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STABILITY FOR STRONGLY COUPLED CRITICAL ELLIPTIC SYSTEMS
IN A FULLY INHOMOGENEOUS MEDIUM

OLIVIER DRUET AND EMMANUEL HEBEY

We investigate and prove analytic stability for strongly coupled critical elliptic systems in the inhomo-
geneous context of a compact Riemannian manifold.

Coupled systems of nonlinear Schrédinger equations are now a part of several important branches of
mathematical physics. They appear in the Hartree—Fock theory for Bose—Einstein double condensates,
in fiber-optic theory, in the theory of Langmuir waves in plasma physics, and in the behavior of deep
water waves and freak waves in the ocean. A general reference book on such systems and their role in
physics has been written by Ablowitz et al. [2004]. We focus here on coupled Gross—Pitaevskii type
equations. These systems of equations are strongly related to two branches of mathematical physics.
They arise [Burke et al. 1997] in the Hartree—Fock theory for double condensates, which are binary
mixtures of Bose—Einstein condensates in two different hyperfine states. They also arise in the study of
incoherent solitons in nonlinear optics, as describe in [Akhmediev and Ankiewicz 1998; Christodoulides
et al. 1997; Hioe 1999; Hioe and Salter 2002; Kanna and Lakshmanan 2001]. Looking for standing
wave solutions for these time evolution systems gives rise to their elliptic analogues that we investigate
here. We consider these elliptic systems of equations in arbitrary dimensions n > 3, in the critical energy
regime, and in a fully inhomogeneous medium that we model by an arbitrary compact Riemannian
manifold, thus breaking the various symmetries that these systems enjoy in the Euclidean setting.

In what follows we let (M, g) be a smooth compact Riemannian manifold of dimension n > 3. For
p = 1 an integer, we let M), (R) denote the vector space of symmetrical p x p real matrices, and A be
acC! map from M to M;, (R). We can write A = (A;;);,;, where the A;;’s are C I real valued functions
in M. Let Ay = —div, V be the Laplace-Beltrami operator on M. Let also H (M) be the Sobolev space
of functions in L?(M) with one derivative in L?(M). A p-map U = (uy, ..., u,) from M to R” is said
to be nonnegative if #; > 0 for all i. The coupled system of nonlinear Schrddinger equations we consider
here is written as

p
Agui—i-ZAij(x)uj = |0]L|2*_2ui 0-1)

j=1
in M for all i, where |U|*> = le ul.z, and 2* = 2n/(n — 2) is the critical Sobolev exponent for the

embeddings of the Sobolev space H'!(M) into Lebesgue’s spaces. The systems (0-1) are weakly coupled
by the linear matrix A, and strongly coupled by the Gross—Pitaevskii type nonlinearity in the right hand
side of (0-1). Besides, (0-1) is critical for Sobolev embeddings. From the viewpoint of conformal
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geometry, our systems are pure extensions of Yamabe type equations in the strongly coupled regime. As
a by-product (0-1) inherits a conformal structure.

Our aim in this paper is to discuss stability for systems like (0-1). Contrary to time evolution equations,
where perturbations of the initial data together with perturbations of the equations are used to measure
stability, stability for elliptic equations has to do solely with perturbations of the equations. In the
framework of systems such as (0-1), stability is naturally measured with respect to perturbations of the
map A. In what follows, a system like (0-1) is said to be analytically stable if for any sequence (A, ), of
maps from M to M (R), a €N, and for any bounded sequence in H ! of nonnegative nontrivial solutions
U, of the associated systems (0-1), if A, — A in C Ias a — 400, then, up to a subsequence, U, — U
in C? as @ — 400 for some nonnegative nontrivial solution A of (0-1). When the strong convergence
in C? is replaced by a weak convergence AU, — AU in H', the system (0-1) is said to be weakly stable.
We refer to Section 1 for more precise definitions.

