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HEAT KERNEL ESTIMATES AND THE GREEN FUNCTIONS
ON MULTIPLIER HERMITIAN MANIFOLDS
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Abstract. Using a standard technique of Li and Yau, we study heat kernel estimates for
a special type of compact conformally Kähler manifold, called a multiplier Hermitian manifold
of typeσ , which we derive from a Hamiltonian holomorphic vector field on the manifold. In
particular, we obtain a lower bound estimate for the Green function averaged by the associated
group action. For a fixedσ , such an estimate is known to play a crucial role in the proof of
the uniqueness, modulo a group action, of Einstein multiplier Hermitian structures on a given
Fano manifold.

1. Introduction. For ann-dimensional compact connected Kähler manifold(M,ω)
and a real-valued smooth functionψ ∈ C∞(M)R onM, we consider the Hermitian form

hψ := e−ψ/nω ,

which naturally defines a conformally Kähler metric onM. Put volψ(Z) := ∫
Z
hnψ for each

measurable subsetZ ofM. The Ricci form Ric(hψ) associated tohψ is defined by

(1.1) Ric(hψ) = Ric(ω)+ √−1∂∂ψ , ψ ∈ C∞(M)R .

For a system(z1, z2, . . . , zn) of holomorphic local coordinates onM, the Kähler formω is
locally written as

ω = √−1
∑
α,β

g
αβ
dzα ∧ dzβ .

Let �ω denote the Laplacian
∑
α,β g βα∂2/∂zα∂zβ of the Kähler metricω. We now define an

operatorDψ acting onC∞(M)C by (cf. [L2], [K1], [Mat])

(1.2) Dψ := �ω −
∑
α,β

g βα
∂ψ

∂zα

∂

∂zβ
, ψ ∈ C∞(M)R .

For brevity, we putP := (Dψ + Dψ)/2, which is the real part ofDψ . LetH = H(x, y, t)

denote the fundamental solution onM ×M × [0,∞) of the equation

(1.3) (P − ∂/∂t)v(x, y) = 0 .

2000Mathematics Subject Classification. Primary 32W30; secondary 53C55, 14J45, 14J50.
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The Green functionG(x, y) ∈ C∞(M ×M \∆M)R for the operatorP is defined outside the
diagonal subset∆M ofM ×M, and is characterized by the properties



∫
M

G(x, y)hnψ(y) = 0 ,

f (x) = volψ(M)−1
∫
M

f (y)hnψ(y)−
∫
M

G(x, y)(Pf )(y)hnψ(y) ,

wherex ∈ M andf ∈ C∞(M)R are arbitrary. From now on, we fix once for all a holomor-
phic vector fieldX �= 0 on the Kähler manifold(M,ω). Furthermore,X is assumed to be
Hamiltonian† with respect to ω, i.e.,X is expressible as

gradC
ωuω := 1√−1

∑
α,β

g βα
∂uω

∂zβ
∂

∂zα

onM for someuω ∈ C∞(M)R, whereuω is normalized by
∫
M
uωω

n = 0. Then the image
IX of the functionuω onM is a closed interval[l0, l1], wherel0 := minM uω and l1 :=
maxM uω. IdentifyH 0(M,O(TM)) with the Lie algebra of Aut(M), where Aut(M) is the
group of all holomorphic automorphisms ofM. LetQ be the compact torus obtained as the
closure in Aut(M) of the real one-parameter subgroup{exp(tXR); t ∈ R} of Aut(M), where
XR := X + X denotes the real vector field onM associated to the holomorphic vector field
X. Taking the averages ofH andG by theQ-action, we defineH̃ ∈ C∞(M ×M × (0,∞))R
andG̃ ∈ C∞(M ×M \∆M)R by



H̃ (x, y, t) :=

∫
Q

H(q · x, y, t)dµ(q) =
∫
Q

H(x, q · y, t)dµ(q) ,

G̃(x, y) :=
∫
Q

G(q · x, y)dµ(q) =
∫
Q

G(x, q · y)dµ(q) ,

wheredµ = dµ(q) denotes the Haar measure for the compact torusQ of total volume 1. For
hψ above, let 0< k ∈ R, and letσ = σ(s), s ∈ IX, be a nonconstant function inC∞(IX)R
satisfying either of the following conditions:

σ̈ (s) > 0 onIX ,(1.4)

σ̈ (s) ≥ 0 onIX and max
M

�ω(−ψ) ≤ k ,(1.5)

whereσ̇ := (∂/∂s)σ and σ̈ := (∂2/∂s2)σ . Then(M, hψ) is called amultiplier Hermitian
manifold of type σ , if for someσ as above,ψ is written as

(1.6) ψ = σ(uω)

onM. Let Diam(M, ω) be the diameter of the Kähler manifold(M,ω). For everyx, y ∈ M,
we consider the distancer(x, y) of x andy on the Kähler manifold(M,ω). For anyx ∈ M

†If X is Hamiltonian with respect toω, thenLXRω = 0. By abuse of terminology, ifX is Hamiltonian with
respect to some Kähler form onM, we simply say thatX is Hamiltonian. Recall that ifX is Hamiltonian, thenX is
Hamiltonian with respect to any Kähler formω onM satisfyingLXRω = 0.
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and a real numberR > 0, letBx(R) denote the closed ball{z ∈ M; r(x, z) ≤ R} in M. We
further put

B̃x(R) :=
⋂
q∈Q

q(Bx(R)) ,

which is maximal among the subsets ofBx(R) preserved by theQ-action onM. For any
nonnegative real numbert ≥ 0, we put{

t
¯
:= min{t,Diam(M,ω)2} ,

{r(x, y)− √
t}+ := max{r(x, y)− √

t ,0} .
The main purpose of this paper is, given a multiplier Hermitian manifold(M, hψ) of type
σ , to establish an upper bound† of the average heat kernel̃H and also a lower bound of the
average Green functioñG as follows:

THEOREM A. Let (M, hψ) be a multiplier Hermitian manifold of type σ . Suppose
that the Ricci form Ric(hψ/2) is positive semidefinite everywhere onM . Then for every ε ∈ R
with 0< ε ≤ 1, we have:

(a) If (1.5) is the case, then for some positive real constants C1 = C1(σ, n) depending
only on the pair (σ, n), we have the following estimate for all 0< t ∈ R and all x, y ∈ M :

(1.7)




volψ(B̃x(
√
t))1/2volψ(B̃y(

√
t))1/2H̃ (x, y, t)

≤ (1 + √
ε)2n/C1 exp

{
− {r(x, y)− √

t}2+
2t (1 + 2ε)

+ 7

3
· t
tε

+ 4kεt

3C1

}
.

