.0.4),
(i) this cannot happen. Similarly type IV is ruled out. This proves the claim.

(2.1.2) Cram. Ify is type 1, or 111, then either I'=P*+Fy or '=P?+F,.
Proor. Ifyis of type I, or III, i.e. y=9°+7* with y%y'=2 then '=I°+T"?, and
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by (2.0.1) I'*~F,, r>0 or F., r>1. We choose a generic S’ €| L'| such that S’ meets I"°
and I'* respectively in y° and y'. Since deg L =3, if follows that on I'! say, deg L. =1
and deg Lyo=2. Hence I'' = P?. Moreover since L' is very ample on I'°, it follows that
I° is either F, or F,. This proves the claim.

Since we need an explicit description of L' and B on each component in eventual
proofs, we have the following remark.

(2.1.3) Remark. (i) Let B=I°nr' in (2.1.2). Note that on I''=P?, Be
|62 .

(i) Suppose y is of type I, in (2.1.2).

If I°=F,, then L'=[E+f]. Using (Ky.+ L)z, =, and the adjunction formula
we have N,y =—[E+f]. Note that B is an effective divisor in F,. Hence
2p,(B)—2=B'(K + B), where K=K, . Using L""B=2 we get B=E+f. We observe that
the curve B cannot be irreducible, for otherwise P? and F, would intersect transversely
and therefore by (2.0.3.3) we get a contradiction.

If I°=F,, then n*(L')=[E+2f]. We also have N Fyx'=—L'. A similar reasoning
gives n¥(B)=E +2f, and thus B=2f, where f denotes the ruling of the quadric cone F,.

(ili) Suppose 7y is of type III, in (2.1.2). Let B=I°nT". Note that I'° and I'* are
tangent along B since L'*B=L'-I'"**I'"* =y*y# =2p. Let B= B,.q. Note that L"B=1.

If I°=F,, then L'=[E+f], Np,x-=—[E+f] and either B=E or B=/.

If °=F,, then n¥(L")=[E +2f], Ny, x-=—L and B=f, where f denotes the ruling
of the quadric cone F,.

(2.1.4) CrAM. Let I be as in (2.1.2). Neither of the two types of I' can occur.

PrOOF. Let I'=P?+ F, and suppose that y=1I"n S’ is of type I,. By (2.1.3) on F,,
B=E+f. As we have observed in (2.1.3) (ii), B is reducible. Consider the component f
of B. Note that fis a smooth rational curve satisfying

(2.1.4.1) Fof=—1.

Hence f is not numerically effective (nef for short).

(2.1.4.a) If R.[f] is an extremal ray then, since f is not nef by [15, (3.3)] it
follows that the contraction morphism @: X’ — Y associated to the extremal ray R, [f]
has a three dimensional image. Note that dim @(F;)=0 or 1 and dim &(f)=0 in each
case. Note also that fis contained in the other component, P2, of I'. Hence dim @¢(P?)=0.
This contradicts the list in [15, (3.3)].

(2.1.4.b) If R,[f] is not an extremal ray it follows (see [15, (1.4)]) that for an
arbitrary positive ¢, there exist a finite number r of rational curves /,, - - -, /, in X’ such
that

r

(2.1.4.2) f= .}: al;i+C

i=1
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in NE(X'), where a;e R, and Ce NE(X', L'). We choose < 1. Since K’ + L’ is nef and
(K'+ L) f=0 from (2.1.4.2) it follows that

(2.1.4.3) f= Z al;.

Using (2.1.4.1) and (2.1.4.3) we conclude that Fy*/;<0 for some i. Let @;: X’— Y be the
contraction morphism associated to the extremal ray R, [1;]. As we have seen previously,
Y has a three-dimensional image and dim @(F,)=0 or 1.

(2.1.4.by) Let dim ®(F,)=0. Hence f(< F,) is contracted by &;, and thus [f]e
R . [I]. Note that fis a smooth rational curve with [ f]=>b[l] for some be R,. Thus
R.[f1=R.[l]. Note that fis also contained in the other component, P2, of I". Hence
dim @,(P?)=0. Either case contradicts [15, (3.1), (3.3)].

(2.1.4b,) If dim ®,(F,) =1, either ®(f)=ye Yor o(f)=P'.

If @(f)=y, then [f1e R [I]. As in (2.1.4.b,) we get a contradiction.

If ®(f)=P*', then ®(E)=)', where E denotes the other ruling of F,. Thus
[E]eR.[l]. Replacing f by E in (2.1.4.b,), again we get a contradiction.

Let I'=P?+F, and suppose that y=I'nS’ is of type III. Note that FyB=—1,
where B is as in (2.1.3) (iii). Suppose that on F,, B=f (or E).

(2.1.4.c) If R, [B] is an extremal ray, then since B is not nef, the same proof as
in (2.1.4.a) with f replaced by B rules out this case.