Before stating our theorem we need to introduce two assumptions. Let A, be the Laplace—Beltrami
operator acting on p-maps by acting on each of the components of the map, and let Vect, (R”) be the
set of vectors in R” with nonnegative components. The first assumption we may impose is

Ker(Ag +A) N L*(M, Vect . (R?)) = {0}, (H)

where Ker(A, + A) is the kernel of Ag + A, and L?(M, Vect, (RP)) stands for the set of L? maps from
M to Vecty (R?). In order to introduce our second assumption we let A, = A,,(A) be given by

-2
Ay=A— "% 5, 1d 0-2
" dn—1 ¢ 1dp> 0-2)
where S, is the scalar curvature of g, and Id, is the identity p x p matrix. For x € M, let also Is 4, (x) be
the set consisting of the isotropic vectors for A, (x), namely of the vectors X € R? which are such that
(A, (x).X, X)rr = 0, where (-, -)rr is the Euclidean scalar product in R?. The second assumption we
introduce is that for any x € M, A, (x) should not possess stable subspaces with an orthonormal basis

consisting of isotropic nonnegative vectors. More precisely, it is this:

For any x € M and any k € {1, ..., p}, there does not exist an orthonormal family
(e1, ..., ex) of vectors in Is4, () N Vect; (R?) such that A, (x)V C V, where V is (H)
the k-dimensional subspace of R” with basis (ey, ..., ).

The case k = 1 in (H') reduces to the nonexistence of a nontrivial vector in Vect (R”) NKer A, (x),
where Ker A, (x) is the kernel of A, (x). An assumption like (H') is automatically satisfied in several
simple situations. This is the case if we prevent the existence of isotropic vectors for A,. In particular,
(H') holds true if A,(x) > 0 or A,(x) < O for all x in the sense of bilinear forms. Clearly there are
other cases where (H') holds true. Assumption (H) is analytic in nature. Assumption (H') is algebraic
in nature and related to the underlying geometric conformal structure of the equations. Our main result,
establishing analytic stability for (0-1), is stated as follows.

Theorem 0.1. Let (M, g) be a smooth compact Riemannian manifold of dimensionn >4 and p > 1 be an
integer. For any C'-map A : M — M » (R) satisfying (H) and (H'), the system (0-1) is analytically stable
when n # 6, and weakly stable when n = 6. Besides, there are examples of six-dimensional manifolds
and C'-maps A satisfying (H) and (H') for which (0-1) is analytically unstable.
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A closely related notion to stability is that of compactness. A system like (0-1) is said to be compact
if bounded sequences in H'! of nonnegative solutions of (0-1) converge, up to a subsequence, in the C2-
topology. As is easily seen, analytic stability implies compactness. In particular, as a direct consequence
of the analytic stability part in our theorem, we get that systems like (0-1) are compact when n # 6 as
soon as (H) and (H’') are satisfied. Assumptions (H) and (H') in Theorem 0.1 are sharp, as discussed in
Section 1 below.

Most of the asymptotic analysis developed in this paper carries over to the n = 3 case. However,
the concluding argument needs to be changed when n = 3. In this dimension the mass of the Green’s
expansion of the Schrodinger operator A, + A leads over A,,. We can conclude when the mass is positive.
The analysis is developed in [Druet et al. 2009].

The paper is organized as follows. We discuss general properties of stability and compactness in
Section 1. We prove the n = 6 part of Theorem 0.1 in Section 2. We provide a complete classification
of H'-nonnegative solutions of the strongly coupled critical limit Euclidean system Awu; = |WU|* ~2u;,
i=1,...,p,in Section 3. We prove Theorem 0.1 in its n # 6 part in Sections 4 to 10. In the process we
establish in Sections 5, 6, and 8 the full C°-theory for the blow-up of arbitrary sequences of solutions of
strongly coupled systems like (0-1).

1. General considerations on stability and compactness

We start with the precise definition of elliptic stability we use for our systems (0-1). As already mentioned
stability is here measured with respect to perturbations of the parameter A in (0-1). In doing so we
preserve the conformal structure of the equation. Historically speaking such type of perturbations were
first considered in the early work of Aubin [1976] on the Yamabe equation. Given (A4,), a sequence of
C! maps from M to M, (R), with A, = (A;‘j)i, j for all o integer, we consider the systems

A u,+ZA (uj =) 2u;. (1-1)

A sequence (WU, ), of C* maps from M to R” is said to be a sequence of nonnegative solutions of (1-1) if
forany a e N, Uy = (uf, ..., ug) solves (0-1) and u > 0 for all i. The sequence is said to be bounded
in H'(M), or to have finite energy, if its components u’ are all bounded in H'!(M) with respect to a.
Given A > 0, we define the slice 8’2 to be the set of p-maps U € H ! such that U solves (0-1), W is
nonnegative and the H'-norm of A is less than or equal to A. By standard regularity, adapting classical
arguments from Trudinger [1968], weak solutions in H Lof systems like (0-1) are always of class C2. In
particular, S’A C C?forall A> 0. For X, Y C C? we let d 7 (X; Y) be the C2-pointed distance from X
to Y defined by