(b) If (1.4) is the case, then for some positive real constant C0 = C0(σ, n) depending
only on the pair (σ, n), we have the following estimate for all 0< t ∈ R and all x, y ∈ M :

(1.8)




volψ(B̃x(
√
t))1/2volψ(B̃y(

√
t))1/2H̃ (x, y, t)

≤ (1 + √
ε)2/C0 exp

{
− {r(x, y)− √

t}2+
2t (1 + 2ε)

+ 7

3
· t
tε

}
.

THEOREM B. Let (M, hψ) be a multiplier Hermitian manifold of type σ, and let ν > 0
be a positive real number. Suppose that Ric(hψ/2) ≥ νω, i.e., Ric(hψ/2) − νω is positive
semidefinite on M . Then

(a) If (1.5) is the case, then for some positive real constants k1 = k1(σ, n), k2 =
k2(σ, n) and k3 = k3(σ, n) depending only on (σ, n), we have

G̃(x, y) ≥ −{ν volψ(M)}−1(k1 + k2e
k3k/ν) for all x, y ∈ M with x �= y.

(b) If (1.4) is the case, then for some positive real constant k0 = k0(σ, n) depending
only on the pair (σ, n), we have

G̃(x, y) ≥ −{ν volψ(M)}−1k0 for all x, y ∈ M with x �= y .

† See [S1] for some similar result in Riemannian cases. His result is not applicable to ours, because in our
Kähler cases, the lower boundedness of his symmetric tensorRw is definitely stronger than the lower boundedness
of our Ricci form Ric(hψ/2), whereψ = −2 logw.
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In actual applications of the theorems†, the following Theorem C is sometimes useful
(see [M1]). LetX �= 0 be a holomorphic vector field onM which is Hamiltonian in the sense
of a footnote in this introduction. For a fixedσ , assuming (1.6), we consider the multiplier
Hermitian manifolds

(M, hσ(uω)), ω ∈ KX ,
of typeσ , whereKX denotes the set of all Kähler forms onM in the class 2πc1(M)R such
thatLXRω = 0. Fix an elementω0 in KX . LetFσ be the set of allω ∈ KX such that

(1.9) Ric(hσ(uω)) = tω + (1 − t)ω0

for somet ∈ [0,1]. We here observe that (1.9) is an analogue of Aubin’s equation (cf. [A1]).
This familyFσ is shown to have a very nice property as follows:

THEOREM C. Assume that σ̇ ≤ 0 ≤ σ̈ on IX. Then for some real constant kσ > 0,
the inequality maxM �ω{−σ(uω)} ≤ kσ holds uniformly for all ω ∈ Fσ .

Parts of this work were done during my stay at the International Centre for Mathematical
Sciences (ICMS), Edinburgh in 1997. I thank especially Professor Michael Singer who invited
me to give lectures in ICMS on various subjects related to Kähler-Einstein metrics.

2. The first eigenvalue of the operator DDDψ . Let ω be as in the introduction. For
eachψ ∈ C∞(M)R, we consider the operatorDψ . For complex-valued functionsv1, v2 ∈
C∞(M)C onM, we put (cf. [L2], [K1], [Mat], [F1])

〈〈v1, v2〉〉 :=
∫
M

v1v2h
n
ψ =

∫
M

v1v2e
−ψωn .

In the arguments in [F1; p. 41], we replace the functionF byψ. ThenDψ is easily shown to
be self-adjoint with respect to the above Hermitian inner product as follows:

〈〈v1,Dψv2〉〉 =
∫
M

v1{�ωv2 − (∂ψ, ∂v2)ω}e−ψωn

=
∫
M

{−(∂(v1e
−ψ), ∂v2)ω − v1(∂ψ, ∂v2)ωe

−ψ }ωn = −
∫
M

(∂v1, ∂v2)ωe
−ψωn,

〈〈Dψv1, v2〉〉 =
∫
M

{�ωv1 − (∂v1, ∂ψ)ω}v2e
−ψωn

=
∫
M

{−(∂v1, ∂(e
−ψv2))ω − (∂v1, ∂ψ)ωv2e

−ψ }ωn = −
∫
M

(∂v1, ∂v2)ωe
−ψωn.

Moreover, by〈〈v,Dψv〉〉 = − ∫
M(∂v, ∂v)ωe

−ψωn ≤ 0, all eigenvalues of−Dψ are nonneg-
ative real numbers. Therefore, the real partP of Dψ satisfies

(2.1) −P is a real selfadjoint elliptic operatoronly with nonnegative eigenvalues .

†Related to the theorems, the study of multiplier Hermitian analogues of spectral convergence (cf. [KK]) would
also be an interesting topic.
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Let λ1 = λ1(ω,ψ) > 0 be the first positive eigenvalue of the operator−Dψ , and assume for
some positive real numberν

(2.2) Ric(hψ) ≥ νω on M.

Thenc1(M) > 0, and by the Kodaira vanishing theorem, we have 0= h0,1(M) = h1,0(M).
Let g := H 0(M,O(TM)) be the space of all holomorphic vector fields onM. Then we

have aC-linear isomorphism of complex vector spaces

gω ∼= g , u ↔ gradC
ωu ,

wheregω denotes the space of allv ∈ C∞(M)C satisfying gradCωv ∈ g and
∫
M
vhnψ = 0. Then

the following more or less standard fact is a slight generalization of [L1] and [F1; Theorem
2.4.3 ] (see also [B1; p. 140], [DS], [S2], [TZ]):

PROPOSITION 2.3. Assuming (2.2), we have
(1) λ1(ω,ψ) ≥ ν.
(2) If λ1(ω,ψ) = ν, then {v ∈ C∞(M)C;Dψv = −λ1(ω,ψ)v} is a subspace of gω.

