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MINIMAL MAPS BETWEEN THE HYPERBOLIC DISCS
AND GENERALIZED GAUSS MAPS OF MAXIMAL
SURFACES IN THE ANTI-DE SITTER 3-SPACE
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Abstract. Problems related to minimal maps are studied. In particular, we prove an
existence result for the Dirichlet problem at infinity for minimal diffeomorphisms between
the hyperbolic discs. We also give a representation formula for a minimal diffeomorphism
between the hyperbolic discs by means of the generalized Gauss map of a complete maximal
surface in the anti-de Sitter 3-space.

Introduction. A smooth map u : M — N is said to be a minimal map from a Rie-
mannian manifold (M, g) to another Riemannian manifold (N, k) if the graph u(M) of u is a
minimal submanifold of the product Riemannian manifold (M x N, g x k). We will see that,
at least in 2-dimension, the theory of minimal maps is closely related to the harmonic map
theory. It is well-known that the domain of a harmonic map between surfaces can be consid-
ered as a Riemann surface not necessary with a metric. However, the target surface has to be a
Riemann surface with a metric and the theory is sensitive to the metric structure. In particular,
the theory of harmonic maps between surfaces is not symmetric in the domain and the target.
Unlike the harmonic maps, the theory of minimal maps is obviously symmetric in the metrics.
Recently minimal maps were used in the studies of Lagrangian minimal submanifolds and the
construction of middle points in Teichmiiller spaces [16], [9].

For general dimensions, we will prove a version of Ruh-Vilms theorem for minimal
Gauss maps (Theorems 1.3 and 1.4). As a corollary, we show that the Gauss map of an
immersed surface in the Euclidean 3-space E3 is minimal if and only if

H
—— =constant or K =1,
1-K

where H and K are the mean and Gauss curvatures of the surface, respectively.

In the main part of this paper, we will concentrate on the study of minimal maps between
the hyperbolic discs. First, we will prove an existence result for the Dirichlet problem at the
ideal boundary with quasi-symmetric boundary data of small dilatation. Next, we will study
a representation formula for such minimal maps.

2000 Mathematics Subject Classification. Primary S8E99; Secondary 58E20, 53C42.
* Partly supported by the Grants-in-Aid for Encouragement of Young Scientists, The Ministry of Education,
Science, Sports and Culture, Japan, No. 09740051.

** Partly supported by the Grants-in-Aid for Scientific Research, The Ministry of Education, Science, Sports and
Culture, Japan, No. 09640102.

*** Partly supported by the University Grant Council Earmarked Grants of Hong Kong.



416 R. AIYAMA, K. AKUTAGAWA AND T. Y. H. WAN

In order to give the representation formula for minimal maps between the hyperbolic
discs, we need a Kenmotsu type representation formula in the anti-de Sitter 3-space H? of
constant negative curvature — 1. One observes that the “generalized” Gauss map G of a space-
like surface M in H? can be decomposed into two maps G; and G, from M into the hyperbolic
disc D. Each component G; satisfies a nonlinear partial differential equation of second order,
which is determined by the mean curvature H of the spacelike surface. In particular, when H
is constant, each component G; is a (non-holomorphic) harmonic map into D. Then, following
a similar argument as in [2], we will give a representation formula for spacelike surfaces in
H? in terms of the mean curvature H and a single component of the generalized Gauss map,
say G;. This is what we call a Kenmotsu type representation formula in Hf (see Section 3,
Remark 3.6). In this formula, a spacelike surface in Hi’ is represented as a solution of an in-
tegrable first order differential equation. Moreover, the components of the generalized Gauss
map are related to each other via this representation of the surface.

Having this Kenmotsu type representation formula, we describe a minimal map between
the hyperbolic discs by means of the generalized Gauss map of a maximal surface in H?.
This can be considered as an analogue to representing a harmonic map from a surface into
the hyperbolic disc as the Gauss map of a constant mean curvature surface in the Minkowski
3-space.

This joint work was initiated during the Workshop on Analysis on Manifolds organized
by the Institute of Mathematical Science of the Chinese University of Hong Kong in the
summer of 1998. The authors would like to thank the organizers, especially Professor Luen-
Fai Tam, for providing the great opportunity for us to discuss mathematics.

