Geometry & Topology 15 (2011) 765-826 765

Target-local Gromov compactness

JOEL W FisH

We prove a version of Gromov’s compactness theorem for pseudoholomorphic curves
which holds locally in the target symplectic manifold. This result applies to sequences
of curves with an unbounded number of free boundary components, and in families
of degenerating target manifolds which have unbounded geometry (eg no uniform
energy threshold). Core elements of the proof regard curves as submanifolds (rather
than maps) and then adapt methods from the theory of minimal surfaces.

32Q65; 53D99

1 Introduction

In his seminal 1985 paper [5], Gromov introduced the notion of a “pseudoholomorphic
curve” and established the fundamental notion of compactness for families of such
J—curves. Since then, the majority of modern proofs of Gromov’s compactness
theorem (and its generalizations) have all followed the same basic recipe, namely
to study J—curves as a type of special harmonic map. This essentially reduces the
compactness problem to applying Deligne—Mumford compactness to the underlying
Riemann surfaces and then applying bubbling analysis. However, there are a growing
number of examples in which this approach badly breaks down — for instance, J—
curves in a family of symplectic manifolds which lacks a uniform energy threshold, or
sequences of J—curves with bounded area but unbounded topology. Such a case was
considered in the author’s PhD thesis [4], in which a compactness result was proved
for J—curves in the connected sum of two contact manifolds for which the connecting
handle collapsed to a point. More generally, the author is interested in studying
J—curves in symplectic cobordisms between noncompact and/or degenerate contact
manifolds (eg manifolds for which the contact form vanishes along a submanifold).
Examples of each of these phenomena arise in the so-called “sideways stretching”
operation in Symplectic Field Theory which the author is currently developing. The
idea for this new operation is to “stretch the neck” along R x ¥ in Rx N where ¥ C N
is an appropriately adapted convex hypersurface in a contact manifold N . At present, it
appears that sideways stretching touches on a number of different topics in symplectic
topology, including full Symplectic Field Theory, Sutured Contact Homology, as well
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as the effect to (cylindrical, linearized, rational, full) Contact Homology that arises
from surgery along isotropic submanifolds.

A key difficulty which arises in the above research directions is the lack of a uniform
energy threshold. The lack of this quantity is so fundamental that standard bubbling
analysis (and a host of results which crucially rely on bubbling analysis) become
inapplicable a priori. This in turn necessitates an alternate approach to the compactness
problem: namely, to regard J—curves as submanifolds, and then by incorporating
elements from minimal surface theory to prove a compactness result which holds
locally in the target. Indeed, in this article and [3], the author takes precisely this
approach; the main arguments for this target-local version of Gromov compactness
are provided here, and the author develops supporting analysis for these arguments
in [3]. In successive papers, the author will extend the following results to a variety
of noncompact cases and refine the notion of Gromov compactness near nodes and
critical points.

1.1 Statement of main result

The main result of this article is Theorem 3.1 from Section 3. We state a simplified
version (in fact an immediate corollary) as Theorem A below.

Theorem A Let (M, J, g) be a compact almost Hermitian' manifold with boundary.
Let (J, gx) be a sequence of almost Hermitian structures which converge to (J, g)
in C°°(M), and let (uy, Sk, ji, Jx) be a sequence of compact Jj —curves (possibly
disconnected, but having no constant components) satistying

(1) ug: oS — oM
(@) Areayr g, (Sk) < Cy
(3) Genus(Sk) < Cg.

Then there exists a subsequence (still denoted with subscripts k ) of the uy, an € > 0,
and an open dense set Z C [0, €) with the following significance. For each § € L, define
S,f :={C € S :distg (uk(Z), dM) > §}; then the Jy —curves (uy, S,‘E, Jk» Jx) converge

in a Gromov sense?.

IThat is, for (M, J, g) we require that g is a Riemannian metric, and the almost complex structure J
is an isometry.
2For a precise formulation of Gromov convergence, see Definition 2.11 below.
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Note that we have not assumed that the uy (dS%) lie in a Lagrangian submanifold, and
we have not assumed that the Sy have bounded topological type. Indeed, the number
of connected components of either the dS; or the S; may not be bounded. It is for
this reason that the above result is significantly different from all other versions of
Gromov compactness.

To see the relevance of Theorem A, we shall consider its application in a couple of
examples. Observe that in the case that M is closed, the above result only recovers the
usual Gromov compactness theorem, however the strength the Theorem A becomes
more apparent when considering target manifolds with rather arbitrary smooth bound-
ary. Furthermore, this latter scenario occurs quite naturally when considering closed
symplectic manifolds for which the almost complex structure degenerates in a small
region. We explore such a case at present.

Example 1 Consider a closed symplectic manifold (M, w), fix p € M, and let
®: O(p) — R?" be Darboux coordinates around p. Locally define the complex
structure J near p by J dyi =0y, and let M be the manifold obtained by performing
alJ —complex blowup at p. Recall that M can be equipped with a family of closed
two-forms w which are symplectic for € > 0. Furthermore the w¢—volume of the
exceptional divisor D C M tends to zero as € does, and the we converge in C>° (1\7 \D)
to wo which has the property that (]\7 \D, wp) and (M \{p}, w) are symplectomorphic.
In other words, we have performed symplectic blowups of weight € at p. Lastly,
equip M with a family J¢ of we—compatible almost complex structures which also
converge in C\% (]\7 \ D). We now consider the following question: given a sequence
€x — 0 and a sequence of pseudoholomorphic curves uy: (S2,i) — (ﬂ . Je,) with
uniformly bounded w, —energy, does there exist a subsequence which converges in a
reasonable sense (eg in a Gromov sense)?

There are some obvious tricks if the J¢ are integrable in a neighborhood of D or if
the u;(S?) have empty intersection with D, however answering the more general
question is nontrivial. Indeed, one key point here is that by construction, this family
of symplectic forms and almost complex structures lacks a uniform energy threshold.
That is, as € — 0, there exist symplectic spheres of arbitrarily small symplectic area.
This is a serious problem since (to the best of the author’s knowledge) all proofs of
Gromov compactness rely on an energy threshold in a critical way: energy thresholds
guarantee that only finitely many bubbles develop in the limit. Indeed, a priori it might
be the case that for the above example the gradient blows up at arbitrarily many points
in S2.

Despite these difficulties, we see that the J¢ converge in C\0¢ (]\7 \ D) by construction,
so it seems reasonable that the portion of the J¢, —curves which have image in the
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complement of a neighborhood of D should converge in a reasonable sense. Thus a
natural attempt to prove some sort of compactness would be to fix a neighborhood i/
of D, and define the curves uy: u;l (M \U) — M, and attempt to prove Gromov
convergence for a subsequence of these domain-restricted curves. The boon here
is that M \ U is compact, it has a uniform energy threshold, and the J¢ converge
in C °°(]\7 \ U). However one now faces a new problem, namely that the surfaces
§k = u;l (]\7 \ U) have no a priori bound on the number of connected components,
nor an a priori bound on the number of boundary components. This is seriously
problematic for standard proofs of Gromov compactness because a lack of a topology
bound on the underlying Riemann surfaces precludes one from applying Deligne—
Mumford compactness to the domain curves. This is in turn problematic because it is
the Deligne-Mumford compactness (together with a uniformization theorem) which
yields convenient reparameterizations of the given pseudoholomorphic curves.

It is at this point that we see the utility of Theorem A above. Indeed, it is not dif-
ficult to choose U so that M \ U and the u;l(]\? \ U) C S; have the structures
of compact manifolds with smooth boundary. Furthermore the restricted curves
(ug, u,:l (ﬂ \U), jk.J¢,) certainly satisfy the hypotheses of Theorem A. We can
then conclude that after passing to a subsequence, we have convergence of our pseu-
doholomorphic curves “away from ¢/ D D.” Let us make this more precise. From
the above result, we can deduce the following: for each open set &/ D D, there exists
an open set V such that D C V C U, and there exists a subsequence of the above
curves such that for §k = u,:l (A? \ V), the domain-restricted curves (uk, §k, Ji» Jer)
converge in a Gromov sense. We now make two important observations. First, for
these curves to Gromov-converge it must be the case that the (Sk. Jjk) converge in a
Deligne-Mumford sense, which guarantees that the “trimmed” surfaces §k have fixed
topological type for all sufficiently large k. The second important point is that even
though we have “trimmed away” some portion of our original curves (uy, Sk, jk, Je;)
to obtain convergence, we have only trimmed away portions of the curves which have
image in the “small” region ¥ C U/ . This latter point can be stated more concisely as
uk(Sk\gk) cycu.

Example 2 The previous example was somewhat simplistic, so we now consider a
larger class of similar, but much more general, examples. Fix a symplectic manifold
(M, 7w), and consider a compact embedded submanifold N C M with dim N <
dim M . Consider a sequence of almost complex structures J; which converge in
CS(M \ N) and which degenerate along N . Again, we ask if energy bounds and
genus bounds for closed curves are sufficient to obtain a convergent subsequence,
and again Theorem A guarantees convergence away from N for some subsequence.
Also note that this example is significantly less artificial than the previous one since
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it contains both the contact-type neck-stretching construction from Symplectic Field
Theory, as well as the degenerating symplectic-connected sums setup arising in the
symplectic sum formula for Gromov—Witten invariants. Furthermore the condition that
N be a compact embedded submanifold is easily relaxed to the condition that N be a
compact set of zero measure, so one expects Theorem A to play a role in a wide variety
of degeneration problems in symplectic geometry.

The above examples hopefully illuminate the flexibility and generality of Theorem A, so
we now take a moment to point out certain things that it does not guarantee. Firstly note
that Theorem A makes no claims about curves with Lagrangian boundary condition,
however in light of estimates proved by the author in [3], it appears that such a
generalization is quite probable. Secondly, Theorem A does not guarantee convergence
up to the boundary of M . Indeed, since the (u, §,f Jk» Jx) converge for each § € 7
where Z C [0, 00) is an open dense set in a neighborhood of 0, one is tempted to consider
a sequence {0 }ren C Z such that §; — 0 and then conclude from Theorem A that
the subsequence (uy, S ;z", Jk» Jx) converges in a Gromov sense, however in general
this is false. Indeed, the key point is that after passing to the subsequence guaranteed
by Theorem A, we find that for each fixed § € Z the topological type of the 5;3 is
bounded as k varies over N, but the topological type of S ]f is not necessarily bounded
as k varies over N and § varies over Z.

In discussing the limitations of Theorem A, we return to our previous examples from
symplectic geometry, and make the important observation that Theorem A does not
guarantee any sort of convergence along the region in which J degenerates. In other
words, in the symplectic blow-up example we do not obtain convergence in collapsingly
small neighborhoods of the symplectic divisor D; in the neck stretching example we
do not obtain convergence to multilevel buildings which fall into the contact-type
hypersurface; in the degenerating symplectic-connected sums example we do not
capture curves falling into the collapsing handle. The reason that the above theorem
makes no claims about compactness in these regions is that the behavior of curves in
these regions is critically dependent on the manner in which J—degenerates — something
not specified in the hypotheses of Theorem A. However, for all of those examples, and
a wide variety of others, there exist diffeomorphisms of neighborhoods of the set N
along which J degenerates to some long/wide/vast region N (eg N := R X N in the
neck-stretching case) on which J is standard. If the original curves were closed and
of bounded topological type, then one can apply Theorem A on compact domains (eg
[a,b] x N in the contact case) contained in the “long” region N provided one has a
uniform area bound in this compact domain. Indeed, such bounds occur quite often,
and in such cases one can then use the above result to build-up a variety of compactness
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results in noncompact or degenerating target manifolds. As mentioned above, such an
example was considered in [4], and a second example (namely sideways stretching) is
currently being developed.

1.2 Proof outline

We begin by recalling a result on which our proof relies. Indeed, if u; = (ug, S, ji, Jx)
is a sequence of compact pseudoholomorphic curves with bounded area, fixed domain
manifold S, varying conformal structures ji, and has annular neighborhoods A;
of each component of S which have conformal modulus uniformly bounded away
from zero, then there exists a subsequence which Gromov-converges after removing a
neighborhood of small conformal modulus near the boundary d.5. Indeed, such a result
was proved by Ivashkovich and Shevchishin in [7] (stated there as Theorem 1), however
the language in that article does not explicitly mention this conformal trimming since
convergence there is understood on compact sets of the interior of S. We mention
this difference because this trimming is a subtle but critically important consideration
for the results that follow. The primary goal of this paper then becomes the following:
for pseudoholomorphic curves as in the hypotheses of Theorem A, and each § > 0,
pass to a subsequence and find Sk C Sj with the property that each of the S , are
diffeomorphic to some S, and

ur (Sk \ Sg) C {g € M : distg(q. IM) < 8},

and that each boundary component of §k has annular neighborhood A; ; which has
conformal modulus bounded away from zero, and

up(Aix) C{qg € M :distg(q, 0M) < 6}.

This essentially reduces the problem to the result proved in [7], and after the conformal
trimming near the boundaries is taken, one is left with a subsequence of curves with
no area loss in the deep interior {g € M : distg(g, M) > §} and which converges in
a Gromov sense. Theorem A can then be deduced by repeating the argument for a
sequence §; — 0, and then passing to a diagonal subsequence.

Thus the primary difficulty addressed in this article is to find the desired trimmings.
To that end, we build the result up in three steps. We begin by observing that pseudo-
holomorphic curves satisfy a mean curvature equation of the form H, = trg Q where
H, is the mean curvature vector along the image of a J—curve u: S - M, Q isa
(1, 2)—tensor defined on M which depends on J and g, and by trg O we mean the
trace of Q along planes tangent to the image of u#. We then incorporate elements
of minimal surface theory as follows. The first step is to show that if a sequence of
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immersed J—curves has uniformly bounded area and uniformly L°°—bounded second
fundamental forms B, , then one can extract a convergent subsequence. Of importance
here is that boundedness of the topological type of the underlying Riemann surfaces is
not assumed, but rather constructed during the proof for the subsequence. It is this result
which allows one to obtain compactness without a priori knowledge of the domain
topology.

In light of this result, we see that given a sequence of J—curves which satisfy the
hypotheses of Theorem A, the goal becomes to pass to some subsequence, and to find
some region of the form

(1) MBS = (g e M 0 <8 <dist(qg,0M) < 8; <8}

so that the portion of the J—curves (in the subsequence) with image in M 8081 are
immersed and have L°°—bounded curvature. Since J—curves can of course develop
unbounded curvature, (consider the formation of the standard node, or the formation of a
critical point from immersed curves) and may not be immersed, we temporarily impose
two additional hypotheses on the curves in question, namely that the number of critical
points is uniformly bounded and the total curvature [ ||B|? is uniformly bounded.
In [3], the author showed that the square-length of the second fundamental form of a
J —curve satisfies an e —regularity result similar to the result shown by Choi and Schoen
in [2] for minimal surfaces. This guarantees that after passing to a subsequence, the
curvature of the J—curves can only point-wise blow-up at finitely many points in the
interior of M . Consequently after passing to a subsequence, one finds a region of the
form (1) on which the J—curves are immersed with L° —bounded curvature.

In light of this result, the goal then becomes to verify that neither the total curvature
[ | B]|? nor the number critical points can increase without bound on the deep interior
of M . The first step here is to employ a desingularization result which reduces the
problem of arbitrarily many critical points to the problem of unbounded total curvature
of immersed curves. To exclude the possibility of unbounded total curvature we first
argue that if { € S and inj,«, ({) is very small and u(¢) is in the deep interior of M
and Genus(S) is zero then there exists a short closed loop which has the property
that its removal disconnects S into two components, and each components has a
threshold amount of area. Iterating this argument shows that the curves in question
cannot develop too many nodes in the deep interior of M — even in the case of nonzero
genus. We conclude that after passing to a subsequence, the injectivity radius can
only be arbitrarily small in a neighborhood of a finite number of points in M, so
by restricting our attention to complementary regions, we may assume the injectivity
radius is uniformly bounded away from zero. Then by employing a covering argument,
it is sufficient to show that on an intrinsic disk D, ({o) := {{ € S : dist,*¢ (8o, ) <r}
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a J—curve with a uniformly bounded area cannot have arbitrarily large total curvature.
This is proved by recalling that J —curves have Gaussian curvature which is uniformly
bounded from above, and by recalling a differential equation relating the area and
curvature of such intrinsic disks. In particular we show that if the total curvature on
D, 2(8o) is arbitrarily large, then so too is the area of the disk D, ({o). Since the
J—curves in question have a priori bounded area, this is sufficient to conclude that the
total curvature of the J—curves with image in the interior of M is not arbitrarily large,
and the proof of Theorem A is then immediate.