(2.1.4.d) If R.[B] is not an extremal ray then as in (2.1.4.b), f=)|_, a/; and
Fy'l;<0 for some i. Let &;: X’>Y be the contraction morphism associated to the
extremal ray R, [I;]. As seen earlier, Y has a three-dimensional image and dim @(F,)=0
or 1.

(2.1.4d,) Letdim @,(F,)=0. Hence f (< F,) is contracted by @;. But f< P2, and
thus dim ®,(P?)=0. In either case this contradicts [15, (3.1), (3.3)].

(2.1.4.d,) If dim @(F,)=1, either ®(f)=ye Yor &(f)=P!.

If @(f)=y, then as in (2.1.4.d,) we get a contradiction.

If &(f)=P!, then F, is smoothly contracted by ®,. Hence Y is a smooth threefold
and there is a morphism p’: Y—C such that @;0p'=p. Let L" =(®,), (L’ + F). Note that
@I =P? and (Lp.)*=3. But there are no line bundles of self-intersection 3 on P2.
Hence this case is also ruled out.

Let '=P2+F, If y=I'nS" is of type I,, then by (2.1.3) (i) on F,, B=2f, where
fis the ruling of the quadric cone F,. Now F,:f= —1. On the other hand, if y=I'n S’
is of type III, then FyB= —1=F,f.

(2.1.4.e) If R, [f] is an extremal ray, then since f is not nef, it follows that the
contraction morphism @ associated to the extremal ray R, [f] has a three-dimensional
image and dim &(F,)=0. Hence dim ®#(P2)=0 or 1. But as is well known, dim #(P?)=1
is impossible. Thus dim @(P%)=0. This contradicts [15, (3.3)].

(2.1.4f) If R,[f] is not an extremal ray, then [f]=b[l;] as in (2.1.4.b,). And
again we have a contradiction.
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(2.1.5) Suppose yis of type I, or II. Since y is irreducible, L' is ample and y=I'n §’,
where S’ is a generic element of | L’|, we conclude that I is irreducible and reduced.

|
(2.2) The case deg L =4.

(2.2.1) CraM. T has at most two components.

ProoF. In this case the possible types for y are I, with 1 <b<4, II, III, IV. Since
two adjacent components of I' necessarily have deg Lj..=1, type 1, is impossible, as in
(2.1.1) as also are type I and type IV. This proves the claim.

(2.2.2) CrLam. Ifyis of type 1, or 111, then either I'=F,+ F,, or I'=F,+F,, or
I'=Fy+F,, or T=P?+F,.

Proor. If yis of type I, or III, then '=I°+T". Since 4=deg Ljo+deg L1, we
have either i) deg Lo=2=deg L} or ii) deg Lro=1 and deg L;»=3 (and vice versa).
Using these numerical data, (2.0.4) and (2.0.5), it is easy to see that the possibilities for
I in i) are: F,+F,, or F,+F,, or Fo+F,, and in ii) P>+F, for r>0. Using
3=deg L'= —r+2k, with k>r+1 we have r=1. This proves our claim.

As in (2.1.3) we need the following remark.

(2.2.3) REMARK. (i) Suppose y is of type I,, in (2.2.2).

If I'=F,+F,, then as in (2.1.3) (ii), we have n*(L')=[E+2f], Ng,x=—L and
B=2f, where f denotes the ruling of the quadric cone F,.

If I'=F,+F,, then on Fy, L'=[E+f], Np,x-= —[E+f], and B=E+f; while on
F,, B=2f.

If I'=Fy+F,, then L'=[E+f] and Ng x = —[E+f] as seen in (2.1.3) (ii). Note
that B is an effective divisor in F,. Hence 2p,(B)—2=B*(K + B), where K=K, . Using
L'-B=2 we get B=E+f.

If I'=P?+F,, then using 3=deg L} , we have Ly, =[E +2f]. From (Ky. + L)« = G«
and the adjunction formula we have N .= —[E+f]. Moreover on F;, B=E+fand
on P%, B=1,+1,.

(ii) Suppose 7 is of type III, in (2.2.2). Let B=I°nTI". Note that I'° and I'* are
tangent along B, since L'*B=L"-I'*I"* =y*yf=2p. Let B= B, 4. Note that L'-B=1. As in
(i) we can calculate Ly and Np... So we only need to compute B.

If ' =F,+ F,, then B=f, where f denotes the ruling of F,. If I'= F, + F,, then on
F,, either B=E, or B=f; while on F,, B=f. If I'=Fy+ F,, then either B=E, or B=f.
If '=P?*+F,, then on F,, either B=E, or B=f; while on P2, B=I. Note that B=E
cannot occur, for if it did, then B=2B and we have p,(B)=0in P? and p,(B)= —2in F,.

