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878 Lizzie Burslem and Amie Wilkinson

Introduction

This paper describes two novel phenomena in the study of infinite group actions
on compact manifolds. We exhibit a finitely generated group I' and a manifold
M such that:

e I has exactly countably infinitely many effective real-analytic actions on
M , up to conjugacy in Diff*(M);

e every effective, real analytic action of I' on M is C" locally rigid, for
some r > 3, and for every such r, there are infinitely many nonconjugate,
effective real-analytic actions of I' on M that are C" locally rigid, but
not C™~! locally rigid.

In the cases we know of where an infinite group I' has exactly countably many
smooth effective actions on a manifold M, that countable number is finite, and
indeed usually 0. While many actions have been shown to to be C” locally
rigid, in the cases where a precise cutoff in rigidity has been established, it
occurs between r = 1 and r = 2. For a survey of some of the recent results on
smooth group actions, see the paper of Labourie [9].

Our manifold M is the circle S* and our group I is the solvable Baumslag—
Solitar group:
BS(1,n) = (a,b, | aba™" = "),

where n > 2.

As a natural by-product of our techniques, we obtain a classification of all
solvable subgroups of Diff“(S'). We show that every such subgroup G is either
conjugate in Diff*(S') to a subgroup of a ramified affine group Aff*(R), or, for
some m € Z, the group G™ := {¢g™ : g € G} is abelian. The ramified affine
groups are defined and their properties discussed in Section Each ramified
affine group is abstractly isomorphic to a direct product Aff(R) x H, where
Aff{ (R) is the group of orientation-preserving affine transformations of R, and
H is a subgroup of a finite dihedral group.

1 Statement of results

1.1 Notation and preliminary definitions

In places, we shall use two different analytic coordinatizations of the circle S*.
To denote an element of the additive group, R/Z, we will use u, and for an
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Global rigidity of solvable group actions on S! 879

element of the real projective line RP!, we will use 2. These coordinate systems
are identified by: v € R/Z +— 2 = tan(ru) € RP'. When we are not specifying
a coordinate system, we will use p or ¢ to denote an element of S'. We fix an
orientation on S! and use “<” to denote the counterclockwise cyclic ordering

on St.

If G is a group, then we denote by R"(G) the set of all representations pg: G —
Diff"(S1), and we denote by R’_(G) the set of all orientation-preserving rep-
resentations in R"(G). Two representations pi,ps € R"(G) are conjugate
(in Diff"(S')) if there exists h € Diff"(S!) such that, for every v € G,

hpr(Mh™! = pa(7).

We use the standard C* topology on representations of a finitely-generated
group into Diff"(S1), r € {1,...,00,w} and k < r. If T is a finitely-generated
group, then the C¥—open sets in R"(T) take generators in a fixed generating
set for T' into C*—open sets. A representation pg € R"(I") is (C") locally rigid
if there exists a C'! neighborhood U of pg in R"(I') such that every p € U is
conjugate in Diff"(S1) to pg. Finally, we say that I is globally rigid in Diff" (S*')
if there exists a countable set of locally rigid representations in R"(T") such that
every faithful representation in R"(I") is conjugate to an element of this set.

To construct the subgroups and representations in this paper, we use a proce-
dure we call real ramified lifting.

Definition A real analytic surjection 7: S!' — S is called a ramified covering
map over p € S if the restriction of 7 to 7=1(S1\ {p}) is a regular analytic
covering map onto S\ {p} of degree d > 1. The degree of of 7 is defined to
be this integer d.

Examples and properties of ramified covering maps and ramified lifts are de-
scribed in Section B

Let m: ST — S! be a ramified covering map over p € S, and let f: St — st
be a real analytic diffeomorphism that fixes p. We say that f € Diff“(S!) is a
w—ramified lift of f if the following diagram commutes:

St St
™ T

| |
St / St

More generally, let p: I' — Diff“(S') be a representation with global fixed
point p. A representation p: I' — Diff*(S') is a 7 -—ramified lift of p if p(7y) is
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880 Lizzie Burslem and Amie Wilkinson

a w—ramified lift p(v), for every v € I'. We will show in Proposition that a
representation can have more than one w—ramified lift.

For G a subgroup of Diff(S!) with a global fixed point p, we define G™, the
w—ramified lift of G to be the collection of all w—ramified lifts of elements of
G. By Proposition and Propostion P8, G™ is a subgroup of Diff“(S),
abstractly isomorphic to an H —extension of G4, where G4 = Diﬁi(Sl) NG,
and H is a subgroup of a dihedral group determined by .

1.2 Rigidity of solvable Baumslag—Solitar groups

In real projective coordinates on RP!, the standard representation p, of BS(1,n)
into Diff¥ (S') takes the generators a and b to the affine maps

T — n, and r— x4+ 1.

This representation has a global fixed point co € RP'. Our first result states
that BS(1,n) is globally rigid in Diff*(S1):

Theorem 1.1 For each n > 2, there are exactly countably infinitely many
faithful representations of BS(1,n) into Diff(S'), up to conjugacy in Diff*(S').
Each conjugacy class contains a mw-ramified lift of p,,, where m: RP! — RP!
is a rational map that is ramified over oco. Furthermore, if p: BS(1,n) —
Diff*(S') is not faithful, then there exists a k > 1 such that p(b)* = id.

We give an explicit description of these conjugacy classes in Section 211

The conclusion of Theorem [Tl does not hold when C¥ is replaced by a lower
differentiability class such as C°°, even when analytic conjugacy is replaced by
topological conjugacy in the statement. Nonetheless, as r increases, there is
a sort of “quantum rigidity” phenomenon. Let p: BS(1,n) — Diff?(S') be a
representation, and let f = p(a). We make a preliminary observation:

Lemma 1.2 If the rotation number of f is irrational, then g* = id, for some
k <n-+1, where g = p(b).

(See the beginning of Section H for a proof). Hence, if p € R?*(BS(1,n)) is
faithful, then f must have periodic points. For p € R?(BS(1,n)) a faithful
representation, we define the inner spectral radius o(p) by:

1 .
a(p) = sup{|(f*) (p)|* | p € Fix(f*) and |(f*)'(p)| < 1}.
For the standard representation, o(p,) = %, and if p, is a ramified lift of p,,

1
then o(p,) = (2)*, for some s € Nx1.
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Global rigidity of solvable group actions on S! 881

Theorem 1.3 Let p: BS(1,n) — Diff"(S!) be a faithful representation, where
1

r € [2,00]. If either r < co and o(p) < ()™, or r = 0o and o(p) < 1, then
p is conjugated by an element of Diff"(S') into a unique conjugacy class in
R¥(BS(1,n)).

If p takes values in Diff", (S'), then p is conjugated by an element of Diff’, (S')
into a unique conjugacy class in R (BS(1,n)).

Theorem has the following corollary:

Corollary 1.4 Every representation p: BS(1,n) — Diff*(S!) is C* locally
1
rigid. Further, if o(p) < ()77, then p is C" locally rigid.

This corollary implies that the standard representation is C” locally rigid, for
all » > 3, and every representation in R¥(BS(1,n)) is locally rigid in some
finite differentiability classes. This local rigidity breaks down, however, if the
differentiability class is lowered.

Proposition 1.5 For every representation p: BS(1,n) — Diff“(S'), if o(p) =

1
(%)"*1, for some r > 2 then there exists a family of representations p; €

R"(BS(1,n)), t € (—1,1), with the following properties:

(1) PO = P,

(2) t+ p; is continuous in the C"~! topology on R"(BS(1,n)),

(3) for every ti,ty € (—1,1), if p;, is conjugate to p;, in Diff'(S') then
t1 =1t2.

It follows from our characterization of the conjugacy classes in R*(BS(1,n))
in the next section that, for each value of r € [1,00), there are infinitely many

1
nonconjugate representations p € R*(BS(1,n)) satisfying o(p) = ()™ . Hence,

for each r > 3 there are infinitely many distinct (nonconjugate) representations
in R¥(BS(1,n)) that are C" locally rigid, but not C"~! locally rigid.

A. Navas has given a complete classification of C? solvable group actions, up
to finite index subgroups and topological semiconjugacy. One corollary of his
result is that every faithful C? representation p of BS(1,n) into Diff>(S') is
is virtually topologically semiconjugate to the standard representation:

Theorem 1.6 [I1] Let p: BS(1,n) — Diff"(S') be a representation, where
r > 2. Then either p is unfaithful, in which case p(b)™ = id, for some m,
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882 Lizzie Burslem and Amie Wilkinson

or there exists an integer m > 1, a finite collection of closed, connected sets
I1,..., I}, and a surjective continuous map ¢: S' — RP! with the following
properties:

(1) p(b)™ is the identity on each set I;

(2) ¢ sends each set Ij, to oco;
(3) the restriction of ¢ to S'\ Ule I; is a C" covering map of R;
(4)

For every v € BS(1,n), the following diagram commutes:

Sl ﬂ, Sl
# #

where p,: BS(1,n) — Diff“(S') is the standard representation.

The map ¢ in Theorem [CH is a sort of “broken C”" ramified cover.” The
regularity of ¢ at the preimages of the point co can be poor, and the map can
be infinite-to-one on the sets I, ..., I}, but a map with these features is nothing
more than a deformation of a ramified covering map. Combining Theorem
with Theorem and the proof Proposition [L3, we obtain:

Corollary 1.7 Let p: BS(1,n) — Diff"(S'), be any representation, with r >
2. Then either:

(1) p is not faithful, and there exists an m > 1 such that p(b)™ = id;

(2) p admits C"! deformations as in Proposition [[3; or

(3) p is C" conjugated into a unique conjugacy class in R¥(BS(1,n)).

Since the statement of Theorem [ does not appear explicitly in Navas’s paper,
and we don’t use this result elsewhere in the paper, we sketch the proof at the
end of Section Bl

Finally, note that the trivial representation pg(a) = po(b) = id is not rigid in
any topology; it can be approximated by the representation p(b) = id, p(a) = f,
where f is an any diffeomorphism close to the identity. Another nice conse-
quence of Navas’s theorem is that this is the only way to C? deform the trivial
representation.

Corollary 1.8 There is a C? neighborhood U C R?*(BS(1,n)) of the trivial
representation such that, for all p € U, p(b) = id.
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Global rigidity of solvable group actions on S! 883

Proof Let p be a C? representation. Since p(b) is conjugate by p(a) to p(b)",

it will have rotation number of the form % if p(a) is orientation-preserving,

and of the form niﬂ if p(a) is orientation-reversing. Therefore, if p is sufficiently
C%—close to pg and if p(b)™ = id, for some m > 1, then m = 1. So we may
assume that there exists a map ¢ as in Theorem and that m = 1. On a
component of S*\|JI;, ¢ is a diffeomorphism conjugating the action of p to the
restriction of the standard representation p, to R (in general ¢ fails to extend
to a diffeomorphism at either endpoint of R). But in the standard action, the
element p,(a) has a fixed point in R of derivative n. If p is sufficiently C*

close to pg, this can’t happen. O

We remark that, in contrast to the results in this paper, there are uncountably
many topologically distinct faithful representations of BS(1,n) into Diff*(R)
(see [3], Proposition 5.1). The proof of our results uses the existence of a
global fixed point on S! for a finite index subgroup of BS(1,n); such a point
need not exist when BS(1,7n) acts on R. Farb and Franks [3] studied actions
of Baumslag—Solitar groups on the line and circle. Among their results, they
prove that if m > 1, the (nonsolvable) Baumslag—Solitar group:

BS(m,n) = {(a,b|ab™a"" = b"),

has no faithful C? actions on S' if m does not divide n. They ask whether
the actions of B(1,n) on the circle can be classified. This question inspired the
present paper.