It should be noted that the techniques used to prove Theorem A are sufficiently strong
to develop a more refined version of Gromov convergence which neither relies on
bubbling-analysis of harmonic maps nor relies on Deligne—-Mumford compactness. This
approach will be addressed in future work, and for now we suffice to prove Theorem A
as stated and outlined above.
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2 Preliminaries

We begin by providing some pertinent definitions. For instance, let M be a compact real
2n—dimensional manifold (possibly with boundary) equipped with a smooth section
J € T'(End(TM)) for which J? = —1; we call (M, J) an almost complex manifold,
and J the almost complex structure. Note that J need not be integrable; that is, it need
not be induced from local complex coordinates. Indeed, this will only be true if the
Nijenhuis tensor Ny associated to J vanishes identically, and do not make such an
assumption.

If (M, J) is equipped with a smooth Riemannian metric g for which J is an isometry
(ie g(x,y) = g(Jx,Jy) for all x,y € TM), then we call (M, J,g) an almost
Hermitian manifold. Observe that any almost complex manifold can be given an almost
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Hermitian structure (J, g) by choosing an arbitrary Riemannian metric g, and defining
glx, y) = 3(8(x, ) + (I x, Jy)).

To an almost Hermitian manifold (M, J, g) one can associate a fundamental two form
(cf Kobayashi and Nomizu [8]) w € I'(A?TM) given by w(x, y) := g(Jx, ). We
call w the almost symplectic form associated to (J, g), where the “almost” refers to
the fact that in general dw # 0. Indeed, w is nondegenerate by definition, so if w is
closed then it is a symplectic form, and in such case J is an w—compatible almost
complex structure. Again, we do not make this additional assumption.

We also consider pseudoholomorphic curves, or more concisely J—curves, which for
our purposes will be four-tuples u = (u, S, j, J), with entries defined as follows.
Given a target manifold M, J will be a smooth almost complex structure on M , S
will be a smooth manifold of real dimension two, j will be a smooth almost complex
structure on S, and u: S — M will be a smooth map for which J -Tu =Tu- j.
Unless otherwise specified, we will allow for S to be noncompact, to have smooth
boundary, and to have unbounded topology (ie countably infinite connected components,
boundary, and genus). We will say that a J—curve u is compact provided S has the
structure of a compact manifold with smooth boundary, and we will say u is closed
provided S has the structure of a compact manifold without boundary.

Since S can be quite complicated, we will need to make the notion of “genus” precise.
We do this in Definition 2.2 below, but first we introduce the notion of a compact
region.

Definition 2.1 (Compact region) Let M be a manifold. Suppose U/ C M is an open
set for which its closure cl({/) inherits from M the structure of a smooth compact
manifold possibly with boundary. Then we call cl(f) a compact region in M .

Definition 2.2 (Genus) Let S be a connected compact two-dimensional manifold
with boundary. We define Genus(.S) to be the genus of the surface obtained by capping
off the boundary components of S by disks. If S is disconnected but compact, then we
define Genus(S) := Y 7 _, Genus(Sy) where the Sy are the connected components
of S. If § is non compact (but with at most countably infinite connected compo-
nents), we define Genus(S) := limy_, o, Genus(Sy), where S; C S, C S3 C--- isan
exhausting sequence of compact regions in S.

This raises an important point, namely that we will often abuse notation by referring to
the genus of u or u, when we actually mean the genus of S. We will similarly abuse
language by saying that u is connected or compact by which will we mean S has these
properties.
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‘We now turn our attention to some less standard definitions, which have some flavor of
geometric measure theory, and are necessary for later proofs.

Definition 2.3 (/C—Proper sequence and KX—convergence) Consider a sequence of
maps uy: S — M to and from manifolds which possibly have boundary and may be
noncompact. Let K C Int(M) be a compact set in the interior of M . We call this a
robustly K—proper sequence prov1ded there exists another compact set K c Int(M )
for which K C Int(K) and if u X ~1(K) \ 0S5} is compact for every compact set Kck.
Similarly a single map u: S — M is robustly C—proper provided the constant sequence
u,u,u,...is robustly K—proper.

Furthermore, we say the above sequence of maps robustly K—converge in C*° provided
there exists an auxiliary manifold S and diffeomorphisms ¥ : S - Yk (§ ) C Sy with
the property that uy (S \ ¥4 (S)) € M \ K, and the “trimmed” reparameterizations
Up oY S>M converge in C*°,

Definition 2.4 (Uniformly robust JC—covers) Let M be a manifold, and K C Int(M)
a compact set. Suppose u: S — M is a smooth robustly JC—proper map. Then we say
(u, S) is K—covered by maps ¢;: D, — S for i = 1,...,n provided that

u(S\Ui=; ¢i(Dy)) € M\ K,
where D, :={X e RIS ;| X | <r}.

We say a sequence of robustly C—proper maps uy: Sy — M is uniformly K—covered
provided dim Sy is independent of k& and each (uy, Sx) is K—covered by ¢; x with
i = 1,...,n; in other words, the number of maps needed to K—cover each uy is
independent of k. Furthermore, we say a uniformly C—covered sequence is a uniformly
robust K—covered sequence provided there exists € > 0 and a compact set KcMm
with the properties that C is contained in the interior of C, and

up (Sk \Ul2; ¢k (D)) € M\ K

forall ' € (r—e, r). We call the (¢; ., Dy ) uniformly robust K—covers of the sequence
(uk, Sk)-

Remark 2.5 Note that a uniformly robust K—covered sequence (uy, Sy) with -
covers ¢; x: Dr — Sk, has two convenient properties: first the (u, Sy ) are a robustly
K —proper sequence, and second for all sufficiently large ' < r (independent of k),
the restricted maps ¢; x: D,» — Sk again form uniformly robust —covers for the
sequence (uy, Sk).
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Definition 2.6 (/Cjoc—convergence) Given a uniformly robust K—covered sequence
ur: S — M, we say that the uy converge in a smooth i, sense provided there
exists a sequence of uniformly robust K—covers ¢; x: D, — Sy with the property that
foreach i =1,...,n the maps uy o¢; x: Dy — M converge in C*°(D,, M). We say
the limit is immersed provided each ;oo := limuy o ¢; j is immersed.

It is instructive to point out that smooth Kj,.—convergence in general does not imply
smooth K—convergence. This is due to the fact that Cj,c—convergence does not guar-
antee any sort of topological convergence of the underlying Sy . Consider for instance,
a sequence of double covers of S!, for which the domains alternate between being
connected and disconnected. Nevertheless, given KCj,c—convergence, one expects that
after passing to a subsequence K —convergence can be obtained. Indeed, this is the
content of Proposition 2.7 below.

Proposition 2.7 Let M be a manifold, and IC C Int(M). Let uy: Sy — M be a
uniformly robust K —covered sequence which smoothly K. converge to an immersed
limit. Then a subsequence robustly K converges in C°.

The proof of Proposition 2.7 is provided in Section 4.1. We now return to establishing
some notation, and discussing some elementary properties of J—curves which will be
exploited in later sections.

If M is a manifold and 4 C M, then we will use the notation O(A4) to denote some
open set containing A. Furthermore, if M is equipped with a metric g, then we will
use the notation Of (A) :={p € M :distg(p, A) < §} to denote a §—neighborhood
of A. Inthe case that A = p € M is just a point, and § > 0 is sufficiently small so that
a § neighborhood of p is a ball, then we will use the notation B§ (p)= (’)(‘;g (p). Also,
recall that for a map F: O(0) C R” — R”, we say that F(x) = O;(|x|*) provided
|D*F(x)| = 0(|x|k_|“|) for all multi-indices o with |@¢| =0, ...,£.

Definition 2.8 (Generally immersed) We shall say a smooth map u: S — M between
smooth manifolds (which may have boundary and corners, be disconnected, or be
noncompact) is a generally immersed provided that for each point z € S for which
T:u # 0 we have Rank(7;u) = dim .S, and the set of critical points, which we
henceforth denote as 2, :={z € S : T,u = 0}, has no accumulation points. Furthermore
if M is equipped with a Riemannian metric g, then we require that the conformal
structure [u*g] on S\ Z, admits a smooth extension across Z,.

Lemma 2.9 (Local model) Let (M, J, g) be an almost Hermitian manifold, with
KC C Int(M) a compact set. Suppose (u, S, j,J) is a robustly K—proper generally
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immersed J —curve in M , and fix z € u='(K). Then there exists a local holomor-
phic coordinate chart ¢,: O(z) — O(0) C C ~ R?, geodesic polar coordinates
®,: O(u(z)) — O(0) € C* ~ R?*, and unique k, € N such that ¢,(z) = 0,
®,(u(z9)) =0, and such that

D oucd; ! (p) = (p*,0,....0)+ Fa(p),

where F;(p) = Ok, 11(|p/F*1).

Proof First, we will drop the z—dependence from our notation, and simply write k, ¢,
®, and F. Next, let ¢: (9(2) — O(0) C C ~R? be a holomorphic coordinate chart for
which ¢(z) =0, and let ®: O(u(z)) —» (9(0) C R2" be polar geodesic coordinates for
which ®(u(z)) =0 and (®+J)(p) =: J(p) = Jo + O(|p|); here Jy is the standard
almost complex structure defined by Jydx, = 9y, for @« =1,...,n. Next, recall a
consequence of Aronszajn’s theorem, which guarantees that if © C R? is open and
connected, and u#: O — R™ is a smooth map which satisfies

|Au| = C(Ju| + |9su] + |9,u])

on O, and (D%#%)(0) = 0 for all multi-indices «, then # = 0 on O; here we are using
subscripts to denote partial differentiation. Since du + J(u)-du-j = 0, it follows that

for if := ®ou 05_1 we have #is + J (i1)ii; = 0, and hence
|AT| = |(=T @)id1)s + (T ()s)]
= | = (J@)sils + (J (@)).Ts|
= C(lus| + [us]),
where we have made use of the fact that the C! norms of J and u are uniformly
bounded. By assumption u is generally immersed, and hence # is not a constant map,

so it follows that (s, 1) = P(s,?) + F(s, 1), where F(s,1) = O(|s +it|**1) and P
is a homogeneous polynomial of degree k € N.

Next define linear maps
) lo: RZ2 5> R?  fyx =ax
3) Lo R?" 5 R Ly (x) = ax.

Observe that (L;"f)(p) = f(ep) = Jo+€0(|p|), and thus as € — 0 we have (L:‘f) —
Jo in C®°. Let us also define the maps ve := L _—x o o ¢ so that

ve(s, 1) = P(s,1) +ek F(es,et)
= P(s.1) + €O(|s + it]*t1),
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and thus ve — P in C*°. Also observe that
dsve + (L J)(ve)drve = €' Ko be + €' T* T (fH 0 Le)il 0 Le = 0.

From this together with the fact that v — P and (sz J ) — Jy, it follows that
Py + JoP; =0, and hence P has the form

P(s,t) = cH - (Re((s + 1)), Im((s +i1)5),0,...,0),

where ¢ e RT, and H € R2"*2" is a real matrix for which HT H =1 and JoH = HJ,.
Consequently for ® := H~!.® and ¢ := ¢!k the lemma is proved. a

In light of Lemma 2.9, it will be convenient to make the following definition.

Definition 2.10 Let u be a generally immersed J—curve. Then for any interior
point zg, we define the order of zg to be

ord(zg) =k —1,

where k is the integer guaranteed by Lemma 2.9.

Since much of the analysis that follows will regard J—curves as submanifolds, we take
a moment to establish some convenient notation for certain pullback bundles associated
to a given immersion u: S — M with image in a Riemannian manifold (M, g):

w*TM :={(, X)eSxTpyM :u(}) = p}
T:={( X)eu*TM : X € Tu(T;S)}
Ni={(&.X)eu TM : (X.Y)g =0V (LY)e T}

We also define the second fundamental form B, along the image of u by
B, e T(Hom(T xT,N)) givenby B,(X,Y)=(VxY)*,

where X, Y are sections of 7 Cu*TM , and V is the Levi-Civita connection on u*T M
induced from TM , and X — X is the g—orthogonal projection from u*TM to N .
Recall that the mean curvature vector H, € I'(V') of an immersion u: S — M is
given by

dim S

H, = Z By(ei,ei)

i=1
where {e1,...,eqms} is any orthonormal frame in 7. Recall that if the almost
symplectic form w = g o (J x 1) is actually symplectic (ie dw = 0), then J—curves
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are minimal surfaces — or more precisely generalized minimal immersions. However,
when o is not closed, then immersed J—curves satisfy the mean curvature equation
“) H, =us Q

where Q :=JVJ,and trg Q is the trace trg Q := Q(e,e)+ O(f, f) where e, f €T
form an orthonormal frame. Consequently, we can recall the Gauss equations for
two-dimensional immersions u: S — M are

®) Keee(Tu)) = Kg(©) = (Bule, €), Bu(f. /))g + | Bule, N3,
which reduce to the following when (u, S, j, J) is an immersed J—curve:
(6) Ksee(Tu)) + 31l trs Ol = Kurg (§) + 31| Bull}-

Next we wish to define Gromov convergence of J—curves, however to do this we
need some preliminary definitions; here we will essentially follow Sections 4 and 7
in Bourgeois et al [1]. To that end, we define a marked J—curve to be a pair (u, 1)
where u = (1, S, j,J) isa J—curve and u C S\ 9§ is a finite set of points called
marked points.

A nodal J—curve is a triple (u, i, D) where (u, ) is a marked J—curve, and D is an
unordered finite set of pairs of distinct points D = {dy,d1.....ds.ds} C S\ S with
the property that u(d;) = u(d;) fori =1,...,8 and w N D = &. As in Section 4.4
of [1], we define S D to be the oriented blow-up of S at the points D, and we let l:i =
(T7. (S)\{0})/R% C SP and T; := (T4, (S)\{0})/R* C SP denote the newly created
boundary circles over the d;. Furthermore, we say a nodal J—curve is stable provided
that for each connected component S of S we have 3 < 2Genus(S )+ #( U D)
where I = s @ and D := SN D. Note that in the case that S is compact, then this
condition is equivalent to X(S )—#(m U D) < 0, so that there exists a unique complete
finite area hyperbolic metric of constant curvature —1 on S’ := S\ (U D) which is
in the same conformal class as j and for which each connected component of 9§ is a
geodesic; we denote this metric by s/-#YD

A decorated nodal J—curve (u, i, D, r) is a quadruple for which (u, i, D) is a nodal
J—curve and r is a set of orientation reversing orthogonal maps r;: I'; — I';, which
we call decorations. We also define SP~ to be the smooth surface obtained by
gluing the components of S along the boundary circles {I’l, ['y,...,Ts, s} via the
decorations ;. We will let T; denote the special circles I'; = I'; € SP . Observe
that the smooth map u: S — M then lifts to a continuous map u: SPr — M.

Definition 2.11 (Gromov convergence) A sequence (up, Sk, ji.Jr) of compact
J —curves (ie potentially with boundary) is said to converge in a Gromov sense to a
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nodal J—curve with boundary (u, D) with u = (&, S, j, J), provided the following
are true for all sufficiently large k € N.

(1) Jpy—J in C®.

(2) There exist sets of marked points puyr C Sy \ 9S; and u C S\ (S U D) with
the property that #u = #u; for all k, and the marked J-—curves (ug, tig)
and the nodal curve (u, u, D) are all stable. We further require that if S is
a connected component of S and u: S — M is a constant map, then 3 <
2Genus(S) +#(D N S).

(3) There exists a decoration r for (u, D) and sequences of diffeomorphisms
dr: SP" — Sy such that ¢ (1) = ug and for each i = 1,...,§ the curve
ox (T;) is a hik-Hk _geodesic in Sy

4) ¢*h1k Mic 5 pJ-wUD C°°(SD”\(,uUUi I';)); here we have abused notation

loc

by letting /2/-#YP also denote its lift to SP .
(5) ¢fux —u in CO(SPT).
6) ¢fux —uin C(SP\U; V).

loc

With this definition in hand, we finish this section by defining the notion of robust
IKC—convergence in a Gromov sense.