(X Y)=sup_ 1nf 1V — | c2, (1-2)
wex V

where |1 — U2 = >, llo; — u;i|lc2 and the u;’s and v;’s are the components of AU and V. Stability in
the elliptic regime is defined in Definition 1.1 below. The C! convergence A, — A in Definition 1.1
refers to the C! convergence of the components A"‘ of A, to the components A;; of A. Similarly, the C 2
convergences, and the weak convergences in H', of the U, ’s in Definition 1.1 refer to the convergences
of the components of the maps.
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Definition 1.1. Let (M, g) be a smooth compact Riemannian manifold, let p > 1 be an integer, and let
A:M— M, (R)bea C! map. The system (0-1) is said to be

(i) analytically stable if for any sequence (A,), of C' maps from M to M;;([R) such that A, — A
in C'(M) as a — +00, and for any bounded sequence (), in H'(M) of nonnegative nontriv-
ial solutions of (1-1), there exists a nonnegative nontrivial solution U of (0-1) such that, up to a
subsequence, the A,’s converge strongly to AL in C2(M) as & — +00, and

(ii) weakly stable if for any sequence (Ag), of C! maps from M to M » (R) such that A, — A in C'(M)
as a — oo and for any bounded sequence (U, ), in H'(M) of nonnegative nontrivial solutions of
(1-1), there exists a nonnegative nontrivial solution AU of (0-1) such that, up to a subsequence, the
a,’s converge weakly to AL in H' (M) as o — +o0.

The system is said to be geometrically stable, if the slices EPQ are stable for all A > 0, where EPQ is said
to be stable, if for any ¢ > 0, there exists 6 > 0 such that for any C! map A’ from M to M »(R), we have
di; (P4 F4) < e when [A'— Ao < 6.

As already mentioned, a classical notion in the study of critical elliptic equations is that of compact-
ness. A system like (0-1) is said to be compact if any bounded sequence (AU, ), in H' (M) of nonnegative
nontrivial solutions of (0-1) converges in C2(M) as & — 400 to a nonnegative nontrivial solution U of
(0-1). This corresponds to the particular situation where A, = A for all a in (i). Analytic stability as
defined in (i) implies weak stability, geometric stability, and compactness. More precisely:

Proposition 1.2. Assume (H). If the system (0-1) is analytically stable, it is weakly stable, geometrically
stable, and compact. A compact system is analytically stable if and only if it is geometrically stable.

Proof. 1t is obvious that analytic stability implies weak stability, geometric stability, and compactness.
The only assertion, which deserves to be proved, is that a compact geometrically stable system like (0-1)
is analytically stable. Let (A,), be a sequence of C! maps from M to M »(R) such that A, — A in
c'(Mm ) as a — 400, and let (U, ), be a bounded sequence in H Uof nonnegative nontrivial solutions of
(1-1). Since (0-1) is geometrically stable there exists (V). a bounded sequence in H' of nonnegative
solutions of (0-1), such that, up to a subsequence, U, — V', converges to zero in C2 as & — +o0. Since
(0-1) is compact, up to a subsequence, V', — ¥ in C? as a — +o0, where V' is a nonnegative solution
of (0-1). In particular, up to a subsequence, AU, — ¥ in C? as & — +oo. It remains to prove that V' is
nontrivial, and this is given by Lemma 1.3 below. Proposition 1.2 is proved. (Il

The following lemma, which we derive as a direct consequence of (H), was used in the proof of
Proposition 1.2. By standard elliptic theory, moreover, when A satisfies (H), we have A, /4 0in H' as
0. — +00.

Lemma 1.3. Let (M, g) be a smooth compact Riemannian manifold, let p > 1 be an integer, and let
A:M— M (R) be a C! map satisfying (H). Let (A,), be a sequence of C' maps from M to M, (R)
such that A, — A in C'(M) as a — 400, and let (W), be a bounded sequence in H' of nonnegative
nontrivial solutions of (1-1). Then U, + 0in L*°(M) as o — 4o00.

