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HOMOGENEOUS FRACTIONAL INTEGRALS ON HARDY SPACES

YONG DING AND SHANZHEN LU
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Abstract. Mapping properties for the homogeneous fractional integral operator T, 4
on the Hardy spaces HP (R"™) are studied. Our results give the extension of Stein-Weiss and
Taibleson-Weiss’s results for the boundedness of the Riesz potential operator I on the Hardy
spaces HP (R").

1. Introduction and results. Let S"~! denote the unit sphere in Euclidean n-space
R". Suppose 0 < & < n, and let 2 € L"(§"~!) with » > 1 be homogeneous of degree zero
on R”. Then we define the homogeneous fractional integral operator Ty o by

2(x —
pc(—T}—}i fydy.

When @ = 0, we denote T, o by T, and the integration is taken by the Cauchy principal
value. Since the operator Ty, o is closely connected with the singular integral operator T,
Tq .« plays an important roles in the study for homogeneous operator T;. For example, re-
cently the authors applied several results on T, 4 to a study of a mapping property for a class
of multilinear singular integral operator with homogeneous kernel [4]. As an application of
this mapping property, in [4] we obtained the L? boundedness of the commutator [T, b]
formed by the homogeneous singular integral operator Ty; with a function b in BMO.

In 1971, Muckenhoupt and Wheeden [7] proved the weighted (L?, L?) boundedness of
Tq .o for power weight when 1 < p < n/a. In 1998, we obtained the weighted (L?, L9)
boundedness of Tg, o for A(p, q) weight [2]. Moreover, when p = 1, the (L', L"/("=%).)
boundedness of T, , can also be found in [1] (unweighted) and in [S] (with power weights).
For p = n/a, an exponential integral inequality of T; o was proved in [3].

On the other hand, the Hardy-Littlewood-Sobolev theorem showed that the Riesz poten-
tial operator I, is bounded from L? to L. In 1960, Stein and Weiss [10] used the theory of
harmonic functions of several variables to prove that I, is bounded from H'! to L™/ =% 1In
1980, using the molecular characterization of the real Hardy spaces, Taibleson and Weiss [11]
proved that I, is also bounded from H” to L9 or H?, where0 < p < land1/q = 1/p—a/n.

Since the Riesz potential operator I, is essentially the homogeneous fractional integral
operators T , when 2 = 1, by comparing mapping properties of I, and T 4, it is natural

(Toaf)(x) = f
R'l
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to ask whether the homogeneous fractional integral operator T, , has the same mapping
properties on H? as those of the Riesz potential operator /.

The purpose of this paper is to answer this question. Using the atomic-molecular de-
composition of HP, we prove that if §2 satisfies a class of L"-Dini conditions on S§"=1 then
Tg .« is bounded from H? to L? or H? for some p < 1. Thus, we verify that Stein-Weiss’s
conclusion (for p = 1) and Taibleson-Weiss’s conclusion (for some p < 1) hold also for
To.q-

Before stating our results, let us recall the definition of the L"-Dini condition.

We say that §2 satisfies the L”-Dini condition if £2 € L"($"~!) with r > 1 is homoge-
neous of degree zero on R", and

1
[ 252as < .
o o

where o, (8) denotes the integral modulus of continuity of order r of §2 defined by

1/r
wy(8) = sup (f |2(px) — -Q(X’)l'dX')
lol<é \J§n-1
and p is a rotation in R" and |p| = |lp — 1|
Now, let us formulate our results as follows.

THEOREM 1. Let0 <« < n,andlet 2 € L"(S") forr > n/(n — ) be homoge-
neous of degree zero on R". If §2 satisfies the L"-Dini condition, then there is a C > 0 such

that | T o fllpn/o-a) < Cll fll -

THEOREM 2. Let0 <o < l,n/n+a) <p <1, 1/g=1/p—a/nand 2 €
L™ (8" Y withr > n/(n — o) be homogeneous of degree zero on R". If the integral modulus
of continuity w,(8) of order r of $2 satisfies

1
(1.1) f ACT S
0

81+01

then there is a C > O such that T o fllLe < C\\fllur.