Definition 2.12 (Robust K—convergence in Gromov sense) Consider an almost Her-
mitian manifold given by (M, J, g) and a sequence of almost Hermitian structures
(J, gx) for which (Ji, gx) — (J, g) in C®°, and a compact set C C Int(M ), and a
robustly IC—proper sequence of generally immersed Jj—curves wy = (uy, Sk, ji, Jr)-
We say that the uy robustly K—converge in a Gromov sense provided there exists
a compact set K c Int(M) for which I C Int(lC) and there exist compact regions
Sk C Sy with the property that uy (Sg \ Sp)C M \ K, and the domain restricted
Jr—curves (u, Sk Jk» Jx) converge in a Gromov sense. We additionally require that
the sequence of marked points added to the (§ , Jx) to obtain Gromov convergence are
chosen so that lengths of each connected component of 8§k (computed with respect to
the associated Poincaré metric) are uniformly bounded away from zero and infinity.
Moreover we require that each component of the limit curve with nonempty boundary is
nonconstant, and u, restricted to some neighborhood of the boundary is an immersion.

3 Target-local compactness
The goal of this section is to prove Theorem 3.1 below, which is the main result of this

article. Also of importance in this section is the proof of Corollary 3.10 below, which
is a restatement of Theorem A from the introduction.
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Theorem 3.1 Let (M, J, g) be an almost Hermitian manifold, and let (J, gx) be a
sequence of almost Hermitian structures which converge in C* to (J, g). Also let
K C Int(M) be a compact region, and let u; be a sequence of generally immersed
Ji —curves which are robustly K —proper and satisfy

(1) Areauzgk Sp)<Cy<o0
(2) Genus(Sg) < Cg < o0.

Then a subsequence robustly K —converges in a Gromov sense.

The proof of Theorem 3.1 consists of three main steps. The first step is to prove
Theorem 3.1 with the additional assumptions that the curves are immersed and || By, || .o
is uniformly bounded, but without the assumption of bounded topology; this is the
content of Section 3.1. The second step is to use this result to prove Theorem 3.1 with
the additional assumptions that || By, || ;2 is uniformly bounded and that the number
of critical points of the u; are uniformly bounded; this is the content of Section 3.2.
Finally, the third step is to use this result to prove Theorem 3.1 with no additional
assumptions.

3.1 Compactness with || B ||L~ bounds

In this section we prove the following result.

Proposition 3.2 Let (M, J, g) be a compact almost Hermitian manifold with bound-
ary, and let (Ji, g) be a sequence of almost Hermitian structures which converge
in C*® to (J, g). Also let K C Int(M') be a compact region, and let u; be a sequence
of immersed compact Jj —curves which are robustly K —proper. Suppose further that

(1) Areauzgk Sp)<Cy<o0
(2) supees, | Bir (Ol <Cp < o0.

Then a subsequence robustly IC—converges. Here Bf,’j denotes the second fundamental
form the immersions uy: Sy — M computed with respect to the metrics g5 on M .

Proof We note that as a consequence of Proposition 2.7, it is sufficient to show that a
subsequence robustly Cjoc—converges. Consequently, we need some convenient local
parameterizations. In particular we will consider local graphical parameterizations over
coordinate tangent planes. We make this precise with the following.
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Proposition 3.3 (Uniform local graph) Let M be a be a compact manifold of dimen-
sion 2n and possibly with boundary. Let (Ji, gi) — (J, g) be a sequence of almost
Hermitian structures on M which converge in C*°. Fix a compact set I C Int(M),
and a constant Cg > 0. Then there exist positive constants rg, Cy, C1, C>, C3, ... de-
pending only on Cpg, distg (K, 0M'), and the geometry of (M, J, g) with the following
significance. For each proper immersed Jj —curve denoted by (uy, Sg, ji, Jr) for
which
Sk =up'(3M) and  sup | BEE(O)| = Cs,
{eSk

and each § € Sy such that uy (§) € K there exists a map ¢: Dy, — Sy and geodesic
normal coordinates ®: B (u (¢)) = R?" with the following propemes

(1) u(s.t):=DPouog(s,t) = (s,1,u>(s.1),...,ua*"(s,1)).
(2) ¢(0)=¢, 7(0,0) =0, and Dgii*(0,0) =0 for |@| =1 and i = 3,.
3) Z|a|_1 Z —3 [ Dol ~l||Co(D )= <1072% and ||U||CA(D ) = Ck fork e N.

(4) For Euclidian coordinates p = (s, t), on D,,, we have

1ol = distgu, o), (0.p) <2lpl and 41p] < dist, (ur(@(p). ur($(0))) <2|p.

A proof of Proposition 3.3 was given by the author in [3]; the idea of the proof goes
as follows. First one shows that J—curves satisfy an inhomogeneous mean curvature
equation of the form H =trg Q with Q atensor on M . Next one writes this equation
in local coordinates on M to see that locally the u solve a second order partial
differential equation. The uniform curvature bound guarantees that in geodesic normal
coordinates, in a small disk centered at ¢ tangent planes don’t deviate too much from
being “horizontal.” One concludes the existence of a graphical parameterization, in
which case the partial differential equation that the graphically (but not holomorphically)
parameterized J—curves solve is uniformly elliptic. One readily sees that uniform
curvature bounds then guarantee uniform C? bounds, in which case the uniform bounds
on the || Deii*|| with |a| > 2 then follows from the usual elliptic regularity theory.

In order to prove robust Xj,.—convergence we must now show that the parameterizations
of Proposition 3.3 can be used to construct a uniformly robust C—cover. The desired
convergence will then follow essentially from the Arzela—Ascoli theorem. To construct
the desired IC—cover, we first recall the extrinsic monotonicity of area lemma.
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Proposition 3.4 (Monotonicity of area) Let (M, J, g), be a compact almost Hermit-
ian manifold possibly with boundary. Then for all (J', g’) sufficiently close to (J, g)
in a C? —sense, the following holds. Let (u, S, j, J’) be a compact generally immersed
pseudoholomorphic curve for which u(3S) N OF /(u (¢)) = @ for some r > 0 satisfying

8r <min (C~', inj, (u(?))).
where sup |K&.(p)| < %CZ and sup |VJ|g = %C,
PEM PEM
where V is the Levi-Civita connection associated to g and | K&.(p)| is defined by

@) |KE.(p)| :=sup{|KE (X, Y)|: X, Y € T,M and X AY # 0}.

Then forall 0 <a < b <r we have
1 2
3 Area, g (Sa(Q)) < 7 Area, g (Sp(0)),

where S,(¢) is the connected component of ™! (Ogl(u(é‘))) which contains ¢. In
particular, letting a — 0 and b = r yields the familiar result

2
(8 % < Area,rg (Sr(0)).

A proof of the above proposition can be found in [3]; it is a modification of the well
known result for minimal surfaces. Also note that the weaker version of monotonicity
given in (8), is a very well known result for J—curves (cf Gromov [5], Hummel [6]
and Muller [9]), and it is sufficient for our purposes the remainder of this article. We
now prove a fairly standard covering result.

Lemma 3.5 Let X, M, (Ji, gk), and uy, be as in the hypotheses of Proposition 3.2.
Then after passing to a subsequence, a robust uniform C—cover can by obtained using
only the graphical parameterizations ¢ given by Proposition 3.3.

Proof We begin by fixing two auxiliary compact regions? K,K c M for which
KC Int(lC) K c Int(€), and K C Int(M), and for which the uy are robustly K-
proper. Observe that the functions defined by fx(p) := (distg, (p, IC)) , are all smooth
in a neighborhood of the form O(I’C\) \I’C\ Observe that the functions f; o uy have
critical values which are the compliment of an open dense set in (0, €). It follows that
there exists some €y > 0 which is not a critical value of any of the uy, , and hence the Jj
curves (ug, u,:l (f <e€0}), Ji, Jx) satisfy the hypotheses of Proposition 3.3. Without
loss of generality, we will henceforth assume that Sy = u,:l ({f <e€o0}). Then for each

3See Definition 2.1.
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l e u,:l(l/C\) we let ¢¢ k2 Dyy — Sk and D¢: O%% (ur(¢)) — R?" denote the maps

2ro
guaranteed by Proposition 3.3. Next, for each k, choose {{i k.82 ks Cmy k) C

u,:l (16) so that the open sets

f(i(/gsk (;1 k) Of()/ik (é‘zyk)’ : :;\/ggk (é‘mk,k)

are maximally disjoint. For clarity, we define ¢; x := ¢¢, , k s0 that ¢; & 0) =¢ik.
We now observe that to complete the proof of Lemma 3.5, it is sufficient to prove
the following two claims: firstly there exists an m € N such that m; < m for all
sufficiently large k, and secondly

mp
) ui'(K) € | 1.4 (Dro)2)-
i=1
We prove the former statement first. Indeed, recall that by Proposition 3.3, we have
U © $ik (3Dry) N OFF ) (ur (G ) = @

so by Proposition 3.4 it follows that

7'[(”0/16)2/2 = Areau,tgk (Sr0/16(§i,k))v

where S, /16(8i k) is the connected component of u (Bf(f/m(uk@i,k))) contain-
ing ; 5 . Again by Proposition 3.3, one finds that

Sro16 (i) C O (14.(0)).

Since the these latter sets are disjoint, it follows that

2 mymrg < ZAreaukgk Zﬁ‘/ik(qb,k(O))) Area, g, (Sk) < Cy.
i=1

and thus the my, are uniformly bounded. To prove the latter statement, namely the
containment (9), we first observe that as a consequence of Proposition 3.3, it follows
that O, “i g;k (Cik) C ¢ik (Dyy/2), and thus to prove (9) it is sufficient to show that

mi «
—1 /. u, 8k
(10) up ' (K) c |J 0,154 Gi)-
i=1
To see this, we suppose not. Then there exists { € u} 1 (IC) such that

min dlStu gk(f Cik) =To/4.

1<i<m
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However, it then follows that for all i = 1,...,m; we have
u g u,g
rl/gk n Ork/gk (é‘i,k) =0
but by the maximality of the

O (81 1) O (6 ). O (L ).
we must have
Ol (@) N O () # 2
for some i € {1,...,my}. This contradiction proves (10), and hence completes the
proof of Lemma 3.5. |

With Lemma 3.5 in hand, we now complete the proof of Proposition 3.2. To that end, we
note that it is sufficient to prove that for each i = 1,...,m a subsequence of the maps
ug o ¢; x converges in C*°(Dy,—er, M) for some small €’ € (0,r9/2). To see this, we
first note that after passing to a subsequence we arrange that for each i = 1,...,m the
sequence of points u o ¢; x(0) converges, as well as linear maps T CIJZ;: ToR?" —
Tuyop; . (0)M ; here, as before with ¢, we have let ®; x := Py, , x be the geodesic
polar coordinates guaranteed by Proposition 3.3. By that same proposition, all the
derivatives of the maps ®; j ouy o¢; i are uniformly bounded, and hence by the Arzela—
Ascoli theorem, it follows that after passing to a further subsequence the uy o ¢; i
converge in C°°(D;,—e’, M). Furthermore we have shown that the ¢; x: Dyy—er — Sk
form a uniform robust K—cover, and hence we have passed to a subsequence for
which the uy robustly Kj,.—converge. The proof of Proposition 3.2 now follows from
Proposition 2.7. a

3.2 Compactness with || B |2 bounds
The purpose of this section is to prove Theorem 3.6 below.

Theorem 3.6 Let (M, J,g), (Ji,gr) and K be as in the hypotheses of Proposition 3.2.
Letwy = (ug, Sk, jk, Jx) be arobust K —proper sequence of compact Jj —holomorphic
curves which satisfy

(1) Genus(Sg) <Cg < o0

2) Areau gk Sp)=Cy<o0

3) #2Z,, =C g < 00

4) fS/ ”B gk < Crotal < 00,

where Cg, C4, Cz, and Cryy do not depend on k. Then a subsequence robustly
IC—converges in a Gromov sense.
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Proof We begin by letting Kc Int(M) be a compact set for which I C Int(lz) , and for
which the uy, are robustly Iz—proper. Next we observe that since #Z,, < Cz, it follows
that after passing to a subsequence, we may assume that 2y, = {2y k,Z2 k.- -+ Zny k>
and for each i = 1,...,n¢ either the sequence uy(z; ;) converges to a point in K or
else distg, (IE, Uy (z,-’k)) > § > 0; we denote the associated limit set in K by S;. Next
we claim the following.

Lemma 3.7 (Finite points of curvature blowup) Let (M, J,g), (Ji,gk), K, and
u; = (ug, Sk, jx. Jr) be as in Theorem 3.6. Fix a compact set Ko C M such that
K C Int(Ko) and Ky C Int(lz). Then after passing to a subsequence, there exists a
finite set S, C K with the following significance. For each € > 0, there exists C > 0
and ko € N such that for all k > kg,

sup | BSK O|* =C.
teu; 1 (Ko\OE(S2))

Proof The proof of Lemma 3.7 has one major technical component, which we now
state.

Proposition 3.8 (Curvature threshold) Let (M, J, g) be a compact almost Hermitian
manifold possibly with boundary, and let € > 0. Then for all (J', g’) sufficiently
close to (J, g) ina C? sense, there exists an i > 0 depending on € and the geometry
of (M, J, g) with the following significance. If (u, S, j, J') is a compact immersed
J'—curve, with ¢ € S satisfying distg/(u($),dM) > €, and u(3S) N (’);‘:/(u(ﬁ)) =g,
and for some 0 <r <,

/ 1
185 @)l =

then / IIBg‘:/II2 > h,
+(©)

where integration is taken with respect to u*w’ where o’ := g’ o (J' x 1), and S, ({)
is the connected component of 1~ (Of (u(¢ ))) which contains ¢.

A proof of this result was provided by the author in [3]; it is a modification of the
proof of the e-regularity of the second fundamental form of a minimal surface in a
Riemannian three-manifold (cf Choi and Schoen [2]). We proceed with the proof of
Lemma 3.7.

Next we define an iterative procedure to construct the desired set S,. Begin by defining
82,0 := Si. Then either it’s the case that there exists a sequence () x € u,:l (o)
such that lim sup ||B§,’§ (C1,6)l| = oo and distg(S2,0,81,k) = € for some € > 0, or
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else we define S, := S, o and we are done; we suppose the former. In this case we
pass to a subsequence so that || BS¥ « (C1x) | — 00, and ug (8 k) converges to a point
p1 € Ko, and we define the finite set Sp ; := Sz 0 U {p1}. Again either it’s the case
that there exists a sequence {3 € u} ~1(Ko) such that limsup || B;¥ ({5 4)|| = oo and
distg (52,1, $2 k) = € for some € > 0, or else we define S, : =S5 and we are done; we
again suppose the former and pass to a further subsequence so that || BS (&) = o0,
uy (2,x) converges to a point p, € Ko, and we define S; 5 := S5 1 U {p,}. We now
iterate this procedure to construct a collection of sets: Sy 0 C Sy,1 C---.

We now claim that this process must terminate after a finite number of iterations. Indeed,
fix € > 0 such that (’)§ (Ko) C Int(l%), and let # > 0 be the constant guaranteed by
Proposition 3.8 and is associated to (M, J, g) and €; also fix ng € N, and suppose
that & is sufficiently large so that for some é € (0, #2) the following conditions hold:

(1) diStg(Sl R SZ,no \81) >4
(2) distg (uk(fi,k),uk(é‘j’k)) > ¢ forall i, j €{l,...,nq} for which i # j
(3) foralli €{l,...,no} we have | B5<(L;x)ll =2/8.