Proof. By contradiction we assume that there exists (U, ),, a bounded sequence in H'! of nonnegative
nontrivial solutions of (1-1), such that maxs; [U,|s — 0 as a — +o00, where |U,|x = >, u; o is the sum
of the components of the U,’s. Let ¢, = |U, |z and define v; 4 by v; 4 = 8;1u,-,a for all i and a. Then



STABILITY FOR STRONGLY COUPLED CRITICAL ELLIPTIC SYSTEMS IN INHOMOGENEOUS MEDIA 309

p
Agbig+ D AL 0 =ed DV, i (1-3)
j=1

forall i and a, where V', is the p-map whose components are the v; ,’s fori =1, ..., p. By construction
the v; ,’s are bounded in L°°(M). By standard elliptic theory it follows that, up to a subsequence, they
converge in C?(M) to v;’s as a — 400. Let ¥ be the p-map with components v; fori =1, ..., p. By
construction V" is nonnegative and nontrivial, since there is one point, where |V'|x equals one. Letting
a — +oo in (1-3) it follows that V" € Ker(A, + A), and we get a contradiction with (H). [l

Proposition 1.2 leaves open the question of whether or not there exist geometrically stable noncompact
systems like (0-1). However, we can have noncompact systems with geometrically stable specific slices
as discussed below. The most well-known example of a noncompact critical system like (0-1) is given by
the Yamabe equation on the sphere. The Yamabe equation on the n-sphere possesses a (n + 1)-parameter
noncompact family of solutions and it turns out that it is also geometrically unstable. This is a direct
consequence of the constructions in [Druet and Hebey 2005a], where arbitrarily high energy solutions
of approximated equations are constructed, together with the property that all nonnegative nontrivial
solutions of the Yamabe equation on the sphere have the same energy. On the other hand, the first blow-
up slice for this equation is geometrically H'-stable in the sense of Definition 1.1 when we replace the
C?-pointed distance and the C2-norm in (1-2) by a H'-pointed distance and a H'-norm, where the first
blow-up slice is given by A = K2, and K,, is as in (3-8). This geometric H'-stability of the first blow-
up slice follows from H !-decompositions as in Proposition 4.2. As a direct consequence, noncompact
equations may have stable slices.

In the subcritical regime, compactness goes back to [Gidas and Spruck 1981]. In the more involved
critical regime, it goes back to Schoen’s conjecture [Schoen 1989; 1991] that compactness holds true
for the geometric Yamabe equation as soon as the background manifold is distinct from the sphere. His
conjecture has been a source of motivations for several years. The conjecture was proved to be true for
conformally flat manifolds by Schoen [1989; 1991]. The nonconformally flat case turned out to be more
intricate. The case of low-dimensional manifolds was recently addressed in [Druet 2004; Marques 2005;
Li and Zhu 1999; Li and Zhang 2004; 2005], and compactness up to dimension 24 was finally proved
recently [Khuri et al. 2009]. On the other hand, Brendle [2008a] and Brendle and Marques [2009]
exhibited counterexamples to the conjecture in dimensions n > 25. For any n > 25 they constructed
examples of nonconformally flat n-manifolds with the striking property that their associated Yamabe
equations possess sequences of solutions with minimal type energy and unbounded L°°-norms. In par-
ticular, they proved the very surprising result that the compactness conjecture is false for nonconformally
flat manifolds in any dimension n > 25. A very interesting survey on the subject is [Brendle 2008b]. We
refer also to [Druet and Hebey 2005b].

An easy remark is that if u is a solution of a scalar Yamabe type equation with linear term £, that is,
an equation of the form

Agu—i-h(x)uzuz*_l, (1-4)

then U = (Lpu, e Lpu) is a solution of (0-1) when A;; = ha;; for all i, j, and Zle a;j = 1 for
all i. In what follows we let (a;;); ; be a symmetrical matrix of C ! functions a; ;i + M — R such that
Zle ajj(x)=1foralli=1,..., pandall x € M. A possible choice is a;; = J;; for all i, j. Then we
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define A(g) and A’(g) to be the C' maps from M to M, (R) given by

A(g)u ——~Sga;; and A/(g)ij= (mA?XSg)aij

n—2
( 1) 4(n—1)
foralli, j =1,..., p, where S, is the scalar curvature of g. By combining results in [Brendle 2008a;
Brendle and Marques 2009], where noncompactness of the Yamabe equation in the nonconformally flat
case is investigated, and those in [Druet and Hebey 2005a; Hebey and Vaugon 2001], where unstability
of Yamabe type equations in the conformally flat case is investigated, we obtain the following theorem,
in view of the remark above.

Theorem 1.4. The system (0-1) associated with A(g) is analytically unstable when posed on spherical
spaces forms in any dimension n > 6, and even noncompact when posed on the sphere in any dimension
n > 3. For any conformally flat manifold (M, g) of dimension n > 4 there exists a conformal metric
g to g of nonconstant scalar curvature having one and only one maximum point such that the system
(0-1) associated with A'(g) is analytically unstable. In any dimension n > 25 there are examples of
nonconformally flat manifolds such that the system (0-1) associated with A(g) is noncompact, and thus
also analytically unstable.