Theorems 1 and 2 give the (H?, L9) boundedness of T, . The following theorem will
give the (HP, H?) boundedness of Tg; 4.

THEOREM 3. Let0 < a < 1/2,1/q = 1/p —a/n and let 2 € L' (S"") with
r > 1/(1 —2a) be homogeneous of degree zero on R". If for ¢ < B < 1 the integral modulus
of continuity w,(8) of order r of $2 satisfies

1
wr (8)
(1.2) /0 ST ds < 00,

thenforn/(n+ B) < p <n/(n+a), thereisa C > 0 suchthat [T o fllns < C|lfllur-

In the following the letter C will denote a constant which varies at each occurrence.
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2. Some preliminary facts. In this section we give the (LP, L?) boundedness of
the fractional integral operator with rough kernel 7 o, which will be used in the proof of
Theorems 1 through 3.

PROPOSITION 1. Let0 < a <n,1 < p <nfa,1/q =1/p—«a/nandlet 2 €
L™ (8" V) with r > n/(n — @) be homogeneous of degree zero on R". Then Tq 4 is an
operator of type (p, q).

To prove Proposition 1, let us first give some lemmas.

LEMMA 1 (see [1]). LetO < a < n,r > n/(n —a) and let 2 € L"(S""1) be
homogeneous of degree zero on R™. Then for any .. > 0 and any f € L',

1 n/(n—a)
Hx eR" : |(To o)) > A} <C <Xl|f“1,l)

where C is independent of A and f.

LEMMA 2 (see [5]). Suppose thatO < o < n,and 2 € L"(S"") withr > 1. Then
there is a C > 0 dependent only on n and o such that (Mg o f)(x) < C(Ti).«)(fDx),
where M o denotes the homogeneous fractional maximal operator defined by

1
(Mg o f)(x) = sup —— /| 1960 f0ldy.
x—y|<t

t>0

LEMMA 3 (see [2]). Suppose that0 < a < n,and 2 € L"(S""') withr > 1. Then
forany 0 < ¢ < min{a, n — a}, there is a C = C(n, «, €) such that

I(T,a f)X)| < ClMg a+e YO I(Ma g ()12

Proof of Proposition 1.

It is easy to see that under the conditions of Proposition 1, M 4 is of weak-type (1, n/(n—
«)) (by Lemmas 1 and 2) and of type (n/a, 00). Thus, by the Marcinkiewicz interpolation
theorem, we get the (L?, L?)-boundedness (1 < p < n/a) of Mg o under the conditions of
Proposition 1, i.e.,

2.1 M@, fllLs < Cll fllLe -

Since r > n/(n—a), we can choose € > 0 with e < min{«, n—«a} sosmall that 1/g—¢e/n > 0,
1/g+¢e/n <landr > n/[n—(ax+¢)]. Byletting 1/g; = 1/g—¢/nand 1/q» = 1/q+¢/n,
we have

1/q1=1/p—(e¢+¢€)/n and 1/qp=1/p— (¢ —¢€)/n.

Noting thatr > n/[n — (@ + €)] > n/(n —a) > n/[n — (o — €)], by (2.1) it follows that

2.2) IMeavefllLa < ClifliLe and  IM@a—sfliLz < CllfllLr -
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Hence, if we denote I} = 2q/q and I, = 2q2/q, then l1,l; > 1 and 1/1; + 1/l = 1. By
Lemma 3, Holder’s inequality for /1, I> and (2.2), we get

/g
I(Te.af)X)lle < C ( fR n[(M.Q.a+sf)(x)]q/2[(MQ,a—ef)(X)]q/zdx)
I/ah 1/qly
=C ( f [(M:z,a+ef)(x)]""/2dx) ( / [(Mg o f)(x)]IZ‘I/zdx)
R" Rn

120 1242
=C (‘/I;H[(sz,a—kef)(x)]qldx) <./R" [(MQ,a—sf)(x)]qzdx>
<Clfllcr-

This proves Proposition 1.
In the proof of Theorem 1 through 3, we need the following fact.