Then by Proposition 3.8, it follows that

no

n0h<2/

i=1 8/2 8i.k)

2
1BE G2, < /S | BE 12 < Croa.
k

and thus ng is bounded. This completes the proof of Lemma 3.7. |

We now continue with the proof of Theorem 3.6. As a consequence of Lemma 3.7,
it follows that after passing to a subsequence, there exist compact sets K; C M for
i =0,...,4 such that ;411 C Int(K;), Ko C Int(K), K C Int(XC4), and such that

sup [ BEE(D)lg, =C < o0,
Ceui M(KK1\Ks)

for all k. In this case we deﬁne M : Int(lCl) \ K4 and IC Ko \ Int(K3), and
uy = (ug, Sk Jk» Jx) where Sk =uy (M) Observe that M , K, and the @ uy, satisfy
the hypotheses of Proposmon 3.2, and thus after passing to a further subsequence there
exist a compact manifold S with boundary, and there exist t maps w k- S—S§ & Which are
diffeomorphic with their images and satisfy (S e\ Ui(S )) cM \ K, and additionally
the maps iy o w K S—>M converge in C*° to an immersion. Consequently, we may
define the set of boundary circles

= (ur o ¥r) "' (K3)NAS and Ty := (g o Pg) " (M \ Int(K2)) N DS
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sothat ' NT'y =@ and S =T_U I'+. We can also define

S =z (Int(K2)) U P4 (),
so that 8§k = @k(F+), and we have @k: S — §k- By construction we have
(1D up(Sk\Sp) C M\K, and  ug(Sp) € Ko

for all k; also recall that I C Int(K,) and Ky C Int(lz). Next we observe that the
number of boundary components of Si is equal to the number of connected components
of I'+ which is independent of & ; furthermore since Genus(Sy) < Cg it follows that
Genus(Sk) < Cg. Also note that the number of connected components of Sk must
also be bounded; this follows from monotonicity of area*, which guarantees that the
image of each closed connected component of S, 1 captures a threshold amount of area.
As a consequence of these facts, it follows that after passing to a further subsequence
the S, . are all diffeomorphic; we denote these diffeomorphisms ¢ : S—>S % - Thus
we define
= (k> S, ko Ji) = (ko ok, S, 9% J i)

and observe that by construction these Ji—curves have uniformly bounded area, and
their images are contained in Ky C Int(M'). We would like to claim that a subsequence
converges in a Gromov sense, however some care must be taken near 95, a matter to
which we now attend.

Let A:= U:’il A; be the union of pair-wise disjoint annular neighborhoods of T} C S ,
and let 0;: A; — S! x[0, 1) be diffeomorphisms. Next define the diffeomorphisms

Vi = oY o6t ST x[0,1) = v (S x[0,1)) € S,

and observe that the v; 5 satisfy the following.

(1) For each fixed k, the images of the maps ; x are pairwise disjoint.
(2) Each y;  is a diffeomorphism with its image.
(3) For each fixed k we have 3S = U2, ik (ST x{0}).

(4) For each fixed i the maps ity o ¥; x converge in C*° to an immersion.

By construction, for all k£ remaining in our subsequence we have uy (Sk \ Ok (§ )) -
M\ Ky with Ky C Int(K), and by Proposition 3.9 below, it follows that a subsequence
of the U converge in a Gromov sense. This completes the proof of Theorem 3.6. O

4See Proposition 3.4.
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Proposition 3.9 Let (M, J, g) be a compact almost Hermitian manifold with bound-
ary, and let (Jy, gx) be a sequence of almost Hermitian structures which converge
in C*® to (J, g). Suppose w; = (uy, S, ji, Ji) is a sequence of compact Jj, —curves
which satisty the following conditions.

() Areau;:gk(S) <C < o0.
(2) distg (ug(S),0M) >8> 0.

(3) Fori =1,...,n (where n is the number of connected components of 9S)
and for all k € N, there exist maps ¥; ;: S! x[0,€) — S with the following
properties.

(a) For each fixed k, the images of the maps V; ;. are pairwise disjoint.
(b) Each v; i is a diffeomorphism with its image.

(c) For each fixed k we have 3S = J!_, wi,k(Sl x {0}).

(d) Foreach fixed i the maps uy o y; j converge in C*° to an immersion.

Then a subsequence of the uj, converges in a Gromov sense. Furthermore, the sequence
of marked points added to the (S, ji) in order to obtain Gromov convergence can be
chosen in such a way so that the lengths of the connected components of S (with
respect to the Poincaré metrics) are uniformly bounded away from zero and infinity.
Moreover, each component of the limit curve with nonempty boundary is nonconstant,
and the map is an immersion in a neighborhood of the boundary.

A proof of this result can be found in Section 4.2.

3.3 Compactness without curvature bounds

In this section we prove Theorem 3.1, as stated in the beginning of Section 3. Before
providing the proof of this result, we assume its validity for the moment and state an
immediate corollary (stated in the introduction as Theorem A).

Corollary 3.10 Let (M, J, g) be a compact almost Hermitian manifold with boundary.
Let (Ji, gx) be a sequence of almost Hermitian structures which converge to (J, g)
in C°°(M), and let (uy, Sk, ji, Jx) be a sequence of compact Jj —curves (possibly
disconnected, but having no constant components) satistying

(1) up: oS — oM
2) Areau;gk (Sp) <Cy
(3) Genus(Sy) <Cg.
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Then there exists a subsequence (still denoted with subscripts k ) of the uy, an € > 0,
and an open dense set Z C [0, €) with the following significance. For each 6 € I, define
S,‘z :={¢ € Sy :distg(ug ($), 0M ) = 8} ; then the Jy —curves (uy, S,‘z, Jk» Jx) converge
in a Gromov sense.

Proof Begin by defining a function f: M — R by f(p):=distg(p, dM ), and define
the sets M3 := f~1([8, 00)). Observe that by construction M = M, M2 C Int(M %)
whenever 8, > 81, and for all sufficiently small § > 0 the sets M ® are compact regions,
and ||df || is uniformly bounded away from zero near dM . We then apply Theorem 3.1
to this sequence with X = M!, to obtain a subsequence. Apply Theorem 3.1 to
this subsequence with K = M /2 to obtain a further subsequence. We iterate this
procedure with K = M /¢ and £ € N, and pass to further and further subsequences.
Taking a diagonal subsequence we are left with a subsequence of Ji —curves which
robustly C—converge in a Gromov sense for each /C C Int(M'). The regular values of f
composed with the limit curves are an open dense set Z C (0, §) for some sufficiently
small 6 > 0. The corollary is then immediate. a

We proceed with the proof of Theorem 3.1 momentarily, but first we state a result upon
which the proof heavily relies.

Proposition 3.11 (A priori total curvature bounds) Let (M,J,g), (Jr,gr), K
and uy, be as in the hypotheses of Theorem 3.1. Then for each compact set Kc Int(M)
for which I C Int(IC) and for which the uy, are robustly K —proper, there exist positive
constants Cz and Crow with the following significance. For Sk =u 1 (Int(lC)) the
Jy —curves defined by uy, := (uy, S, %> Ji» Jk) are robustly KC—proper, have uniformly
bounded area and genus, and satisfy

(1) #2,, <Cz <00
(2) f§k ”ng”2 = CTotal < 00.

Uk

Postponing the proof of Proposition 3.11 for the moment, we now use it to prove
Theorem 3.1.

Proof of Theorem 3.1 We begin by applying Proposition 3.11 to obtain the compact
set I and associated Jj—curves g . However these curves satisfy the hypotheses of
Theorem 3.6, and so a subsequence robustly /C—converges in a Gromov sense. a

The proof of Proposition 3.11 relies on two main technical results, which we now state.
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Proposition 3.12 (Desingularization) Consider (M, J, g) an almost Hermitian man-
ifold, and a compact generally immersed J —curve u = (u, S, j, J) with immersed
boundary. Then for each € > 0, there exists an 0 < €y < € and an immersion ii: S — M
such that the following properties hold.

(D1) The sets Bey(z) :=1{¢ € S :disty+g(z,8) <e€o} forz€ Z,:={z€ S : T,u=0}
are pairwise disjoint. Also () = u(¢) whenever { € S\ (UzeZu Be,(2)).
(D2) supgeg distg (u(§), ﬁ(é‘)) <e¢p.
(D3) Forevery vector X tangent to the image of u we have
I(TX) g < €oll X g
where the map Y + Y= is the g—orthogonal projection to the normal bundle
over the immersion u: S — M .

(D4) For any opensetU C S,
| Areay« g (U) — Areag«g (U)| < €o.
(DS5) The following point-wise estimate holds

sup Kj=g(§) < €0 + sup [Keee(q)|+ sup 3ltep, JVJ|7
ceS qeEM qeEM
Jpq=7)q
where Kg+g($) is the Gaussian curvature of S at the point { with respect to
the metric u* g, | Kec(q)| is defined as in (7), and trp, JV J is the trace of the
(1,2)—tensor JVJ along the J —invariant plane P; = Re @ RJe C Ty M .

(D6) LetU C S be an open set, and define the set
U = {¢ el : disty+g(C, 0U) > €o}.

Then —/ Kyxg + (1 —€9)2m Z ord(z) < —/ Ki+g + €0
u 2€2,NUO u

where ord(z) is given as in Definition 2.10.

The proof of Proposition 3.12 is given Section 4.3. We take a moment to summarize the
results of said proposition. Roughly it guarantees that any J—curve can be perturbed a
C° small amount only near its critical points, in such a way that it becomes immersed,
and the resulting tangent planes are C°—close to being J —invariant, the resulting area
changes by only a small amount, the Gaussian curvature is uniformly bounded from
above, and each original critical point is locally traded for a threshold amount of total
curvature.

Geometry & Topology, Volume 15 (2011)



Target-local Gromov compactness 791

We now continue with the proof of Proposition 3.11. To that end, we turn our attention
towards showing that it is not possible for too many nodes to develop, and that away
from a finite set of points in K, the integral of the Gaussian curvature is bounded from
below. We make this precise with Proposition 3.13 below.

Proposition 3.13 Let (M, J,g) be an almost Hermitian manifold possibly with
boundary, suppose (Ji, gx) — (J,g) in C*°(M), and let X CC M be a compact
set. Suppose further that wy, := (uy, Sk, jx. Jx) is a sequence of compact generally
immersed Jj —curves which are robustly K —proper, and satisfy

(1) Area,x gk(Sk) Cy<o0
(2) Genus(Sg) <Cg <0
3) 2y, NiSy =2

Furthermore, for a sequence of positive numbers €, — 0, let v, be the immersed
approximations associated to (uy, €;) yielded by Proposition 3.12. Then after passing
to a subsequence, there exists a finite set S = {0y, ...,0n,} C M and 69 > 0 with the
following significance. For each 0 < § < 8, there exists € > 0 and ko € N such that

if k=koandvi() € K\ OS(S) then mjgkgk (€) > e,

where inj ¢ " 8k (¢) is the injectivity radius of Sy, at the point { computed with respect to

the metric vk gk . Furthermore, for each 0 < § < §y/2 there exists a constant C > ()
such that for all sufficiently large k in the subsequence we have

/ Kyrg, =C.  where Sk =V (Int(/C)\Og"(S))

where K vigr’ S8 « — R is the Gaussian curvature associated to the metric vz k-
The proof of Proposition 3.13 can be found Section 4.4. Roughly, the idea is to show
that if there were many locations in which the injectivity radius were very small,
then one could remove many small loops and disconnect the Jj—curves into many
connected components each of which has a threshold amount of area, which would
yield a contradiction. Then one sees that in the absence of arbitrarily small injectivity
radii, exceedingly negative Gaussian curvature results in exceedingly large area, which
also yields a contradiction. At present, we now provide the proof of Proposition 3.11

Proof of Proposition 3.11 Suppose not. Then there exists a compact set Kc Int(M)
with /IC C Int(C) for which the uy, are robustly C—proper, and either the total curvature
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or the number of critical points is unbounded on K. Since the u ;. are robustly K-
proper it follows that there exist compact regions X C Si with the property that
Zy,, N0Z =, and uy (Si \ X)) C M \ Ko for some compact set Ko C Int(M ) for
which K Int(XCp). By assumption, the restricted Jy —curves uy: X — M are again
robustly IE—proper, and this sequence of curves again has either an unbounded number
of critical points or else unbounded total curvature on K. Rather than expending
notation to keep track of the uy, restricted to the X;, we will (without much loss of
generality) assume X = Sy for all k.

Next we consider a sequence of positive numbers €, — 0 as k — oo, and consider the
immersed approximations vy associated to (ug, €x) and yielded by Proposition 3.12.
We then apply Proposition 3.13 for some auxiliary compact set Kc Int(M) for which
K c Int(lC) and for which the uy are again robustly lC—proper Consequently, after
passing to a subsequence there exists a finite set S = {o0y,...,0p,} C M with the
properties guaranteed by that proposition. As a further consequence of Proposition 3.13,
for each sufficiently small § > 0 there exists a constant C > 0 such that for all sufficiently
large k in our subsequence, we have

f Kyrg < where §,§ = v,?l((’)g" (IE)\O?" (S)).

Fix 6 > 0 sufficiently small so that the sets Og" (07) are pair-wise disjoint for all
sufficiently large k, and O 45 (IC) C Int(lC) Next deﬁne
M’ = 0§8(/€) \ Og(S), M = Ogs(lC) \ (’) (S) and K:= (’)g(IC) \ O 5(S).

then for all sufficiently large k we have

(12) _/vfl(m Kyrg, <C.

However, recall that the Areau* ¢, (Sk) are uniformly bounded; by property (D4)
of Proposition 3.11 the Areavlt (Sy) are also uniformly bounded. Furthermore by
property (D5) of Proposition 3.12, it follows that the Gaussian curvatures KU; .
uniformly point-wise bounded from above. Consequently (12) and property (D6) of

Proposition 3.12 allow us to conclude that for all sufficiently large k& we have

(13) #(Zuk ﬂu;l(]\/j)) <C’ and /—1 ~ K”;gk <C’,
U (M)

where C’ depends on C, g, J, and the uniform area and genus bounds on the uy .
Next we recall the Gauss equations for J —curves:

Ksee + 3l trs Q> = K¢ + 5 BII*,
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where K. is the sectional curvature and K, is the Gaussian curvature. Integrating
these equations then yields

1[ 2 1 2
L B [ K —[ Ky +—[ Jus 0l
2 u;l(M) uil(M) sec u;l(M) ”kgk 2 u;l(M)

k

< (| Ksecllzoo + 2| VI |12 o) Areay g, (ur (M) +C’,

Uy gk
which is uniformly bounded. Combining this fact with the left-most statement of (13),
then shows that the Jj—curves iy := (uy, u,:l (1\7 ), jk, Jk) are robustly Ia—proper,
and satisfy the hypotheses of Theorem 3.6. We conclude that after passing to a further
subsequence, there exists a compact manifold S with boundary, and diffeomorphisms
ok S — ¢r(S) C u,:l (M) C Sy with the following properties:

(1) (S \ $r(5)) € O%(S)U M\ ).

(2) ug opylyg converges in C*° to an immersion.
3 [ ||Buk odi || 2, is uniformly bounded.

4) #Z,, 04, 1s uniformly bounded.

The first two properties are consequences of Theorem 3.6, and the last two are by
construction. We now take a moment to recall our method of proof for Proposition 3.11:
we are assuming that either the number of critical points or total curvature in K is
unbounded. However, after passing to a subsequence we see as a consequence of points
(1), (3) and (4) above, it is only possible for these quantities to blow up in the set
O‘g’s S)=Ux2, O§8 (07). This leads us to define

Sik = (Sk \ o (S)) Nug ' (O%5(0i)) and ;g = (ug. Si k. jk Ji)-

We note that these curves have uniformly bounded area and genus, and each has
image in O 5(0i). Also note that for each i = 1,...,n¢ we have 8§,~,k C ¢ (9S),
and by p01nt (2) above, uy o ¢ilys converge in C® to an immersion. Consequently
the geodesw curvature Kyx g, of 8S, r C S k 1s uniformly bounded. Thus we let
Vi k1= =u$ k “ be the approx1mat10ns of uy|3; , guaranteed by Proposition 3.12. Arguing
as before (ie making use of properties (D4), (D5), and (D6) of Proposition 3.12) we
see that to complete our proof by contradiction, it is sufficient to show that

(14) _/§ Kyr g =C" <00
ik

for all sufficiently large k. However, at this point we invoke the Gauss—Bonnet theorem,

and find that
_/:i',k Kvi*,kgk = _X(Si,k) + /(;:9, Kvi’fkg/('

ik
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We have already argued that the last term on the right hand side is uniformly bounded,
so it is sufficient to show that — X(S/i,k) is uniformly bounded. However recall that
— X(S’{,-’k) =—-242 Genus(S/,-,k) + b, where b is the number of boundary components
of §,~’k. However Genus(bv”l-’k) < Genus(S%) < Cg, and 8§,~,k C ¢x(3S) and S has
finitely many boundary components (and no k—dependence), from which it follows that
indeed — X(S’ i.k) s uniformly bounded. This shows inequality (14) holds, which in turn
provides the desired contradiction, which completes the proof of Proposition 3.11. O

4 Proofs

Here we prove some of the more technical results from the previous sections.

4.1 Proof of Proposition 2.7

We begin by fixing some notation. Let ¢; x: Dio — S} be the maps guaranteed by the
definition of Cj,.—convergence, and define the maps

ﬁik::uko¢ik:D£O—>M and ;o = lim ﬁik:D£O—>M.
’ ’ k—oco

Note that D,, = Dio; in this case the superscript i/ simply enumerates the domains the

maps ¢; . Note that since the limit is immersed and since the sequence is uniformly
and robustly covered, it is possible to construct a refined uniform and robust cover
which has the additional property that each #; x and ;o is an embedding.