The examples in Theorem 1.4 do not satisfy (H). This can be checked by noting that (1,...,1) €
Ker A, (x) for all x, where A, is as in (0-2). Theorem 0.1 and Theorem 1.4 complement each other. As a
remark, the Yamabe equation on quotients of the sphere is obviously compact since it possesses a unique
solution. In particular, there are compact equations which are neither analytically nor geometrically
stable. Compactness does not imply stability. We concentrate in the rest of this section on the subcritical
regime for systems like (0-1) and prove that analytic stability holds true in the subcritical regime without
assuming (H'). Let ¢ € (2, 2*) and let us consider the subcritical system

At +ZA,, (Ouj = U9 %u (1-5)
j=1
in M for all i, where A = (A;;);,jisa C ! map from M to M3, (R). We define the notions of analytic
stability, weak stability, and geometric stability for (1-5) as in Definition 1.1.

Proposition 1.5. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be
an integer, and A : M — M (R) be a C U map satisfying (H). For any q € (2, 2*) the subcritical system
(1-5) is analytically stable.

Proof. Let (A,),, be a sequence of C! maps from M to M, (R) such that A, — A in C'(M) as a — +o0,
and let (U, ), be an arbitrary bounded sequence in H' of nonnegative nontrivial solutions of

Aglti g +ZA )0 = U1 (1-6)

for all i and all . We aim in proving that a subsequence of (U, ), converges in C? to a nonnegative
nontrivial solution of (1-6). The nontriviality of any strong limit follows from (H) mimicking the proof
of Lemma 1.3. Then, as is easily checked, it suffices to prove that the U,’s are L°°-bounded in M.
By contradiction we assume that there exists a sequence (x, ), of points, where the [U,|’s are maximum
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such that, up to a subsequence, |Ug (x,)| = 400 as a — +00. Let 114 = |Ug (x4)|~ @272, Then u, — 0
as a — +oo. Let U, be given for x € R" by
Ug (x) = g/ =Py (exp,, (1ax))

and let g, be the metric given by g, (x) = (expy, &)(#qx). We have g, — ¢ in Cz (R") as a — 400,

where ¢ is the Euclidean metric. Noting that

loc

Agau,a-i-,uaZAU exp,, (1aX))it = |Ug|? 2l 4
j=1

for all i and a, since IofLal <1 for all a by construction, it follows from standard elliptic theory that there
exists U € C%(R") such that, up to a subsequence, AU, — Il in CIZOC(R"). We have |, (0)| =1 for all a.
Hence, |01~L(O)| = 1. Moreover, for any R > 0, and for a sufficiently large,

/ U d x §C/ Uy |90y,
Bo(R) By(R)

=< C/ IGfLa|qdvga = Cﬂiw(q—z}—n/ Uy ?dvg < Cluiq/(q—l)—n,
Bo(1/pta) By, (1)

since the AU, ’s have bounded energy. Notlng that 2¢g /(¢ —2) > n as soon as g < 2* and letting & — +00 in
the inequality above, we get || Bo(R) |U|9dx = 0. This is in contradiction with |OLL(O)| = 1. The proposition
is proved. O

Analytic stability for critical equations like (1-4) has been investigated in [Druet 2003]. The case
p = 1 in Theorem 0.1, in its n # 6 part and when considering C?>?-perturbations of 4, was proved in
the same paper. The proof we propose here extends to the case of systems, allows us to consider C%7-
perturbations of 4, see the remark at the end of Section 10, and is more direct. At the time of [Druet
2003], analytic stability was still referred to as compactness. The confusion in the terminology has been
the source of several misunderstandings.

2. The six-dimensional case

We discuss and prove the six-dimensional last assertion in Theorem 0.1 concerning the existence of
systems like (0-1) in dimension n = 6, which satisfy (H) and (H’), but which, contrary to what happens
when n # 6, are not analytically stable. We restrict ourselves to a very explicit construction in the case
of the unit sphere (S 6 go). A more general discussion could have been developed. We let (a;;);,; be a
symmetrical matrix of C' functions ajj - S® — R such that 25':1 ajj(x) =1foralli =1,..., p and
all x € $% If h : §° — R is of class C!, we define A(h) to be the C' map from $® to M3 (R) with
components A(h);; given by A(h);; = ha;; foralli, j=1,..., p. When n =6, we have 2* = 3. For the

unit sphere (S, go), we also have
n—2

4(n 1) S0 =

Proposition 2.1. Ler (S°, go) be the unit six-dimensional sphere in R?. There exists h: S® — R, h > 6
everywhere and of class C', such that the system (0-1) associated with A = A(h) is analytically unstable.