LEMMA 4. Suppose that0 < «a < n,r > 1, and S2 satisfies the L"-Dini condition. If
there is a constant ay > 0 such that |y| < agR, then

r 1/r
(| )
R<|x|<2R

< CRYr-( [M +/ w’(‘s)da} :
. R Jyi2r<s<iyyr 8

Using a method similar to that in the proof of Lemma 5 in [7], we can prove Lemma 4.
We omit the detail here.

Qu-y 2

lx —yl"=e  fx|rm

3. Proofs of Theorems 1 and 2. Let us first give the proof of Theorem 1. By the
atomic decomposition theory of Hardy spaces [9], it is sufficient to prove that there is a con-
stant C such that for any (1, /, 0)-atom a(x), the inequality

(3.1 I(Te,ea)(x)llLs < C

holds, where I > 1 and ¢ = n/(n — ). To do so, we take 1 < [} < I < o0, such that
1/11 — 1/l = a/n. Without loss of generality, we may assume that a(x) is (1, /1, 0)-atom
supported in a ball B = B(0, d) with center at zero and radius d. That means

(i) supp(a) C B; (i) llally <|BIYI7Y i) /a(x)dx=0.
We have
1/q 1/q
||T9,aa||LqS</ |(T9,aa)(x>nqu) +(f |(Tg,aa>(x>|qu) =h+1.
2B 2B)¢

Applying Holder’s inequality and Proposition 1, we get

I < CllTg qalln|BIY9712 < Clall 1BV~ < C.
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For I,, by the vanishing condition (iii) of a(x), we have

3.2 L=<
62 n=f '“(y)';<fmg|x|<zf+nd

=yl pxpre
Noting that 7 > n/(n — o) = q, therefore

q 1/q
dx
(3.3) (/;fd§|x|<21+'d )

< c@layi/a-1im (/ Rx—y) £
B 2Jd<|x|<2itid | 1X —yI"7* x|
Applying Lemma 4, we get

r 1/r
d
34 (/2!d5|x|<2j+ld y)

2/d
< C(zjd)n/r—(n—a) i +/|y|/ a)r*(c?)d(s .
20 Jiyipivra 8

Rx—-y £

q 1/q
dx) dy.

Qu-y 2w

b=y

r 1/r
dx) .

2(x —y) £2(x)

b=y e

By (3.3), (3.4) and the L"-Dini condition, we get

o0
- (-/2fd_<_|x|<21+|d

j=1

Rx-y)  £2(x)
[x —y[*—® x|

q 1/q
dx)

= 2/d
<C Z(zjd)n(l/q—l/r) . (Zjd)”/’_(”_"‘) {l n /b’l/ wr(a)da}
|

— 2] 2j+lg 8
3.5) j=1 4 W
> [ 1 Iyl/2'd 8§
<scy -+ ] Oy
=l Jwpira 8
Lo, (8
5c<1+f wd&) <o0.
o 8
Thus, by (3.2) and (3.5)

b < c/ la()ldy < Clall 1BV < C.
B

Hence we complete the proof of Theorem 1.

The proof of Theorem 2 is similar to that of Theorem 1. Here we only give the main
steps of the proof. Taking 1 < /1 <l < oosuchthatl/ly —1/lhb =1/p—1/q = a/n.
Let a(x) be (p, {1, 0)-atom supported in the ball B(0, d). We need to prove (3.1) for the atom
a(x). As in the proof of Theorem 1, we give the estimates for I and I, respectively. Using
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Holder’s inequality and Proposition 1, we can easily obtain the estimates of /;. On the other
hand, by (3.3) and (3.4), we get

i(f 2u-y 2w, )‘/q
— X
101 \V2id<ixi<2itla lx —yl*=* x|
% 1 I/27d g (8)
(3.6) <c S @agyni/p-b 1~ 4 / —2ds
J; 20 Jyijpiia 8

00 Iyl/27d
<c[Bl"r 1y {zj[na/p—l)—u+2;[n(1/p—1>-a1/y/ a’r(‘”d(;] .

= yi/2itia 81+

Using the conditions of Theorem 2, we get n(1/p — 1) — 1 < n(l/p—1) —a < 0. If
p>n/(n+a),thenn(l/p — 1) — ¢ < 0. In this case, by (3.6) and (1.1) we have