Next we fix a smooth auxiliary Riemannian metric g on M which has the property
(15) XNz = 11X, ¢

forall X = X, € T;D,,; here g is the canonical Euclidean metric on D,,,. Recall our
notation that if (W, g) is a Riemannian manifold, p € W, and € > 0, then

Of(p):=1{q € W :distz(p.q) <e€}.
The proof of Proposition 2.7 is now split into three main steps: constructing the auxiliary
manifold S, constructing (almost) reparameterizations ¥;: S — Si, and then showing
that these maps have the desired properties. We approach these steps in order, and
begin with a rather technical result.

Lemma 4.1 Fix ry € (0, rp), and suppose p € Dil and p' € D{l and

(16) dist, ¢ (¢1,k(0). 97,k (p")) — 0.
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Then for each § € (0, (ro —r1)/ 16) and all sufficiently large k , the maps

(17) b7k ik OB (p) > 01+ (o)

are well defined, and they are smooth diffeomorphisms. Furthermore, with p and p’ as
above and for which (16) holds, and for any points p € (’)(S”?ioog (p) and p' € (’)8”7,005’ (0)
with U 00 (p) = Uj,00(p) We have

(18) dist, ¢ (¢1,k(P). 97,k (7)) — 0,

and the maps in (17) with domains restricted to (’)g;k,oog (p) converge in C*® to the
map

(19) 7 0l 00t Officoo® (p) — O ().

Proof We begin by fixing k¢ € N so that for all kK > ko we have
diStng (¢i,k (/0), ¢j k (/0/)) <4.

Next we note that

(20) Bise: Ok (0) > O (pi 4 ()

is a diffeomorphism; this follows as a consequence of inequality (15), namely
O554% (0) € O%(p) € D

a similar statement holds with i and p replaced with ;j and p’ respectively. Thus to
prove the maps in (17) are smooth diffeomorphisms, it is sufficient to prove that

1) 61k (OS5 (0) C ¢y 4 (DL).

To that end, we fix p € D’ such that distg= g(p 0) < 26. Tt then follows that
dist, ¢ (Pik(p). $i k(D)) < 2. By (16) and the triangle mequahty, it follows that

dist, x (¢j k(0). ¢k (P)) <38, or in other words ¢; 1 (P) € O3Sk (¢j k(,o’)) However,
since 38 < (rg —ry) it again follows from (15) that

(22) ik (P) € OXF5 (¢, k(P/)) C ¢, 1(O%5(0)) C ¢ 1 (DL).

Since p was an arbitrary point in O, ’ i g(,o), we see that we have proved (21), and

thus the maps in (17) are smooth dlffeomorphisms.

To prove the next part of the lemma we assume that p € O (Sﬂf,oog (p) and p' €O 8‘77 8 (p')
with 00 (D) =,00(0'), and we will show that (18) holds. Indeed, since the sequences
of maps #; ; and i} j converge in C*°, it follows that for all sufficiently large k, we
have

dist,x ¢ (67,4 (0"), ¢j & (7)) <28,
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and thus by (17) we can define
la}c = ¢1 k od)] k( ) < O y kg(p) C 5€r0+3r1)/4 C Dio
Passing to a subsequence, we may assume the ,’5}{ converge to pl, € Dio . We then find
His00(Poo) = im @ (By) = lim ug (¢ k(7)) = il ,00(B) = Tis00(P)-
k—o0 k—o00
However, since u i,00° D,O — M is an embedding, it follows that p = p,, ; consequently

distzs ¢ (.0, 0#j k(#')) — 0, and thus (18) holds.

To prove the last part of the lemma, we observe that ¢J_}€ ok = z'ZJ_}C ol j which
converges in C*° to ﬁj_éo 0l c0. This completes the proof of Lemma 4.1 a

For clarity, now we define

we note that U4;; j 1s closed and contains the closure of Uf;; in D’ Next for § as
above, and for each i, j € {l,...,n} for which Z/{,j # @, and for E =1,...,mjj we
let p;j¢ € U;j be points such that

mij
(23) Z/llj C U Ogloog(pljﬂ)cpr()

(=1
Note that the finiteness of the {pij1. pij2, ..} isaconsequence of the fact that U;j i C D’,O
is compact and (_J pell; (’) f.0o8 (p) is an open cover of U;; i . Next, define ,o 0 € Dil to
be the unique point for Wthh uj,oo(,olﬂ) Uj,00(pije). Now, since the set of points
{pije} is finite we may pass to a subsequence (still denoted with subscripts k) so that
for each pair (p;j¢, ,0;]. ;) one of the two statements holds:

(1) liminf dist,; ¢ (91, (o). 95,4 (0l )) > 0

() kli>nolo diStultg (¢i,k(/0ij€)’ ¢j,k(/0;j[)) =0.

Thus we may define P;; C {pjj1,...,pijm;;} to be those points which satisfy the
second condition. For convenience we also define PI’ = " i 3)0 0Ujoco(Pij). Asa

consequence of Lemma 4.1, it follows that the sets

Uij:=Dh N | fi7d 0 .00(Of 2% (0) N DY)
pePl’

are open, and the maps denoted by # Uj 560 Uioco: U j—> U; Aji are smooth diffeomorphisms.
We now provide a convenient characterlzatlon of the If;; -
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Lemma 4.2 (Characterization of U ) Having passed to the subsequence as above,
we suppose that p € D o o€ Drl , and

24 liminf dist,;z ¢ (#1.4 (0). 95k (P) =

Then p € Usj, p' € Uj;, and @i 0o(p) = i co(p). Also, if p € Usj, o € Uj;, and
Uioo(p) = lj,00(p’) then
(25) lim disty g (614 (0). 6.4 (0) =

k—o00 <

Proof As we shall see, this result follows quickly from the definition of the U j and
Lemma 4.1. We begin by noting that if o and p’ are as in the first part of the lemma,
and if (24) holds, then since the sequences of points i; x (0) and i 4 (p') converge,
it follows that ;00 (p) = il 00 (p"), and thus p € U;; and p’ € Uj;. By construction,
there exists p;j¢, € ﬁij and /O;jeo € aj,- which satisfy

(1) u; oo(/Oijéo) = Zij oo(p;-jgo)
(2) dlSt g(p /01](40) <34
3) elther
() kli)nolo dist, ¢ (1,4 (Pijeo): ).k (07j4,)) =0, or
(b) liminfdisty; ¢ (91 (Pijeo)- 954 (y¢,)) > 0.
Since (24) holds it follow from Lemma 4.1 that property (3a) must hold. It then follows
from the definition of the Zf;; i, that p € Usj j,and thus p’ € Z/{],

To prove the second part of the lemma we note that if p € U j and p’ € ﬁj,- , with
i,00(p) =il 00(p'), then again by construction there exist p;;g, € Ui and p;jzo elU;;
which satisfy properties (1), (2) and (3) above. Observe that since p € U;;, it follows
from the definition of the Zj,- ;j that it must be the case that property (3)(a) holds. By
Lemma 4.1 it then follows that (25) must also hold. O

Later it will be convenient to have the following corollary at our disposal.

Corollary 4.3 For each r4 € (0, rl) there exists ko € N and € > 0 such that the
following holds. If k > kg, p € D ,p € D,4, i # j,and

diStu;‘;g (¢i,k (»), ¢j,k (/0/)) <€,

then p € U;; j and p' € Z:lj, Furthermore for each compact set V C U;; i, and each
open set O C DJ for which u 00 O lic0(V) C O there exists a kg € N such that
¢ik (V) C ¢j k(O) forall k > ko
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Proof Suppose not. Then for some r4 € (0,r1) (and after possibly passing to a
subsequence) there exist some i 7 j and sequences of points px € D;, and ,o;C € DA,
such that

(26) dist,z ¢ (di.4 (k). b7k (P})) = 0.

and py € Ui j - After passing to a further subsequence, we assume that these sequences
converge: O — Poo € Dr , and 'Ok — oo € DJ By the uniform convergence of the
i and u; i it follows that ;oo (0o0) = u],oo(,ooo), or in other words poo € U;jj and
Pho € Uji . Furthermore,

diStqug (¢i,k (Poo): ¢j,k (/Oloo))
< distgy, ¢ (Pk- Poo) + distyr g (Bi4c (k). b7k (P)) + distzs ¢ (P)e> Poo)

— 0.

Thus by Lemma 4.2, we have poo € U i, but the latter is an open set, so0 pi € U j for
all sufficiently large k. This contradiction completes the proof of the first part of the
corollary.

To prove the second part, argue by contradiction. Indeed, if the second part were not
true, then there would exist a closed (and hence compact) set V C Ui j and open set
OcC D] which contains the image of V via 1 0llj 00 With the property that there
exist arbitrarily large k € N for which ¢; (V) ,@ ¢>] o (O). After passing to a further
subsequence, one constructs a sequence of points p; C ) which converge to poo € V
and have the property that

lim inf dist, ¢ (7.4 (k)» Bk © 7 & © i c0(V)) > 0.

However, this implies that
liminf dist, s ¢ (¢i,k (Poo) ) k © 5,0 © i o0 (Poo) > 0,

but this of course is a contradiction since poo € V C U j - This completes the proof of
the corollary. a

We now define the topological space Soo := | [7_; Dil /~ where p ~ p' provided
peUj, pl €Uji,and U oo(p) =Uj,00(p"). We now claim the following.

Lemma 4.4 S is a smooth manifold.

The proof of Lemma 4.4 is elementary; we do not provide it here. We now turn our
attention to constructing the desired reparameterizations of the uj . To that end we
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define the local normal bundles 7;: & — Ui oo (Di l) with total space
E={XeTpM: p=Tic(p)and 0= (X.Y)g VY € Tpil; 00 (DL )}.
Given a smooth unitary trivialization &;: & — Ui oo (Di 1) x RIMM—dim S e can
consider the map
Wit fli,00(Dh)) X Be > M
o !
\pl(/oa X) —CXp” od; l(p X) ( i (IO’ X))’

which is a diffeomorphism with its image provided € > 0 is sufficiently small; here

= {RUIMM—dimS . | ¥'| < ¢}, and exp# is the exponential map associated to the

metrlc g.Since i =1,...,n, let us suppose that € is sufficiently small so that each of
these maps is a dlffeomorphlsm with its image, and let us denote these images by A" .
Recall that by construction the maps u 1 o Ui oo: L{, i —> Z/{J ; are diffeomorphisms.
Thus by construction of the W; we see that the maps

\IJJ-_I oV;: ﬁi,oo(gij) X Be — 7'7],00(?1]'1') x B

are bundle isomorphisms. In other words these maps are homomorphisms (in fact
diffeomorphisms) for which pr;, o\IJj_1 oW; = pr;, and the \IJJ._I o W; are linear maps
on the fibers; here pr; is the canonical projection to the first component of the cartesian
product. It will also be convenient to define the maps

it N' =D, by ﬁizzﬁZéooprlo\Ili_l.

We also recall that the maps i x 1= ug o ¢; : Dil — M converge to U; o, and thus it
follows that for each r, € (0,71) we have u; (Diz) C N7 for all sufﬁci;ntly lar.ge k.
Furthermore for all sufficiently large k& the maps given by 7; ou; : D;, — D, are
diffeomorphisms with their images. In fact,

27 mioujr —1d in C°°(D,2, ).
Consequently, for each r3 € (0, r,), and for all sufficiently large k, we have
(28) Di, C 7ol (DL) and 7;oil;(D;,) C DL,
in which case we can define the maps
Vik: Dpy = Sk by Vik = ik o (Tioizg) ™!

Fix r4 € (0,7r3) and define the sets LA{U = D£4 Na; Lo ﬁj,oo(,D;{;; N aji), and the
smooth manifold
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where p~ o’ provided p €l; i o eL?,- i and U o0 (p) = 00 (p’). With these definitions
made, we now claim the following.

Lemma 4.5 The maps v; j defined above, with domains restricted to D, , descend
to smooth maps ¥y: Seo —> Sy .

Proof We begin by comparing the ¢; x to the ¥; . Indeed, by applying ¥; . to each
side of the second containment of (28) we see that

(29) ik (Dyy) C Vike(Dy,).
and thus the maps wz_kl o k- Dg — Diz are well defined. Furthermore,
_ ~ o~ —1y—1
%,kl opix = (pikoFiotlix)™ ") odix
=Tioujk
30) —1Id in C°°(’Dr%, ),

where the convergence in the last line follows from (27). Consequently for all
sufficiently large k, the maps v; x: Dr3 — ¥ k(D 2 C Sy are dlffeomorphlsms.
Recall Lemma 4.2 which guarantees that if p € Z/l,j CUj, p e Z/{,, C Uj;, and

Ujoo(p) = u/,oo(lo) then
lim dist,», (#1,k(0). $j k(p)) =
k—o00 <
and combining this with (30) yields
dimdistz (Vik (0): V.4 (0) =
We now claim that for all sufficiently large k, we have
€2V Vi W) C ¥ @iy) and ¥  Usi) C i ge i)

Indeed, to see this observe that cl(ﬁj i) C ﬁj i,and ¢j_kl oV — Id, so that by the latter
part of Corollary 4.3 we see that for all sufficiently large & we have

Bj ke © D7k o Vi Uji) C i s i)

From this we conclude the second containment in (31). The first containment is similarly
obtained from

ik 07k o Vi sk Uji) C ik o i o Vi i)
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Now let p € LAIij and p’ € ﬁj,- with ;00 (p) = Ulj,00(p'); to prove the lemma, we must
show that ¥; x (p) = ¥ k(p'). As a consequence of (31) there exist x € D, such
that v/; % (Pk) = ¥ x(p). However, observe that
iij,00(P) = T 00 0 Vrj 1 (V.1 (P))

= lj,00 0 Tj 081 1 © $7 1 (V) ik (0)

= 00 011} o0 0 Pry oW} 0tk (V7.4 (1)

= pr, o\I’j_1 oW;o \111._1 ou (Wj,k(/),))

= pry oW oug (¥ 1 (0)

= Hlio0 0 Ti o up (¥ 1 ("))

= Ui 00 0 i o u (Vi k(D))

= Tlj,00 0 T 0 i 0 b4 (Vik ()

= Ui,00(Pk)-
Recall that i o0 (p) = Uj,00(p’), and thus ;oo (Px) = Ui,00(p), however i o is an

embedding. Therefore pg = p, and thus ¥; x (0) = ¥; k (Dx) = ¥;j x ('), and thus the
Vi k do indeed descend to maps Y on Seo. a

We are now ready to finish the proof of Proposition 2.7. We begin by observing that
the above results hold for all ; whenever 0 < rq4 < r3 <r, <ry <r. Since the
i k: Di — S form a sequence of uniformly robust K—covers, it follows that we may
choose rg € (0, 74) so that the maps ¢; x: 72’, . —> S also form a sequence of uniformly
robust K—covers of the (uy, Sy). We let K C Int(M) be a compact set (the existence
of which is guaranteed by the definition of a robust cover) whose interior contains
and for which

(32) ur (S \ Uz ik (DE)) c M\ K

for all k. Next we observe that uy o ¢; x — Uj 0 in C""(Di1 , M), and these limit
maps descend to a smooth immersion Uso: Soo — M . We have also seen that the
maps V; k: Di — Sk descend to Yy : Soo — Sy , and they have the property that the
sequence uj o ‘/fk Soo —> M converges in C*. We then fix r5 € (rg, r4) and define
ScSetobea compact region’ for which

Uiy ¢k (DL) € ¥ (S) € U~ ¢k (DL

for all sufficiently large k. We then note that by (32) we have uy (Sk \ Wk (S ))
M\ K. Thus all that remains to finish the proof is to show the maps Yg: S — Sk

5See Definition 2.1.
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are diffeomorphisms with their images. Since wz_kl 0¢ix — Id in C®(D,;,Dy,), it
follows that the ¥, are immersions, and since dim § = dim Sy it follows that it is
sufficient to show that the ¥;: S — Si are one-to-one for all sufficiently large k.

To prove this, suppose not. Then after possibly passing to a subsequence there exist
sequences of points [og], [,ok] € S C Ss with representatives p € D}, and ,ok € Dis
for which neither i nor j depend on k, [px] # [,ok] and ¥; x (ok) = 1//1 k(,ok) Next
observe that the v; x: Dh — Vi, k(D’ ) are diffeomorphisms for all sufficiently large k
(and similarly for j),soif i = j, then ok = py, and hence [p] = [p;] € S which is a
contradiction. Thus we henceforth assume that i # ;.