(2.2.4) Cramm. Let T be as in (2.2.2). None of the types of T can occur.

PrOOF. Let I'=F,+ F,. Reasoning as in (2.1.4), we rule out this possibility.



ELLIPTIC SURFACE SECTIONS 465

Let I'=F,+F,. Suppose that y is of type I,. By (2.2.3) (i), B=2f on F,. Now
Fyf= —1. On the other hand, if y is of type III, then F*B= —1 =F,"f. Reasoning as
in (2.1.4.¢), (2.1.4.f), we get a contradiction.

Let '=P*+F,. If y is of type I,, then B=E+f on F,. Moreover F,*f= —1. This
is ruled out as in the case I'=P?+ F, and y is of type I, in (2.1.4).

If '=P*+F, and y is of type III, then this is ruled out as in the case I'=P2+F,
and v is of type III in (2.1.4).

The case I'=F,+ F, is ruled out similarly.

If y is of type I, or II, then I is irreducible and reduced as seen in (2.1.5). [ |

(2.3) The case deg L =8.
CLAM. T has at most three components.

Proor. We will show that either I'=F,+ F, + F, or I is as in Table 1. Note that
the only possible types for y are I, with 1 <b<8, II, III, IV and I} with =0, 1.

(2.3.1) If y is of type I, with 6<b<8, then I'=Y 2_ I Since Y°_} deg L}.=8
and L' is ample, we necessarily have two adjacent components of I, say I'* and I'# with
deg Lr.=1=deg L5, and this cannot happen by (2.0.4), (i).

(2.3.2) Ifyis of type Is,then we can easily see that L' has degree 1 on at least two
components, say I'° and I''. By (2.0.4) it cannot happen that they are adjacent to one
another. Hence the adjacent component of I'°, say I'*, has degree two. By (2.0.4) (ii),
the only possibility is I'°=P? and I'"=F,. Note that N, pp2=p2(1), and on F,
[B]=[aE +(1—a)f]. Hence by (2.0.3.2) we have a®> —a—1=0, which is impossible.

(2.3.3) 1If y is of type 1, then in view of (2.3.2), and since Z:=o deg L.=38, it
suffices to consider the case when I'* and I'* are adjacent and having deg Lj.=
2=deg Lys. By (2.0.4), (ii) the only possibility is ™=~ F,~TI*. From deg Ly.=2 and
(2.0.4) it follows that [B]=[aE+(1—a)f] and L'=[E+f]. Moreover, Npoyx =
—[E +f]. Hence by (2.0.3.3) we have 2a*> —2a—1=0 which is impossible.

(2.34) If y is of type I;, then in view of (2.3.2) and (2.3.3), and since
Y f _o deg Ly.=8 it suffices to consider the case when I'* and I'* are adjacent and having:

(a) deg Lr.=1, and deg Ls=3; (b) deg L;.=2, and deg Ls=3.

In (a) by (2.0.4), (ii), '*=~P?, and I'* > F, is the only possibility. Hence by (2.0.4)
and (2.0.3.2) it follows that 3a? —2a—2=0, which is impossible since ae Z. In (b)
I*=F,, and I'*=F, is the only possibility. Then from (2.0.4) and (2.0.3.3) it follows
that the curve B=F,nF, is either a fibre on F, and the unique curve on F; of
self-intersection — 1, or the curve E on F, and F, where E is as in (0.7). Note that in
this case the third component, say I'2, is isomorphic to F, and is adjacent to I'*. From
(2.0.4) and (2.0.3.2) it follows that the curve B'=F, nF, is a fibre on one of the F, and
is the unique curve of self-intersection —1 on the other F,. Note that the same is
obtained if y is of type IV.

(2.3.5) Ifyis of type I¥, then ['=Y%_ a,I™ with a,=1 for 0<a<3 and a,=2.
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Since Z;oaa deg L;.=8 we have either (i) deg Li.=1 for 0<a <3, and deg L.=2, or
(i) deg Lr«=1 for =0, 1, 4 and deg L;.=2=deg L, or (iii) deg L.=1 for a=0, 2, 4
and deg L =2=deg L}s, or (iv) deg Ly.=1 for 1 <a<4, and deg Lo=3.

Note that (ii), (iii), (iv) cannot occur by (2.0.4) (i). So it remains to rule out case (i).

In case (i) [~ P? for 0<a<3 and I'* is either F,, or F,. Note that the P?’s are
disjoint and each of the P?’s intersect I'*. Let B=P2nI*. Since L"B=L"P*I*=
y%y*=1 for 0<a<3 it follows that B is a smooth rational curve. Therefore the
intersection of P? and I'* is transverse. Hence B is a Cartier divisor on P? and I'*. On
r*~F,, n¥(L)=[E+2f], Np,x-=—L and B=f, where f denotes the ruling of the
quadric cone F,. But f is not a Cartier divisor on F,. Hence this case cannot occur.
Whereas if I'*=F,, then L'=[E+f], Ng,x-=—[E+f] and either B=E or B=f. As
for P2, Lp.= (1) and Np2jx-=Gp2(—2). An easy calculation shows that (2.0.3.3) does
not hold. Hence this possibility is also ruled out.