1.3 Classification of solvable subgroups of Diff*(S!)

Several works address the properties of solvable subgroups of Diff"(S'); we
mention a few here. Building on work of Kopell [§], Plante and Thurston
[T2] showed that any nilpotent subgroup of Diff?(S') is in fact abelian. Ghys
[6] proved that any solvable subgroup of Diff(S!) is metabelian, ie, two-step
solvable. In the same work, he remarks that there are solvable subgroups of
Diff*°(S!) that are not metabelian. The subgroups he constructs contain in-
finitely flat elements — nontrivial diffeomorphisms g € Diff>°(S!) with the
property that for some p € S, g(p) = p, ¢'(p) = 1, and gk (p) = 0 for all
E>2.

Navas [IT] constructed further examples of solvable subgroups of Diff>*(S1)
with arbitrary degree of solvability, again using infinitely flat elements. As men-
tioned above, Navas’s work also contains a topological classification of solvable
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884 Lizzie Burslem and Amie Wilkinson

subgroups of Diff2(Sl). As part of a study of ergodicity of actions of dis-
crete groups on S', Rebelo and Silva [I3] also study the solvable subgroups of
Diff“(S1h).

Our main result in this part of the paper, Theorem [, implies that any solvable
subgroup of Diff>*(S!) that does not contain infinitely flat elements is either
virtually abelian or conjugate to a subgroup of a ramified lift of the affine group:

Aff(R) = {z — cz +d: RP' - RP' | ¢,d € R, ¢ # 0}.

Theorem 1.9 Let G < Diff"(S!) be a solvable group, where r € {oo,w}.
Then either:
(1) for some m € Z, the group G™ := {¢™ : g € G} is abelian,
(2) G contains infinitely flat elements (which can’t happen if r = w ), or
(3) G is conjugate in Diff"(S') to a subgroup of a 7-ramified lift of Aff(R),
where m: RP! — RP! is a ramified cover over oo.

Further, if G < Diff, (S') and (3) holds, then the conjugacy can be taken in
Diff”, (S1).

In Section B, we characterize the ramified lifts of Aff(R). To summarize the
results there, we have:

Theorem 1.10 There exists a collection
RAFF = {Aff (R) < Diff*(SY) | s € S},
where S is a countably infinite index set, with the following properties:
(1) if s1,89 € S and AR (R) is conjugate to ESQ(R) in Diff}(S'), then
S1 = 825
(2) for each s € S, there exists a subgroup H of a dihedral group such that
AfF°(R) ~ Aff,(R) x H,
(3) for each finite dihedral or cyclic group H, there exist infinitely many
s € S so that ES(R) ~ Aff L (R) x H,
(4) each element of RAFF is the m—ramified lift of Aff(R), for some rational

ramified cover m: RP' — RP! over oo, and every w-ramified lift of
Aff(R) is conjugate in Diff*(S') to an element of RAFF.

There also exists a collection
RAFF, = {Aff, (R) < Diff(S") | s € 8},

with the same properties, except that in (1) and (4), the conjugacy is orientation-
preserving, and in (2) and (3), H is cyclic.
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Global rigidity of solvable group actions on S! 885

Hence we have found all solvable groups that act effectively on the circle as
real-analytic diffeomorphisms.

2 Introduction to ramified lifts

Let G be a group and let p: G — Diff“(S') be a representation with a global
fixed point p. Restricting each element of this representation to a suitably small
neighborhood of p, we obtain a representation p: G — G“, where G“ is the
group of analytic germs of diffeomorphisms. It is known [T}, [0}, 2] that if if G is
solvable, then for some k > 1, p is conjugate in G¥ to a representation taking
values in the ramified affine group AfF*(R):

AfM(R) = {

— | abeRb>0}

(azk +b)®
(see [6] for a proof in the context of circle diffeomorphisms). The name “ramified
affine group” is explained by the fact that the elements of Aff*(R) are lifts
of the elements of the affine group under the branched (or ramified) cover

2 +— z¥. These lifts are well-defined as holomophic germs, but do not extend to
diffeomorphisms of CP'.

The key observation of this paper is that the elements of Aff(R) do admit
global ramified lifts as diffeomorphisms of RP!. The reason is that, in contrast
to a ramified cover m: CP! — CP', which must be ramified over 2 points, a
ramified cover 7: RP! — RP! is ramified over one point, which can be chosen
to coincide with the global fixed point of Aff(R).

Examples of real ramified covers The map m1: R/Z — R/Z given by
m1(u) = sin®(mu) is a ramified covering map over 0, with critical points of
order 2 at 7' (0) = {0,1}.
The rational map m: RP! — RP! given by:
(z+1)%(x —1)?

x(z2+1)
is also a ramified covering map over 0, with critical points of order 2 at +1.

It is clear that +1 are critical points of 7o, and one verifies directly that the
other critical points of w3 in CP! occur off of RP!, at +iy/3 + /8.

mo(x) =

We will define an equivalence relation on ramified covering maps in which
and 7o are equivalent, and show that, under this notion of equivalence, all
possible ramified covering maps occur as rational maps.
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886 Lizzie Burslem and Amie Wilkinson

If 7: S' — S' is a ramified covering map over p then for each ¢ € 771(p),
there exists an integer s(¢) > 1 such that the leading (nonconstant) term in
the Taylor expansion of 7 at ¢ is of order s(q). A regular covering map is
a ramified covering map; in this case, d is the topological degree of the map,
and s(q) = 1, for each ¢ € 771(p). As the examples show, a ramified covering
map need not be a regular covering map (even topologically), as it is possible
to have s(q) > 1.

Let 7 be a ramified covering map over p, and let ¢q,...,qq be the elements of
771 (p), ordered so that p < q; < g2 < --- < g4 < p. For each i € {1,...,d} we
define o; € {£1} by:

{1 if 7T|(qi’qi 1) Is orientation-preserving,
;=

=1 if 7|(g, g,,1) is Orientation-reversing.

We call the vector s(m) = (s(q1),5(q2),...,5(qq),01,...04) € N x {£1}? the
signature of w. Geometrically, we think of a signature as a regular d—gon in
R? with vertices labelled by s1,...,sq and edges labelled by o,...,04. Every

signature vector s = (s1,...,84,01,...,04) has the following two properties:

(1) The number of vertices with an even label is even: #{1 <i <d | s; €
2N} € 2N.

(2) If a vertex has an odd label, then both edges connected to that vertex
have the same label, and if a vertex has an even label, then the edges
have opposite labels: (—1)%*! = 0;_1 0;, where addition is mod d.

We will call any vector s € N x {#1}? with these properties a signature vector.
Note that a signature vector of length 2d is determined by its first d+ 1 entries.
Let Sy be the set of all signature vectors with length 2d, and let S be the set
of all signature vectors.

Proposition 2.1 Given any s € S and p € S', there is a ramified covering
map m: S — S over p with signature s.

Proof Lets= (s1,...,84,01,...,04) be a signature, and let p € R/Z. Choose
points u; < --- < ug evenly spaced in R/Z, and let F': R/Z — R/Z be the
piecewise affine map that sends the u; to p, and which sends each component
of R/Z\ {uy,...,uq} onto R/Z\ {p}, with orientation determined by o;.

Put a new analytic structure on R/Z as follows. In the intervals I; = (uj,uj41)
use the standard analytic charts, but in each interval J; = (u; — €, u;j +€) com-
pose the standard chart (that identifies w; with 0) with the homeomorphism
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Global rigidity of solvable group actions on S! 887
oj: R — R defined by:

(2) = xl/si ifx >0
T St it <o,

Since the overlaps are analytic, this defines a real anaytic atlas on R/Z.

Note that the map F: (R/Z,new structure) — (R/Z,standard structure) is
analytic: in charts around u; and p = F(u;), the map F takes the form
x — x% . Since there is a unique real analytic structure on the circle, there
is an analytic homeomorphism of the circle h: (R/Z,standard structure) —
(R/Z,new structure). Let m = Foh. Then 7 is a a ramified covering map over
0 with signature s. m]

In fact, ramified covers exist in the purely algebraic category; every signature
can be realized by a rational map. We have:

Proposition 2.2 Given any s € S and p € RP!, there is a rational map
m: RP! — RP! that is a ramified cover over p with signature s.

Proof Since the proof of Proposition is somewhat lengthy, we omit the
details. The construction proceeds as follows. Let s = (s1,...,84,01,...,04)
be a signature, and assume that p = 0 € RP! and o; = 1. Choose a sequence
of real numbers ap < a; < ... < agq—2, let P(z) = (x —ap)** (v —a2)® ... (x —
aszqg—2)°* and let Q(z) = (x —a1)(x —ag) ... (x — agqg—3). The desired rational
function 7 will be a modification of P/Q.

Let h(z) be a polynomial of even degree with no zeros, with critical points of
even degree at a;, 0 < i < 2d — 2, and with no other critical points. One first
shows that, for IV sufficiently large, the rational function:

PN
T = ——

Q

has zeroes of order si,...,sq at ag,as,...,asq_2, simple poles at aq,as,...,
asq—3, a pole of odd order at oo, and no other zeroes, poles or critical points.
Hence my is a ramified covering map over 0 with signature s, except at oo,
where it may fail to be a diffeomorphism.

Choose such an N, and let 2m + 1 be the order of the pole oo for my. One
then shows that for e sufficiently small, the rational function:

mo()
m(r) = ———=—
(z) 1+ ex?m
has the same properties as my, except that oo is now a simple pole; it is the
desired ramified cover. m]
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888 Lizzie Burslem and Amie Wilkinson

If 7 is a ramified covering map, then the cyclic and dihedral groups:
Cqg=(b:b?=1id), and Dy = (a,b: b =1id,a® =id,aba™! = b71),

respectively, act on 7~ !(p) and on the set £(m) of oriented components of
S\ 771(p) in a natural way. By an orientation-preserving homeomorphism,
we identify the circle with a regular oriented d—gon, sending the elements of
77 1(p) to the vertices and the elements of £(m) to the edges. The groups
Cy <1 Dy act by symmetries of the d—gon, inducing actions on 7=!(p) and &()
that are clearly independent of choice of homeomorphism. For ¢ € 771(p),
e € E(m), and ¢ € Dy, we write ((¢) and ((e) for their images under this
action.

These symmetry groups also act on the signature vectors in Sy in the natural
way, permuting both vertex labels and edge labels. For ¢ € D, we will write
((s) for the image of s € S; under this action. In this notation, the action is
generated by:

b(S1,.--,8d,01,.-.,0q) = (S2,83,...,84,81,02,03,...,04,01),
and
a(S1y--+y8d,01y---50d4) = (81,84 Sd—1 - -+ 53,52, —0dy —Od—1, .-, —02,—01).

Denote by Stabc,(s) and Stabp,(s) the stabilizer of s in Cyq and Dy, respec-
tively, under this action:

Stabs(s) = {C € H | ((5) = s},
for H=Cy4 or Dy.
Examples The signature vector of mj(u) = sin?(ru) is s; = (2,2,1,—1).
The stabilizer of s; in Dy is Stabp,(s1) = (a), and the stabilizer of s; in Cy
is trivial. The signature vector of ma(z) = ((z — 1)%(z + 1)?)/(x(2? + 1)) is
sy = (2,2,—1,1). Note that s lies in the Cy-orbit of s;, and so Stabc,(s2)

and Stabp,(s2) must be conjugate to Stabc,(s1) and Stabp,(s1), respectively,
by an element of Cy. In this simple case, the stabilizers are equal.