=6.
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Proof. We fix xo € S° and let r be the distance to xo. We let also # be given by § = cos r. First we claim
that there exist smooth positive functions 4 and u in S®, which we write into the form 4 (x) = /() and
u(x) = it(9), such that

Agu+hu=u> and h>6 (2-1)
in S°, and such that
h(1)=34(1), 4(1)=6 and h'(1)=20'(1). (2-2)
To prove the claim we let 2 be given by
i) =6(1-20-1)+30-1)%). (2-3)

Clearly, /(1) = 6 and #2/(1) = —12. Since A0 =66 and |VO|*> = 1 — 02, we get
LAgou=6(70>—80 —1).

In particular, the first equation in (2-1) is satisfied if we let h be given by
70> —860—1
302—-80+6
As is easily checked from (2-4), fz(l) =3u(1) and fz’(l) = 24/(1). In particular, (2-2) holds true. Noting
that 2 > 6 for all @ € [—1, +1], we get two explicit smooth positive functions # and u in S°, given by
(2-3) and (2-4), such that (2-1) and (2-2) hold true. This proves the above claim. Now, for f > 1, we
define By by Bg(x) = By (0)), where

By©) =6(8>~ (5 -0)".
We have Ay Bg + 6B = B; in S°. Let

1h(©) =30*—80+6— (2-4)

ug =u+ Bp (2-5)
and iip = il + l}ﬁ, where u and 7 are as in (2-1) and (2-2). As is easily checked from (2-1) and the
equation satisfied by By, we have

Agou/;—l—h/;u/;:u% (2-6)
in 86 for all £ > 1, where hy = hi5() is given by

(12044+6—h) By

ﬁ—i-éﬁ '
Noting, thanks to (2-2), that hg — h in CI%C(S6) as f — 1, while fz}, — h'in L°°([—1, —I—l]) as f— 1,
we conclude that iy — h in C 1(5%). Now we let (B,), be a sequence of positive real numbers such
that B, > 1 for all a and B, — 1 as @ — +o00. We let Uy = p~1/?(ug,, ..., up,), Ay = A(hg,), and
A = A(h) where ug is given by (2-5), hp = fzﬁ(ﬁ) is given by (2-7), and h = h(9) is given by (2-4).
The U,’s solve (1-1), they have bounded energy, and A, — A in cl. Noting that [|WUy ||cc — 400 as
a — 400, this proves the proposition. Il

It is easily checked that A = A(h) satisfies (H). If AU € L?(M, Vect, (RP)) is in the kernel of the
vector Schrodinger operator associated with A (), we conclude by summing over the components that
Uy = Zle u; belongs to Ker(Ag, + &). This is impossible unless U = 0 since & > 0. It is also easily
seen that, at least for small perturbations a;; of d;;, the map A = A(h) satisfies (H').

hp=h— (2-7)
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3. The limit system

Of importance in blow-up theory, when discussing critical equations, is the classification of the solutions
of the critical limit Euclidean system we get by blowing up the original equations. In our case, we need
to classify the H'-nonnegative solutions of the limit system

Au; = U " 2u;, (3-1)

where || = l.p: 1 ul.z, and A=—-2"_, 0%/ ax,? is the Euclidean Laplace—Beltrami operator . Depend-
ing on the context, we let H'(R") be the homogeneous Sobolev space defined as the completion of
functions with compact supports, or of p-maps with compact supports, with respect to the L2-norm of
their gradient. The classification result we prove here is stated as follows.

Proposition 3.1. Let p > 1 and U € H'(R") be a nonnegative solution of (3-1). Then there exist a € R",
A>0,and A € Si_l, such that

A (1-2)/2
Ux) = ( o bxaP ) A (3-2)
n(n—2)
for all x € R", where Sf;_l consists of those elements (A1, ..., Ap) in the unit sphere S P=1 (in RP) that

satisfy A; > 0 forall i.

We prove Proposition 3.1 in several steps. Let U € H'(R") be a nonnegative solution of (3-1).
Regularity theory and the maximum principle apply to (3-1). In particular, U is necessarily smooth with
the property that for any i, either u; = 0 or u; > 0 in R”. We may therefore assume that there exists
p' < psuchthatu; > 0in R" foralli =1,..., p’. A first step in the proof of Proposition 3.1 is as
follows.