If y is of type I}, then I'=)"%_,a,I™ with a,=1 for 0<a<3 and a,=2=as. This
forces only one possibility, namely deg L.=1 for all a. This violates (2.0.4), (i).

(2.3.6) CrLamM. Ifyis of type 1, or 111, then I' has one of the following possible
type : P2+ F,, with r=1,3,5; or F,+F, with r=0,2,4; or F,+F,, with (r,s)=(0, 0),
0, 2),(0.4), (1, 1), (1, 3), (2,2).

Proor. If y is of type I, or III then I'=r°+r'. By (2.04) I'*~F,r>1or F,
r>0. If both I~ F, then by (2.0.4) (ii), r=1 or 2, and since 8 =deg Lo +deg L}, it is
easy to see that the only possibility is I°=P?=T", i.e. *=P? and Lp.=G(2). The
other possibility is I'°~ F, and I'' = F, or both I'*~F,. So overall we have:

1)) P24+ P2 0r (2) P2 +F,;or (3) P2+F,; or (4 F,+F,; or (5) F,.+F,.

In (1), Bis a linear P!, since L' = (}.(2) and 2= L’-B. This argument goes through
for types I, as well as III. Now using (2.0.3.2) we get a contradiction.

In (2), on P2, [B]=((1) and this does not depend on the type of y. We also
know that deg L =4. The same reasoning as above gives r=0, 2. Hence by (2.0.4) and
(2.0.3.2) we have, in both cases, a>—a—1=0 which is impossible.

In (3) since 7=deg Ly = —r+2k and k>r+1, it follows that r=1, 3, 5.

In (4) since 6 =deg L;_ it follows that r=0, 2, 4.

In (5) we have a symmetrical situation with respect to r and s. Moreover deg Ly.>2.
Hence we consider only the possibilities deg Lo=2, 3,4 and deg L;.=6, 5, 4, re-
spectively. Hence as seen easily we must have (r, s) as in the claim.

As in (2.1.3) we need the following remark.

(2.3.7) REMARK. (i) Suppose 7y is of type I, in (2.3.6).
If I' =P} +F,, then by (2.3.6), r=1, 3, 5. Note that on P2, [B] = G:(2).

Let r=35. Then L'=[E+6f], Ny x = —[E+f]. Note that B is an effective divisor
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in Fs, hence 2p (B')—2=[(—2E—-Tf)+@E+(2—a))]-[aE+(2—a)f1= —Ta* +9a—4.
Since p,(B’)>0 we have 7a>—9a+2<0 and thus a=1, i.e. B=E+f. By [11, V, 2.18],
B is a reducible curve.

Let r=3. Then as in the case r=35, L'=[E+5(], N, ;x.= —[E] and B=E. An easy
calculation shows that (2.0.3.3) does not hold.

Let r=1. Then L'=[E+4f], Ng,x-=[—E+f]. Since B is effective and since
2=L"B=(E+4f)(aE+bf)=3a+b, we have B=2f.

If I'=F,+F, then by (2.3.6), r=0,2,4. If r=4, then Lp =[E+5f],
Np x=—[E+f]and B=E+fon F,. If r=2, then Ly, =[E+4f], Ng,x = —[E] and
B=E on F,. If r=0, then Ly, =[E+3f], Ng,x-=—[E+f] and B=2f on F,,.

If I =F,+F,, then (r, s) is as in (2.3.6). In the usual way we compute Lp«, Nr«x-
and B.

(i) Ifyis of type III, in (2.3.6), then '=T°+T", and L}, Nrpox- are as in (2.3.7)
(i), whereas B is computed as in (2.1.3) (iii) or (2.2.3) (ii).

(2.3.8) CrLAIM. Let I be as in (2.3.6). Then the types of I' are as in Table 1.

ProoOF. Going over the possible types for I" and reasoning as in (2.1.4) and (2.2.4)
we can rule out the following cases: P? + F,, withr=1, 3, 5; Fz +F,, withr=0,4; F,+ F,,
with (r, s)=(0, 4), (1, 3). Hence the possible types for I" are as in Table 1.

In Table 1, (g, b) stands for [aE +bf]. If I~ F,, then in the table we should read
7n¥(Lo) instead of L.