1. The equations for minimal maps. In this section, we will first derive a system of
equations for the minimal map and then use it to prove a version of Ruh-Vilms theorem.
THEOREM 1.1. A smoothmap u : (M, g) — (N, h) is minimal if and only if
tl'g(u)Vdu =0 ’

where g(u) = g+u*h and tr,) stands for the trace with respect to §(u). In local coordinates
x on M and u® on N, it can be written as

. 92u k ou” o uP du”
~ij _Mpc T N 7 Y=
o 2,80 (ax"axf Pugae T T W5 ) =0

where MI" fj and NI ‘;y are the Christoffel symbols for the Levi-Civita connections of g and h,
respectively.

PROOF. We first observe that the graph of u in M x N is isometric to (M, g(u)). Or
equivalently, the map from (M, g(u)) into (M x N, g x h) defined by x +— (x, u(x)) is an
isometric embedding. It is well-known that an isometric immersion is a minimal immersion
if and only if it is harmonic (cf. [6]). Therefore, we conclude that u is a minimal map if and
only if x — (x, u(x)) is a harmonic map with respect to the corresponding metrics. That is,
u must satisfy
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Agux' + Zkéjk(u)’”l"ljk =0,
Js

Agaou® + 5" Ty, wuf ) =0,
LJ

(1.2)

where uf = du®/ dx'. It is easy to see that the first equation in (1.2) is equivalent to

(13) S § @MW =Y G My forall &,
i,j i,j

where M * :-(j are the Christoffel symbols for the Levi-Civita connection of g(u). Putting this
into the second equation in (1.2), we see that the equation (1.1) is satisfied by a minimal map.
Conversely, we need to show that (1.1) implies both equations in (1.2). In fact, we only
need to show that (1.1) implies (1.3) which is equivalent to the first equation of (1.2). Then
(1.1) and (1.3) together imply the second equation in (1.2).
To simplify the calculation, we choose normal coordinates x’ and u® centered at p € M
and u(p) € N respectively, and use u?’j to denote the covariant derivatives of u{. Then we

i =k .
need to show that at the center p, §"/ (u)MF,-j(u) = 0. It is easy to find, at p,
0g;j(u)
dxk

= Giju () = (gij +ufu) k= Y _(uu +ufusy).
o

Therefore, at p,

i ~ k | P - . .
Y d MW =Yy 59” )3 @) @i ) + Gig W) = Gij (W)
i il
= Z L5 W) w) Z((u"‘ us +ufu®) + @ ud +uuf) — @Su% + u?u))
—_'129 g Li%j 14 ij%1 i “ij il i %
L], o

=3 (zl: g~ (u)u7> (Z g"f’(u)u;’j> .
a ij

The equation (1.1) says exactly that ) _; j g" (u)u?‘j = 0 at p for all «. Hence, we have proved
Zi‘j g (u)Mf’fj (u) = 0 at any point p € M. This completes the proof of the theorem. []

REMARK 1.2. From Theorem 1.1, it is easy to see that totally geodesic maps are min-
imal maps. Also, a conformal map is minimal if and only if it is harmonic. In particular, a
minimal isometric immersion in the sense that its mean curvature vector vanishes coincides
with a minimal map in our sense. So there will be no confusion when we refer to a minimal
isometric immersion.

We will now prove a Ruh-Vilms type theorem concerning hypersurfaces with minimal
Gauss maps. The Ruh-Vilms theorem [15] says that the Gauss map of a submanifold in
the Euclidean N-space EV is harmonic if and only if its mean curvature vector is parallel.
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This theorem and its counterpart for spacelike submanifolds in Minkowski spaces [13], [7],
[5] are useful in constructing harmonic maps [5], [19], [20]. In the following, we will find
the necessary and sufficient condition for the Gauss map of an isometric immersion into a
Euclidean or Minkowski space to be minimal.