PROOF. The proof is similar to [F1; p. 41–42] and proceeds as follows: Letv be an
eigenfunction for−Dψ with eigenvalueλ1 = λ1(ω,ψ). Thenv is not a constant function. Put

Yv := gradC
ωv �= 0. We write Ric(ω) = √−1

∑
α,β Rαβdz

α ∧ dzβ andRαγ := ∑
β Rγβg

βα

by using holomorphic local coordinates. It then follows that

λ1

∫
M

(Yv, Yv)ωe
−ψωn = λ1

∫
M

(∂v, ∂v)ωe
−ψωn = λ1

∫
M

∑
g βα

∂v

∂zβ

∂v

∂zα
e−ψωn

=
∫
M

∑
g βα

∂(−Dψv)
∂zβ

∂v

∂zα
e−ψωn = −

∫
M

{∑
∇α(∇γ∇γ v − ∇γ v∇γ ψ)∇αv

}
e−ψωn

= −
∫
M

∑
α,γ

{(∇γ∇α∇γ v)∇αv − Rγ
α∇γ v∇αv − ∇α(∇γ v∇γ ψ)∇αv}e−ψωn

=
∫
M

∑
α,γ

{(∇α∇γ v)(∇γ∇αv)+ Rγ
α∇γ v∇αv + (∇γ v)(∇α∇γ ψ)(∇αv)}e−ψωn,

where the last equality is obtained by using integration by parts. We observe that by (2.2),
Ric(hψ) ≥ νω. Hence, together with (1.1), we obtain

λ1

∫
M

(Yv, Yv)ωe
−ψωn =

∫
M

{(∂Yu, ∂Yu)ω + Ric(hψω )(Yv ∧ Y v/
√−1)}e−ψωn

≥
∫
M

{(∂Yv, ∂Yv)ω + ν(Yv, Yv)ω}e−ψωn ≥ ν

∫
M

(Yv, Yv)ωe
−ψωn .

(2.4)

Therefore, the inequalityλ1 ≥ ν in (1) above holds. To see (2), we assume thatλ1 = ν. Then
by (2.4), we see that∂Yv = 0, i.e.,Yv ∈ g. This together with the equalitiesλ1〈〈v,1〉〉 =
〈〈Dψv,1〉〉 = 〈〈v,Dψ1〉〉 = 0 impliesv ∈ gω, as required.

Let l ≥ 0 be an arbitrary nonnegative real number. we here study the first positive
eigenvalueλ1(ω, lψ) > 0 of the operator−Dlψ onC∞(M)C, where we assume that (2.2)
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holds for some positive real numberν. Put

(2.5) c := max
M

|ψ| .
Let S denote the space of all nonconstant functions inC∞(M)C. We then define a functional
Φl : S → R by

Φl(f ) :=

∫
M

(∂f, ∂f )ωe
−lψωn

min
b∈C

∫
M

|f + b|2e−lψωn
, f ∈ S .

Note thatλ1(ω, lψ) = min
f∈S Φl(f ). In view of (1) of Proposition 2.3, for allf ∈ S, we

have the following :

Φl(f ) ≥

∫
M

(∂f, ∂f )ω exp(−|l − 1|c)e−ψωn

min
b∈C

∫
M

|f + b|2 exp(|l − 1|c)e−ψωn

= exp(−2|l − 1|c)

∫
M

(∂f, ∂f )ωe
−ψωn

min
b∈C

∫
M

|f + b|2e−ψωn

≥ exp(−2|l − 1|c)λ1(ω,ψ) ≥ ν exp(−2|l − 1|c) .
Let f run throughS. Taking the minimum, we obtain

PROPOSITION 2.6. Assuming (2.2), we have λ1(ω, lψ) ≥ ν exp(−2|l−1|c) for every
real number l, where c is as in (2.5).

3. Constants C0, C1 and positive solutions of the heat equation (1.3). In this sec-
tion, after defining explicitly the constantsC0 andC1 of Theorem A, we study basic properties
of positive smooth solutions of (1.3). As in Theorem A, we assume that

ψ = σ(uω) and Ric(hψ/2) ≥ 0

onM for σ as in the introduction, so thatσ is a nonconstant function inC∞(IX)R satisfying
either (1.4) or (1.5). In particular,̈σ ≥ 0 onIX . Put

c := max
s∈IX

|σ(s)| , c := min
s∈IX

σ (s) , c := max
s∈IX

σ (s) ,

and the first identity is compatible with (2.5) in Section 2. SinceX is Hamiltonian with respect
toω, we haveLXRω = 0 forXR := X +X as in the introduction. By (1.2), we have

Dψ −Dψ = −√−1σ̇ (u)XR .

For the spaceC∞(M × (0,∞))R of all real-valuedC∞ functionsf = f (x, t) on M ×
(0,∞) = {(x, t) ∈ M × R; t > 0}, we define a subspaceΣ by

Σ := {f ∈ C∞(M × (0,∞))R;XRf = 0} .
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ThenDψf = Dψf for all f ∈ Σ. If σ̈ > 0 onIX , i.e., if (1.4) is the case, then we can define
positive real constantsC andC0 = C0(σ, n) depending only on the pair(σ, n) by{

C := {maxs∈IX σ̈ (s)
−1σ̇ (s)2}−1,

C0 := n−1(C + 1)−1C .

In general, even if the function̈σ = σ̈ (s) has zeroes onIX , we define a monotone-decreasing
real-valued functionξ : [c, c] → R by

ξ(s) := exp
∫ s

c

1

b0e
−y − 1

dy, c ≤ s ≤ c ,

whereb0 := ec(1 + n). Thenξ = ξ(s) takes its absolute minimum 1 ats = c, and satisfies
the differential equation

(3.1)
ξ̈ (s)

ξ(s)
− ξ̇ (s)

ξ(s)
= 2

{
ξ̇ (s)

ξ(s)

}2

for all s. Define a positive real constantC1 = C1(σ, n) depending only on(σ, n) by

C1 := min
s∈[c,c] ξ(s)

−1{1 − (1 − ξ(s)−1ξ̇ (s)n)2} .
In the arguments below, standard techniquesin [LY] (see also [D1]) are employed. For each
function inΣ, the operatord := ∂+∂ is taken only on the first factorM ofM×[0,∞). Note
that the following inequalities holds for alls ∈ [c, c]:

(3.2)

{
0< C1 ≤ ξ(s)−1{1 − (1 − ξ(s)−1ξ̇ (s)n)2} ,
0< ξ(s)−1ξ̇ (s) ≤ 1/n .