TABLE 1
re+rt Lo L, Nrojx Npgxe ”
Fy+F, 1,2) 1,4 (-1, -2 (-1, 0
Fy+F, 1 (1,4) (-1, =1 (-1 0
F,+F, (1,2) (1, 3) (-1,-1 (=1, 0)
Fo+F, (1,2) (1,2) (=1, 0) (-1, 0)
F,+F, (1,3) (1,3) (-1, -1 (=1L -1

If y is of type I, or II, then I' is irreducible and reduced as we have seen in (2.1.5).
' |
(2.4) The case deg L-=17.

CrLAaM. T has at most three components. Moreover if I' has three components then
I'=Fy+F,+F,, if I has two components then either I =F,+F,, ot '=F, +F,.

The proof will be omitted since it is similar to that in (2.3).
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3. The case d=3.

(3.1) THeoReM. Let X, L, X', L' and p: X'—C be as in (1.0). Then there exists a
morphism @ : X' —PA(V) with V=p,(L') such that the following diagram commutes:

x-2.p()=P

P\C/n

We also have ®(X') €| Gp v\(3)+n*(M)| for some line bundle M on C.

PrOOF. By (2.1) all the fibres of the morphism p are irreducible. Let V= Py(L).
As in (1.6), it follows that rank V'=n+1. By (1.2) L’ is locally very ample with respect
to p. Hence we have a morphism @ : X’ — P.(V) such that the above diagram commutes,
(see [10, (4.4.4)]). Moreover, @ is an embedding. Note that &, is the map associated
to the linear system |L}y|, where F=p~!(c) is a general fibre of p. We also have
&(X')nn~ Y (c)=D(F). Hence it follows that

(3.1.1) Nowxypcw)or) = Noweyen=CGpr(3) -

Since Pic(Pc(V))=Pic(C) x Z, we have [P(X")] = Gp (@) +n*(M) for some a e Z, and
M € Pic(C). By (3.1.1) we conclude that a=3, whence

P(X') €| Gpr)(3) +n*(M)| .

4. The case d=4.

(4.1) THEOREM. Let X, L, X', L andp: X'—C be as in (1.0). Then there exists a
morphism @ : X'—Pc(V) with V=p (L) such that the following diagram commutes:

x-2.p(v)=P
N

and that ®(X’) restricted to each fibre P"*' of n is a complete intersection of type (2,2)
in P"t1

PrOOF. By (2.2) p has irreducible fibres. By (1.2) L’ is locally very ample with
respect to p. Hence there exists a morphism @: X'— P(V) such that the above diagram
commutes. Also by [10, (4.4.4)] @ is an embedding. Let F denote a general fibre of p.
By noting that &, is the morphism associated to the linear system | L[, and since F is
a del Pezzo manifold with d=4, F is isomorphic via @, to a complete intersection of
type (2,2) in P"*!, see [8, (2.2)]. We will show that this is also true for the possible
singular fibre ¥ of p. After slicing X with n—3 general members 4;€|L’|, we obtain
ZnX"?=T, which is a possible singular fibre of p5. But I' is irreducible are reduced,
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hence X itself is irreducible and reduced. Note that X is a del Pezzo variety, whence,
(@) A2, L)=1=¢g(Z,L);, (b) X is locally Gorenstein, wzy=(1 —dim X); and (c)
Hi(Z,tL)=0 for any 0<i<dim X, teZ. (a) is trivially checked. (b) is obtained from
(Kx + L);=G; (c) follows from [7, (5.7.6)]. Hence h°(Z, 2L")=x(Z, 2L')=(n*+ 5n+2)/
2=h°(P"*!, Gpn+1(2))— 2. Thus there are two distinct hyperquadrics Q, and Q, in P"*!
which contain ®x(2). |

5. The case d=8. In this section we will deal with the cases dim X' >3. From
(1.5) it follows that the only cases to look at are dim X"=3 and dim X'=4. Let Fbe a
general fibre of p: X'—C. Note that if dim X’ =3, then F is either isomorphic to Q,P?,
the blow up of P? at one point be P? or is isomorphic to P! x P'.

(5.0) dimX'=3 and F=Q,P2
(5.1) dimX'=3 and F=P'xP'.
(5.2) dim X"=4.

(5.3) THeorReM. Let, X, L, X', L' and p: X'—C be as in (1.0) with the additional
assumption in (5.0). Then there exists a birational morphism @ : X'— Y with Y a P*-bundle
over C such that the following diagram commutes:

-2y
p\ /pll
C
PROOF. A general fibre of p: X'—C is isomorphic to Q,P2. By (2.3), the possible
reducible fibre I of p has at most three components. Moreover either I' is as in Table
l,or I'=Fy+F,+F,.
(5.3.1) Let I' be as in Table 1, with I'=F, +F,. Since N, x. ;=0(—1) then F,
can be smoothly blown down to a curve C to give a manifold X”. Let 7n: X’—> X" be

the blow down morphism. Let L” be the line bundle on X” such that n*L"= L' +[F,].
Note that n(F,)=C=~Ex=P*, where E is as in (0.7).