Let us demonstrate the Euclidean case. We will follow the calculation as in the notes by
Eells-Lemaire [6]. Let f : (M", g) — EV be an isometric immersion and G : (M, g9 —
G (N, n) be the Gauss map associated to f, where G(N, n) denotes the Grassmann manifold
of n-planes in EV with the standard Riemannian metric. For any point xo € M, we consider
normal coordinates x' centered at xo. Then G can be identified as the map

of of
ax"

xHﬁ(x)/\---/\

and we have
9 2 8f af 3% f of af
gl — | = —— A A—— A———— A—— A A .

g (8x’) ; ox! axJ—1 " 9xigx)  9xJt! ox"
Since f is an isometric immersion, we can choose an orthonormal basis {ey, ... , e,, €n+1, - . .
ey} of EV such that

0 a .
e,-=df(g> =£—i-(xo) forall i=1,...,n.

X0

Then, at xg,

9% f 9
axioxs vdf (Bx' BxJ) Z hijer.

r=n+1
where h[; are the components of the second fundamental form I1y = Vdf of f. Putting it
into the formula for dG, we see that at xg,

]
(1.4) dg(gg) Z Zh el N Nej_|Ne Nejri A Aey.

r=n+l j=
On the other hand, for any vector field X,

(x5) =7 (55) (&)
vdf (X, == ) = Vxdf (== ) = &}(X)V_o_df
oxt ax! dxJ

and hence at xg,
Vdf( ) Z Zh,’je/@e,

r=n+l1 j=
Note that we can identify sections in I'(T*M ® G ITG(N,n)) with sections in
T(®*T*M ® T M*1) via the identification

1N ANej_1Ne Nejpl A Ney <—>e;f®e,,
where T M~ is the normal bundle on M. Under this identification, we have

dG = Vdf
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and hence the second fundamental form of G is given by
VdG = V+Vvdf,

where V-1 is the connection on ®*7T*M ® T M. Furthermore, if we regard Vdf as a section
of *T*M ® f~'TEVN, we have

Vdg = (VVdf)*t,

where (VVdf)+ stands for the projection on T M=+ of VVdf.
By the last formula, we conclude that G is minimal if and only if

tr(gy)VdG = (trgg) VaVidf)t =0,

where trgg) Vi Vi indicates that the trace is taken on the two marked vectors with respect to
the metric §(G). In terms of local normal coordinates, this is

(1.5) §7(@hl =0 forall k=1,...,nandr=n+1,...,N,

where h K are the components of the covariant derivative of I ¢. Hence, the above result can
be written as
THEOREM 1.3. Let f : (M", g) — EN be an isometric immersion. Then the Gauss
map G is minimal if and only if
trgg)VIlf = 0.
The difficulty in reading off information from Theorem 1.3 is due to the fact that there is

no good formula for the inverse of the metric §(G). With respect to the same local coordinates,
the metric g(G) = (§,~j (G)) is given by, at xg,

N n
(1.6) GG =8+ Y Y hhy.

r=n+1k=1

To see this, we note that the standard Riemannian metric on G (N, n) is defined by requiring
{erN--ANej_1 ANep Aejri A NepYj=1,... mr=n+1,..., N be orthonormal vectors. Hence by
(1.4), the (i, j)-component of the pull-back metric at xq is given by

(axi ’ ol ) am

By adding the metric on M, we get the formula (1.6). The formula (1.6) for [y” (G) is compli-
cated due to the noncommutativity of the matrices {(h;;)},; 1<, <n-
However, in codimension 1, this difficulty does not occur and we have the following

THEOREM 1.4. Let f : (M", g) — E"! be an isometric immersion. Then the Gauss
map G : (M", g) — 8" is minimal if and only if

trg tan™! I1; = constant.
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PROOF. Note that at the center of a normal coordinate system, trzg) VIl can be rep-
resented as
t((Z + %)~ VD),

where IT = I1y = (h;;). We would like to formally integrate the above expression.
To do so, consider the matrix tan™' IT obtained by formally replacing x by IT in the
Taylor expansion of tan~! x. That is,

- i (=DF 2+

tan” Il =
= 2k +1

’

for those IT with all eigenvalues having absolute value smaller than 1. It is easy to see that
we can analytically extend the domain of definition of tan~! IT to all real symmetric matrices.
In general, Vtan™' IT # (I 4+ M%)~ VII1. In fact, for those IT with absolute values of all
eigenvalues smaller than 1, we have

Vtan~ ' T = Z 2(k +)1 (VIDIO#* + v + ... + 12 (V).
k=0

However, using the fact that tr(Aj Ay - - - Ag) = tr(Ax Ay - - Ag—1), we see that

rVian™ T =Y (- Dre(T*(VID)
k=0

=tr <(Z(—1)"n2k> (Vl’I))
k=0

=tr(( + 15~'vID).
Therefore,
Virtan~' T = tr((J + [1%)~'VID).