00 q 1/q
> (/ )
2id<|x|<2i+ld

j=1
00 1
SClBIl/p—lZ{2]["(1/17—1)—11+2j["(1/P—1)—a']/ “’r(‘”d(;}
j=1

0 81+Ol
1
5
< C|B|!/P-! (1 +/0 ‘;fm)da> < c|B|'/P-!,

Px—-y) L2
|x =yl x|«

If p=n/(n+a),thenn(l/p — 1) — a = 0. In this case, by (3.6) and (1.1) we have

00 q 1/q9
>(/ )
2id<|x|<2/t1d

j=1
ad Iyl/2/d
<clB/rty 2j[n(l/p—1)—1]+/y/ wjff)ds
Jj=1 (yl/2i+ta 6%

U, (8
< C|B|V/P-! (1+/ @ ® ;5\ < c1p|r-1
0

Rx—-y) 2

=y

sl+a
Finally, from the discussion above and (3.2) we have
L < C|B|"/P~! f la()ldy < C|BI"?~Yall,|BI'" < C.
B

The conclusion of Theorem 2 is proved.

4. Proof of Theorem 3. Sincer > n/(n — ), we can choose 1 < [; < I3 so that
1/ —1/hb =1/p—1/g = a/nandn/(n —a) <l <r. Takee sothat 1/g — 1 <
e < (B—-—a)/n<(1—a)/n Denoteap =1—1/g+¢e,byg =1—1/I2 + ¢ and let a(x)
be a (p, [, 0)-atom supported in the ball B(0, d). By the atomic-molecular decomposition
theory of real Hardy spaces [9], it suffices to show that T, 4a is a (g, I2, 0, €)-molecule for
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proving Theorem 3. This means that we need to verify that (T 4a)(x) satisfies the following
conditions:

(i) |x|"P(Tgqa)(x) € L2,
.. by —
(i) Np(To.a@) = ITa0alf5 Il - "™ (T qa) (), < o0;
(iii) f(Tg,aa)(x)dx =0.
Moreover, we also need to show that there is a constant C > 0, independent of a(x), such that
Niy(Tgua) < C.
Let us begin with proving (i). Write

I 1" (Te.a@) Ml < Il - "0 (Tg wa) () x28 ()l + I - |nb0(T.Q,oza)(‘)X(ZB)C Ol
=Ji+ .

Noting thatn/(n —«) <lp <rand 1/} — 1/l = a/n, by Proposition 1 we have
4.1 Ji < CIB™|Tg qalln < CIBI™all, -

On J3, by the vanishing condition of a(x) we get

[oe]
@2 n < [ a0 f
B jz::l 2id<|x|<2i+id
Applying Holder’s inequality and (3.4), we get
I 1/1
/ |xlnb012dx
2id<|x|<2i+lq
r 1/r
=< (/ dx)
2id<|x|<2i+'d

, 1/lla(r/ )]
x (/ |x|nbolz'(r/lz) dx)
2id<|x|<2/+d

Iyl/27d
< c@ayr-n-) { 1 / Y/ Md(g} @y ) gyr(i/B=1/)
|

I

Qx-y) 2

lx —y|"=* x|

1/
|x|”b°l2dx) dy.

Qu -y 2
=y e

2u-y 2@

lx =yl |x|nme

2J y|/2f+1d )
) Iyl/2/d
<c@iayere ) Ly / @r® 45
27 Jiyijpivia 8

2id
SC[B,8+a/n Zj("5+“—l)+2j(ng+aﬂ)/lyl/ wI(S)da |
Iyl/2i+tq 8 +8



160 Y. DING AND S. LU

Sincee < (B—a)/n < (1 —a)/n, wehave ne + o — 1 < ne +a — 8 < 0. Thus, by the
inequality above, (4.2) and (1.2) we have

o0

eta/n Jjne+a—1) ine+a—p) [ @r(®

2= Clp 2;[2 T 2 /0 apdoy | laiay
J:

43 1 f) ,
@3 _cypperam (1+] “”()da) lall 1BV
0

§1+8
=CIB|”®|al . -
By (4.1) and (4.3) we know that (i) holds and

b —ag/b
Nip (T 4a) = [ Ta.aall3, Il - 1" (Tg 0@) ()} "™

b - 1—ag/b

< C“a”i(il/ (I |Blb0(1 aO/bO)“a“LllaO/ 0

< Cllall 1B/ < C.