Since ¥k (pr) = ¥j, k(p}() € Sy, and wz_kl o¢ix — Id in C°°(Di ) and similarly
for j, we conclude that dist,, = g (¢, k (k). j, k(Pk)) — 0. We then apply the first part
of Corollary 4.3, and conclude that for all sufficiently large k, px € U i N D and
,ok € Z/{] in Dr; Consequently for all sufficiently large k there exist py € U 3] C D
with the property that #; oo () = U, cx)(,ok) Our goal now is to show that for some
large k, we have ,ok € D’ Indeed, 1f this were true, then Vi, k(Px) is well defined;
furthermore, py € Z/{,] F‘ID and % uj o0l oo(Pr) = ,ok € Ll,, ﬂDm (in other words,
i €07, 50 that e (3e) = ¥ (7)) However by assumption ¥4 () = /.4 ().
s0 Vi k (px) = Vi k(Pr); but for all sufficiently large k, ¥;  is a diffeomorphism with
its 1mage so we conclude that px = pi . Then we would have shown that p € Z/l, g ﬂD, "
0y € Z/{], N Dr4, and #;,00(0k) = Uj,00(0}) . In other words [px] = [0} ] € S, which is
the desired contradiction.

We have so far shown that to complete the proof of Proposition 2.7, it is sufficient
to show that for some large k, we have pi € Dy, . To that end, we pass to a further
subsequence so that p; — poo € cl(Z/{,]) N (:l(Dl ) and Py — Poo € cl(Dl ). By the
definition of p; and P, and the uniform convergence of the u; ; and #; ; to an
embedding, it follows that #; oo (Poc) = Ui,00(Poo). Consequently, for all sufficiently
large k we have Py € D: ,» and due to the discussion in the previous paragraph, this
shows that we have completed the proof of Proposition 2.7. a

4.2 Proof of Proposition 3.9

In what follows, it will be convenient to have the following notation:
(33) Yui=R/2xZ) %[0, n),

with 1 € RT U {oo}. We shall call the product metric g := dx? + dy? the standard
metric on X, and [g] the standard conformal structure. We also abuse notation
by defining Xy := (R/27Z) x {0}. Also, by assumption S has a finite number
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of connected components, so without loss of generality we shall assume that S is
connected.

Much of the proof is standard, so we focus primarily on the less standard aspects,
namely showing the existence of reparameterizations of the uz: S — M which have
the desired boundary convergence. To that end we recall several important results.

Lemma 4.6 (Uniformization) Let (S, g) be a smooth connected compact Riemann-
ian manifold of dimension two with boundary, and consider the finite set ' C .S\ dS'.
If x(S)—#I" <0, then there exists a unique smooth geodesically complete metric h
on S := S\ T in the conformal class of g such that Area;,(S) < oo ; furthermore the
Gauss curvature of h is identically —1, and the boundary components of S are all
h—geodesics.

Proof This is a well known result. A proof via variational partial differential equation
methods in the case that ' = @ = 0.5 case was provided by Tromba in [11]. The
case with boundary can be treated by modifying the argument in [11] to consider
an associated Neumann boundary value problem. The case with punctures can be
treated by removing disks of arbitrarily small radius centered at points in I" and taking
limits. |

Lemma 4.7 (Conformal distance) Consider the half-cylinders X, endowed with the
standard conformal structure and with moduli © € Rt U {oo}. Then for each number
r > 0 there exists a number £ = {£(r) > 0 with the following significance. If U C Y
is conformally diffeomorphic to 3, , and o CU, then Xy CU.

Proof This is a restatement of Lemma 2.1 of [7]. O

Lemma 4.8 (Quasiconformal estimate) Let (S, g) be a two dimensional Riemannian
manifold, and let 3, be equipped with the standard metric and conformal structure as
above. Suppose furthermore there is an annular region A C S and a diffeomorphism
(but not necessarily conformal) y: ¥, — A for which

sup | oy |1 Tyl < C < oo,

PEZY

where || - || denotes the norm of a linear map between normed vector spaces. Then,
letting mod[g1(A) denote the modulus of the cylinder (A, [g]) C (S.[g]), we have

Clu< mod[gj(A) < Cp.

Proof By the uniformization theorem, it is sufficient to prove the result for S = R?
with the standard conformal structure. The result then follows from Lemmas 2.3.1 and
2.3.2in [10]. O
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The following lemma follows from a straight-forward computation. We state the result
here for convenient reference later.

Lemma 4.9 (Model hyperbolic cylinder) The metric i := cosh?(t)ds? 4+ dt* on R?,
satisfies the following properties.

(1) h is a hyperbolic metric; ie h has constant Gauss curvature equal to —1.

2) If(S, h) is a two-dimensional Riemannian manifold equipped with a hyperbolic
metric h and o: (s9,51)— S isan h —unit speed geodesw and v is a continuous
Ji —unit normal vector field along «, then h = ¢* h where

o(s,t) = expz(s)(tv).
(3) The metric h descends to (R/£Z) x R. Furthermore the map given by
¢ RMUZ) xR — (R/27Z) x (=201, 72071
b(s. 1) = ([271@_15], 2! arctan(sinh(t)))

is a conformal diffeomorphism for the conformal structures associated to h on
the domain of ¢ and the standard Euclidean metric on the range of ¢.

Let us now proceed with the proof of Proposition 3.9.

Lemma 4.10 (Convenient marked points) With (S, ji) as in Proposition 3.9, and
S connected, there exists a sequence of finite sets I'y;, C S\ dS with the following
properties.

(1) #Ixy =N
2) x(S)—-#I'y, <0
(3) The hyperbolic metrics h; on S \ I'y, guaranteed by Lemma 4.6, have the

property that each connected component of 0S has length uniformly bounded
away from 0 and oo.

Proof Observe that if S = @, then Lemma 4.10 is trivially true, so henceforth
we assume 0S # @. Letting ¥; x: Ze = S! x[0,€) — S be the maps as in the
assumptions of Proposition 3.9, we denote the metrics g; x := (ux © V¥ x)* i k » Which
converge in C* to the metrics g; oo on X¢. By the uniformization theorem (and
possibly restricting the domains of the ¥; ;) we may assume that for each i we have
8ico = efi(dx? + dy?); in other words the limiting conformal structures on
are standard. We then define fi,k = {Vik(0,€/4),¥; k(0,€/3),¥; x(0,€/2)}, and
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fk =U; fi,k- Since S is connected with at least one boundary component, it follows
that x(S) —#I'y < 0; we then let /i, be the hyperbolic metrics on S \ I';, guaranteed
by Lemma 4.6.

We now claim that the 7, r length of each boundary component of S is uniformly
bounded. To prove this, we observe that since the [g; 0] = [g] on X, it follows
from Lemma 4.8 that each boundary component of S has an annular neighborhood of
modulus at least €/5. Then Lemma 4.9 guarantees that the h r —lengths of the boundary
components of S are uniformly bounded.

Before completing the proof of Lemma 4.10, we will need to make use of the following
result.

Lemma 4.11 (Hyperbolic neighborhood) Let S and ¥; j be as in Proposition 3.9,
and let Ty, hy, ¢ be as above. Let 0; S denote the i —th boundary component of S,
and define the open set

O (38) = (¢ € § : disty, (£.95) < 8}.

Then there exists j4 >0 and §; x > 0 such that the Ohk (9; S) are annular neighborhoods
of the 9; S with modulus equal to v, and are contamed in every annular neighborhood
of 9; S with modulus at least €/5.

Proof We begin by defining Sy := S\ T, and the doubled surfaces
28k == (S) U Sg)/~

where ~ is the identification via the identity map along® aSk Observe that since the
components of S are hk —geodesws it follows that the A, % extend via reflection to
smooth hyperbolic metrics on 2.5} ; we abuse notation by also denoting these metrics h, k-
Next note that there is a natural inclusion BSk <28 &, and the image of the i —th
boundary component is a simple i[k —geodesic of length Z,-,k < C < 0o. Next, it is
straight-forward to show that the maps

¢ik: (R/L; xZ) xR, h) — (2Sk, hy),

defined as in property (2) of Lemma 4.9 (and associated to the simple closed geodesics
9; Sy of length K, & ), are isometric covering maps and hence conformal. Combining
these maps with the conformal diffeomorphisms

Pi k- ((R/Zl,kz) X [0’ 5)’ [h]) - (EZnZ’_li arctan(sinh(8))’ [g])

5To be clear, BSk = 05, or in other words, BS’k does not contain the “degenerate boundary compo-
nents” I'y.
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given by property (3) of Lemma 4.9, we observe that any annular neighborhood of 9; S 2
can be conformally lifted by ¢; x o ¢z_k1 to annular neighborhoods of 3¢ C X4, with
the standard conformal structure. Next, observe that as a consequence of Lemma 4.7,
there exists a i > 0 such that any annular neighborhood of ¥y C ¥ of modulus at
least €/5 contains X,,. Thus to complete the proof of Lemma 4.11, it is sufficient to
show that there exist §; x > 0 such that

2w
(34) =— arctan(sinh(J; x)) =

ik
Without loss of generality, we may assume that p < inf; g ]TZZI._]i , however in this
case arctan o sinh is invertible, and the existence of the §; x that satisfy Equation (34)
follows immediately. This completes the proof of Lemma 4.11. a

With Lemma 4.11 proved, we now finish the proof of Lemma 4.10. Indeed, let
Tk =Tk Uik, Snk} Where §ig = ¢k 0973 (0, 1/2), and 1, ¢k, and @; g
are defined as in the proof of Lemma 4.11. By construction, properties (1) and (2)
of Lemma 4.10 are satisfied. To prove property (3), we note that by definition each
boundary component of S \ I'; has an annular neighborhood of modulus /4 > 0, so
again by property (3) of Lemma 4.9, it follows that the /; —lengths of the components
of 95 are uniformly bounded. All that remains then is to show that the /;—lengths
of the components of dS are uniformly bounded away from 0. Note that if this
were not the case, it would follow from property (3) of Lemma 4.9 that for any fixed
8 > 0, there would exist an i and k such that d; S has a metric annular neighborhood
Og’k (0;S) C S\ Ty of modulus as large as we wish (in particular, greater than €/5).
But then B
ik 091 (Zp) = O5k (3:S) C O (;5),

where the equality follows by construction of ¢ and ¢, and containment follows from
Lemma 4.11 since 5
mod; (OF* (3;5)) > ¢/5

by assumption. However, this is impossible because I'y N ¢; o Dik (= w) # I by
definition of I'y and I'y N (’)hk (0; S\ T'x) = @ as a consequence of the definition of Ay .
This contradiction shows that the Ay —lengths of the components of dS are uniformly
bounded away from zero, and thus the proof of Lemma 4.10 is complete. a

Before proceeding with the proof of Proposition 3.9, we need one more technical result.

Lemma 4.12 (Convergence near the boundary) Let ug = (ug, S, jk, Jr), ¥ix and
Y¢ be as in the statement of Proposition 3.9; also let ¢; . and ¢; j be the maps defined
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as in proof of Lemma 4.11. Then after passing to a subsequence, there exists § > 0
such that the restricted maps

-1,
Uk O PikOP;pt Xs > M

converge in C*°(Xs, M).

Proof Recall that by assumption the wuy o ¥; x converge in C°°, so in order to
prove Lemma 4.12, it is sufficient to prove the 1/fl_k1 ik o (pl._,kl: 3§ — X converge
in C. To that end we treat these maps as pseudoholomorphic curves with a real
one-dimensional Lagrangian boundary condition. Indeed, we observe that for some
d > 0 we must have uniform gradient bounds, since otherwise one could “bubble-off”
a nonconstant holomorphic map from C (or the upper half plane) to a compact set in
S! x R, which is impossible. Elliptic regularity then guarantees C° bounds on g,
and thus by passing to a subsequence we have the desired C® convergence. This
completes the proof of Lemma 4.12. a

Finally, we finish the proof of Proposition 3.9. The remainder of this proof is fairly
standard, so we simply sketch the argument. We first note that by construction, the
marked Ji—curves (ug, pig) with py := Iy are all stable, and these marked curves
will remain stable even after more marked points are added. Next we note that either
we have uniform /i;—gradient bounds on the uy, or else we don’t. If we do, then
Deligne-Mumford compactness (and the uniformization theorem) guarantee the ex-
istence of a decorated nodal Riemann surface (S, j, u, D, r) and diffeomorphisms
or: SP" — S such that properties (2)—(4) of Definition 2.11 (ie Gromov Convergence)
are satisfied. Elliptic regularity and Arzela—Ascoli yield property (6), or rather the
desired Co°—convergence away from nodes and boundary. Smooth convergence in
boundary neighborhoods then follows from Lemma 4.12. Property (5), in other words
Co—convergence on S P> _ then follows from Gromov’s removable singularity theorem,
monotonicity of area, and the uniform gradient bounds with respect to the hyperbolic
metric.

On the other hand, we may not have uniform /;—gradient bounds on the uy, . In this
case, one applies the usual bubbling analysis to guarantee the existence of a sequence
of finite sets fiy D ur = I'x, which satisfy the conclusions of Lemma 4.10 and for
which one indeed has uniform / r—gradient bounds. Note that as a consequence of
Lemma 4.12, we have disty, (jix,dSk) > € > 0 for some € > 0 independent of k.
The arguments of the previous paragraph then apply, and we again conclude Gromov
convergence. This completes the proof of Proposition 3.9. a
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4.3 Proof of Proposition 3.12

Fix € > 0. Recall Lemma 2.9, which guarantees that for each z € Z, there exists
holomorphic coordinate charts ¢,: O,(z) C § — O,(0) C C ~R? and polar geodesic
coordinate charts ®,: O, (u(z)) C M — O,(0) C C" ~ R?" which satisfy ¢,(z) =0,
D, (u(z)) =0, (Pz+J)(0) =i = Jy, and

®,ouo0p; ' (p) = (p*.0,....0) + F,(p) € C" ~R?*"

where ¢,() = p=s+it, F;(p) = Okz+1(|p|kz+1), k; > 2, and the subscript z
denotes dependance on z € Z. Consequently we make the following definition.

Definition 4.13 Let gy be the standard metric on R2"  and let g, Jo, Fz, ©;, ¢z,
and u be as above. Then define €5 > 0 to be a positive constant for which the following
hold.

(el) €9 <min(l,¢).

(€2) The sets Be,(z) :={§ € S : disty, (z,{) < €o} are pair-wise disjoint as z varies
over Z,.

(€3) Bey(z) COz(z) C S forall z € Z,.
(ed) |F;(p)| <e¢g forall pe d)Z(BeO (z)) and z € Z,.
(€5) Bse,(u(z)) C Oz (u(z)) C M foreach z € Z,,.
(€6) [[dFz(p)llgo < 3lpl*~" forall p € ¢z (Bey(2)-
Next define a smooth cut-off function 8: R — [0, 1] for which 8’ <0 and
1 ifa<
a) =
p@ {0 ifa>

Bl B|—

Also define the following family of perturbed maps for § € [0, €¢).

H0) = {”(53 ) i £ €S\ Uzez, Beo )
D, 0v;00,(0) if e Be(2),

where for each z € Z, we have ,: O;(0) C C ~ R? — C” ~ R?" given by

02(p) = @z ouo¢; ' (0) + (0,857 B(pl/r0)p,0,. .., 0)

where rg € (0, €g) has been chosen so that

(35) Dryi=1{p€C:|p|l <ro} C [ 6:z(Bey(2)).

ZEZ,
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More concisely, our locally defined family of perturbed maps is given by

(o) = (0*. 8" B(Ipl/r0)p, 0, ... 0) + F(p)

where F(p) = Og4+1(] p|¥*1) and we have stopped denoting z dependance. We now
take a moment to verify that the # are well-defined. Indeed, each U, is well defined
on O;(0), so it is sufficient to show that v, 0 ¢,(¢) C @, (Oz (u (Z))) for each z € Z,,
and ¢ € ¢ 1(Dy,), and that u(¢) = ®; ! 09, 0¢,(¢) for all { near dB¢,(z) C S. To
that end, define v, := ¥, |s—¢ and observe that supp(v; —v;) C D, C ¢, (Beo (Z)) cC,
and thus indeed u(¢) = ®; ! 0D, 0¢,({) for all ¢ near B¢, (z) C S. Also observe
that since supp(V; — v;) C Dy, , it follows that for p € D, we have

~ — kz z=
192(0)] < 1%+ 8% 0] |B(1pl/10)| + | Fz(p)| < ry” + 1o8% " + | F2(p)| < 3eo,

where we have made use of the fact that rg,§ < €y < 1, and (e4). Consequently, by
(e5), we have ;0 ¢,(¢) C ®,(O;(u(z))) for each z € Z, and ¢ € ¢; ' (Dy,). This
shows that the # are well defined perturbations of u.