It can be shown that the above formula is true for all real symmetric I1. Therefore, we have
proved that the Gauss map G is minimal if and only if

trtan™! [1; = constant.
O

COROLLARY 1.5. If M? is an immersed surface in E>, then the Gauss map of M is
minimal if and only if

" _ tant K=1
1_K_consan or =1,

where H and K are the mean and Gauss curvatures of M in E3, respectively.

PROOF. By Theorem 1.4, we see that the Gauss map is minimal if and only if

trtan”! I M = constant,
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where I, is the second fundamental form of M. Let A;, i = 1, 2, be the principal curvatures
of M. Then tan~! Iy has eigenvalues equal to tan™! A} and tan~' X,, and hence
_ 1 A1+ 1 2H
—1 -1 1 1 1
trt My =t Ap+tan” Ay =tan ———— =tan ——.
rtan M an 1+ 2 1= K
This completes the proof of the corollary. g

Similar results to Theorems 1.3 and 1.4 also hold for isometric immersions into Minkowski
spaces. In particular, we have

COROLLARY 1.6. If M? is a spacelike immersed surface in the Minkowski 3-space
L3, then the Gauss map of M is minimal if and only if

H
——— =constant or K =-1,
1+ K
where H and K are the mean and Gauss curvatures of M in L3, respectively.

PROOF. Note that K = —A A, for a spacelike surface in L3. O

2. Existence for minimal diffeomorphisms between the hyperbolic discs. In this
section, we prove an existence result for minimal diffeomorphisms between the hyperbolic
discs. Let £ and £ be two Riemann surfaces, and z and w be their isothermal coordinates.
Fix a metric o%(w)|dw|? on ¥. For any harmonic map u : £ — ¥, the Hopf differential
& (u) = ¢p(u)dz? of u on X is defined by

D) = o (w)ugi,dz’ .
We need the following lemma which is due to R. Schoen in [16] implicitly.

LEMMA 2.1. Let X;, i = 1,2, be two Riemannian 2-manifolds. Then a map u :
X — Xy is a minimal map if and only if there exist a Riemann surface ¥ homeomorphic to

X1 and two harmonic maps u; from X to X; such that u, is a diffeomorphism, u = uy o ul_1
and

)

D)+ P(uy) =0.

PROOF. If u : ¥y — X, is a minimal map, then the induced metric determines a
conformal structure on the graph of u and hence gives rise to a Riemann surface ¥. By
the definition of minimal maps, the inclusion of X' into the product manifold ¥; x X, with
product metric is a minimal immersion and hence is a conformal harmonic map. Hence, the
projections u; are harmonic maps from X' to X;, respectively, such that u = uj o ul_'. Simple
calculation shows that the (2, 0)-part of the pullback metric on X' of the inclusion is given by
@ (u1) + @ (uz). Therefore, one concludes that

D)+ P(uz)=0.

Conversely, if there exist X' and u; as in the statement, then we can consider the map
F: XY — X x X)givenby z = (u1(2), uz(z)). Itis easy to verify that F is a conformal
harmonic map and hence the image of F is a minimal submanifold in Xy x X,. Since u;
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is a diffeomorphism, the graph of u = uj o ul‘I is exactly identical to the image of F as

submanifold. Therefore u is a minimal map. O

Now we consider the Dirichlet problem at infinity of the hyperbolic disc for minimal
diffeomorphisms analogous to that for harmonic maps. From the corresponding results for
harmonic maps [18], [19], it seems reasonable to consider a special class of boundary data,
namely quasi-symmetric functions. That is, for any quasi-symmetric function ¢ : §' — §!,
we would like to find a quasi-conformal map u : D — D such that u have the boundary data
¢ and u is a minimal map with respect to the Poincaré metric dslz, = 4|dz|*/(1 = |z]*)? on
the unit disc D = {z € C||z| < 1}. We would like to point out that the existence of the
corresponding problem for harmonic maps has not yet been solved completely, although there
are many partial results. We will use the method in [18] to obtain the following similar result
for minimal diffeomorphisms.