For another example, consider the signature vector
(27 37 17 27 37 17 _17 _17 _17 17 17 1)7

which geometrically is represented by the following labelled graph:
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Global rigidity of solvable group actions on S! 889

This labelling has no symmetries, despite the fact that the edge labels have a flip
symmetry and the vertex labels have a rotational symmetry. By contrast, the
signature (2,1,4,2,1,4,—1,—1,1,—1,—1,1) has a 180 degree rotational sym-
metry corresponding to the element b3 € Cj, and so both stabilizer subgroups
are (b3).

2.1 Characterization of ramified lifts of the standard represen-
tation p, of BS(1,n)

The next proposition gives the key tool for lifting representations under ramified
covering maps.

Proposition 2.3 Let G be a group, and let p: G — Diff¥ (S') be a represen-
tation with global fixed point p. Let w: S' — S' be a ramified covering map
over p with signature s € S, for some d > 1.

Then for every homomorphism h: G — Stabp,(s), there is a unique represen-
tation
p=p(r,h): G — Diff“(S1)
such that, for all v € G,
(1) p is a w—ramified lift of p;

(2) p(v)(a) = h(7)(q), for each q € 7~ (p);
(3) p(v)(e) = h(vy)(e), for each oriented component e € E(m);

Furthermore, if h takes values in Stabc,(s), then p takes values in Diff¥ (S').

Proposition is a special case of Proposition EE4], which is proved in Section Hl
Note that the representation p in Proposition must be orientation preserv-
ing, although the lift p might not be, depending on where the image of h lies.
There is also a criterion for lifting representations into Diff*(S1) that are not
necessarily orientation-preserving. We discuss this issue in the next subsection.
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Lemma 2.4 Suppose that m and my are two ramified covering maps over

p such that s(me) lies in the Dg—orbit of s(m1); that is, suppose there exists

¢ € Dy such that s(mg) = ((s(m1)). Then given any representation p: G —

Diff“fr(Sl) with global fixed point p and homomorphism h: G — Stabp,(s1),

the representations p(m1, h) and p(ma, Ch(™1) are conjugate in Diff“(S!), where
(Ch¢™H)(y) = Ch(v)¢™.

Furthermore, if ( € Cy and h takes values in Stabg,(s), then p(m,h) and
p(m2,Ch¢™Y) are conjugate in Diffy (S1).

Lemma 4 follows from Lemma EER which is proved in Section Bl We now
characterize the countably many conjugacy classes in R (BS(1,7n)). Note that
the elements of S; are totally ordered by the lexicographical order on R”.
Hence we can write Sy as a disjoint union of Cyz—orbits:

Si= || Calsa),
aEA4

where for each o € Ay, s, is the smallest element in its Cy—orbit. Similarly,
there is an index set A D A, such that:

Sa= | | Dalsa).
a€cA
Let Sg = {sa | @ € A}, and let 3} ={sq | @ € A4}. Finally, let S =J;S4
and let S = Udgzlr.
Definition Let p,: BS(1,n) — Diff¥(S!) denote the standard projective
action, with global fixed point at co € RP!. Then we define:
V = {pn(rs,h) | s € Sq, h € Hom(BS(1,n), Stabp,(s))/ =, deN,d>1},
and let
Vi = {pn(rs,h) | s€S,;, heHom(BS(1,n), Stab¢,(s)), deN,d>1},

where, for s € Sy, ms: S' — S' is the rational ramified cover over oo with
signature s given by Proposition 2, and = denotes conjugacy in Stabp,(s).

Proposition 2.5 FEach element of V and V. represents a distinct conjugacy
class of faithful representations.

That is, if pn(7s,, h1), pu(Tsy, ha) €V (resp. € Vi ) are conjugate in Diff*(S1)
(vesp. in Diff} (S1)), then s; = s and hy = hs.

Proposition Z0lis proved at the end of Section El. Our main result, Theorem [[LT],
states that the elements of V and V. are the only faithful representations of
BS(1,n), up to conjugacy in Diff(S') and Diff¥ (S'), respectively.
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2.2 Proof of Theorem

To characterize the ramified lifts of Aff(R), we need to define ramified lifts of
orientation-reversing diffeomorphisms. In the end, our description is compli-
cated by the following fact: in contrast to lifts by regular covering maps, rami-
fied lifts of orientation-preserving diffeomorphisms can be orientation-reversing,
and vice versa.

To deal with this issue, we introduce another action of the dihedral group
Dy = {a,b, | a®> = 1,0 = 1,aba! = b™') on S, that ignores the edge labels
completely. To distinguish from the action of Dy on S; already defined, we
will write (#: S; — Sy for the action of an element ¢ € Dy. In this notation,
the action is generated by:

b#(s].? AR 7Sd7017 A 7Od) = (827837 AR 78d7 817017027 AR 7Od)7
and
a#(317 <3 8d, 015 - - - 7Od) = (317 SdySd—1---,83,52,01,02, ... 7Od)'
For s € §4, we denote by Stab%d(s) and Stabﬁd(s) the stabilizers of s in Dy
and Cy, respectively under this action.
Lemma 2.6 For each s € Sy, there exists a homomorphism
Ag: Stab}, (s) — Z/2Z,
such that Stabp,(s) = ker(Ag).

Proof Let s € S; be given. Clearly Stabp,(s) is a subgroup of Stab%d(s).
Let I: S; — Sy be the involution:

I(sl,...,sd,ol,...,od):(31,...,sd,—01,...,—0d).

We show that for every ¢ € Stabﬁd (s), either ((s) = s (so that ( € Stabp,(s))
or ((s) = I(s). This follows from the property (2) in the definition of signature
vector, which implies that every element of Sy is determined by its first d 4+ 1
entries. Hence we may define Ag(¢) to be 0 if {(s) =s and 1 otherwise. Since
I is an involution, Ag is a homomorphism. O

Example Consider the signature

s=(2,1,2,1,2,1,2,1,1,1,—-1,-1,1,1,-1, —1).

Geometry € Topology, Volume 8 (2004)



892 Lizzie Burslem and Amie Wilkinson

For this example we have Stabcg(s) = (b*), Stabp,(s) = (a,b*), Stabé (s) =
(b?), and Stabﬁs(s) = (a,b?). In this example the homomorphism Ag is surjec-
tive, with nontrivial kernel. For s = (2,1,4,1,2,1,4,1,1,1,—1,-1,1,1, -1, -1),
on the other hand, the image of Ag is trivial, and Stabp,(s) = Stabﬁ8 (s) =
{a,bt), Stabe,(s) = Stabgg(s) = (b1).

For a third example, recall that the stabilizer Stabp,(s) of the signature vector
s=(2,3,1,2,3,1,—-1,—1,—1,1,1,1) is trivial. Because of the rotational sym-
metry of the vertex labels, however, Stabéﬁ6 (s) = Stabﬁ(j(s) = (b%) ~ Z/27. In
this example, Ag is an isomorphism.

Let G < Diff“(S!) be a subgroup with global fixed point p € S*: f(p) = p,
for all f € G. We now show how to assign, to each s € S, a subgroup Gs
consisting of ramified lifts of elements of G. We first write G = G4+ U G_,
where G4 = G N Diff* (S') is the kernel of the homomorphism O: G — Z/2Z
given by:

0 if f is orientation-preserving,
o(f) = {

1 otherwise.

Suppose that 7: S' — S' is a ramified covering map over p. Then, for every
[ € G4, Proposition implies that for every ¢ € Stabp,(s(m)), there is a
unique lift f(,¢) € Diff*(S!) satisfying:

(1) f(m,¢) is a m—ramified lift of f,

(2) f(r.0)(q) =C(q), for all g € 7~ 1(p), and

(3) f(m.Q)(e) = ¢(e), for all e € E(p)
(Further, this lift is orientation-preserving if { € Stabc,(s).) Suppose, on the

other hand, that f € G_. In Section B, we prove Lemma E2 which implies
that if ¢ € Stab%d(s) satisfies:

C(S) = I(S)7 (1)

then there exists a unique lift f(r,¢) € Diff*(S') satisfying (1)—(3) (and, fur-
ther, f(m, () € Diff¥(S?) if ¢ € Stabﬁd(s).) We can rephrase condition ()
as:

As(Q) =1,

To summarize this discussion, we have proved the following:
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Lemma 2.7 If f € G, and ( € Stab%d(s), then there exists a lift f(m, ()
satisfying (1)—(3) if and only if:

For s € §, let g be the ramified covering map over p with signature s given
by Proposition Bl If G < Diff*(S') has global fixed point p, we define
Gs C Diff¥(S') to be the fibered product of G' and Stabﬁd(s) with respect
to O and Ag:

G® = {f(ms,O)| (f,€) € G x Stab}, (s), O(f) = As(Q)}-
Similarly, we define:
G = {f (7, Q)| (f,€) € G x Stabf, (s), O(f) = As(()}-

Lemma B tells us that GSA coincides with G™ , the set of all mg—ramified lifts
of G, and, similarly, that G5 = G™ N Diff; (S'). It follows from Lemma
that G5 and éﬁ_ are subgroups of Diff*(S!) and Diff¥ (S!), respectively, with:

Films, 1) o falms, &2) = fi o fa(ms, (1Ga).-
Further, we have:
Proposition 2.8 Assume that G_ is nonempty. Then Gs and Gi are both
finite extensions of G ; there exist exact sequences:

1-Gy -G — Stabﬁd(s) — 1, (2)
and

1 -Gy — G — Stabﬁd(s) — 1. (3)
Furthermore, if the sequence
1-G, - G206 —1

splits, where O: G — 7/2Z is the orientation homomorphism, then the se-
quences (@) and @) are split, and so is the sequence

1— G5 — G — 0(G%) — 1. (4)

Proof The maps in the first sequence () are given by:
v Gy — G8 f|—>f(7rs,z'd)

o G5 — Stabﬁd(s) f(ms, ¢) — C.
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It is easy to see that ¢ is injective and o is surjective. Moreover, f (7s,¢) is in
the kernel of ¢ if and only if { = id, if and only if f is orientation-preserving,
if and only if f (7s,id) is in the image of ¢. Hence the first sequence is exact.
Similarly, the second sequence () is exact.

Now suppose that 1 — G4+ — G — O(G) — 1 is split exact. If O(G) is trivial
then G4 = G, and there is nothing to prove. If O(G) = Z/2Z, then G contains
an involution g € G_ with g% = id, namely the image of 1 under the homomor-
phism O(G) — G. We use g to define a homomorphism j: Stabﬁd (s) — Gs
as follows:

Q(W&C) if AS(C) = 1.

Hence the sequence (B is split. The restriction of j to Stabﬁd(s) splits the
sequence ([B).