With the above perturbed maps # defined, our next goal is to show that for all sufficiently
small § > 0, all six properties of Proposition 3.12 are satisfied. To that end, let
prj: C" — C denote the canonical projection to the j—th complex coordinate; by
(e6) it follows that d(pr; ov)(p) = 0 only if p = 0, and by definition of v we have
d(pr, ov)(0) # 0 provided § # 0. Consequently the maps v are immersions for all
§ > 0 sufficiently small.

Observe that property (D1) follows from (e2) and Equation (35). To prove property (D2),
we note that # — u in C°(S, M) (moreover in C*®(S, M)) as § — 0, and hence
(D2) is also satisfied for all sufficiently small § > 0.

We now prove property (D3). First observe that for any compact region X C S\ Z,,,
we have i — u in C1(KC, M) as § — 0, and the limit is an immersed J —curve. Since
the limit curve has J—invariant tangent planes, it follows that there exists a §’ > 0
(dependent on K and ¢() such that the desired estimate holds for all § € (0, §’) and
X € T¢ with § € K. To prove the result on the complement of K we work locally and
fix z € Z, and define & := ®,4g, J := ®,4J, F:=F,, k:=k,, and 9 :=0,. To
finish proving property (D3), it is then sufficient to prove the following lemma.

Lemma 4.14 There exist constants 8 > 0 and 0 < r < ro/4 (dependent on g, J
and F ) with the following significance. If § € (0,8"), |p| <r, and X € 0x(T,R?) with
| Xz =1, then

ITX) g <e.
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Before providing the proof of Lemma 4.14, we first introduce some notation which
will be useful later on. We will let C (resp. ¢) denote any sufficiently large (resp.
small) positive constant depending on F, J, and g, but not 6. Next, consider a plane
PC Tqu”. Then we can define the g and go orthogonal projections

Tz . 2n Te . 2n
H(qf’jp). T,R*" - P H(q’%). TR - P
= _ 1
H(Lq‘fp): Tqu" — ple H(qg:%): Tqu" — Pleo.

Note that we may identify each tangent space 7, qRZ” with R2” via coordinate transla-
tion, and in this manner we may regard the above projections simply as maps from R2"
to P, P17 and PLeo c R2". In particular, this allows one to add, subtract, compose,
etc. these projections even with different (¢, P). We clarify this last point. Without a
fixed identification of the fibers TqRZ”, the following quantity would be nonsensical:

T'; T
H(;l ,Pl)(X‘Il) + H(qi,Pz)(Ylh)’

Moreover, even with the above identification defined, the following statements hold in
general:

Tz 1z
(36) M molgm #0
(37) M oMl ? 0.

(q1.P) ° g2, P) T

The point of (36) is that in general ¢; # g2, and thus the inner products g|,, and g|g,
need not be equal, and thus neither do the orthogonal compliments of P. Of course, if
g1 = g2, then the nonequality in (36) should be replaced with an equality. Given this
discussion, one may expect that in general (37) should be false, however the point here

is that Hégp) | = 0, independent of ¢. We make use of these facts below.

We now abuse this notation for the application we have in mind. Indeed, for smooth
immersions ¢, ¥: D,, C R? — R2" we will use the notation
1 _ 1l
o mv) = o). @,
and similarly for the other projections. It will also be convenient to define the
complex polynomial P(p) = (pk,8%p,0,...,0, so that for |p| < ro/4 we have

3(p) = P(p) + F(p), where F(p) where F(p) = Oy (|p/¥*"). With this notation
established, we are now prepared to prove Lemma 4.14.
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Proof of Lemma 4.14 Let X be a g—unit vector tangent to the image of v, and define
the following.

1

Er:=(Mgrs— H(; rpy) (JoX)

L ~
E = H(é%ﬁ) ((J — J())X)
1z 1L ~

&= (H(aé,’m) - H(ﬁf(%ﬁ))(JX)’

so that
1z ~ 4

(38) o) (TX) = T35 (JoX) + &1 + & + &3

Next we recall the estimates |V(p)| < Clp|, 2(¢) — g0(q) gy = Clq|?, and also
17(q) = Jo(@)llgo = Clgql, so that

(39) I1€21lgo + 1€3]lgo = Clpl-

To estimate &;, we note that ||[dP|g, = (|p|?k=2 4 §2k=2)1/2 and since P is a
complex polynomial, it follows that the linear maps

|dP gy TP: ToR* — Tp(,)R>"
are go—isometries. Furthermore ||dF || g, < Clplk < C|pl|ldP| gy~ sO
-1 1A
[1dPIz TP ~ 4Pl T3], <Clol.

from which it follows that
e

(40) ”H(a,m) (P TP) H Clpl.
and thus
(41) I€11lgo = Clpl.

Lastly, we observe that since P is a complex polynomial, Jy preserves the tangent and
go—normal bundles along the image of P; consequently Jy and H( IfOT p) commute.
It then follows from (40) that

L
(42) ”H(;’:}TP)(JOX)HA’O EC'|/0|

Combining the above inequalities then yields
I(TX) g = Clpl.

which then proves Lemma 4.14, and completes the proof of property (D3). a
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Observe that ug — u uniformly in C'(S, M) (in fact, in C*), and S is compact, so
that (D4) follows immediately.

We now move on to the proof of property (DS5). Here we consider two cases: compact
sets of Dy, \ {0}, and small neighborhoods of 0 € D,,. We handle the former case
first.

Lemma 4.15 For each compact set K C Dy, \ {0}, there exists §' > 0 with the
following significance. For each § € (0, "), the following estimate holds for all p € K:

K5+5(p) = Kyrg(p) + €.

Proof Observe that ¥ — v in Cm(DrO,RZ") as 6 — 0, and v is immersed on
Dry \ {0}, 50 Kjrg — Ky+z in G2 (D, \ 10}, R2"). The result is then immediate. O

The proof in the case of neighborhoods of 0 is more complicated, however we claim it
follows quickly from the following technical result.

Lemma 4.16 There exist constants 0 < r < ro/4 and §' > 0, which depend on F
and g (but not § ) with the following significance. For all § € (0,8") and p € Dy, , the
following inequality holds:

(B(vSa vS)f B(Ut, vt))§ <e+ sup %” tqu JVJ”%,

|05 A ﬁt||§~ qEM
JPq=Pq

with notation as above.

Before proceeding with the proof of Lemma 4.16, let us use it to finish the proof of
property (D5). Indeed, recall that the Gauss equations for immersed surfaces guarantee
that

(B(0s. ), B(01,01))z  I1B@s. 003

Ko-3(p) = Kuee(04(T,5)) +

105 A D112 15 A D12
< sup |Kec(@)|+ sup 3ltrp, JVJ|Z +e,
qeM qgeEM
Jpq:Pq

which is precisely the desired result. Thus to prove property (D5), all that remains
is to prove Lemma 4.16. To that end, we will make use of our notation from the
proof of property (D3) concerning the g—orthogonal projections HI,,) and Hft,_).
Furthermore, for the remainder of the section we will regard vy, s, vgs, Uss, €tC. as
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either vector fields along the image of v or ¥ (as appropriate), or else as maps from Dy,
to R2”, with the distinction determined by context. Consequently, we may now write

1z ~ o~ 1= R
By (v, v5) = H(v””TU)(VuS vs) and B;(vs, Vs) = H(ﬁé:Tﬁ)(vﬁs Us),
and more importantly it will allow us to estimate quantities like the following:
1z 1z A~
H H(U%T'g) (Vvs Vs) — H(ﬁ%T’ﬁ) (Vﬁs Vs) H 20"

Here, as above, g¢ is the Euclidian metric, and V is the Levi-Civita connection
associated to g. We locally define the (1,2)—tensor I' by the following.

VxY =dY(X)+T(X.Y),

where X, Y are vector fields on R?”. As above, it will be important to track the point
g € R?" at which T is evaluated, and we denote this T';(X, Y). Abusing notation as
before, we will also write I'y (X, Y) = I'y,) (X, Y).

We are nearly ready to prove Lemma 4.16, but we need just a few simple estimates,
which are collected in the following result.

Lemma 4.17 For all p € D., the following inequalities hold:

(43) (1=ClpDlVsllgo = 10t llgo = (1 + ClpDIVs g
(44) lvsllg < Clivsllg

(45) lvellg < Clivellg

(46) 10511zl llg = (1 + ClpD s Ave 5.

Proof We begin by observing that g(q) = go(¢)+O(|q|?), and |3 (p)|+|v(p)| < C|pl,
so it is sufficient to prove the above estimates with g replaced with go. Next recall that
P(p) = (p*,85"1p,0,...,0) and thus o = P + F, with F defined at the beginning
of this section. Observe that

7 I Fillgo + | Fsllgo < Clpl* < Clol(1p|** 72 + 82k72)1/2
48) 1Psllgy = (10172 + 827212 = || Py .
Consequently, for all p € D, we have

49)  (1=Clol)(pl**72 + 82712 < min(|[ 55 go. 19l o)

(50) max([[0slgo. [10¢llg0) < (1 + ClpD(|p?* > + 82473 1/2,
so inequalities (43) are immediate. Also,

(51) s lgo + lellge < Clpl™1 < C(|p|k72 4-§2k72)1/2,
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Combining this with (49) proves inequalities (44) and (45). To prove (46), we note that
(Ps, Pt)g, =0 since P is a complex polynomial; then by using (47)—(49) we have

(D5, D2 )go| = 1 Fsllgoll Fellgo + | Psllgoll Fellgo + Il Pellgoll Fs llgo
= ClplllVsllgo 1Vt llgo-
for all p € D.. Consequently
105 A Dellgy = 10517, 191113, — (05, 9) g,
= (1= Clal) 105 lig, 19113, -
and inequality (46) follows immediately. |

The following result will also be important in the proof of Lemma 4.16.

Lemma 4.18 Let (u, S, j,J) be an immersed J —curve in an almost Hermitian mani-
fold (M, J,g),let ¢ € S, and let (s,t) be local complex coordinates around ¢ so that
us+ Ju; = 0. Then

(vusus + vu,“l‘)—l— =
where V is the Levi-Civita connection associated to g, and X — X T is the orthogonal

projection to the tangent space of the image u.

Proof We compute
(Vuyus + Vy, ”t)T = (Vuyus + Vy, (J”s))T = (Vu,us + JvutUS)T
= (Vuytts) " + I (Vi) T = (Vuyus) T+ T (Vaus) " =

where to obtain the second equality we have employed the Leibniz rule, together with
the fact that ((VJ)us) T = 0. Indeed, this result follows from the fact that the tangent
planes of the image of « are J—invariant, and ((VJ)X, X)=0=((VJ)X, JX). This
latter result is elementary, and a proof was given by the author in [3]. The remaining
equalities are then standard. a

With our preparations completed, we now finish the proof of property (D5).

Proof of Lemma 4.16 We begin by defining

1z 1z 1z
(53) &= H(v o) (Do(0s. 05)) — (v o) (F (vs, vg)).
Recall that Hé %) ° H(U T ) =0, and thus
J_~
(54) (f,’Tg) (vss) = Ef + H(lng) (Vss)-
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Recall that for any 0 < r <rg/4 and p € D, we have B(|p|/ro) = 1, so it follows that
U —v is a linear function on Dy, so Vs = vgs. Consequently,

~ A 1z
B (v, vg) = H(UE;T@‘) (Vo,vs) + 5f + 55.

Next we estimate the £ terms. First note that max(Jv(p)|, |[v(p)|) < C|p| for all
p € D¢. Combining this with [|I';|l¢g, < Cl|g| yields

(55) 1T (vs. vs)llgo + IT5(Ds. D) llgo < Clol(llvsliz, + 10sl1Z,)-
and thus by (44) we have
(56) 1€3 110 < Clolllvs g, -

To estimate &, we first recall that (¢) = go(¢q) + O(|¢|?), and thus for any plane
P C R?" ~ TR?", we have

1z

ITeE = TE o < Clanl? + a2

for any ¢, ¢, € R?" with max(|g1], |¢2]) < c. Combining this with our estimates for
v, U, and T yields the following:

1=
185 g0 < ClARP TG ) (s5) o
J_.,
< ClAP I ) (Vo v5) g0 + Cliol s,
Combining these inequalities then yields
1z A
||Ef||g0 + ”55”g0 = C|P|(”H(lfTﬁ)(vvsvS)”go + ”vs”%go)-
By replacing s with ¢ above, one may define £ { and 55, and prove
A A 1z
Bi)\(le Ut) = H(’lfTﬁ)(vvt Ut) + g{ + gt’

with similar estimates for the £’ terms. We now employ Lemma 4.18, and the fact that
H:=tr B=try JVJ, to obtain

vvsvs + Vv, Uy = J(Vvs J)vs + J(Vv, J)vg,
and consequently
MF_ (Vy v,) = —TT-F_(V MF_ (J(Vy. s + J(Vy J
(U’T’ﬁ)( v Ut) = — (v,Ti)‘)( vy Us) + (v,Tﬁ)( vy Vs + J(Vy, )Ut)

1z Lz D,
[ 1_I(vé,’Ti?) (Vvt vt)”? = ”H(US:TT)) (Vv" vS)HE +ClIvs ”‘%
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Combining this with (43) and our above inequalities then yields

2
1z
D Y (& o + 1€ llgo) = Clol(IM g (Vugvs)llgo + l1vsllg,)-

i=1

For clarity, we then define

ES =&+ &5, E=&+8, £ :=max(&*, &)
1q 1z
X = Ty (Vuvs). - X7 1= T gy (Vo v0)
J_~
V= T s (T (Y, Dvs + T (Vo Do),

so that By(Vg, 05) = X* + &%, By(0s,0;) = X'+ &', and V = X5 + X' Finally, we
can estimate
(Bﬁ(ﬁSaﬁs)’B’ﬁ(ﬁt’ﬁt»gf_”Xs”%"‘ 1X*Nz1V Iz +20€0z1 X NIz
+HIENZIV Iz + €113
< LIVIZ+ =L+ CloDI X* 12+ ClplIBs 1%

Recall that (1—C|pl)||s ||g~ <||vs AV, ||;2;, so that if |p| is sufficiently small (depending
only on the g, J, F, and ¢, but not §) we find that indeed

B;(Ds.05). By(Dr, )z
B0 j) A”(z’ g _ sup  sup L J(Ved)e+ J(Vy.J)Je|,
105 A Ut”g; qeEM ecTyM
lellz=1

which is precisely the desired inequality. This completes the proof of Lemma 4.16, and
hence property (D5) is proven as well. |

We now move on to proving property (D6). We begin by showing that Gaussian
curvature Ky+g: S\ Z, — R is integrable. Since K, is defined and smooth on the
compliment of the set of critical points Z;, C S, it is sufficient to prove that Kz is
integrable on D, . To that end, recall that the Gauss equations for immersed J—curves
guarantee that K=z is uniformly bounded from above in terms of VJ and the sectional
curvature of M . Since Area,«z(D;) < oo (more precisely, D, has finite measure), it
follows that a modification of the of the monotone convergence theorem guarantees
that K«z is integrable whenever

lim Ky«z > —o0.
a—0 Dr\Dy
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To show this integral is finite, we define for each a > 0 the parameterized paths
o,&@: R/27Z — R?*" by
a(f): = v(aeie)
= (akeike, 0,...,0)+ F(aeie)
a0): = (a*e*% 0, ...,0).
Along the image of « we define the vector field v(0) € Ta(g)]Rz” to be the unique
“inward pointing” g-unit vector field which is tangent to the image of v and g-

orthogonal to v(0D,). We similarly define the go—unit vector field V along the image
of v, which can be explicitly written as

5(0) = —('%%,0,...,0).
Using 2(¢) — go(q) = O(|q|?) and [Tqllg < Clg| it is straight forward to show
271 /Ol v 2r A// A
‘/ Nar Vg 4o / g°d9‘<Ca
lo’l| g @' gq

Furthermore, letting k,+z denote the geodesic curvature of dD,, and applying the
Gauss—Bonnet theorem, we find