THEOREM 2.2. Any quasi-symmetric function with sufficiently small dilatation has a
quasi-conformal minimal diffeomorphic extension to the hyperbolic disc.

PROOF. As in [18], we consider a map F from BQD(D) the space of bounded (with
respect to the Poincaré metric) holomorphic quadratic differentials on D to BQD(D*) the
space of bounded (with respect to the Poincaré metric) holomorphic quadratic differentials
on D* = C\ D. The map F is constructed as follows: Given any ® € BQD(D), we solve
uniquely two quasi-conformal harmonic diffeomorphisms u| and u, from D onto D fixing 1,
i, and —1 such that

Pw)=d and P(up) =—

The existence and uniqueness of u| and u; are ensured by the result of Tam-Wan [17]. Then
U =u oul_l is a quasi-conformal map from D onto D fixing 1, i, and —1. Hence, the complex
characteristic of u determines a class in the universal Teichmiiller space. Or it is equivalent to
say that u|sp is a normalized quasi-symmetric function, hence is an element in the universal
Teichmiiller space. Therefore, it corresponds to an element in ¥ € BQD(D*) via the Bers
embedding. Then we define F(®) = ¥. As in [18], we find that the complex characteristics
of the harmonic maps u and u; are given by

(1—1z]*)?

l_
ey we =" O md ne = _A- kP

—2w(Z)
2 9 (2)e

where ¢ is the coefficientof @,i.e., d = ¢ (z)a’z2, and w is the unique solution of the equation
Bggw =™ —|p|Pe™ ~ 1,

where [|¢]/(z) = (1 — |z1%)?¢(2)|/4, such that 4e2*(1 — |z|2)~2|dz|? defines a complete
metric on the unit disc. Then, from (2.1), the complex characteristic of u, denoted by w(®),
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is given by
u2(z) — p1(z) wuy . (2)
1 — w221 @) lu1,2(2)
PR PP ui,(2)
1+ p(@)74¢(2)2e @ Juy (2]
where z = u7 ' (¢) and p(z) = 2/(1 — Iz/?).

By [18], w and hence u; depend real-analytically on &. Therefore, u(®) is also real
analytic in @. It is then easy to see from (2.2) that the differential of (@) in the direction of
W = Y (¢)dc%at @ = 0is given by

Duo(¥)(©) = =202V Q) -

Here we have used the fact that w = 0, u1(z) = z and hence u; ; = 1 for @ = 0. Then we
conclude, as in [18], that F is real-analytic and the differential of F at 0 is

6 / P25 (=2¥(£))
™ (N

=£7*y(1/€)dE* e BQD(D™).
So DFy is invertible. Note that F(0) = 0, since both u; and u; are identity maps. Therefore,
the inverse function theorem implies that for any element ¥ € BQD(D*) with sufficiently

small norm, there exists a unique @ € BQD(D) close to zero such that F(®) = ¥. By the
definition of F, this is equivalent to the assertion of the theorem. a

w(@)(¢) =

(2.2)

DFy(¥) = <— |d;|2> dg* for any & € D*

3. Generalized Gauss maps of spacelike surfaces in H? and Kenmotsu type repre-
sentation formula. Let E‘21 denote the pseudo-Euclidean 4-space endowed with linear coor-

dinates (x1, x2, x3, x4) and the scalar product (-, -) given by x12 + x% — x% - xf. The anti-de

Sitter 3-space H 3, which is a 3-dimensional Lorentzian manifold of constant curvature —1, is
defined as the following hyperquadric in E ‘2‘:

H? = (x € E5|(x,x) = —1}.
Let SU(1, 1) be the linear group defined by

1 0
SU1,1) ={h € gl(2;C) | heh™ = g,deth =1}, where €= ( 0 ) ) .
Identify E‘2‘ with the linear hull R - SU(1, 1) of SU(1, 1) by the map

X = (x1, X2, X3, X4) > X = x1€] + x2€2 + x3€3 + x4€4,

where

0 1 0 VoI — 10
e—l—<l 0)’ 92—"(-J—_1 0 ) a=v-ls, e—“"e_(o 1)’

and (x, x) = — detx. Then
H}=5sU(@,1).
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The linear Lie group SU (1, 1) x SU(1, 1) acts isometrically on E‘2‘ by
g x=giXxg}, g=(g1.92) € SUN,1)xSU, 1), xeE=R-SU(,1).