If O(G®) is trivial, then the last sequence (@) is trivially split. If O(GS) =
Z./27, then there exists a ¢ € Stabﬁd(s) such that Ag(¢) = 1. We then define
k: O(G%) — G® by k(0) = id, k(1) = §(ms,¢), which implies that (@) is
split. O

O = {z‘d(ws,o if As(¢) =0

Setting G = Aff(R), which has the global fixed point co € RP!, we thereby

define ﬁTS(R) and ﬁfi(R), for s € S. Let S and S, be the sets of signatures
defined at the end of the previous subsection. The elements of S and S, are
representatives of distinct orbits in S under the dihedral and cyclic actions,
respectively. We now define:

RAFF = {Aff°(R) | s € 8}, and RAFF, = {Afi,(R) | s € 54 }.
Since Aff(R) contains the involution = — —x, the sequence
1 — Aff,(R) — AR(R) 3 Z2/2Z — 1
splits. Proposition implies that
Aff(R) ~ Aff, (R) x Stab, (s),  Aff} (R) ~ Aff,(R) x Stabf, (s),

and either ﬁTS(R) = ﬁi(R) or ES(R) ~ ﬁfi(R) X 7Z./27, depending on
whether Ag is surjective. This proves (2) of Theorem [LT10

Corollary B implies that AR (R) and Af” (R) are conjugate subgroups in
Diff}(S1), only if s; € Dgsy. Similarly, Affj_1 (R) and Aﬂ“jf (R) are conjugate
subgroups in Diffi(Sl), if and only if s; € Cysy. This proves (1) of the theorem.
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Finally, every finite dihedral or cyclic group H is the stabilizer of infinitely
many s € S, and hence there are infinitely many s € S so that ES(R) o~
Aff L (R) x H. This proves part (3). Property (4) follows from the definition of
RAFF. This completes the proof of Theorem [LT0

3 The relation fgf~' = ¢*: the central technical re-
sult

In this section we analyze the relation fgf~! = ¢* near a common fixed point of
f and g. If f and g are real-analytic, then they can be locally conjugated into
one of the ramified affine groups described at the beginning of Section B [T, [10),
2]. This gives a local characterization of diffeomorphisms of S! satisfying this
relation about each common fixed point, and to obtain a global characterization,
it is a matter of gluing together these local ones. This was the way Ghys
[6] proved that every solvable subgroup of Diff*(S') is metabelian. To prove
Theorems [Tl and [[3 we adapt the arguments in [I0] to the C" setting, where
additional hypotheses on f and g are required.

The initial draft of this paper contained a completely different proof of the local
characterization of [Il, [I0, 2] that does not rely on vector fields and works for
C" diffeomorphisms as well, under the right assumptions. In the C* and C*
case, this original proof gives identical results as the vector fields proof, but in
the general C" setting, the proof using vector fields gives sharper results. At
the end of this section, we outline the alternate proof method. The main idea
behind this method is to study the implications of the relation fgf~—! = ¢* for
the Schwarzian derivative of ¢ near a common fixed point at 0.

We now state the main technical result of this section. Let [g, q1) be a half open
interval, let r € [2,00] U{w}, and let f,g € Diftf"([¢,q1)) be diffecomorphisms.
Assume that ¢ has no fixed points in (g,q1).

Standing Assumptions We assume that either (A), (B), (C) or (D) holds:
(A) r =w, and there exists an integer A > 1 such that fgf~! = g*.

(B) r € [2,00), and there is an integer A > 1 such that fgf~' = ¢*, and
Fla)y< ().

(C) =00, f(q) <1, and for some integer A > 1, fgf~' = g

(D) 7 € {oo,w}, g is not infinitely flat, and there is a C* flow g¢': [¢,q1) —
[4,q1) such that:
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(1) ¢g'=g,and
(2) fgf~' =g for some positive real number \ # 1.

Assumptions (A), (B) and (C) will arise in the proof of Theorems [[J] and [[C3,
and assumption (D) will arise in the proof of Theorem The main technical
result that we will use in these proofs is the following.

Proposition 3.1 Assume that either (A), (B), (C) or (D) holds. Then there
is a O diffeomorphism «: (q,q1) — (—00,00) C RP' such that for all p €
(a,271(0)):
(1) a(p) = eh(p)®, where h: [q,a™1(0)) — [~00,0) is a C" diffeomorphism,
s is an integer satisfying 1 < s <r, and € € {1},

(2) ag(p) =alp) +1 and af(p) = Aa(p).

We start with a lemma describing which values of f’(¢) and ¢’(q) can occur.
Lemma 3.2 Assume that one of assumptions (A)—(D) holds. Then ¢'(q) =1,
and either

(1) ¢ (q) =0 for 2 < i < r (in particular, neither assumption (A) nor (D)
can hold in this case), or

(2) flg) = (%)% for some integer 1 < s < r, and
gD (q)=0for2<i<s, and ¢*+D(q)#£0.

Proof Since fg= gf,

f'(g(p) ¢'(p) = (6™ (f(p)) f'(P)-
W(hen p = ¢, we thus have ¢'(q) = (¢")' (). But (¢*)'(¢) = (¢'(¢))", and so
9'(q) =1.
Suppose that f'(¢) = k # 1. Then there is an interval [¢,p) on which f is C"

conjugate to the linear map = +— sz ([I4], Theorem 2). So in local coordinates,
identifying ¢ with 0,

f(x) = kz, and

g(z) = x4+ axstt 4+ o(mSH) for some s > 1.
Then
fof Yz) = z+ (%)95‘“rl + o(z**1), and
ANz) = x4 daz®t 4 o(ah).
So either
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= Qfor2<i<s
# 0fori=s+1.
Now suppose that f'(¢) = 1. Then in a neighborhood of ¢, we can write
f(x) =2+ brFt 4 o(a" ) and g(z) = 2 + az®T! + o(z*t)

for some k, s > 1. If k = s, then

[f.9l@) = fof g7 (@) = z+o(a")

= ¢ Yz) = 24+ (A= Daz® 4 o(a®h).
So a =0, and hence ¢’ (0) =0 for 2 <i <.
If k # s, then we use the following well known result (see, eg, [13]):
Lemma 3.3 If f(r) = x + ba** + o(2F 1) and g(z) = z + ax*t! + o(a5H),
and if s >k > 1, then
[f, gl(z) =z + (s — k)abz**F + o(z*FF).
Assume that s > k. (If s < k, then the proof is similar). It follows from
Lemma that
x4 (s — k)abe*t* + o(x*™F) = [f,4](z)
= ¢ Na) = 24+ (A= Daz® +o(z°T1).
So either
(1) k> 2, and therefore a = 0 and g (¢) =0, for 2<i <r, or
(2) k=1, and therefore b = 2=1.
But if k =1, then
x4+ (s — 1)2abx*™ +o(z*T) = [f% g)(x)

= ol @) = @)
= x4+ (N = Daz® +o(a*t).

So b= % = 2‘:%, which is impossible, since A # 1. Therefore g(i)(q) =0,

for 2<i<r. D

Lemma 3.4 Assume that (A), (B), (C) or (D) holds. Then there is a neighbor-
hood [q,p1) C [¢,q1) and a C" map A: [q,p1) — R such that for all p € [q,p1),
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(1) A(p) = oH(p)®, where H: [q,p1) — [0,00) is a C" diffeomorphism,
1 < s < r is an integer, and o € {£1};

(2)

Af(p) = A(p)
3
& A(p)
Ag(p) = T—Ap)

Consequently, f'(q) = (%)% for some integer 1 < s < r, and g+ (q) # 0.

Before giving a proof of Lemma B4, we will show how this lemma implies
Proposition Bl

Lemma 3.5 Assume that (A), (B), (C) or (D) holds. Let A,H,s, and o be
given by Lemmal[34 For p € [q,p1), let
-1 -1
h(p) = ——; ao(p) = —-
) H(p) ole) A(p)
Then o extends to a C" map a: (q,q1) — (—00,00) satisfying the conclusions
of Proposition [Bl.

Proof Lemma BA implies that for all p € (¢,p1), ag(p) = ap(p) + 1 and
apf(p) = Aap(p). Since ap has been defined in a fundamental domain for g,
we can now extend this map to a C" diffeomorphism « from (g, ;) to (—o0, 00)
as follows. Since g has no fixed points in (q,q1), given any p € (q,q1), there is
some j € Z such that ¢/(p) € (¢,p1). Let a(p) = ap(g’(p)) —j (which is easily
seen to be independent of choice of j). By construction, ag(p) = a(p) + 1 for
all p € (¢,q1). Since f(p) = (g77)*fg’(p), we also have:

af(p) = (alg ) ag")(eofag ) aog (p) = Map) +34) —jr = da(p).
Hence the conclusions of Proposition Bl hold. O

Proof of Lemma B4 We say that a C? function c: [a,b) — [a,b) is a C?
contraction if ¢’ is positive on [a,b) and c(x) < z, for all x € (a,b). Since g has
no fixed points in (g, q1), either g or g~! is a C? contraction. We will assume
until the end of the proof that g is a C? contraction. Replacing g by ¢~' does
not change the relation fgf=!' = g¢*.

Since g has no fixed points in (g, q1), there is a a unique C'* vector field Xy on
[¢,q1) that generates a C! flow g such that g, ,,) = g' (Szekeres, see [TT] for
a discussion).
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Lemma 3.6 Forall j €N and z € [q,q1), f7gf’(z) = g%ﬂ(m)
Proof We will use the following result of Kopell:

Lemma 3.7 (8] Lemma 1) Let g € Diff®[q,q1) be a C? contraction that
embeds in a C' flow g', so that g = g'. If h € Diff'[q, q,) satisfies hg = gh,
then h = g* for some t € R.

It follows from the relation f/gf~7 = g)‘j that f~7gf’ commutes with g, and
therefore Lemma B2 implies that f~7gf/ = ¢ for some ¢t € R. This relation

also implies that (f~ ]gfj)’v =g.So fIgfI —gM . D

Let x = f'(q). We may assume, by Lemma B2, that « # 1, and therefore there
is an interval (g,p1) on which f has no fixed points, and a C" diffeomorphism
H: [q,p1) — [0,00) such that H f H '(z) = kz ([14], Theorem 2). The
diffeomorphism H is unique up to multiplication by a constant. Let F =
HfH™ " and let G = HgH~!'. Since we have assumed that g is a contraction,
we have g([g,p1)) C [g,p1)-

Let X be the push-forward of the vector field Xy to [0,00) under H, and let
G' be the semiflow generated by X, so that G = G*.

Lemma 3.8 If F'(0) < (%)T T and G is r—flat at 0, then X (z) =0 on [0,00).

Proof We will show that for all x € [0, 00),
G'(z) —
Jim &) =@
t—0
Since the limit exists, it is enough to show that it converges to 0 for a subse-
quence t; — 0. We will use the subsequence t; = Writing k = F'(0) as

before, we have

= 0.

&+
F(z) = kx and G(z) =z + R(z),

where R(z)/z" — 0 as © — 0, and therefore:
o 1 .
Gli(z) = F'GF'(2z) = = + ER((/{Z:E)).

So
t; _
0 < lim 1E1@) =2l zlmx(lmmmo
i—00 t; i—00 K
: R((k'z))]
- 1 r—1\i,.r ‘

iigé(/\/{ )'@ (Kix)"

o B()

i—00 (/ﬁix)r

IN

=0,
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since k"1 < % D

Corollary 3.9 Under any assumption (A)—(D), g is not r—flat at ¢, and
therefore f'(q) = (%)%, for some integer 1 < s < r.

Proof Clearly g cannot be infinitely flat if (A) or (D) holds. Under assumption
(C), f'(q) < (%)%, for some k > 0 and f,g are C*, so (C) reduces to (B). By
Lemma B8 under assumption (B), if g is r—flat at ¢, then the semiflow G? is
tangent to the trivial vector field, X (x) = 0. But then G = id, and therefore
g = id on [gq,p1), contradicting the assumption that ¢ has no fixed points in

(a,q1)- O

Lemma 3.10 If F'(0) = (%)% for some integer 1 < s < r, then for some
a<0, X(z) =az**! on [0,00).

3

Proof As in the proof of Lemma B it is enough to show that for all z €

1
[0,00), and for t; = 57,

t; _
lim M — qrst!
for some a € R. If F'(0) = (%)%
Lemma B2

for some integer 1 < s < r, then by

1
F(zx) = (X)%:E and G(z) =z +az*™ + R(x)
for some a € R, where R(z)/z°t' — 0 as x — 0. The value of a depends on
the choice of linearizing map h for fly, ). For all i € N,

X

Gli(z) = FTIGFi(z) = A+ G<)\i>

1 i
= x+ax8+ly+)\§R<i>.