Step 1. Ler U € H'(R") be a nonnegative solution of (3-1) such that u; > 0 in R" foralli =1, ..., p/,
p’ < p. Then, for any R > 0,
Ui U Uj

min — < — < max — (3-3)

dBy(R) U; Uuj 0Bo(R) U;
in Bo(R) foralli, je{l,...,p'}.
Proof of Step 1. By (3-1),

A(1) =2( (%), v,

uj; uj; J

Applying the maximum principle we get (3-3). ]

The main objective now is to prove that

min % Ai;j and  max LINEN Aij (3-4)
0By(R) U 0Bo(R) U
as R — +oo for some 4;; > 0 so that, together with Step 1, we obtain u; = 4; ju; in R" for all

i,j=1,...p". To prove (3-4) we first observe that

x| 2u;(x) = 0 (3-5)



314 OLIVIER DRUET aAND EMMANUEL HEBEY
as |x| — 4oo foralli e{1, ..., p'}. Indeed, let r > 0, and V, =r*=2/2U (rx). We have AV, =|V,|¥ =2V,
and

/ |Vr|2*dx—>0 asr — +oo,
Bo(2)\Bo(1/2)

since u; € L? (R) for all i. Then v} — 01in C_ (Bo(3)\ Bo(2)) as r — +oo for all i, where the v!’s are

the components of V.. This proves (3-5). Now, in order to prove (3-4), we prove that the following step
holds true.

Step 2. Let AU € H'(R") be a nonnegative solution of (3-1) such that u; > 0 in R" foralli =1, ..., p/,
p <p. Forany0 <¢ < %, there exists C, > 0 such that

i (x) < Colx| G709

forallx e R" and alli €{1,..., p'}.
Proof of Step 2. Let 0 < & < § and R, > 0 be such that

. —2)?
swp PO < 72 (-0,
xeR™ Bo(R;) 2
It is always possible to find such a R, thanks to (3-5). For R > R,, we let

n(R)= max max u;
i=1,..p' 9Bo(R)

G.(x) =n(R;) (%)(2")“8) +n(R) (%)(Zw)e‘

It is clear that u; < G, on 0By(R;) |J 0By(R). Let us assume that é‘;—‘ possesses a local maximum at
x € Bo(R) \ Bo(R;). Then

and

Aui(x) _ AG.(x)
ui(x) = Gg(x)) .

Since
AG.(x)

(1 — O N2 ~2
G.o0) =e(l—¢&)(n—2)"|x"7,

we get
I PU@)F 2> e(1 — &) (n —2)%

But this is absurd by the choice of R, we made. Thus we can write, forany R > R, andanyi € {1, ..., p'},

o) = R (&) T ey (BT (3-6)

in Byo(R) \ Bo(R;). Fix x € R" \ Byg(R;). Passing to the limit as R — 400 in (3-6), since, by (3-5),
R"2/2p(R) — 0 as R — +00, we get
|x|)(2—n)(1—s)
R, '
This ends the proof of Step 2. U

ui () < n(R)
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Step 3. Let U € H'(R") be a nonnegative solution of (3-1) such that u; > 0 in R" foralli =1, ..., p/,
p' < p. Thenu; € L* Y (R") and

1 *
lim  |x|" %u(x) = ——— \U* ~2u; dx
|x]——+o00 (n — 2)60,,_1 R®
forallie{l,...,p'}.

Proof of Step 3. We apply Green’s representation formula in B, (R) and get

1 "
wi() = — / (I =y P = R) UG 2w (y) dy + wido.
(n—2)wp—1 B, (R)

o .
o1 R" Jop (R

Thanks to the estimate of Step 2 with 0 < & < 2/(n + 2), we have u; € L>~!(R") for all i. Passing to
the limit as R — +00 we obtain

1 _ .
i) = ———— [ |lx =y U Pui(y)dy.
(n - 2)60,,71 R~
Thus
Jx|" 2w (x)
1 |x |2 o
— o | e VO ) dy
1 2*72 |x|}’l—2 2*72
= U™ ~"ui(y)dy +or(1) + ——=IUOI" ui(y)dy),
(n —2)mu—1 \J By(r) R\ Bo(R) [X— Y|
where oz (1) — 0 as |x| = +o0o. Now, using Step 2, we write
|x|n72 .
/ )P () dy
R™\Bo(R) 1X — Y
. . |x |2 —(n+2)(1—¢) _ .
sveaneret [ a(B) 2 UG 2ui(y) dy
B.(x1/2) X = I R\ Bo(R)
< NE DY) (1-0)2, | a=(D(1—e) | 2112/ UG i (y) dy.
R"™\Bo(R)

Choosing 0 < ¢ < L we thus obtain that
n+2

X n—2 .
timtimswp [P 0 O0)E () dy =
R—+00 |x| 5 400 JRM\By(R) |X — ¥I"

This ends the proof of Step 3. O

Using Steps 1 and 3 we are now in a position to prove (3-4), and then Proposition 3.1.