From the process of the proof above, it is easy to check that the constant C is independent of
the atom a(x). Hence, it remains to verify (iii) to complete the proof of Theorem 3.
To this end, we first show that (T qa)(x) € LY(R™). Write

/1; |(T2,00)(x)|dx = fll 1 |(T2,0a)(x)|dx +/ I(Te,0a)(x)ldx == Ey + E3 .

lx|=1

Clearly, E1 < C by T qa(x) € L2, On the other hand, by by — l/lé = ¢ > 0 and
|x|"P0 (T wa)(x) € L2, we have

N VA
Ex < || - " (To.0@) )l s - ( f |x|<-"b°>’zdx) s
X

[x[=1

Therefore, (T 4a)(§) € C(R"™). In order to verify

[ Taaaredx = (Ta.4a0) =0
it is sufficient to prove

4.4) |g]|l£>n O(Trz,aa)”(E )=

We know that (T a)(§) = a(§) - (2(:)/] - I"7*)(§), and

(llerf—)a) ®) =/ %e—ZHiS-de -+ Z/ . Siiiie—b!i{-‘-xdx.
' | 2

xl<1 |x o i< X
2J00Y
(%) ©

Below we give the estimate of If(\j(s)] forany j > 1.

Thus,

O 2
<C+Y K@), where Kj(r) = oLyl
=1

lind
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LEMMA 5. Suppose that0 < a < 1/2,and 2 € L"(S" V) withr > 1/(1 — 2a) is
homogeneous of degree zero on R". Then there are C and o > 0, such that2a <o < 1/r' <
1 and for j > 1

K] < c2mo/ g0l

27 d
/_ L)
1 t

2/=

PROOF. Denote

E}

(4.5) 1K ()| =

/ £2(x) e—2ﬂi§-xdx| —
2

J=l<|x|<2/ x|n—e

where
I (§) =/ e—ZNi§~rGQ(9)d0-
Sn—l

From [6], we have

2J
f o—2mitk-0-9) 4!
2i=1 t

On the other hand, by the conditions of Lemma 5, we get 2a < 1/r’. Hence we can choose
o > 0sothat2a < o < 1/r’ < 1. Using the interpolation method, from (4.6) we obtain

(4.6) < Cmin(l, [2/¢ - (0 — ¢)71}.

2J
/ o—2mite-0-¢) 41
2j—1 t

where £ = £/|&|. Thus, by (4.5) we get
— 2 d 4 d Y d
K @)F < (f rz“—’) (f |1,<s>|2—’) < 2% (f |1,<s>|2—’> .
2i-1 t 2i-1 t 2j-1 t

|11($)|2 - ffSn—l sn—1 Q(9)[2(¢)e_2””§‘(9—¢)d9d¢ 3

by (4.7) and the conclusion in [6] (noting that 2 € L"(S" Yandor' < 1), we get

4.7) <CIRE-(0 -9 7 =CRIEIT7- 150 —¢)| 77,

Since

— , N 7z
K@) < c2% (//S » I|9<9>9(¢>||s’<9—¢)|‘°’ded¢) /g1
n— X n—
< 2 Rlg™ o2,
Thus, we complete the proof of Lemma 5.

Now let us return to the proof of Theorem 3. Applying the conclusion of Lemma 5, we
have

0\
(4.8) ( |_|(-)7> ®
On the other hand, for a(§) we have

— V a(x)[e 2TEX _ 1]dx
B

=) 00
<CH+Y 1K) = C+C Y 2@ jg 702 < c1+1g1 7).
j=1 =i

4.9) f a(x)e X gy

< ch la(o)| €] Ixldx < CIE|.
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Thus, by (4.8) and (4.9) we get

PN

Q.
Q) ) )| < cOEl + g7,

HES

(4.10) [(Te,«a)(§)] < la)| - (

By the choice of o we know that 1 — o/2 > 0. Thus, (4.4) holds by (4.10). Hence
(Tg «a)(x) satisfies the condition (iii) and Theorem 3 follows.
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