As
So
Gl — ; 1 i
lim Giw) —w = lim X\ <am5+1—. + As R< xi ))
1—00 t; 1—00 P\ s
i(s+1)
= lim az®™' 4+ R < xl> )\731 T = gptt!
1—00 s x5t

Since G is a contraction on [0,00), it follows that a < 0, and since G # id, we
must have a < 0. D
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Corollary 3.11 If one of (A)—~(D) holds, then f'(q) = (%)% for some integer
1 < s < r, and, after a suitable rescaling of the linearizing map H ,
Glo) = ——.
1+t

Proof Choose H so that a = —1/s. Solving the differential equation %Gt(:n)
= aG*(z)**! with initial condition G°(x) = z, we obtain G*(z) = :E/(1+tx5)%
Since G(z) = G'(z), the conclusion follows. O

To complete the proof of Lemma B4l assuming that ¢ is a contraction, let s, H
be given by Corollary BI1l and let o = —1. Then Corollary BIT] implies that
A(p) = o(H(p)®) satisfies the desired conditions. If g is not a contraction, we
replace g by ¢~! in the proof. Setting o = 1, we obtain the desired conclusions.

O

3.1 Idea behind an alternate proof of Proposition B.1]

Suppose that f and g # id are C" diffeomorphisms, defined in a neighborhood
of 0 in R, both fixing the origin, and satisfying the relation:

fof =t =g

for some A > 1. In this context, the conclusion of Proposition Bl can be
reformulated as follows: f and g are conjugate, via —1/h, to the maps

1

1
x— (=)sz and z+— ————
A (1—03:3)%

x

for some integer 1 < s < r and some o € {£1}. The proof of Proposition Bl
uses vector fields; here we sketch an alternative proof of this reformulation, using
the Schwarzian derivative. This sketch can be made into a complete proof of
Proposition Bl under assumptions (A), (C) and (D), but gives a weaker result
in case (B): for this proof we will need both r > 2s+1 and f'(q) < (%)1/(5_1),
for some s > 1.

For simplicity, assume that » = w and that A = 2. First note that, since ¢

1
is not infinitely flat, Lemma B2 implies that f'(0) € {(3)* | s > 1}. After
conjugating f and ¢ by an analytic diffeomorphism, we may assume, then,
that:
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for some s > 1.
Let F(z) = f(x%)s = x/2 and let G(z) = g(x%)s. Rewriting the relation
FGF~! = G?, we obtain:

1

§G(233) = G*(2);

rearranging and iterating this relation, we obtain:

k
G) =267 (), (5)

for all k> 1.

Recall that the Schwarzian derivative of a C® function H is defined by:

H"(x) 3 (H"(z)\
S(H =—2—— | —=
) =t =1 (7))
and has the following properties:

(1) S(H)(z) =0 for all z iff G is Mdbius, and

(2) for any C® function K, S(H o K)(z) = K'(x)?S(H)(K(z)) + S(K)(z).
Combining these properties with (@), we will show that S(G) = 0, which implies
that G is Mobius. Lemma B2 implies that G’(0) = 1 and G”(0) # 0, so we
have G(z) = 1 () = G(z°)'/*, we obtain the
desired result.
The first thing to check is that G is C3. To obtain this, we use a slightly

stronger version of Lemma (whose proof is left as an exercise), which states
that, if ¢ is not infinitely flat, then

g(:z:) =1 —I—axSH + b$2s+1 I

Performing the substitution G = g(z!/%)® in this series, one finds that G is C®.
(This requires that g be at least C?*T!, in contrast to the proof of Proposi-
tion Bl which requires only C*+1).

Equation (@) implies that

SO = S o),

for all £ > 1. Thus, by the cocycle condition (2) of the Schwarzian, we have:

S(Q)() = Q%Zs G ) (@) (©
_ Z%Zs v (G ) (1)
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where z; := Gi_l(%).

Fix z, and assume without loss of generality that G7(z) — 0 as j — co. Since
G is C? and G'(0) = 1, there is a constant C' > 0 such that |G’(z;)| < 1+ %,
and |S(G)(x;)| < C, for all i between 1 and 2% and all k > 1. Combined with
(@), this gives us a bound on the Schwarzian of G at x:

2k 2(i—1)
c C
S@@| < > (1 + Q—k)
1=1
E 1 . (1 + 2%)2k+1
228\ 1-(1+£)?

- 1 [(e2¢ -1

for all k> 1. Hence S(G)(z) = 0, for all x, which implies that G is M&bius.

IN

4 Further properties of ramified covers: proofs of
Proposition 2.3, Lemma 2.4 and Proposition

The next lemma describes a useful normal form for ramified covering maps.

Lemma 4.1 Let m: RP' — RP! be a ramified covering map over 0, where
7710) = {z1,...,24}. Let s = (s(x1),...,s(xq),01,...,04) be the signature
of w. Then given any x; € w'(0), there is a neighborhood U of z; and an
analytic diffeomorphism h: U — R such that for all x € U,

w(x) = h(x)*®),

Proof In local coordinates at x;, identifying x; with 0, we can write

m(x) = ar®(1+0(x))

= az’g(x)
where a > 0, s = s(x;) and g(x) = (1 + O(x)). Let h(x) = a%xg(:n)%. Then
h(x) is analytic in a neighborhood of 0, and 7 (x) = h(z)*. O

This lemma motivates the following definition.

Definition A C” ramified cover over p € S' is a map m: S! — S! satisfying:
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(1) 7 'p) ={aq1.92,-..,q4}, where 1 < g2 < ... < qq;

(2) the restriction of 7 to 7~1(S*\ {p}) is a regular C" covering map onto
ST\ {p} of degree d > 1;

(3) for all 1 <i < d, there are neighborhoods U; of ¢; and V' of p, and C”
charts h;: U; — R and k;: V — R with h;(¢;) =0 and k;(p) = 0, such
that

ki mhit(x) = 2%

for some integer s; > 0.

Remark By Lemma [Tl a ramified cover is a C* ramified cover.

We define the signature of a C" ramified cover in the obvious way.

Definition Let m; and me be C" ramified covering maps of degree d over
p1 and po, respectively. Fix an orientation preserving identification between
7 (p) and 75, (p) and between £(m;) and £(ms). Suppose that f € Diff"(S)
satisfies f(p1) = p2, and let ¢ € D,;. We say that fe Diff"(S') is a (71, 72, ¢) —
ramified lift of f if:

(1) f(a) = ¢(g), for all g € 7' (p1),
(2) f(e) =C(e), for all e € E(my), and

(3) the following diagram commutes:

St St
7”1 ”21
St / St

Lemma 4.2 Let m, my and f be as above. Suppose that ( € D, satisfies
o ((s(m)) =s(m), if f € Diff’,(S1), or
o ((s(m)) =1I(s(m2)), if f € Diff’ (S"),

where I: Sg — Sy is the involution that reverses the sign of the last d coordi-
nates.

Then there exists a unique (71, 7o, ¢)—ramified lift of f. We denote this lift by
f(7T177T27C)7 or by f(ﬂ—7C)7 jfﬂ'l =T2 =T.

Furthermore, we have that if ¢ € Cy, then f(m,m,() € Diff’, (S1).
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Proof Suppose first that f preserves orientation. Since the restriction of m; to
1S\ {p1}) and the restriction of my to 7, '(S'\ {p2}) are both regular C”
covering maps of degree d, for any ¢ € Dy there is a unique C” diffeomorphism
for SY\wrHp} — S\ 75 Hpa} such that fo(e) = ((e) for all e € E(m), and
the diagram (3) commutes on the restricted domains. The condition s(m2) =
((s(m)) implies that fo extends to a unique homeomorphism f such that
f(q) = ¢(q), for all ¢ € n7 (p1) and such that the diagram in (3) commutes.
It remains to show that f is a C" diffeomorphism.

It suffices to show that f is a C" diffeomorphism at each ¢ € 7 1(p1), By
Lemma B0l there are local coordinates near ¢ and f(q), identifying both of
these points with 0, such that

(Fl)y V@) = f(a*@)

for some integers s(f(¢)) and s(q). Since s(m) = ((s(m1)), we have s(¢(q)) =
s(q). Let j = s(q) = s(f(q)). Since f is C" and has a fixed point at 0,

f(x) = a1z +agx® + ... + 2" + o(z")

and we can assume that the coordinates have been chosen so that a; > 0. So
near r = 0,

fl@) = (m2? +ax™ +... + 2" +o(a;’"j))%
= z (a1 +a? + ...+ 20 4oz DI))7,

S

where the root is chosen so that f’(O) >0. Since a1 >0 and r > 2, fisa C"
diffeomorphism at 0. Similarly, we see that if f is analytic, then f is analytic.
Finally, we note that since f is orientation preserving, if { € Cy, then f must
also be orientation preserving.

Now suppose that f € Diff” (S1), and that ((s(m1)) = I(s(m2)). Let 7 = fomr.
Setting f to be the (71, 2, ¢)-lift of the identity map, we obtain the desired
conclusions. O

Lemma 4.3 Let f; and fy be C" diffeomorphisms of S*, both with a fixed
point at p, let m: S' — S be a C" ramified covering map over p with signature
s, and let (1, (2 € Dy. Suppose that ¢, and (y satisfy (;(s) = s if f; €
Diff’, (S1), and (i(s) = I(s) if f; € Diff” (S1). Then

fa(m, o) 0 fi(m, 1) = Fao fi(m,Cao Ca).

Proof The map fg(ﬂ', (2) 0 fl(w, (1)(q) satisfies:
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(1) fa(m,&2) o fi(m,G1)(q) = G o Gi(q), for all g € 71 (p),
(2)  falm,G) o fi(m, C1)(e) = CaoCi(e), for all e € E(x), and

(3) the following diagram commutes:

g1 h(x¢) g1 fa(m, G2)

g g g

Sl fl Sl f2 Sl
By Lemma B2 we must have fo(m, C) o fi(m, (1) = m(w, C20(). O

The following proposition is a C" version of Proposition EZ3

Proposition 4.4 Suppose that G is a group, and that p: G — Diﬂ”jr(Sl) is
a representation with global fixed point p. Let w: S* — S! be a C" ramified
cover over p with signature vector s. Then for every homomorphism h: G —
Stabp,(s), there is a unique representation

p=p(m,h): G — Diff"(S1)

such that, for all v € G, p() is the (mw, h(vy))— ramified lift of p(vy). If h takes
values in Stabc,(s), then p takes values in Diff’, (S1).

Proof This follows immediately from the previous two lemmas. O

The following lemma is a C" version of Lemma 241

Lemma 4.5 Let G be a group, and let p: G — Diff*(S!) be a representation
with global fixed point p. Let m,my: S' — S' be C" ramified covers over
p € S, with s(m) = ((s(m2)), for some ¢ € Dy.

Then for every homomorphism h: G — Stabp,(s), the representation p(m1,h)
is conjugate to p(m, Ch¢™1) in Diff"(S'), where (Ch(™1)(7) := Ch(y)¢L. If p
takes values in Diff* (S1), if ¢ € Cy, and if h takes values in Stabc,(s), then
p(mi,h) and p(ma, Ch(™Y) are conjugate in Diff’, (S').

Proof This lemma follows from the diagram below, which commutes by Propo-
sition 241 and Lemma (Here id = id(my, 72, (1)).
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Sl pA(7T27 ChC_l) Sl
a/ a/
sl P sl
Sl ﬁ(ﬂ-l’ h) il Sl
id id
m 1
sl P sl

O

Consider two lifts f(m1,¢), f(ma,¢) of the same diffeomorphism f (or, more
generally, of conjugate diffecomorphisms). For purely topological reasons, if
these lifts are conjugate by a map with rotation number 0, then s(m;) and
s(m2) have the same length 2d, and the final d entries in these vectors must
agree. (More generally, if the conjugacy has nonzero rotation number, then the
final d entries of the first vector must lie in the D;—orbit of the final d entries
of the second). We now examine the first d entries of both vectors. We show
that, under appropriate regularity assumptions on f and on the conjugacy,
these entries must also agree, so that s(m1) = s(m2). The next lemma is the
key reason for this.