PROPOSITION 3.3. Assume that a function f = f (x, t) inΣ satisfies (P−∂/∂t)f =
−(∂f, ∂f )ω everywhere on M × (0,∞). Put ft := ∂f/∂t , F̂ := t{(∂f, ∂f )ω − ft } and
F := ξ(ψ)F̂ . Then F satisfies the following inequality on M × (0,∞) :

(3.3.1) (P − ∂/∂t)F ≥ −(dF, df )ω + ξ̇ (ψ)

ξ(ψ)
{(dψ, dF)ω + (�ωψ)F } − F

t
+ C1

F 2

nt
.

In the case where the inequality σ̈ > 0 holds on IX, the function F̂ satisfies

(3.3.2) (P − ∂/∂t)F̂ ≥ −(dF̂ , df )ω − F̂

t
+ C0

F̂ 2

t
.

PROOF. In a neighbourhood of each pointx ofM, choose a system(z1, z2, . . . , zn) of
holomorphic local coordinates as in the introduction, where we may assume thatg αβ(x) =
δαβ and(dg αβ)(x) = 0 for all α andβ. We writeF̂ = t{∑α(∇αf )(∇αf )− ft }. Then

DψF̂ − t
{ ∑

α

(Dψ∇αf )∇αf +
∑
α

(∇αf )(Dψ∇αf )−Dψft

}

= t
∑
α,γ

{(∇γ∇αf )(∇γ∇αf )+ (∇γ∇αf )(∇γ∇αf )} ≥ n−1t (�ωf )
2.

(3.3.3)
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Before (3.3.5), all inequalities below are considered only at the pointx. For (3.3.5) and
thereafter, inequalities in this proof are valid also on the wholeM, becausex can be chosen as
an arbitrary point ofM. Now for simplicity, putYf := gradC

ωf . Since Ric(hψ/2) is positive

semidefinite, we have the inequality Ric(hψ/2)(Yf ∧ Yf /
√−1) ≥ 0. Hence, as in the proof

of Proposition 2.3,

(∂(Dψf ), ∂f )ω =
∑
α,γ

{∇α(∇γ∇γ f − ∇γ f∇γ ψ)}∇αf

=
∑
α,γ

{∇γ∇γ∇αf − Rγ
α∇γ f − (∇γ f )(∇α∇γ ψ) − (∇γ∇αf )∇γ ψ}∇αf

=
∑
α

(�ω∇αf )∇αf − {Ric(hψ)(Yf ∧ Yf /
√−1) −

∑
α,γ

(∇γ∇αf )(∇γ ψ)(∇αf )

=
∑
α

(Dψ∇αf )∇αf − {Ric(hψ/2)+ 2−1
√−1∂∂ψ}(Yf ∧ Yf /

√−1)

≤
∑
α

(Dψ∇αf )∇αf − 2−1(∂∂ψ)(Yf ∧ Yf ) ,

where we used the equality Ric(hψ) = Ric(hψ/2) + 2−1
√−1∂∂ψ. Sincef ∈ Σ, we have

Dψf = Dψf . Then the same calculation as above yields

(∂(Dψf ), ∂f )ω = (∂f, ∂(Dψf ))ω =
∑
α,γ

(∇αf ){∇α(∇γ∇γ f − ∇γ f∇γ ψ)}

=
∑
α,γ

(∇αf ){∇γ∇γ∇αf − Rα
γ∇γ f − (∇γ f )(∇α∇γ ψ)− (∇γ∇αf )∇γ ψ}

=
∑
α

(∇αf )(�ω∇αf ) − Ric(hψ)(Yf ∧ Yf /
√−1) −

∑
α,γ

(∇γ∇αf )(∇γ ψ)(∇αf )

≤
∑
α

(∇αf )(Dψ∇αf ) − 2−1(∂∂ψ)(Yf ∧ Yf ) .

We now sum up these two inequalities obtained just above. SinceDψ = Dψ−√−1σ̇ (uω)XR,
by settingB := ∑

α(∇αf )(XR∇αf ), we obtain

(d(Dψf ), df )ω ≤
∑
α

(Dψ∇αf )∇αf +
∑
α

(∇αf )(Dψ∇αf )− (∂∂ψ)(Yf ∧ Yf )

=
∑
α

(Dψ∇αf )∇αf +
∑
α

(∇αf )(Dψ∇αf )− √−1σ̇ (u)B − (∂∂ψ)(Yf ∧ Yf ) .
(3.3.4)
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Note thatB = (∂f,LXR
∂f )ω + √−1(∂∂uω)(Yf ∧ Yf ) = √−1(∂∂uω)(Yf ∧ Yf ). Further,

byψ = σ(uω), we have∂∂ψ = σ̇ (uω) ∂∂uω + σ̈ (uω)∂uω ∧ ∂uω. Hence by (3.3.4),

(d(Dψf ), df )ω ≤
∑
α

(Dψ∇αf )∇αf

+
∑
α

(∇αf )(Dψ∇αf ) − σ̈ (uω)(∂uω ∧ ∂uω, ∂f ∧ ∂f )ω ,

and together with (3.3.3), we haveDψF̂ ≥ t (d(Dψf ), df )ω − tDψft + n−1t (�ωf )
2 +

t σ̈ (u)(∂uω ∧ ∂uω, ∂f ∧ ∂f )ω . Then, by taking its real part, we obtain

(3.3.5) P F̂ ≥ t (d(Pf ), df )ω − tPft + n−1t (�ωf )
2 + t σ̈ (u)(∂uω ∧ ∂uω, ∂f ∧ ∂f )ω .

By Pf −ft = −(∂f, ∂f )ω, we haveF̂ = t{(∂f, ∂f )ω−ft } = −tPf and(∂/∂t)F̂− t−1F̂ =
−tPft . We further obtain�ωf = Pf + 2−1(dψ, df )ω = −t−1F̂ + 2−1(dψ, df )ω . By
σ̈ (u) ≥ 0, these together with (3.3.5) yield

(3.3.6)



(P − ∂/∂t)F̂ ≥ (P − ∂/∂t)F̂ − t σ̈ (u)(∂uω ∧ ∂uω, ∂f ∧ ∂f )ω
≥ −(dF̂ , df )ω − t−1F̂ + n−1t (�ωf )

2

= −(dF̂ , df )ω − t−1F̂ + n−1t{t−1F̂ − 2−1(dψ, df )ω}2 .