Moreover, SU(1, 1) x SU(1, 1) acts on H? isometrically and transitively, and (SU(1, 1) x
SU(1, 1))/Z, can be regarded as the identity component of the isometry group O (2, 2) of H?.
The isotropy group A at a point e € Hf is given by {(h, €he) |h € SU(1, 1)}, and hence

H} = (SU(1, 1) x SU(1, 1))/A
= {9195 19 = (g1, 92) € SU(1, 1) x SU(1, D}.
Let H? be the hyperbolic 2-space realized in the subspace L = span{e;, e;, e4} of E‘z‘ =
R-SU(1,1) by
H? = {[h] := hh* |h e SU(1, 1)} = SU(1, 1)/ U(1).

We can regard H? as the hyperbolic disc D by the stereographic projection

H29[<q [_)):IHBGD.
P q q

Now, let M be a Riemann surface and f : M — H? a conformal immersion. Since
f gives rise to a spacelike surface in H>, M has to be noncompact. (We may assume that
the orientation of M is compatible with the one induced by the canonical time-orientation of
H3 C E}.) Take an isothermal coordinate z = x + /=1y on M, and denote the induced
metric f*ds? by e**|dz|?. The generalized Gauss map of f is given by (cf. [14])

G=1f: M~ G},,

where G , is the Grassmann manifold of spacelike oriented 2-planes in E‘2‘, and the oriented
complex null line [ f;] in C‘21 = E‘2‘ ®C is considered as the spacelike oriented 2-plane spanned
by fx and fy in Eg. Since SU(1, 1) x SU(1, 1) acts transitively on G;,z’ G;z can also be
realized as the homogeneous space (cf. [1]):

G;Q =SU, 1) x SU(, 1))/(U(1) x U(1))
= {[g1(e1 — vV=1e)g3]1g = (g1, 92) € SU(1, 1) x SU(1, 1)},

where U(1) = {cosfe + +/—1sinf¢e |0 € [—m, m)}. Moreover G;z can be identified with
D x D by the map

D xD = H* x H* 5 ([g1]. [92]) ~ [g1(e1 — vV—lex)g}l € G .

Therefore, the generalized Gauss map G : M — G;z of f is decomposed into two compo-
nents G = (G1,G2) : M — D x D.

Amap F = (F1,F) : M - SU(,1) x SU(1, 1) is called a framing of f if f =
Fi1Fy. Let & = (£1,6) : M — SU(1, 1) x SU(1, 1) be an adapted framing of f, that
is, £ is a framing of f such that [f;] = [£1(e; — +v/—1€)&F]. (Remark that the adapted
framing of f is determined uniquely up to the right action of a U (1)-valued function. We can
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choose an adapted framing globally on a contractible Riemann surface.) Then the components
G1, Gy : M — H?(= D) of the generalized Gauss map G of f can be given by

Gi=L[&1, G =I[&1,

and these are related as follows:

G.1 G = (fO)G(f&) (= fI-GD),
where f[—Ga] (at z € M) stands for the linear fractional transformation of —G,(z) € D by
f(z) e SU(, ).

Using a similar method to the proof of [2, Proposition 1.1] (cf. [1]), we can describe the

induced metric and the Hopf differential in terms of the generalized Gauss map and the mean
curvature as follows.

PROPOSITION 3.1. Let f: M — H? be a conformal immersion with mean curvature
H and the generalized Gauss map G = (G1,G2) : M — D x D. Then the induced metric
f*ds? on M and the Hopf differential @ of fare given by

4Gzl 2 41(Go)z1?

2 *ds? = d
6D 1 = ma e T G -G

4(G1):(G)); ) 4(62).(G2), )

G- = H-J DA 162 T H+ VDU 1GPR "
The Gauss curvature K (= —1 + H? + ”¢f“f*ds ) of f is given by

2)

K=-(1+H% 1—@ ——a+m(1-]|92
(G2);:

G1)z
REMARK 3.2. Since f*ds2 is positive definite on M, G = (G}, G2) is nowhere-
holomorphic. From (3.3), anti-holomorphic points of G correspond to umbilic points of f.