Lemma 4.6 Let c: [0,00) — [0,00) be a C? contraction. Suppose that, for
some integers m,n > 0, the maps vi(x) = c¢(z™)™ and vy(x) = c(z™)/"
conjugate by a C' diffeomorphism h: [0,00) — [0,00). Then m = n.

are

Proof Since c is a C? contraction, the standard distortion estimate (see, eg
[8]) implies that for all x,y € [0,00), there exists an M > 1, such that for all
k>0,
1 (") ()
NS () i
Assume without loss of generality that m > m and suppose that there exists
a C! diffeomorphism h: [0,00) — [0,00) such that hvi(z) = va(h(z)), for all
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z € [0,00). Let H(z) = h(z'/™)*. Note that the C' function H: [0,00) —
[0,00) has the following properties:

(1
(2

H'(z) >0, for all z € [0,00), and H'(z) =0 iff = 0;

)
) forall k>0, Hoc* =cfo H.

Then (2) implies that for every z € [0, 00):

k\/
Hl T — Hl ck‘ (C ) (Z')
@ = ) Gy )
for all k> 0. But ) implies that (¢*)(z)/(c*) (H(z)) is bounded indepen-
dently of k, so that H'(x) = limy_.., H'(c¥(x)) = 0, contradicting property
(1). O

Corollary 4.7 Let G and H be infinite subgroups of AR (R) and AR (R),
respectively, for some sy,s; € S. If there exists o € Diff'(S') such that
aGa~' = H, then s; = s.

If G < ﬁTT(R) and H < Kf\fiz(]R), with si,82 € S4, and there exists o €
Diff! (S') such that aGa™! = H, then s = 8.

Proof Let G,H and « be given. Note that s; and sy must have the same
length 2d, since the global finite invariant sets of G and H must be isomorphic.
Let g, h be elements of G and H with rotation number 0 such that h = aga™!.
Since dilations have twice as many fixed points in RP! as translations, if g is
a ramified lift of a translation, then so is h. Assume that g = S (7s,,d) and
h = (7152,zd), where S: x — x+ s and T: x — x + ¢ are translations with
s,t > 0. Let q1,...,9¢ and a(q1),...,a(qq) be the preimages of oo under
ms, and 7g,, respectively. In a neighborhood of ¢;, the map g is conjugate
to  +— (S(x)™)Y/™ and in a neighborhood of a(g;), h is conjugate to x
(T(z)™)'/™  where m; = s(q;) and n; = s(a(g;)). Since S is a C? contraction
in a neighborhood of co and T is conjugate to 5, it follows from Lemma
that m; = n; for 1 <7 < d, which implies that s1 = s».

Suppose instead that g is a ramified lift of a map in Aff(R) conjugate to the
dilation D: z — ax, for some a > 1. Since g must have d fixed points with
derivative a, so must h, and so h is also a ramified lift of a map in Aff(R)
conjugate to D. Around oo, the map D is a C? contraction, and the same
proof as above shows that s; = ss.

The proof in the orientation-preserving case is analogous. O
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Proof of Proposition Let p,: BS(1,n) — Diff“(S') be the standard
representation. Suppose that p,(7s,, h1) and py(7s,, he) € V are conjugate by
o € Diﬂ“l(Sl), where s1,89 € S. It follows from Corollary BT that s1 = sg.

We next show hy = hy. Let v € BS(1,n) and let k = p,(y). Let k =
k(ms,, h1(7)) and ke = k(s,, ho(v)) Then for all ¢ € mg,'(c0), we have:

ahi(v)(q) = aki(q) = ka(a(q)) = ha(7)(alq)),
and for all e € £(my),

ahi(y)(e) = aki(e) = kz(ale)) = ha(7)(ale)).

Since a(mgt(00)) = 75, (00) and «(E(m)) = E(m), it follows that hyi(y) =
hao(y). So ahy = hoa. Recall that each element p,(7s,h) of V is given

by a signature vector s € S and a representative h of a conjugacy class in
Hom (BS(1,n), Stabp,(s)). So hy = hs. O

5 Proof of Theorems [I.1 and

The construction behind this proof is very simple. We are given a C" represen-
tation p of BS(1,n). Using elementary arguments, we are reduced to the case
where f = p(a) and g = p(b) have a common finite invariant set, the set of
periodic orbits of g. Assume that the rotation numbers of f and g are both 0.
Using the results from Section Bl we obtain a local characterization of f and g
on the intervals between the common fixed points. On each of these intervals,
f is conjugate to the dilation x — nx and ¢ is conjugate to the translation
x +— x+1. Gluing together the conjugating maps gives us a C" ramified cover-
ing map over co. Hence p is a C" ramified lift of the standard representation.
Proposition implies that there is a rational ramified cover with the same
signature as the the given C" ramified cover. Lemma implies that p is C”
conjugate to a ramified lift of p,, under the rational ramified cover. It remains
to handle the case where the rotation numbers of f and g are not 0, but this
is fairly simple to do, since the elements of the standard representation embed
in analytic vector fields. We now give the complete proof.

Let p: BS(1,n) — Diff"(S') be a representation, where r € [2,00], or r = w.
1
If 7 < oo, assume that o(p) < (2)7 1. If r = 0o, we assume that o(p) < 1.

Let f = p(a) and g = p(b), where aba™! = b™. Since g is conjugate to g", it
follows that 7(g) = £7(¢") = £n7(g), where 7(h) denotes the rotation number
of h € Homeo(S"). Hence g has rational rotation number.
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Lemma 5.1 f preserves the set of periodic points of g.

Proof This follows from the relation fg = ¢"f. If ¢*(q) = ¢, then ¢"*(f(q)) =
fd*(q) = f(q). So f(q) is also periodic for g. O

Suppose that 7(f) is irrational. Then by Lemma Bl the periodic points of g
are dense in S', which implies that g* = id, for some k < n + 1. This implies
that conclusion (1) of Theorem [l holds.

Suppose, on the other hand, that 7(f) is rational. Choose I so that ¢’ and
f* are both orientation-preserving and both have rotation number 0. Then f!
leaves Fix(g') invariant. Choose p € Fix(g'). Any accumulation of {f"(p)}
must be a fixed point for f! and for ¢'. We have shown:

Lemma 5.2 f! and ¢ have a common fixed point.

Note that the fixed points for f! are isolated; if f is not analytic, then o(p) < 1,
which implies that the fixed points for f! are hyperbolic. Let w; < wy < ... <
wy, be the set of fixed points of f'. We will see that if ¢' is not the identity
map, then the set of fixed points for ¢! is exactly equal to the set of sinks for

1.
Lemma 5.3 If ¢'(w;) = w; and (f')'(w;) > 1, then ¢ = id on [w;_1,w;+1].

Proof Suppose that (f!)(w;) = A > 1, and let a: [w;, wij+1) — [0,00) be a
C' linearizing diffeomorphism such that afla='(z) = Az for all = € [0, 00).
Let FF = afla™, and let G = ag'a™t. If ¢! #id on [w;,w;y1), then there is
a point xg € [0,00) such that G(zg) # z¢. Let x¢ be any such point. We may
assume that G¥(xg) — ¢ as k — oo, for some ¢ < oo, because this will be true
for either G or G~!. Since GF—% = F~kG"" for all k € N, it follows that

(F~FY(G™ (x0))
(F=F) (o)

for all k € N. But since G’(0) = 1 (by Lemma B), this means that (G™")'(z()
— 1,as k — oo (or k — —00), for every point z( that is not fixed by G. Since
G is not the identity, this is not possible. Hence g = id on [w;, w;+1]. A similar
argument shows that g = id on [w;—1,w;], O

G (F~*(xg)) = (G™) (),

Corollary 5.4 If g' has a fixed point in the interval (w;,w;;1), then g' = id
on [w;,wi+1]. That is, OFix(g') C Fix(f!).
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Proof Suppose that g¢'(p) = p for some p € (w;,wiy1), and suppose that
f*(p) — w; as k — —oco. By Lemma Bl f*(p) is periodic for g¢' for all
k € Z. Since ¢g' is an orientation preserving circle diffeomorphism with a
fixed point, f¥*(p) is a fixed point of ¢! for all k. By continuity, w; is a
common fixed point for f! and g'. Since (f!)'(w;) > 1, Lemma B3 implies that
g' =id on [w;,w;y1]. Similarly, if f*(p) — w41 as k — —oo, then g = id on
[wi,wiﬂ]. O

This has the immediate corollary:
Corollary 5.5 f! fixes every component of S'\ Fix(g').

Remark Corollary also follows from Theorem We have given a dif-
ferent proof here since we will need Lemma for the proof of Lemma

Let —00 < q1 < qa < --- < gq < o0 be the elements of dFix(g').

Lemma 5.6 On each interval (g;—1,q;], either ¢! = id, or there is a C" map
a;: (gi-1,q) — (=00, 00| such that

g, and conjugates ¢' to the map

(1) «; conjugates f* to the map = — n
x4+ 1;
(2)  @il(g;_,1,q) is @ C" diffeomorphism onto (—o0,o0)

(3) For all p in a neighborhood of g;,
o;(p) = 0;h(p)°

where h is a C" orientation-preserving diffeomorphism onto a neighbor-
hood of o0, 1 < s <, and o; € {£1}.

Proof This follows from Proposition Bl Note that we can apply Propo-
sition Bl in this setting since we know that if ¢! # id on (g;_1,¢], then
(fY(¢:) <1 (by Lemma E3). By our assumptions on o(p), if 2 < r < oo,
then (f!)'(¢;) < (%)ﬁ, and if r = oo, then (f!)'(¢;) < 1. Therefore one of the
assumptions (A)—(C) of Proposition Bl will hold. O

Corollary 5.7 Either ¢' = id, or dFix(¢') = Fix(¢") = {q1,...,qa}.

Proof Assume that OFix(¢') = {qi,...,qa} # Fix(¢'), but ¢! # id. Then
there is an interval [g;_1,¢] on which ¢! = id but where ¢! # id on [g;, gi+1].
By Lemma B4 either g' or ¢! is C" conjugate in a neighborhood [g;,p) to
the map z — z/(1 — a;s)% for some integer 1 < s < r. But this map is not
r—flat at =0, so ¢! is not C" at g;, a contradiction. O
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Corollary 5.8 If g # id, then the map w: S' — RP! defined by:
m(p) = a;(p), for p € (¢i-1,4i

is a C" ramified covering map over oo, f' is a m-ramified lift of x — n
¢ is a m-ramified lift of the map = — x + 1.

g, and

Proof Let ¢; € Fix(¢'). Applying Lemma B8 to the interval [g;,gi41), we
obtain a map @;1+1: [gi,¢i+1) — [—00,00) which is a C" diffeomorphism on
(¢i,qi+1), and which is a power of a C" diffeomorphism in a (right) neigh-
borhood of ¢;; @;+1(p) = h(p)® for p near g;, for some C" diffeomorphism h
and some integer 1 < s < r. Similarly, on the interval (g;—1,¢;] there is a
map «;: (¢i—1,q;) — (0o, —oo] which is a power of a diffeomorphism in a (left)
neighborhood of ¢;; a;(p) = h«(p)®* near ¢;. We will show that s = s,, and
that the diffeomorphisms h and h, glue together to give a C" diffeomorphism
in a neighborhood of ¢;. This will prove that the map

~ Jai(p), forpe (gi-1,q]
Wi(p) =93_
air1(p), for p € (g, git1)

is the restriction to (g;—1,¢i+1) of a C" ramified covering map over co. By
construction, the restrictions of f! and ¢' to (¢i—1,qi+1) are m;—ramified lifts
of the maps x — nlz and z — x + 1 respectively.