By F = ξ(ψ)F̂ , we see thatPF = ξ̇ (ψ)(dψ, dF̂ )ω + P {ξ(ψ)}F̂ + ξ(ψ)P F̂ , where



ξ̇ (ψ)(dψ, dF̂ )ω = ξ(ψ)−1ξ̇ (ψ)(dψ, dF)ω − 2ξ(ψ)−2ξ̇ (ψ)2F(∂ψ, ∂ψ)ω ,

P {ξ(ψ)} = {ξ̈ (ψ)− ξ̇ (ψ)}(∂ψ, ∂ψ)ω + ξ̇ (ψ)�ωψ ,

ξ(ψ)(dF̂ , df )ω = (dF, df )ω − ξ(ψ)−1ξ̇ (ψ)F (dψ, df )ω .

Hence, multiplying (3.3.6) byξ(ψ) and rewriting it as an inequality inF , we obtain

(P − ∂/∂t)F ≥
(
ξ̈ (ψ)

ξ(ψ)
− ξ̇ (ψ)

ξ(ψ)
− 2

{
ξ̇ (ψ)

ξ(ψ)

}2 )
F (∂ψ, ∂ψ)ω − (dF, df )ω

+ ξ(ψ)−1ξ̇ (ψ){(dψ, dF)ω + (�ωψ)F } − t−1F

+ n−1t−1F 2ξ(ψ)−1{1 − (1 − ξ(ψ)−1ξ̇ (ψ)n)2}
+ n−1tξ(ψ){2−1(dψ, df )ω − t−1ξ(ψ)−1F(1 − ξ(ψ)−1ξ̇ (ψ)n)}2 .

Sinceξ = ξ(s) is a positive function, the identity (3.1) together with (3.2) above yields the
required inequality (3.3.1). If̈σ > 0 onIX , then by

σ̈ (u)(∂uω ∧ ∂uω, ∂f ∧ ∂f )ω ≥ C(∂ψ ∧ ∂ψ, ∂f ∧ ∂f )ω ,
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we see from (3.3.6) that the required inequality (3.3.2) holds as follows:

(P − ∂/∂t)F̂ ≥ − (dF̂ , df )ω − t−1F̂ + n−1t{t−1F̂ − 2−1(dψ, df )ω}2

+ t σ̈ (u)(∂uω ∧ ∂uω, ∂f ∧ ∂f )ω
≥ − (dF̂ , df )ω − t−1F̂ + n−1t{t−1F̂ − 2−1(dψ, df )ω}2

+ tC(∂ψ ∧ ∂ψ, ∂f ∧ ∂f )ω
≥ − (dF̂ , df )ω − t−1F̂ + n−1t{t−1F̂ − 2−1(dψ, df )ω}2

+ Cn−1t{2−1(dψ, df )ω}2

= − (dF̂ , df )ω − t−1F̂ + n−1(C + 1)−1Ct−1F̂ 2

+ n−1t (C + 1){(C + 1)−1t−1F̂ − 2−1(dψ, df )ω}2

≥ − (dF̂ , df )ω − t−1F̂ + C0t
−1F̂ 2 .

PROPOSITION 3.4. Let v = v(x, t) ∈ Σ be a positive solution of the heat equation
(P − ∂/∂t)v = 0 on M × (0,∞). Put vt := ∂v/∂t . Moreover, by setting f := logv, we
define F̂ := t{(∂f, ∂f )ω − ft } = t{v−2(∂v, ∂v)ω − vt · v−1}. Assume that

(3.4.1) lim
t→0

sup
(0,t ]×M

F̂ ≤ n .

Then we have the following:
(a) If (1.5) is the case, then (∂v, ∂v)ω − vt · v ≤ C−1

1 (nt−1 + k)v2 onM × (0,∞) .
(b) If (1.4) is the case, then (∂v, ∂v)ω − vt · v ≤ C−1

0 t−1v2 on M × (0,∞) .

PROOF. (a) By the definition above,f satisfies the equation(P − ∂/∂t)f =
−(∂f, ∂f )ω onM × (0,∞). By (a) of Proposition 3.3,F := ξ(ψ)F̂ satisfies (3.3.1) above.
Now for each positive real numberT > 0, we claim the inequality

(3.4.2) F ≤ C−1
1 (n+ kT ) on M × (0, T ] .

Assume the contrary. Since, by (3.2),C−1
1 ≥ ξ(s) for all s, the above (3.4.1) impliesC−1

1 (n+
kT ) > limt→0 sup(0,t ]×M F . Hence, for someT > 0, the functionF takes a maximum at
(x0, t0) onM × (0, T ] satisfying

F(x0, t0) > C
−1
1 (n+ kT ) > 0 .

Then by the maximality,PF(x0, t0) ≤ 0, dF|(x0,t0) = 0, and(∂F/∂t)(x0, t0) ≥ 0. By (1.5)
and (3.2), the inequality (3.3.1) yields

0 ≥ −kF (x0, t0)

n
− F(x0, t0)

t0
+ C1

F(x0, t0)
2

nt0
,

which would imply thatF(x0, t0) ≤ C−1
1 (n + kt0) ≤ C−1

1 (n + kT ) in contradiction. Thus,
we obtain (3.4.2) for allT > 0. Hence,

F ≤ C−1
1 (n+ kt) on M × (0,∞) .
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Sinceξ(s) ≥ 1 for all s, it follows thatF̂ ≤ C−1
1 (n+ kt) onM × [0,∞), and by multiplying

both sides byt−1v2, we obtain the required inequality.
(b) If (1.4) is the case, then by (3.4.1) and the inequalityC−1

0 > n, the maximal prin-
ciple as above and (3.3.2) imply

F̂ ≤ C−1
0 on M × (0, T ]

for all positive real numbersT > 0. By multiplying both sides of the above inequality by
t−1v2, we obtain the required inequality.

For anyx, y ∈ M, we choose a distance-minimizing geodesicγ : [0,1] → R, s �→ γ (s),
connectingy = γ (0) andx = γ (1). Write (γ̇ , γ̇ )ω simply as‖γ̇ ‖2

ω, whereγ̇ := γ∗(∂/∂t).
Then the distancer(x, y) of the pointsx, y on the Kähler manifold(M,ω) is given by

r(x, y)2 =
∫ 1

0
‖γ̇ ‖2

ωds .