Furthermore, using a similar method to the proof of [2, Theorem 2.1], we can obtain the
following

THEOREM ‘3.3. Let f be a conformal immersion from a Riemann surface M to H? with
mean curvature H. Then the generalized Gauss map G = (G1, G2) : M — D x D satisfies the
following equations:

2g_ 1

(3.4) G2z + G Iz(g])z(gl)z = mHz(g])Zs
2g_ 1

(3.5) (G2):z + G Iz(gz) «(G2): = 7 J_—le(gz)z,

REMARK 3.4. When the mean curvature H is constant, the above equations (3.4) and
(3.5) imply that each component G;, i = 1,2, of G is a harmonic map to the hyperbolic
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disc D (cf. [14]). For a harmonic map v : M — D, the Hopf differential of v is given by
@ (v) = 4v,(9),(1 — |v|?)~2dz>. Then the Hopf differentials of G and G, are given by

QG)=H-V-1D)Pr, @(G)=H+V-1)Pf.
If f is a maximal surface in H3, that is, H = 0, then we obtain that @(G;) + ®(G;) = 0.

Conversely, we can obtain the following representation formula for spacelike surfaces
with prescribed mean curvature in H? by means of a single component of the generalized
Gauss map (similarly in [2, Theorem 2.2]).

THEOREM 3.5 (Kenmotsu type representation formula in H?). Let M be a simply con-
nected Riemann surface with a reference point zo and H a real-valued smooth function H on
M. For a non-holomorphic smooth map v : M — D satisfying

2 1
vzz + =2 VzVz = H— J1 H;v;

1
resp. Vv,; + ———v,v; = ————H,v; |,
( P Vzz l—[vlzzz H+ J1 zz)

define a smooth 1-form w on M by

w= 2(0): dz <resp w= 20): dz)
(1 — /=1H)(1 — |v]?)? ' (1+ =1H)(1 — |v]?)? .

Also, define a gl(2; C)-valued 1-form « and an su(1, 1)-valued 1-form p by

v 1 .
a:( 2 )w, u=cla—a).

v v

Then there exists uniquely a smooth map f : M — SU(1, 1) such that f(z0) = e and
fldf = u. f (resp. f*): M — H? is a conformal immersion outside {w € M|v;(w) =
0} with prescribed mean curvature H, and the generalized Gauss map G = ( f [—v], v)
(resp. G = (v, f[—V])). Moreover, the induced metric f*ds* = (1 — |v|>)*w - @ and
the Hopf differential ® y = (H + +/—1)"'®(v) (resp. = (H — /=D ~'®(v)).

REMARK 3.6. In Theorems 3.3 and 3.5, if we replace the ambient space H? by
H?(—cz) (the anti-de Sitter 3-space of constant curvature —c2 (¢ > 0)), then the equations
satisfied by G; and G, change from (3.4), (3.5) to the following:

261

1
i+t — ;= ——H. 7,
Gz + T 'gllz(gl)z(gl)z Hi v 2(G1)z
26, 1
(G2)z + I—:W(gz)z(gz)z = H_—\/_—chz(gz)z-

If we put ¢ = 0, we can then obtain the generalized harmonic map equation satisfied by the
Gauss map of a spacelike surface in L> [4]. Spacelike surfaces in L3 can also be represented
in terms of the mean curvature and the Gauss map [4], which is a Lorentzian version of the
Kenmotsu representation formula in E3 [8].
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4. Representation of minimal maps between the hyperbolic discs. Finally, we ap-
ply the Kenmotsu type representation formula, Theorem 3.5, to representing a minimal map
between the hyperbolic discs D as the composition G; o G5 U of the generalized Gauss map
G = (G1, G2) of a maximal surface in H%.