The diffeomorphism 1/h maps ¢; to 0, and conjugates g' to the map z —
x/(1 4 x*)Y/*. Similarly, 1/h. conjugates ¢' to = — x/(1 + 2**)/*. Since
g is C", we must have s = s,. Both 1/h and 1/h, are linearizing maps
for f! at ¢;, and it is not hard to see that they define a C" diffeomorphism
H in a neighborhood of ¢;. Therefore h and h, glue together to give a C”
diffeomorphism 1/H in a neighborhood of g;.

It remains to show that m; = m;4+1 on (¢, ¢i+1). Since the restriction of both
of these maps to (¢i,qi+1) are diffeomorphisms which linearize f!, they are
the same up to a constant multiple. There is a unique point zy € (gi—1, ¢)
satisfying f!(z¢) = g”l_l(azo); — this is the point zg = ¢'(y), where y is the
unique fixed point for f* in (g;,¢;4+1). Both 7m; and m;;; send the point zg to
the same point 1 € R. So we have m; = ;41 on (¢, ¢i+1)- O

It follows from Lemma BZH that the representation of BS(1,n!) generated by f!
and ¢! is C" conjugate to an element of V. In the remainder of this section,
we will show that the diffeomorphisms f and g are C" ramified lifts of the
generators of the standard action of BS(1,n) on S, hence the representation
they generate is also C" conjugate to an element of V. We begin with some
lemmas about ramified lifts of flows on S?.
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Lemma 5.9 Let ¢: S' — S' be a C" flow with a fixed point at p, and let
n: S — S' be a C" ramified covering map over p. Let F = ¢! (r, id) be
the m-ramified lift of the time-1 map ¢' with rotation number zero. Then
F embeds as the time-1 map of a C" flow F' on S', and for all t € R,
Ft = ot(n,id).

Proof By LemmaZ given any ¢ € R there is a unique (7, id) - ramified lift
of o', F' := pt(r,id). Lemma B3 imples that F'o F* = St = F$o F! for
all s,t € R.

Let X be the C"~! vector field that generates ¢, and let X be the lift of X
under 7. This vector field is clearly C"~1 on S\ 771(p) and clearly generates
the flow F* on S'. In a neighborhood of ¢; € 771(p), X takes the form

X(Q) = dﬂ(q)ﬂ'_lX(ﬂ'Q)a
and 7 takes the form m(x) = z°. A straightforward calculation shows that the

vector field X is C"~!. Similarly, X is analytic if X and 7 are. This completes
the proof. O

Lemma 5.10 Let F': S' — S' be the time-1 map of a C" flow F!, where
r > 2. Suppose that F is not r—flat, and 7(F) = 0. If G is a C" orientation
preserving diffeomorphism such that FG = GF, and if 7(G) = 0, then G = F!
for some t € R.

Proof Since 7(F) =0 and F is not r—flat, F' has a finite set of fixed points.
Let ¢1 < ... < qq be the elements of Fix(F). If FG = GF, then G permutes
the fixed points of F', and since G is orientation preserving and has rotation
number zero, G([q;, ¢i+1]) = [¢i, qi+1] for all ¢; € Fix(F). By Lemma B on
(¢, qi+1), G = F' for some t; € R, and on (q;,qi+1], G = F* for some s;.
Clearly, t; = s;. So for 1 < <d,

Gligigi] =
If F'(g;) # 1 for some ¢; € Fix(F), then since G is C' at ¢;, it follows that
t; =t;—1. If F'(g;) =1, then in local coordinates, identifying ¢; with 0,

F(z) = FY(z) = 2 + az® + o(2")

for some a # 0 and k < r. Therefore

F'_ for some t; € R.

Gla) = z+ti_jaz® + o(z¥), for x € (g;i_1, qi
x + tiaz® + o(z"), for x € [qi, qiv1).
Since k<7 and G is C", t; =t;_1. D
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Corollary 5.11 Let 7: S' — S! be a C" ramified covering map over oo,
and let F = k(m,id) be the (w,id)-ramified lift of k € Aff(R), k # id. Let
s(m) = (s1,--+,84,01,...,04), where s; < r—1 for 1 <i <d. By LemmaBd F
embeds as the time-1 map of a C" flow F'. If H: S' — S' is a C" orientation
preserving diffeomorphism such that FH = HF , and if 7(H) = 0, then H = F*
for some t € R.

Proof By Lemma BET0 it is enough to show that F' is not r—flat. In coordi-
nates identifying a fixed point with 0,

F(x) = m,

where either a # 1 or b # 0, which is clearly not r—flat, if s <. O

Proposition 5.12 Let I € Diff"(S') be a diffeomorphism such that F' is
oArientation—preseerng and T(Fl) = 0, for some | > 0. Suppose that F' =
kl(m,id) is a C" ramified lift of k' # id, where k € Aff, (R), and suppose that
s(m) = (s(q1),--.,8(qq),01,...,0q4), where s(q;) <r—1 for 1 < i <d. Then
either F' is a mw—ramified lift of k or F is a m-ramified lift of —k.

Proof Let ¢ € Dy be such that ((q) = F(q) for all ¢ € 771(c0), and ((e) =
F(e) for all e € E(m).

Lemma 5.13 (€ Stabﬁd(s(ﬂ)).

Proof Given any ¢ € 7 !(00), there is an interval [¢,p) and C" diffeomor-

phisms hq: [¢,p) — [0,00) and hy: [F(q), F(p)) — [0,00) such that
mF by (@) = [F (@)%, and heF'hy ! (2) = K ()7,

where s = s(q) and t = s(F(g)). We can assume that k' is a contraction

on [0,00). (If not, then use k' and F~'). Since F'|, ) is conjugate by F

to Fl|[F(q)7F(p)), Lemma implies that s(q) = s(F(q)), and therefore ¢ €

Stab}, (s(m)). D

By Lemma BT3 either ((s(m)) = s(w), or ((s(m)) = I(s(m)). If {(s(w)) =
s(m), then let a: S — S' be the (m,() ramified lift of the identity map:
o = id(m,¢). By Lemma 3, a commutes with F'. So Fa~! commutes with
F!, and by construction, Fa~! fixes every interval (g;, gi+1) € 7~ {(RP\ {o0}).
By Lemma BI0, F! embeds as the time-1 map of a C” flow, F*, and Fa~! =
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Fto = qza)(w,id) for some ty € R, where ¢ is an analytic flow with ¢! = k.
Therefore F' = ¢t (m,id) o id(m,() = ¢to(m, () (using Lemma E3). It follows
that tg = 1/, and therefore F' is the (7, ()-ramified lift of the map k.

If {(s(n)) = I(s(m)), then we let o = :i\d(w, ¢), the (m,{)-ramified lift of
—id: x — —x. As above, Fa~! is the (m,()-ramified lift of k, and therefore

-~

F=ta = —k(rQ). O

Corollary 5.14 f and g are C" ramified lifts under © of the generators of
the standard action of BS(1,n) on S'.

Proof The standard representation p,;: BS(1,n') — Diff*(RP!) is analyti-
cally conjugate to the representation x: BS(1,n!) — Diff(RP') with genera-
tors k(a!): z+— nlz and k(b'): = — x + 1. S/o\there isa C" ramiﬁgd\covering
map 7: S! — S over p such that f! = k(al)(m,id) and ¢' = k(b!)(r,id).
By Proposition BI2, either f is a ramified lift of p,(a): x — nz, or f is
a ramified lift of —p,(a): x +— —nz. Similarly, g is either a ramified lift of
pn(b): © +— x+ 1, or a ramified lift of —p,(b): © — —z — 1. Since f and g
satisfy the relation fgf~' = ¢", the maps that they are lifted from must also
satisfy this relation. Given this requirement, the only possibility is that f is a
m—ramified lift of p,(a) and ¢ is a m—ramified lift of p, (D). O

Since the generators p(a) = f and p(b) = g of the representation p are ramified
lifts under 7 of the generators p,(a) and p,(b), respectively, of p,, it follows
that, for every v € BS(1,n), there exists a unique h(vy) € Dy (or in Cy if p is
orientation-preserving) such that:

p(3) = pu(3) (0, h(7)).

Since p(7172) = p(71)p(72), it follows that h: BS(1,n) — Dy (Cy) is a homo-
morphism. Finally, note that h» must take values in Stabp,(s) (or Stabc,(s),
if p is orientation-preserving).

This concludes the proof of Theorems [Tl and O

Finally, we sketch the proof of Theorem
Sketch of proof of Theorem Let p be a C" representation of BS(1,n),

with r > 2, let f = p(a) and g = p(b). We may assume that f has rational
rotation number. By taking powers of the elements of BS(1,7n), we may assume
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that both f and g have rotation number 0. Assume that g is not the identity
map.

Let J be a component of the complement of Fix(g). Using a distortion esti-
mate and the group relation one shows that J must be fixed by f, as follows.
Otherwise, the f—orbit of J must accumulate at both ends on a fixed point of
f. The standard C? distortion estimate shows that there is an M > 1 such
that for all z,y in same component of the f—orbit of J, and for all k € Z,
L _ )
— < |5 < M.
7 <)
But, for all k € N, we have that fFgf=* = g"k. Hence, for all p € J, we have:
nk\/s / (fk),(g(y))
g P)=9\Y) 777
=W gy
where y = f~%(p). Note that y and g(y) lie in the same component f~*(J),
and ¢(y) is uniformly bounded. This implies that for all p € J and all k € N,
(g"k)’(p) is bounded, so that g = id on J, a contradiction.

So f fixes each component of the complement of Fix(g). Let J be such a
component. Since g has no fixed points on J, ¢ embeds in a C' flow ¢,
defined on J minus one of its endpoints, that is C” in the interior of J (see, eg
[T6]). Furthermore, for all ¢, fg'f~! = g™ (this follows from Kopell’s lemma).
Fixing some point p in the interior of J, this flow defines a C" diffeomorphism
between the real line and the interior of .J, sending ¢t € R to g'(p) € J.
Conjugating by this diffeomorphism, ¢’ is sent to a translation by ¢, and f is
sent to a diffeomorphism F satisfying F(x+t) = F(z)+tn, for all t,z € R. But
this means that F’(xz) = n for all z € R. Up to an affine change of coordinates,
g is conjugate on J to x — x + 1 and f is conjugate to x — nzx. D

6 Proof of Proposition

Let p: BS(1,n) — Diff¥(S!) be a m—ramified lift of the standard representa-
1
tion p, with o(p) = (L), for some r > 2. Let Q be the set of all points

n
1
q € m(c0) satisfying s(g) = r — 1; this set is nonempty since o(p) = ()7 .
Lemma Bl implies that, in a neighborhood of ¢, 7: = +— 2"~!, in the appro-
priate coordinates identifying ¢ with 0.

For ¢t € (—1,1) we deform 7 to obtain a CTH map 1,0 S1 — S with the
following properties:
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e mo=m and 7 (o0) = m; }(c0), for all t;
o Ty S\ (o) is a C'*° covering map onto its image;

e about each g € 7~ !(c0) \ Q, m is locally equal to 7;

r—1+4t2

e about each ¢ € @, m; is locally x — x , in the same charts identi-

fying ¢ with 0 described above.