PROPOSITION 3.5. Let v = v(x, t) ∈ Σ be a positive solution on M × (0,∞) of the
equation (P − ∂/∂t)v = 0. Assume that

(3.5.1) lim
t→0

sup
(0,t ]×M

t{v−2(∂v, ∂v)ω − vt · v−1} ≤ n ,

where vt := ∂v/∂t . Then the following inequality holds for all (x, t1), (y, t2) ∈ M × (0,∞)

with 0< t1 < t2:
(a) If (1.5) is the case, then

(3.5.2) v(x, t1) ≤ v(y, t2)(t2/t1)
n/C1 exp{(t2 − t1)

−1r(x, y)2/2 + C−1
1 k(t2 − t1)} .

(b) If (1.4) is the case, then

(3.5.3) v(x, t1) ≤ v(y, t2)(t2/t1)
1/C0 exp{(t2 − t1)

−1r(x, y)2/2} .

PROOF. (a) Forγ as above, let̃γ : [0,1] → M × (0, T ] be the path defined by
γ̃ (s) := (γ (s), (1 − s)t2 + st1). In view of γ̃ (0) := (y, t2) andγ̃ (1) := (x, t1), we obtain

log

{
v(x, t1)

v(y, t2)

}
= log{v ◦ γ̃ (1)} − log{v ◦ γ̃ (0)} =

∫ 1

0

(
d

ds
logv ◦ γ̃

)
ds

=
∫ 1

0
γ̃ ∗{〈v−1dv, γ̇ 〉 − (t2 − t1)v

−1vt }ds

≤
∫ 1

0
γ̃ ∗{〈v−1dv, γ̇ 〉 + (t2 − t1)C

−1
1 (nt−1 + k)− (t2 − t1)v

−2(∂v, ∂v)ω}ds ,

where in the last inequality,t = (1 − s)t2 + st1, and (a) of Proposition 3.4 is applied. On the
other hand, by the Cauchy-Schwarz inequality, we have

〈v−1dv, γ̇ 〉 ≤ √
2v−1{(∂v, ∂v)ω}1/2‖γ̇ ‖ ≤ {(t2 − t1)

−1‖γ̇ ‖2/2} + (t2 − t1)v
−2(∂v, ∂v)ω .
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All these together imply the required estimate:

log

{
v(x, t1)

v(y, t2)

}
≤

∫ 1

0

{
1

2(t2 − t1)
‖γ̇ ‖2 + (t2 − t1)

C1

(
n

(1 − s)t2 + st1
+ k

)}
ds

= {(t2 − t1)
−1r(x, y)2/2} + (n/C1) log(t2/t1)+ C−1

1 k(t2 − t1) .

(b) If (1.4) is the case, then we can apply (b) of Proposition 3.4. We here observe
that the inequlity in (b) of Proposition 3.4 isobtained formally from the inequality (a) of
Proposition 3.4 by replacing the pair(C−1

1 n,C−1
1 k) by (C−1

0 ,0). Then we obtain the required
(3.5.3) from the inequality (3.5.2) by such a replacement.

4. Proof of Theorem A. In this section, we assumeψ = σ(uω) and Ric(hψ/2) ≥ 0
as in the last section. In view of (2.1), let 0= µ0 < µ1 ≤ · · · ≤ µi ≤ . . . be the increasing
sequence of the eigenvalues of the operator−P , and letE := {f0, f1, . . . , fi , . . . } be the
corresponding set of eigenfunctions inC∞(M)R which are orthonormal, i.e.,

〈〈fi , fj 〉〉 = δij

for all i andj . Thenf0 is nothing but the constant function volψ(M)
−1/2 onM. In view of

(2.1), the fundamental solutionH = H(x, y, t) in the introduction is expressible as

H(x, y, t) =
∞∑
i=0

e−µit fi(x)fi(y) .

For H̃ (x, y, t) as in the introduction, by translating the result in [LY; Lemma 3.2] word for
word to our situation, we immediately obtain:

FACT 4.1. Let Z1, Z2 be measurable subsets of M which are preserved by the Q-
action on M . Let T > 0, δ > 0, τ > 0 be real numbers such that τ < (1 + 2δ)T . For each
x ∈ M, define Fx,T (y, t) to be the integrals

(4.1.1)
∫
Z1

H(y, z, t) H̃ (x, z, T )hnψ(z) =
∫
Z1

H̃ (y, z, t)H̃ (x, z, T )hnψ(z)

for all y ∈ M and 0< t ≤ τ . Put r(x, Zi) := infz∈Zi r(x, z) and r(x, Zi) := supz∈Zi r(x, z)
for each i ∈ {1,2}. Then

(4.1.2)
∫
Z2

{Fx,T (z, τ )}2 hnψ(z) ≤ exp

{−r(x, Z1)
2

(1 + 2δ)T
+ r(x, Z2)

2

(1 + 2δ)T − τ

}
Fx,T (x, T ) .

In view of (2.1), since the principal parts of the operatorsP and�ω coincide, we can
describe the asymptotic behavoiur ofH(x, y, t) by the following identity:

H(x, y, t) = (4πt)−n exp{−t−1r(x, y)2/2 + φ(x, y,
√
t)} on M ×M × (0,∞) ,

whereφ ∈ C∞(M×M×[0,∞))R. For the exterior differentiationdy = ∂y+∂y on the second
factorM of M × M × [0,∞), the functionρ := −t−1r(x, y)2/2 satisfies(∂yρ, ∂yρ)ω =
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2−1(dyρ, dyρ)ω = ∂ρ/∂t (cf. [LY]). Hence, for each fixedx ∈ M,

lim
t0→0

sup
(0,t0]×M

t{H(x, y, t)−2(∂yH(x, y, t), ∂yH(x, y, t))ω−H(x, y, t)−1 ∂

∂t
H(x, y, t)} ≤ n ,

where the supremum is taken over all(t, y) in (0, t0] ×M. Similar inequality holds also for
the averageH̃ (x, y, t) of H(x, y, t) by theQ-action, becauseQ acts isometrically on the
Kähler manifold(M,ω). By this together with Propositions 3.5 and Fact 4.1, we can now
prove Theorem A.