27Tk—(/ Kv*g;)—(/ Kv*g)‘= 27‘(](—/ Ky*g
Dr\Dq 9Dy 9Da

2 V.,
_ an—/ Ve’ vig d@‘
0 lle’ ||z

27T AN A
2nk—/ (@7 gy d@‘
o lla'llg

<Ca+

=Ca,

which tends to zero as @ — 0, and hence the K+¢ is integrable on S'. Moving on
with the proof of property (D6), we again let Z, C S denote the set of critical points
of u, and Be(z) :={{ € S : disty*g(z,{) < €}. Then we break the open set U/ C S
into three regions:

U = U Be(z)
ZE€Z,NUE
Up=UN ( g Be(z)\ul)
zeZ

Us =U\ Uy Ulhy).
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Note that by construction, for all ¢ € U3 we have u(¢) = %(¢), and thus

(58) | Kug=—| Kip
Uus Uz

Next, we fix €/ > 0 and note that since K¢ is integrable and property (D1) holds,
without loss of generality we may assume € > 0 is sufficiently small so that

(59) max(— Kyrg, — /Kug) Z/ |Kyrg| <€'/3.
U

ZEZy Be(2)
Since Areay+g(S) is finite, it follows from property (D4) that without loss of generality
we may assume that € > 0 is sufficiently small so that the following holds:

(60) (€ + Cyeom) Areagsg (U ez, Be(2)) < €'/3,
where Coeom := sup |Ksec(q)|+ sup | trp, JVJ||§,.

qgeM qeM

JPy=P,
Consequently, / Kig < (€ + Coeom) Areageg (|, ez, Be(2))
Us
<é€/3
(61) <2¢/3+ | Kyrg.
U

Lastly, recall that the definition of # guarantees that for every ¢ € dB¢(z) with z € Z,,
we have 7(¢) = u(¢). Thus we compute

— Kow, = =27 +/ Ki*
/342) e B L

3Be(2)

(62) —2n(k—1)
as € — 0. Recall that k — 1 = ord(z), so by integrating over U{; we find that for

sufficiently small € > 0 we have

(63) (1— € Z ord(z) < — / Kirg.
ZE€EZ, NUE U
Combining (58), (59) (61) and (63) yields the desired estimate:
(1-ehr > /Kug<e—/K
z€Z, NUE

This completes the proof of property (D6) as well as Proposition 3.12. a
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4.4 Proof of Proposition 3.13

The proof of Proposition 3.13 consists of two main parts. The first part consists of
passing to the desired subsequence and constructing the finite set S and showing
the first part of the proposition holds. The basic argument here is to construct the
subsequence and S by iteratively passing to further and further subsequences with #S
getting larger in each subsequent iteration. We then argue that if #S is arbitrarily large,
then by monotonicity the S must have arbitrarily large area, which is a contradiction.
The second part of the proof consists of a covering argument which reduces the problem
to showing that the integral of the Gaussian curvature on disks cannot be arbitrarily
negative; we prove the reduced problem by recalling a differential equation which
relates the area of an intrinsic disk to the integral of the Gaussian curvature on said
disk, and conclude that since the area is a priori bounded, so too is the desired integral.

Moving on to the actual proof, we note that since the uj are robustly K—proper, there
exists a compact set ; for i = 1,2 such that

K:=Kycck;cck,ccM,

and for which the uj are robustly K, —proper. Next we fix 6o > 0 such that the
following conditions hold.

(1) Ofts (Ki) C Ky forall k e N and i € {0, 1}.

(2) 10'°8y < min (Co_ol/z, inf g, inji[ (q)), where

Coo := 2+ sup |KE&.(¢)| + sup VI3

sec
qgeEM qgeEM

(3) Foreach p € IEZ and gj—geodesic polar coordinates (x!,..., x?") centered
at p for which Jg(p)d,i = 0,i+n fori =1,...,n define the differential forms
@p and Ap on O) 1= Ofgao(p) by
Bp =" idx' Adx'" and X, =Y xldx!T
We then require that §y > 0 is sufficiently small so that

sup [|ApllLeeo,) = 1. sup [[@pllLee(o,) =2

DPEK, PEK,
keN keN
inf  |1-a&,(X.JX)/|X|?*| <1071,
q€0p
XeT, M\{0}

We now aim to prove the following:
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() After passing to a subsequence (still denoted with subscripts k), there exists a
finite set S C M with the property that for each § € (0, ) there exists an € >0
and ko € N such that if k > ko and vg(§) € K1 \ O5%(S) then mj"kgk (€) >e.

Since by construction Of(f (K) C /El , we see that if (x) holds, then the first part of
Proposition 3.13 is true. To find the set S and the desired subsequence one can argue
iteratively in the following way. Define Sy := @, and find a sequence {; x € Sk which
has the property that a subsequence (denoted with subscripts k1) satisfies

vk, (C1k,) €K1, anS k) =0 and  lim vy, () =01 £ So.
k1—>00

Define S1 := Sy U{o1}, and pass to a further subsequence (denoted with subscripts k5 )
and find a sequence ¢ , € Sk2 which has the property that

Vs (Ga) € K. injg2 (G ) >0 and T vy (o) =202 £ 1.
2

Define S, := §1 U{0,}, and iterate. Of course if the procedure terminates after a finite
number of iterations, then () is true; otherwise one can construct a singular set Sy,
with nq distinct points in K, for ng arbitrarily large. To derive a contradiction, we
assume the latter, in which case we conclude that there exists a point p € IEI ,akeN,
a § satisfying 0 < 8’ < min(1, 80)/10'°, and points {{y, ..., {n,} C Sk for which the
following hold:

(1) no>Cg+8Cyq/(83).
(2) vk(é‘,-)eOgé‘(p) fori=1,...,np.
(3) min;; distg, (vk(fi), vk(fj)) >4

4) 10'%; < 78> <min(1,8) where vy is the immersed approximation associated
to the pair (uy, ek)

(5) mjg;f’f(g, k) < §min (62/(n9101°), Cl, 8o) =: €.
(6) SUPge M |Ksec(4)| + SUPsem ”VJk”gk +1=Cw.

Since §p can be chosen from an open set, we may assume without loss of generality
that the “trimmed” Jj —curves given by

uy = (uy, S:k’jk’ Ji) with §k =uy (Ofgo(p))
are compact curves with smooth boundary, and

3S; = Uy (GOfg‘O(p)).
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Such a choice is possible since the uy are robustly l%z—proper and (’)‘lg’g 50 (I%l) C

Izz Recall that by property (D5) of Proposition 3.12, it follows that the Gaussian
curvature KU* i (§) is uniformly bounded from above by C for all { € Si. Since
inj "g" (&) < < Cs 1< C_l/2 it follows that for each i = 1,...,n¢, there exists a
smlple vy gk —unit speed geodesic a;: [0, £;] — Sy such that Z, = «;(0) = o; (¢;) and
Lengthv* e (i) = £; <2¢€', and the «; are pair-wise disjoint. Note that in general
o (0) ;é o;(£;). Observe that Sk need not be connected but it has finitely many
connected components; furthermore if we consider the (noncompact) manifold S \ar,

and recall Definition 2.2, we see that one of the two scenarios must occur:

(1) Genus(gk) > Genus(gk \ag).

(2) The number of connected components of gk \ @ is strictly larger than the
number of connected components of Sy, .

Indeed, in general removing a simple loop from a surface either decreases its genus,
or increases the number of connected components. Since the genus of the S; (and
hence §k) are bounded by Cg, and the «; are pair-wise disjoint and simple, it follows
that Sk \ U 0, @; hasatleast n; := no—Cg + 1 connected components of zero genus
which have nontr1v1al intersection with v_l(O K&K ( p)) We label these connected
components Sifori=1,. ,n1. We now make the following claim.

Lemma 4.19 Foreachi = 1,...,ny, the connected component S‘ has nontrivial
intersection with v~ ! (3O KEX
intersection with vy, ( 45, (p)).

Before proceeding with the proof of Lemma 4.19, we use it to finish the proof of
the first part of Proposition 3.13. Indeed, as a consequence of the above lemma, it
follows that foreach i =1, ..., n; we have vy (B.Sv") C ng (p)u 8(’) (p) and there
exists a ] € S with the property that distg, ( P v (& )) = 350 We conclude from the
monotonicity of area (Proposition 3.4) that 782 0/8 = Area,» g (S ). Then

(no—Cg + )5 /8 <371 Area, %o (S7) < Area, 20 (Sk) = Ca.

which is the desired contradiction. The proof of the first part of Proposition 3.13 will be
complete once we prove Lemma 4.19. To that end, we will make use of the following
lemma.

Lemma 4.20 Let (M, Ji, gi), 0106 (p), (e, Sk, ji» Ji), Ca, Vi €k, cT)p,and\):p
be as above. Furthermore, let U C Sk be an open set for which vy (U) C (’)105 (p).
Then

<= 5 Area, ‘g ).

'Areav xo (U) — /vkwp
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Proof Let E be a unit vector tangent to the image of v. Define another tangent vector

= (JE)T/|(JE)T|| which is orthonormal to E; here X > X T is the orthogonal
projection to the plane tangent to the image of v. Recall that Jj is a g —isometry, and
(JE)L|| < € by property (D3) of Proposition 3.12, so it is elementary to show that
l1—ex <|[(JE)T| and |JE — F|| <2¢;/(1 —€;). Employing our above estimates
for @, we then find

1
[l—&(E,F)| <|1—w(E,JE)|+|o(E,JE — F)| < 5
The desired result then follows immediately by integrating. a
Proof of Lemma 4.19  Suppose not. Let cl(S ) denote the metric compactification of
(S vkgk) For example, if Sk is a torus, and S?:= Sk \ @1 is an open cylinder, then
cl(S 7} is a compact cylinder — not a torus — with piece-wise smooth boundary. Note

that each boundary component of cl(S 7} is a copy of the piece-wise smooth geodesic
a; for some / € {1,...,n}. There are several cases to consider.

Case I 801(5”') =g

In this case S’ is closed, and vk(g’.) coO g‘ (p) on which @, = dk By Lemma 4.20,
we see that Area,* e (S ') =0, and hence vy: ST — M is a constant map. This is not
possible since the vy are immersions. Contradiction.

Casell 0 Cl(§ 7} has exactly one component.

By assumption S’ has zero genus, is connected, and has empty intersection with

(aogk (p)). Consequently S’ is a disk with boundary component o;. Let 6 €
[ 7, 7] denote the exterior angle between oz; (0) and cx; (€;). But then we compute the
following.

7 <2mr—0y= /gi Kv,tgk < Cxo Areav;gk(gl)

<2Cx vgw =2Co0 | _ VLA
Si A
which is a contradiction.

Caselll 0 cl(§ 7} has exactly two components, each of which is a copy of the same «; .

In this case cl(§ 7} is a compact cylinder, and St Uqy is a torus. As in Case I, it follows
that uy is not generally immersed, which is a contradiction.
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Case IV 801(§ ’) has at least two components &; and «; with [ # j.

In this case we note that there exists a { € S’ such that
mlin distg, (uk(C), uk(oq)) > §'/10.

By the monotonicity of area, Proposition 3.4, and property (D4) of Proposition 3.12, it
follows that
(64) Area,x, (S > 78?/(2-10%) — ¢, = 8'2/10°.

V. 8k

However, we note that cl(§ 7) can have at most 2n geodesic boundary components.
Thus we compute

Areav;kgk(gi) < Z/V v = 2/
e Si

_ UFh <8nge’ <§%/108,
98!

but this contradicts (64).

Thus we see that all possible cases lead to contradictions, and thus we have completed
the proof of Lemma 4.19. O

We have completed the proof of the first part of Proposition 3.13 — indeed, we have
proved more, namely the statement (). We now turn our attention toward proving the
second part of Proposition 3.13, namely we will show that for each 0 < § < §y/2 there
exists a C > 0 such that for all sufficiently large k in the subsequence, we have

= e Kyrg, <C,  where S8 = v (Int(K) \ OF%(S)).
k

To that end, we begin by fixing § € (0,80/2), and let S C M, kg € N, and € > 0 be
the set and quantities guaranteed by (); furthermore we henceforth assume that we
have passed to an appropriate subsequence. Observe that as a consequence of properties
(D4) and (D5) of Proposition 3.12, it is sufficient to show that for each there exists
aCg>0,ny>0,8 >0, and open sets ng‘gk (Cix) C Sk fori=1,...,ng (all

depending on §) such that

ni "
(65) SP c |0 in)
i=1
(66) nye < 1
67) —/v* K = CSCK-
O3§/gk Gix) OK8h
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To that end, we fix §’ such that
0 < 68’ < min(e, 28, Co_ol/z).

~ *
For each k > k¢ choose §; x € S,fa, fori =1,...,ng, so that the sets O;,"gk Cik)
are a maximal collection of disjoint sets. In other words, we choose the {; x so that the
sets (9;," £k (i k) are pairwise disjoint, and so thatif { € § ]?8’ then

O () N O (¢) £ &

for some i € {1,...,ny}. Note that since {; x € §]§5 and 64’ < € it follows from ()
that O;%** (¢, 1) is a disk for all r € (0, 68'].

We are now ready to show that (65) holds. Indeed, suppose not; then there exists
tesS ,35 such that

’ Vg
CE UM, O (Gi).
By the triangle inequality, it follows that
Vg vigK
O @) NOF " (Gin) =2

for i =1,...,ny; however this contradicts the maximality of the O;}f" 8k (i k). This
proves (65).

We now show (66) holds. Recall that since it’s the case that the (’);,"gk (Cik) C Sk are
pair-wise disjoint for i = 1,..., nj, and since it’s the case that Areav;gk (Sx) = Cy4,
it is sufficient to show that there exists a constant ¢ > 0, which is independent of &,
such that

Area,* (O;):’:gk (§,~,k)) >c.

V) 8k

To that end, we define the functions
A(r) := Areayr g, (0,5 (Gig)) and L) := Length, o (00,%%* (& 1))

By the co-area formula we recall that %A(r) = L(r). Furthermore the variation of
volume formula and Gauss—Bonnet theorem yield

d
(68) Eﬁ(r) = /aonfgk € Kojgr = 2 — /O;J,tgk(;i.k) Kv/fgk‘

Thus A satisfies the differential inequality

(69) A0)=0, A@0)=0, A"(r)>21—CoA(r),

Geometry & Topology, Volume 15 (2011)
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with Cs defined as above. We now claim the for all r € [0, 68'], we must have
A(r) > r?/2. Indeed, if this were not the case, then for some rq € (0, 6§'] we would
have A(r) < Jrrg /2 for all r € [0, ro]. But then the inequality in (69) yields

A'(r) = 2w — Coomr$ /2 > 37/2,

where we have used the fact that ro < 6§’ < Co_ol/ 2, Integrating up then yields

A(rg) > 3m rg /4 which contradicts our assumption that A(rg) < nrg /2. We conclude
that A(r) > mr2/2 for all r € [0, 68']. Moreover,
Areays g, (07 (G10) = 78”2,

Vi gk
and by our previous discussion, we see that (66) holds.
All that remains to complete the proof of Proposition 3.13, is to show that (67) holds.

To that end, we suppose not. Or in other words, for every Cg > 0, there exists i and k
such that

(70) —/U K, x, >Cg.
ek () RER

Our above discussion shows that A satisfies the following integral equation and subse-
quent inequality

r t
A(r):nrz—/ /(/v* )dsdt
o Jo \Jojk e, Ko
r t
2 1 2 k.
(71) >mr” —5CoCyr —i—/o /0 (/O:zgk(;i,k) Coo Kvkgk) dsdt.

Since we have the point-wise bound Cyo > Kv* g, » the triple integral in (71) is a

monotone increasing function in r. Consequently

0 if r <368,

_/vkgk K”ng > Cx = ;J’tgk(é‘ )(Coo ”Agk) — {CK if r > 38/

';5/ (;’l k) ik

and thus

1 0 if r < 38/,
A(r) = 1% = 2CooCar® +1 nr
2 3Cx (r—38)* ifr =368

Evaluating the above inequality at 65’ shows that if (70) holds for arbitrarily large
Ck >0, then A(68) = Areays, ((’)zg,gk (¢ik)) is also arbitrarily large. This contra-
dicts our assumption that the areas of the Sj are uniformly bounded. This contradiction

shows that (67) must hold, which in turn completes the proof of Proposition 3.13. O

Geometry & Topology, Volume 15 (2011)
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