(5.3.1.a) CrLam. Lj¢ is ample.

PROOF OF CLAIM. It is enough to show that deg L{z>0. Note that deg L{z=
deg(n*L") g=deg (L' +[F,]) g =deg(E+4f—E) ;=4 E=4. This proves our claim.

Since Lz is ample, by [6, (5.7)] it follows that L” is ample on X".

Let I" be as in the remaining cases in Table 1. A reasoning similar to that in (5.3.1)
shows that one of the two components I'* of I' can be smoothly blown down to a curve
to give a manifold X”. Moreover the line bundle L” on X” with n*L" = L'+ [I'*] is ample
(m: X’> X" is the blow-down morphism).

(5.3.2) Let I'=F,+F,+F,. Note that a reasoning similar to that in (5.3.1) holds
true also in this case. Of course in this case we need two steps as in (5.3.1) in order to
get a manifold which we still call it X”. Moreover the line bundle L” on X” with
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n*L" =L 4[]+ [I'*] is ample (I'*, I'? are two components of I' and n: X’'— X" is the
blow-down morphism).

We repeat this process for all reducible fibres I'; of p. Since p has only finitely many
reducible fibres, after a finite number of steps we get a manifold which, for simplicity,
we still call X”, a morphism which again, for simplicity, we still call #: X’—> X", and
an ample line bundle L” on X” such that n*L"=L'+) . I'?, where I'{ stand for the
components of I'; which are blown down by n. Hence we have a morphism p': X" —»C
such that p’ o w=p, and all of the fibres of p’ are irreducible and reduced, and a general
fibre F' of p’ is isomorphic to Q,P?2.

Let E be the exceptional curve in F. It is easy to see that there are no obstructions
to deformations of E in X”. Let # be the irreducible component of the Hilbert scheme
of X” parametrizing flat deformations of E in X”. Let % be the universal family in
A x X" and denote q,(%) by D, where ¢, is the projection of # x X” onto the second
factor. From the natural identification of the tangent space T, , of #at the point a
which corresponds to E with I'(E, Ngx.), we see that dim D=2. Also dim p'(D)=1.
Indeed, dim p’(D)< 1. On the other hand since E is contained in a general fibre of p/,
it follows that dim p/(D)>1. Hence dim p'(D)= 1. Moreover, the general fibre of p|p, is
isomorphic to E (= P'), and each fibre of p|pisirreducible and reduced, since L” is ample
and Lg=Cg(1). Applying [5, (5.4)] to (D, L}, p|p, C) we conclude that D is a P'-bundle
over C. Let f'be a general fibre of p{,: D—»C. From N, ,=0;, det N, y.=0(—1) and
the exact sequence

0Ny p—=Nyyx—Npyx ;=0

it follows that Npy. ,=0,(—1). Hence there exists a manifold Y and a birational
morphism 7': X" —Y expressing X” as Y with C'=z'(D) blown up, see [16]. Let
L =n,(L"+[D])andlet p”: Y—C be the morphism such that p” - 7’ =p’. The morphism
p" is such that all of its fibres are irreducible and reduced, a general fibre F" of p” is
isomorphic to P2, and % = G:(3).

(5.3.3) CLamM. The line bundle & =7 (L"+[D]) is relatively ample with respect

”

top”.

Proor oF CLAIM. It suffices to show that &% + p"*.# is ample for some .# € Pic(C ).
Let C"=n'(D). By [6, (5.7)], it suffices to show that (&£ +p"*.#),¢ is ample and that
¥ &L +p"*M)— D is ample.

Take #, such that deg # =m>0. Since n'*(&L +p"*M )—D=L"+p'* M is ample,
we need only to show that (¥ +p"*.4)-C'>0.

To see this, let A=L"-D. Note that 4 is isomorphic to C' and so (L +p"* M4 ) C'=
T¥ L +p"* M)y A=(L"+[D]+p*M)L"*D=L"*D+L"D*+m>0 for m>»0.

Let Z=J, ;. Fi» where F; denotes the possible singular fibre of p”. Note that F;
is irreducible and reduced. Let U= Y—Z. We note that % =..(3), where F” is a
general fibre of p”. Hence over U, %, =3H (modulo line bundles coming from Pic(C)),
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where H e Pic(U), or equivalently, £, =3H + p"*(# ) for some .# ePic (C).

(5.3.4) CLAIM. There exists a line bundle H on Y such that ¥ =3H+p"*(N")
for some N €Pic(C).