(4.2) PROOF OFTHEOREM A. (a) Assume that (1.5) holds. Letτ = (1+δ)T in Fact
4.1, and consider the functionFx,T (y, t), whereZ1 := B̃y(

√
t) andZ2 := B̃x(

√
t). Then for

all x, y ∈ M, applying Proposition 3.5 to the functionFx,T (y, t) with (t1, t2) = (T , τ ), we
obtain

Fx,T (x, T ) ≤ Fx,T (y, τ )(1 + δ)n/C1 exp{T −1δ−1r(x, y)2/2 + C−1
1 kT δ} .

Integrating the square of this over ally in Z2 = B̃x(
√
t), we obtain

volψ(B̃x(
√
t))Fx,T (x, T )

2

≤
{∫

Z2

Fx,T (y, τ )
2hnψ(y)

}
(1 + δ)2n/C1 exp{T −1δ−1t + 2C−1

1 kT δ}

≤ (1 + δ)2n/C1 exp

{−r(x, Z1)
2

(1 + 2δ)T
+ 2t

T δ
+ 2C−1

1 kT δ

}
Fx,T (x, T ) ,

(4.2.1)

where in the last inequality, we use (4.1.2) and the inequalityt ≥ r(x, Z2)
2 together with

τ = (1+δ)T . SinceFx,T (x, T ) = ∫
Z1
H̃ (x, z, T )2hnψ(z) > 0, dividing (4.2.1) byFx,T (x, T ),

we obtain

volψ(B̃x(
√
t))

∫
Z1

H̃ (x, z, T )2 hnψ(z)

≤ (1 + δ)2n/C1 exp

{−r(x, Z1)
2

(1 + 2δ)T
+ 2 t

T δ
+ 2C−1

1 kT δ

}
.

(4.2.2)

Apply (3.5.2) of Proposition 3.5 to the functioñH(x, z, T ) in z with (t1, t2) = (t, T ),
where we setT = (1 + δ)t. Then for allx, y, z ∈ M,

H̃ (x, y, t)2 ≤ (1 + δ)2n/C1H̃ (x, z, T )2 exp

{
r(y, z)2

tδ
+ 2C−1

1 ktδ

}
.

Integrate this over allz in Z1 = B̃y(
√
t) and then multiply it by volψ(B̃x(

√
t)). Then, by

(4.2.2), we see that volψ(B̃x(
√
t))volψ(B̃y(

√
t))H̃ (x, y, t)2 is bounded from above by

(1 + δ)4n/C1 exp

{
r(y, Z1)

2

tδ
+ 2C−1

1 ktδ

}
exp

{−r(x, Z1)
2

(1 + 2δ)T
+ 2t

T δ
+ 2C−1

1 kT δ

}
.
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Note thatr(y, Z1)
2 ≤ t, r(x, Z1) ≥ {r(x, y)− √

t}+ andT = (1 + δ)t. Hence,

volψ(B̃x(
√
t))1/2volψ(B̃y(

√
t))1/2H̃ (x, y, t)

≤ (1 + δ)2n/C1 exp

{−{r(x, y)− √
t}2+

2t (1 + 3δ + 2δ2)
+ 3 + δ

2δ(1 + δ)
· t
t

+ tδ(2 + δ)C−1
1 k

}
.

(4.2.3)

Putε := (3δ/2)+ δ2 with 0 ≤ δ ≤ 1/2. Thenδ is regarded as a function in 0< ε ≤ 1. For
suchε > 0, we see thatδ ≤ √

ε, {2δ(1 + δ)}−1(3 + δ) ≤ (7/3)ε−1, andδ(2 + δ) ≤ 4ε/3.
Then the required estimate (1.7) follows immediately from (4.2.3).

(b) Next, assume that (1.4) holds. Then by Proposition 3.5, we have the statement
(3.5.3) which is formally obtained from the statement (3.5.2) by replacing the pair(n/C1,

C−1
1 k) by (1/C0,0). Hence, the arguments in showing (1.7) allow us to obtain the required

inequality (1.8) by such replacements.

REMARK 4.3. (1) In (a) of Theorem A, applying (1.7) to the caseε = 1 andt =
Diam(M,ω)2, we obtain the following estimate of̃H for all x ∈ M:

(4.3.1) H̃ (x, x,Diam(M,ω)2) ≤ 4n/C1volψ(M)
−1 exp

{
7

3
+ 4

3
C−1

1 kDiam(M,ω)2
}
.

(2) In (b) of Theorem A, applying (1.8) to the caseε = 1 andt = diam(M,ω)2, we
obtain the following estimate of̃H for all x ∈ M:

(4.3.2) H̃ (x, x,Diam(M,ω)2) ≤ 41/C0e7/3volψ(M)−1 .

5. Proof of Theorem B. Consider the spaceC∞(M)inv
R := {f ∈ C∞(M)R;XRf =

0} of all Q-invariant smooth functions onM. Let 0 = µ̃0 < µ̃1 ≤ · · · ≤ µ̃i ≤ . . .

be the increasing sequence of the eigenvalues of the operator−P on C∞(M)inv
R , and let

Ẽ := {f̃0, f̃1, . . . , f̃i , . . . } be the corresponding orthonormal eigenfunctions inC∞(M)inv
R .

Since every eigenspace of the operator−P on C∞(M)R is preserved by theQ-action, we
may assume that̃E above is a subset ofE in the last section. Then onM ×M × (0,∞), we
write

(5.1) H̃ (x, y, t) =
∞∑
i=0

e−µ̃i t f̃i (x)f̃i(y) .

Note thatµ̃1 ≥ λ1(ω,ψ) byDψf̃1 = Dψf̃1 = P f̃1 = µ̃1f̃1. PutH0(x, y, t) := H(x, y, t)−
volψ(M)−1 andH̃0(x, y, t) := H̃ (x, y, t)−volψ(M)−1. SinceGω(x, y) = ∫ ∞

0 H0(x, y, t)dt ,
we have

(5.2) G̃ω(x, y) :=
∫ ∞

0
H̃0(x, y, t)dt =

∞∑
i=1

µ̃−1
i f̃i (x)f̃i(y) .

Assume (1.6) as in the last two sections. Letν > 0 be a positive real number, and onM, we
assume Ric(hψ/2ω ) ≥ νω. Then by [M1; (1.7)], we have

(5.3) Diam(M,ω) ≤ C2/
√
ν ,
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where we setC2 := 2π(2n− 1+ 4c)1/2 for the positive real constantc in Section 3. We now
give a proof of Theorem B.