One easily observes that a composition of the generalized Gauss map of a maximal sur-
face in H% can be regarded as a minimal map, at least locally, between D, by Lemma 2.1
and Remark 3.4. More precisely, let f : ¥ — H‘;’ = SU(1, 1) be a conformal maximal
immersion, where X is an arbitrary Riemann surface. Let G = (G1,G2) : ¥ — D x D be
its generalized Gauss map. Then, both components are harmonic maps from X' into D and
the sum of the Hopf differentials is equal to zero (see Remark 3.4). Therefore, if one of the
components is a diffeomorphism, then according to Lemma 2.1, the generalized Gauss map
represents a minimal map from D into itself. In this case, if G, : £ — D is a harmonic diffeo-
morphism, then we can use the relation (3.1) between G| and G, to write the corresponding
minimal map as

G10G7H@) = (foGHOI-¢1 € eD).

We would like to point out that, by Proposition 3.1, the Gauss curvature K of the confor-
mal maximal immersion f has a fixed sign if and only if one of the components of the gen-
eralized Gauss map is a local diffeomorphism, and hence, if and only if both components are
local diffeomorphisms. Suppose further that the curvature K of f is bounded away from zero
and the surface is complete, then both components of the generalized Gauss map are simul-
taneously orientation preserving or reversing local harmonic diffeomorphisms with bounded
dilatation. Therefore, by a result in [19, Theorem 13], both components are harmonic diffeo-
morphisms onto the hyperbolic disc. Hence, we obtain a minimal diffeomorphism between
the hyperbolic disc in this case. Moreover, this minimal map is in fact a quasi-conformal map
of the unit disc.

Conversely, we have the following

THEOREM 4.1. Any orientation preserving minimal diffeomorphism between the hy-
perbolic discs can be represented as the composition Gy o G5 ! of the generalized Gauss map
G = (G1, G2) of a complete maximal surface in H?.

PROOF. Given a minimal map u between the hyperbolic discs, Lemma 2.1 implies that
there exist a Riemann surface ¥ homeomorphic to D and two harmonic maps u;, i = 1, 2,
from X to D such that u; is a diffeomorphism, u = u o u, I and

D)+ P(up) =0.
(Note that we have interchanged the notation for the harmonic maps u;.) Since u, is a diffeo-
morphism, either |uz ;| or |up ;| is non-vanishing. We may assume that |us ;| > |uaz ;| =2 0
(i.e., uy is orientation reversing), otherwise one can consider u3. Then by Theorem 3.5, there
is a conformal maximal immersion f : D — H? such that the second component of the gen-
eralized Gauss map is given by u, (considered as a map from D). Therefore, we only need to
show that the first component of the generalized Gauss map is equal to u;.
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By assumption, u is an orientation preserving minimal diffeomorphism onto D. Then
uy is an orientation reversing diffeomorphism onto D as u; is orientation reversing. Using
Proposition 3.1, the first component G : D — D of the generalized Gauss map satisfies

I1uzll = 138G -

Since u; is a diffeomorphism and the pullback metric u§dsf, is dominated, up to a constant
multiple, by [|0uz|ds?, [|duz|*ds? and hence ||0G, [|°ds? defines a complete metric on D.
By the same reason, 10u; ||2ds,2, defines a complete metric on D. From the equation @ (1) =
®(G1) (= ¢pdz?) and the uniqueness result [17], [19] for complete solutions of

Dgpw =™ —[glle™ — 1,
we obtain
4.1 18urll = 18G11l (= e¥).

Now, (4.1) together with the equation @ («) = ®(G;) implies that u is identically equal to
the first component G; of the generalized Gauss map up to an isometry. Finally, we note that
the induce metric f*ds? is complete, since f*ds? = ||du, szs,z,. Therefore we have proved
the theorem. 0

As a final remark, we would like to claim that Theorem 3.5 (Kenmotsu type represen-
tation formula) can be used, in principle, to construct minimal maps between the hyperbolic
discs as follow. By the existence results of Li and Tam [10], [11], [12], and the second author
[3] for the Dirichlet problem at infinity of harmonic maps between D, one can get a noncon-
formal harmonic diffeomorphism of D by assigning suitable boundary data. Or, one can use
the result of Tam-Wan [17] to obtain a nonconformal harmonic diffeomorphism by prescrib-
ing the Hopf differential. From such a harmonic diffeomorphism, one can use the Kenmotsu
type representation formula in H‘}’ to construct a complete maximal surface in H?. Then the
composition Gy o0 G5 L of the generalized Gauss map G = (G;, G2) is a minimal map between
D.
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