ProoF oF CLAIM. Let A'(Y) denote the group of cycles of codimension 1 on Y
modulo rational equivalence. Let i: U—Y be the inclusion. Note that Y and U are
smooth. Hence the morphism i*: A'(Y)— A'(U) is surjective. Moreover 4!(Y)=Pic(Y)
and AY(U)=Pic(U), (e.g. [11, p. 428]). Thus i*: Pic(Y)—Pic(U) is surjective. Hence
HePic(U) lifts to H on Y. Now consider ¥ —3H—p"*(.# ), which is trivial when
restricted to U. Since the possible singular fibres of p” in Z are irreducible we have
P —3H—p"*(M)=p"*(#) for some o e€Pic(C). And so L =3H+p"*(AN"), where
N=M+A.

(5.3.5) REMARK. From (5.3.4) it follows that H is relatively ample with respect
to p”. Hence the quadruple (Y, A, p”, C) is a family of polarized varieties, [5, (5.1)].

Note that Hg..=.(1) and deg Hy..=1, hence A(F", H)=0. Now we use [5, (5.3)
and (5.4)] to conclude that Y is isomorphic to P(pi(H)). [

(5.4) THEOREM. Let X, L, X', L', and p: X'—>C be as in (1.0) with the additional
assumption in (5.1). Then there exists a birational morphism n: X'>X" to a projective
manifold X" such that the following diagram commutes:

x "y
N,/

and that X" is embedded in a P3-bundle P over C with its restriction to each fibre of P
being an irreducible reduced quadric in P3.

Proor. Here a general fibre of p: X'—C is isomorphic to P! x P!, By (2.3), the
possible reducible fibre I' of p has at most three components. Moreover either I' is as
in Table 1, or I'=F,+ F, + F,. Note also that the morphism p has only finitely many
reducible fibres I';. As in the proof of (5.3) we see that there exists a birational morphism
n: X'>X" and an ample line bundle L” on X" such that n*L"=L'+Y [T%, where I'}
stand for the components of I'; which are blown down by n. Moreover all the fibres
of the morphism p’: X”— C with p’ o n=p are irreducible and reduced, a general fibre F’
of p' is isomorphic to P! x P!, and Ly = Gp1 , p:(2,2) = G.(2) say.

Let Z=/J l<i< F:, where F; denotes the possible singular fibre of p’. Note that F;
are irreducible and reduced. Let U= X"— Z, then over U, Lj,=2H (modulo line bundles
coming from Pic(C)), where HePic(U), or equivalently, Ly =2H+p*(.# ) for some
M € Pic(C).

(5.4.1) CLAM. There exists a line bundle H on X" such that L" =2H + p"*(A") for
some A" €Pic(C).
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The proof is as in (5.3.4), and so we omit it.

(5.4.2) RemArRK. From (5.4.1) it follows that H is relatively ample with respect
to p’. Hence the quadruple (X", H, p’, C)is a family of polarized varieties, see [5, (5.1)].

Note that Hp. = (1) and deg A, =2, hence A(F', H)=0. By [5, (5.5)] it follows
that we can map X” into a P3-bundle P over C such that its restriction to each fibre
of P is a hyperquadric. [ ]

(5.5) THEOREM. Let X, L, X', L', and p: X'—C be as in (1.0) with the additional
assumption in (5.2). Then there exists a birational morphism n”: X'—> X" to a projective
manifold X" such that the following diagram commutes:

x - x
p\ c /p’

and that X" is isomorphic to a P3-bundle P over C.

ProoF. Let F' and F denote the general fibres of p, and p,, respectively. Note
that (F', L") is a del Pezzo manifold with 4(F’, L')=1 and d=8. From [8, (5.6)] it follows
that (F', L')=(P3, 0ps(2)). Let I be a possible reducible fibre of p,, let c=p,(I') and let
X =ps(c). Choose X"*e| L'| general enough so that n X’ =T is transverse. It follows
from (2.3) that either I" is as in Table 1 or '=Fy,+ F, + F;.

If Tr=Fy+F,+F,, then 2=3°4+3'432 Say I'’~F,, and I'">F, for a=1,2.
Note that I'* is ample on 2% If '~ F,, then from [1] it follows that X' is a P*>-bundle
7' ' P! over P!. Here n’ denotes the extension of n, where = is as in (0.7). As for
2% we claim that X° is a hyperquadric. Indeed, Nyoy.s= —Ljo. Since Z°nX"*=T" is
transverse in X', it follows that Nyo/x. ro=Npoyxs= —Ljo. Since Pic(X°) injects into
Pic(I'°), Ngox=—Lj. We also know that (Ky.+2L)zo= (4. These last two facts
together give Kyo+ Lyo= 0. Hence X° is a hyperquadric. Note that Z° and X! meet on
a surface S. Such S must contain B=F,nF,, a linear P! (see (2.3)) as ample divisor.
Hence S=P2. Since S is in X!, it follows that .S must be a fibre of X! —»P!. Also S
contains the exceptional curve B of F,;, and B cannot be contracted by n: F,—>P*.
Hence there are no such 2’s.