(5.4) PROOF OFTHEOREM B. As in Section 2, letλ1 = λ1(ω,ψ) be the first posi-
tive eigenvalue of the operator−Dψ . Since Ric(hψ/2ω ) ≥ νω andλ1 = λ1(ω,2(ψ/2)), an
application of Proposition 2.6 tol = 2 now yields

(5.4.1) µ̃1 ≥ λ1 ≥ νe−2c .

Put t0 := Diam(M,ω)2 for simplicity. SinceH̃0(x, x, t + t0) ≤ e−µ̃1t H̃ (x, x, t0) for all
t ≥ 0, the inequalities (4.3.1) and (4.3.2) imply the following for allt > 0 andx ∈ M:{

H̃0(x, x, t0 + t) ≤ e−µ̃1tB1 if (1.5) is the case ;
H̃0(x, x, t0 + t) ≤ e−µ̃1tB2 if (1.4) is the case ,

whereB1 := 4n/C1volψ(M)−1 exp{(7/3) + (4/3)C−1
1 k t0} andB2 := 41/C0e7/3volψ(M)−1.

Then by (5.1), we have|H̃0(x, y, t0 + t)| ≤ H̃0(x, x, t0 + t)1/2H̃0(y, y, t0 + t)1/2, and hence

|H̃0(x, y, t0 + t)| ≤ e−µ̃1tBα ,

whereα = 1 or 2 according as (1.5) or (1.4) holds. Therefore, by (5.2), it follows that

G̃ω(x, y) ≥ −
∫ t0

0
volψ(M)−1dt −

∫ ∞

t0

e−µ̃1(t−t0)Bαdt ≥ −t0 volψ(M)−1 − µ̃−1
1 Bα

≥ −ν−1{volψ(M)−1C2
2 + e2cBα},

where in the last inequality, we used (5.3) and (5.4.1). Thus, if (1.5) is the case, then the
following inequality holds for allx, y ∈ M with x �= y:

G̃ω(x, y) ≥ −ν−1
{

volψ(M)
−1C2

2 + e2cB1

}

= −{ν volψ(M)}−1
{
C2

2 + e2c4n/C1 exp

(
7

3
+ 4

3
C−1

1 kDiam(M,ω)2
)}

≥ −{ν volψ(M)}−1
{
C2

2 + e2c+(7/3)4n/C1 exp

(
4

3
C−1

1 k
C2

2

ν

)}
.

Then for (a) of Theorem B, we obtain the required inequality by settingk1 := C2
2, k2 :=

e2c+(7/3)4n/C1 andk3 := (4/3)C−1
1 C2

2. Next, if (1.4) is the case, then we have

G̃ω(x, y) ≥ −ν−1{volψ(M)
−1C2

2 + e2cB2
}

= −{ν volψ(M)}−1(C2
2 + e2c+(7/3)41/C0) ,

and for (b) of Theorem B also, the required inequality follows immediately withk0 := C2
2 +

e2c+(7/3)41/C0.

REMARK 5.5. The quantity volψ(M) = ∫
M
e−ψωn satisfiesV e−c ≤ volψ(M) ≤

V e−c for V := ∫
M
ωn, where the real constantsc, c are as in Section 3. Hence, under the

assumption of (1.6), we easily see that for a fixedσ and a fixed Kähler class, the quantity
volψ(M) does not depend on the choice ofω in the Kähler class (see [M1]).
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REMARK 5.6. By (5.2), we have


∫
M

G̃(x, y)hnψ(y) = 0 ,

f (x) = volψ(M)−1
∫
M

f (y)hnψ(y)−
∫
M

G̃(x, y)(Pf )(y)hnψ(y) ,

for all x ∈ M and allf ∈ C∞(M)inv
R .

6. Proof of Theorem C. Let ω ∈ Fσ . Then for somet ∈ [0,1], ω satisfies the
equation (1.9). On the other hand, there exists a functionϕ ∈ C∞(M)inv

R such thatω =
ω0 + √−1∂∂ϕ. Putfω := −σ(uω)− (1 − t)ϕ. Then by (1.1), (1.6) and (1.9),

Ric(ω) = −√−1∂∂σ(uω)+ Ric(hσ(uω)) = −√−1∂∂σ(uω)+ tω + (1 − t)ω0

= −√−1∂∂σ(uω)+ tω + (1 − t)(ω − √−1∂∂ϕ) = ω + √−1∂∂fω

onM. On the other hand, there exists a functionvω ∈ C∞(M)R such thatX = gradC
ωvω and

thatvω satisfies the equation (see [F1; p. 41])

(6.1) �ωvω + √−1Xfω = −vω .
Now byX = gradC

ωvω , we havevω = uω + C3 for some real constantC3. This constant is
characterized as Futaki’s invariantF(X) of the vector fieldX (see [F1; p. 54]) by integrating
both sides of (6.1) overM as follows:

(6.2) F (X) := 1√−1

∫
M

(Xfω)
ωn

V
=

∫
M

vω
ωn

V
= 1

V

∫
M

uωω
n + C3 = C3 ,

whereV := ∫
M
ωn. By combining (6.1) and (6.2), we obtain

�ωuω = −uω − C3 − √−1Xfω

= −uω − F(X)+ √−1X{σ(uω)} + √−1(1 − t)Xϕ

= −F(X)+ σ̇ (uω)(∂uω, ∂uω)ω − tuω − (1 − t)(uω − √−1Xϕ)

≤ −F(X)− tuω − (1 − t)uω0 ,

(6.3)

where in the last inequality, we used the inequalityσ̇ ≤ 0 on IX and the identityuω0 =
uω − √−1Xϕ (cf. [FM]) onM. Note that minM uω = minM uω0 = l0 (see Section 1). Then
the above (6.3) implies�ωuω ≤ C4 := max{0,−F(X)− l0}. Sinceσ̈ ≥ 0 onIX, we finally
obtain

�ω{−σ(uω)} = −σ̈ (uω)(∂uω, ∂uω)ω − σ̇ (uω)�ωuω

≤ −σ̇ (uω)�ωuω ≤ C4C5 ,

whereC5 := maxs∈IX{−σ̇ (s)}. Since the right-hand sideC4C5 is a constant independent of
the choice ofω in Fσ , the proof of Theorem C is now complete.
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