A slight modification of the proof of Proposition Bl also shows that p, has
a lift to a O7 representation p;: BS(1,n) — Diff"(S') so that the following
diagram commutes, for all v € BS(1,n):

pe(7)

St St
iy’ iy’
31 pn(7) 31

(One merely needs to check that the integer j in the proof of Lemma can
be replaced by the real number r — 1 + t2).

1
Notice that p; has the property that o(p;) = (%)T*Hﬂ, so that ps is not

C' conjugate to p; unles s = t. One can further modify this construction by
replacing the points of Q by intervals of length ¢;, extending p;(b) isometrically
across these intervals, and extending p;(a) in an arbitrary C” fashion to these
intervals. Since p(b) is r—flat (by Lemma B2) on Q for ¢ # 0 and r — 1 flat
for t = 0, the representation p; is C” and varies C"~' continuously in ¢ if
we choose ¢, — 0 as t — 0. In this way, one can create uncountably many
deformations of p. (Note that, in essence, we have deformed 7 to obtain a
“broken C" ramified cover” a la Theorem [L6l). O

7 Proof of Theorem

Let r € {oo,w}, and let G < Diff"(S!) be a solvable group without infinitely
flat elements. Suppose that G™ := {¢" : g € G} is not abelian, for any m € Z.
We begin by showing that the group G? < Diff’jr(Sl) has a finite set of points
that is globally invariant.

Lemma 7.1 G? contains a non-trivial normal abelian subgroup N, such that

N contains an element of infinite order. There is an integer d > 0, and a finite
set {q1,...,qa}, with q1 < g2 <--- < qq, such that:
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(1) for all f € G27 T(fd) =0 and f{(hv"'v(Jd} = {q17"'>qd};
(2) for all g € N, either ¢® =id or Fix(¢%) = {q1,...,q4}.

Proof Note that G? is a solvable group, and every diffeomorphism in G? is
orientation preserving. Let

G?=Go>G1>...>Gp> Gy = {id}

be the derived series for G2, and let N = G,, be the terminal subgroup in this
series. Recall that N is a normal abelian subgroup of G?. We first show that
N contains an element of infinite order. We will use the following result of
Ghys ([7] Proposition 6.17):

Lemma 7.2 If H C Homeo, (S') is solvable, then the rotation number 7: H
— R/Z is a homomorphism.

Suppose that every diffeomorphism in N has finite order. Since G? # N
(because G? is not abelian), G,,_1 cannot be abelian — if it were, then G,, would
be trivial. Suppose that f,h € G,_1. By Lemma 2 7(fhf~'h~!) = 0. But
fhf~'h~! is orientation preserving and has finite order, since fhf~'h=! € G,,.
Therefore fhf~'h™' =id, and G,,_; is abelian, a contradiction. So N contains
a diffeomorphism with infinite order.

If 7(g) is irrational, for some orientation-preserving g € N, then the elements
of N are simultaneously conjugate to rotations. But, since N is normal in G2,
this implies that the elements of G? are simultanously conjugate to rotations,
which implies that G? is abelian, a contradiction.

Hence 7(g) € Q/Z, for every g € N. Note that every g € N either has finite
order, or a finite set of periodic points: if Fix(g') is infinite, for some integer
I # 0, then there is a point ¢ € Fix(¢!) that is an accumulation point for a
sequence {g;} C Fix(g'). But this implies that ¢’ is infinitely flat at ¢, and
therefore ¢ = id.

Hence there exists g € N with infinite order and a finite fixed set, Fix(g) =
{q1,-.-,q4}- If h € N is another element of N, then, since h commutes with
g, it follows that h({q1,...,qa}) = {q1,...,q4}, and so 7(h?) = 0. If the set
of fixed points for h¢ is infinite, then h? = id, and if Fix(h?) is finite, then
Fix(h®) = {q1,...,qq}.

Finally, let f € G2\ N and pick g € N satisfying Fix(¢g) = {q1,...,qq}. Then
there exists a § € N such that fgf~' = g. This implies that f(Fix(g)) =
Fix(g); that is, f({q1,...,q4}) = {q1,...,qa}. It follows that 7(f%) = 0. This
completes the proof. m]
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Let {q1,...,q4} be given by the previous lemma, labelled so that —oo < ¢1 <
g < -+ < qq < o0, and let | = 2d. We will begin by working with the
group G!. Note that every g € G! is orientation-preserving, has zero rotation
number, and fixes every point in the set {qi,...,qq}. Throughout this section,
we will be working on the intervals (g;, ¢;+1), where we adopt the convention
that ga+1 = q1-

Let M be a normal abelian subgroup of G! which contains an element of infinite
order. For the rest of the proof, fix a diffeomorphism ¢g € M which has infinite
order.

Lemma 7.3 Let C(g) = {f € G' | gf = fg}. Then C(g) # G'.

Proof A proof of this lemma is essentially contained in [5]. This lemma is
implied by the following theorem, which is classical.

Theorem 7.4 (Holder’s Theorem) If a group of homomorphisms acts freely
on R, then it is abelian.

If f €C(g), then Fix(f) = Fix(g). So on every interval (g;,q;i+1), 1 < <d,
no element of C(g) has a fixed point. By Theorem [[4], the restriction of the
action of C(g) to each interval (g;,q;+1) is abelian. Since f(g;) = ¢; for all
f € C(g) and for all ¢; € Fix(g), C(g) is an abelian subset of G'. But G! is
not abelian, so C(g) # G'. O

Lemma 7.5 Let f € G'\ C(g). Then for every interval (q;_1,q;] there is a
positive real number \; and a C™ map o;: (¢i—1, ¢ — RP! with the following
properties:
(1) ig(p) = ai(p) +1 and a; f(p) = Xici(p);
(2)  @il(g;_,,q) is @ C" diffeomorphism onto (—00,0);
(3) there is an orientation-preserving C" diffeomorphism h; from a neigh-
borhood of q; to a neighborhood of oo and integers s; € {1,...,r — 1},
0; € {£1}, such that, for all p in this neighborhood:
a;(p) = oihi(p)™

The same conclusions hold, with the same \;, o; and (g, 4, but differ-
ent local (orientation-reversing) diffeomorphism h and integer s}, when g; is
replaced by q;—1 and the interval (q;—1,q;] is replaced by [qi-1,¢;)-
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Remark To ensure that the conditions \; > 0 (as opposed to A; # 0) hold in
Lemma [[A it is necessary that we chose [ to be even.

Proof We use the following fact, proved by Takens:

Theorem 7.6 ([I5], Theorem 4) Let h: [0,1) — [0,1) be a C*° diffeomor-
phism with unique fixed point 0 € [0,1). If h is not infinitely flat, then there
exists a unique C™ vector field X on [0,1) such that h = h', where h® is the
flow generated by X .

For each 1 < i < d, Let g!: (gi—1,4] — (¢i—1,¢] be the flow given by this
theorem with g} = Ilgir,a)- I f € G'\ C(g), then since g € M, we have
fgf~' € M, and therefore fgf~' € C(g). By Lemma B for 1 < i < d, we
must have
-1 \i

faf~ =g
on (gi—1,q], for some X\; € R\ {0}, A\; # 1. Note that, because [ is even, J\;
must be positive, for all 7. So assumption (D) of Section Bl holds in the interval
(gi—1,q;) for each q; € {q1,...,q4}-

The same reasoning can be applied to [¢;—1,¢;), using a possibly different flow
gt and constant p; with

fof 7t =g

Since gi)‘ t and ¢! coincide on (g;,qi+1), it is not hard to see that we must
have \; = p;. Now the result follows from Proposition Bl as in the proof of
Lemma .6l and Corollary O

Corollary 7.7 For every f € G\ C(g), there is a positive real number \ =
A(f) # 1 such that A\; = A, for all 1 <1i < d, where \; is given by Lemma [Z3.
For every i, s; = sj, 1, where addition is mod d.

Proof Let 1 < i < d. As in the proof of Corollary B8 we have that ¢ is
conjugate in a left neighborhood of ¢; to x +— :17/(14—:1:81')1/5" and g is conjugate
in a right neighborhood of ¢; to 2 — z/(1 + &%+ )%+, Since g is C™,
we must have s; = si,;. But then f is conjugate in a left neighborhood
of ¢; to x — x//\il/si and f is conjugate in a right neighborhood of ¢; to
T — x/()\i+1)1/8?+1. It follows that A\; = M;r1. Set A to be this common
value. O

The proof of the next corollary is identical to the proof of Corollary
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Corollary 7.8 For every f € G'\ C(g), the map w: S' — RP! defined by:

m(p) = ai(p), for p € (gi-1,qi
is a C" ramified cover with signature s = (S1,...84,01,...,0q4). The diffeomor-
phism f is a m—ramified lift of the map x — \(f)x, and g is a w—ramified lift
of the map x +— x + 1.

Corollary 7.9 ¢ embeds in a unique C" flow g¢', with g = g'. The elements
of C(g) belong in the flow for g and, for each f € G'\ C(g), lie in the ramified
lift under wy of the translation group {z — x4+ 3 | # € R}. That is, for any
h € C(g), there exist real numbers 3, t such that h = g* is a 7y -—ramified lift
of the map = +— x + (3.

Proof This corollary follows directly from Corollary [Z8 Lemma and
Lemma B0 O

Lemma 7.10 For any fi, f» € G'\ C(g), there exists a real number v such
that fy is a 7y —ramified lift of the map x — A(f2)x + 7.

Proof The proof is expressed in a series of commutative diagrams.

Lemma 7.11 There exists an o € R such that g% is the (¢, ,7y,,d)ramified
lift of the identity map.

Proof The following diagram shows that if id is the (7fy, Ty, 9d) —ramified lift
of the identity map on RP!, then idog =g oid:

sl g sl
Z'/El T fo Z/EZ T fo
RP! T z+1 RP!
Sl 9 / Sl
id id
T Tf
RP! z—x+1 RP!
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Since g embeds in a flow g* that is a ramified lift of an affine flow, it follows
from Corollary that there exists an « such that id = ¢g*. O

Lemma 7.12 For every ty € R there exists v € R such that g'° is the
(7f,, Ty, 9d) —ramified lift of the map x — x — .

Proof Let a be given by the previous lemma. Let v be the real number such
that ¢'*~® is a 7y, - ramified lift of  — z — 7. The proof follows from the
following diagram:

to— _
g L g M= o
ﬂ.fll ﬂ.fll szl
T =T — '
RP! Jgpt — . ppt

The composition of the maps on the top row is g%og' =% = g'. The composition

of the maps on the bottom row is x — z — 7. O

Lemma 7.13 Forall t € R, fog'fy, ' = g*2)t.

Proof The proof follows from the following diagram:

1
Sl f2 Sl gt Sl f2 Sl
Fle 1 szl szl szl
(g
Rp! O g gt g T AT

The composition of the maps on the bottom row gives = — = + A\(f2)t. By
uniqueness (Lemma B3), fag'fy ' = ¢*/2) for all t € R. O

Let o be given by Lemma [LTI and let v be given by Lemma [[ T2 with
to = AM(f2)a. From the following diagram:
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Ao

St St
fa Tf fa T fo
X xTr —
. RP! 7 RP!
Sl Zd =9 / Sl
F
T Tfy x = A f2)x
RP! id RP!

it follows that F(x) = A(f2)x + v, completing the proof of Lemma ]

Proposition 7.14 Fix f € G'\ C(g). Then for each h € G, there exists
F € Aff(R) such that h is a m¢-ramified lift of F.

Proof By Corollary and Lemma [LT0, we have that for each h € G, there
exists k € Aff, (R), so that Al is a mp-ramified lift of k!. Therefore, by Propo-

sition BT, h is a my-ramified lift of either k or —k. O
By Lemma EEH, this completes the proof of Theorem O
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