If r=r°+r! then £=X°42' Say X°>I°and X' oI, where I'° and I'! are as
in Table 1. By [1], note that X! is a P2-bundle n’: X'—P* over P'. Since a general
fibre f of I'' is ample in P? and Npyx« ;=0(—1), we see that Ny x4 p2=0pa(—1).
Hence 2' can be smoothly blown down on X’ to give a manifold X”. Let n” be the
blow-down morphism and let L” be the line bundle on X” such that n*L" =L +[2'].
We will show that L” is ample. Let C=n"(Z?).

We will examine only the case X > I", with I'=F, + F,, since all the remaining cases
use a similar reasoning. Note that in this case £! o F,, and C=n"(Z')=n"(F,) = E, where
Eis as in (0.7). By noting that deg (L' +[Z']),;: =deg(L'+[F,]),r,, the same proof of
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(5.3.1.a) gives that L|¢ is ample. Thus L” is ample on X", [6, (5.7)].

We repeat this process for all reducible fibres X; of p. Since p has only finitely many
reducible fibres, after a finite number of steps we get a manifold which, for simplicity,
we still call X", a morphism which again, for simplicity, we still call n": X'—> X" and
an ample line bundle L” on X " such that (n")*L"=L'+) , Z7. Hence we have a morphism
p' . X"—>C with p'on”=p. Moreover all the fibres of the morphism p’ are irreducible
and reduced, a general fibre F' of p’ is isomorphic to P>, and Lj. = Gps(2).

Let A be the line bundle on X”2 as in (5.4.1). By the Lefschetz theorem there is a
unique extension H' of H to X". Since Hp =(ps(x) for some aeZ, and 2=
deg(Hy) = deg((Hp)p) = Gps(0) Gps(2) Gps(LF 1) = Gps(%)' Op, () Ups(2), We get a=1. Hence
Hp = @s(1). Since Pic(F') injects into Pic(F) and Lj=2H, we conclude that L} =
2H}.. Hence H' is relatively ample with respect to p’. Now by [5, (5.3) and (5.4)] we
conclude that X” is isomorphic to Pc(pl(H’)). n

6. The case d=7.

(6.1) THEOREM. Let X, L, X', L', and p: X'—>C be as in (1.0). Then there exists
a birational morphism n: X' - X", where X" is a P3-bundle over C.

PrOOF. From (1.5) it follows that dim X’ =4. Let F be a general fibre of p: X'—>C.
Note that F=~Q,P3, the blow up of P at a point be P3. A reasoning similar to that
in (5.5) gives that up to smooth blow down of a component of Z; (the possible reducible
fibres of p), we can always assume that all the fibres of p are irreducible and reduced.

Let E be the exceptional divisor on F over be P3. It is easy to see that there are
no obstructions to deformations of E in X'. Let 5# be the irreducible component of
the Hilbert scheme of X' parametrizing flat deformations of E in X’. Let % be the
universal family in # x X’ and denote ¢,(%) by D, where g, is the projection of # x X’
onto the second factor. We claim that D is a P2-bundle over C. From the natural
identification of the tangent space T, , of # at the point «, which corresponds to E
with I'(E, Ngx.), we see that dim D=3. Clearly dim p(D)<1. On the other hand since
E is contained in a general fibre of p, it follows that dim p(D)>1. Hence dim p(D)=1.
Moreover, the general fibre of p,j, is isomorphic to E (= P?), and each fibre of p,, is
irreducible and reduced, since L’ is ample and Lz = (}(1). Now consider the quadruple
(D, Ly, pp, C). Such a quadruple is a family of polarized varieties [5, (5.1)]. By [5, (5.4)]
we conclude that D is a P?-bundle over C. Let f be a general fibre of p,: D—C. From
Ny p=0;, det Nyjx.=0(—1) and the exact sequence 0—N;p—N;x.—Npyx 0, it
follows that Npy. =0;(—1). Hence there exists a manifold X” and a birational
morphism 7: X' X" expressing X' as X” with C'=n(D) blown up, see [16]. Let
L"=n,(L +[D])and let p’: X”—C be the morphism such that p’ c t=p. The morphism
p’ is such that all of its fibres are irreducible and reduced, a general fibre F' of p’ is
isomorphic to P3, and L}. = Gps(2).

The same proof as that in (5.3.3) gives that L” is relatively ample with respect to
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p'. Moreover as in (5.4.1) we can show that there exists a line bundle H on X” such
that L" =2H + p'*(A") for some 4" € Pic(C). Hence (X", L", p', C) is a family of polarized
varieties. Now use [5, (5.3) and (5.4)] to conclude that (X", H)=(P(&), £s) where
&=p,(H) and &, is the tautological line bundle on Pc(&). [ ]
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