Proof of Proposition 3.1. Let W € H'(R") be a nonnegative solution of (3-1) such that u; > 0 in R” for
alli=1,..., p/, p’ < p. Since the u;’s are all positive fori =1, ..., p’, we get from Step 3 that

.o ug Uuj
min —, max — — 4;;
dBo(R) uj  0By(R) U
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as R — 400, where 4; ; > 0 is given by

S UV 2u; dx
/lij = " .
’ Jor 1U1Z ~2uj dx

In particular, (3-4) holds true. Thanks to Step 1, we thus get
u; = Ajug
foralli €{l1,..., p'} where A; = ;1. By (3-1) we then get
Auy = |NF 72!

in R"” where A" = (4;)i=1,..., . By [Caffarelli et al. 1989] we can write

U (n—2)/2
i (x) = |A/|‘1( - |x—x0|2) (3-7)
n(n—2)

for some xg € R" and some g > 0. In particular, since u; = 4;u;, we get with (3-7) that (3-2) holds true
with A = (A;);, where A; = |A/|7'; foralli=1,..., p’,and 1; =0 forall i > p’. Clearly, |A| = 1.
This ends the proof of Proposition 3.1. ]

.....

Let K, be the sharp constant for the Sobolev inequality |ju |+ < K||Vul» corresponding to the em-
bedding H'(R") c L* (R"). Then, as is well known,

/ 4
K, = m, (3-8)

where @, is the volume of the unit sphere. The multipliers in (3-2), which we get by taking the Euclidean
norm |U| of U in (3-2), turn out to be extremal functions for the sharp Euclidean Sobolev inequality
llull» < K, || Vull2. As a direct consequence of Proposition 3.1 we then get

) | dx = K" (3-9)

for all nonnegative solutions U € H 1([F%i") of (3-1), where K, is as in (3-8). Proposition 3.1, combined
with the moving sphere approach, gives the full classification of nonnegative solutions of (3-1), namely
without the requirement that U € H ! This is carried out in [Druet et al. 2009].

4. Weak pointwise estimates

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be an integer, and
(x4)o be a converging sequence of points in M. Let also (4,), be a sequence of positive real numbers.
For U : M — R? and 7 : R" — R?, we define the direct Ri: -rescalings and the inverse ng; -rescalings
by

(Ri=a) (x) = 28D 2U(exp,, (Ax)) and  (REV)(x) = 287229 (2, expy ! (1)), (4-1)

where x in the first equation is a variable in R”, x in the second equation is a variable in M, localized
around the limit of the x,’s, and exp, is the exponential map at x,.
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Definition 4.1. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3 and p > 1
be an integer. A p-vector bubble is a sequence (B,), of p-maps from M to R” given by

Ua (n-2)/2
Ba(x) = ( ) dg (x4, x)? ) A (4-2)
“ " nn-2)

for all x € M and all a, where (x,), is a converging sequence of points in M, (i), is a sequence of
positive real numbers converging to 0, and A € SJ’:_I. The x,’s are the centers of the bubble, the u,’s
are the weights of the bubble, and A is the S”~!-projection of the bubble.

The right-hand side in (4-2) can be seen as the Riemannian extension of the right-hand side in (3-2).
At last we let ug : R* — R be the function given by

|X|2 —(n—2)/2
) (4-3)

o= (14555

for all x € R”. Another possible definition of u is that it is the unique nonnegative solution of Au =u> "
which achieves its maximum at 0 and which is such that u((0) = 1. The result we prove in this section
provides a complete description of the blow-up in Sobolev spaces and very useful pointwise estimates.

Proposition 4.2. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be
an integer, and (A,), be a sequence of C' maps from M to M,(R) such that A, — A in C (M) as
o — +oo for some C' map A from M to M » (R). Let also (Wy), be an arbitrary bounded sequence
in H'(M) of nonnegative solutions of (1-1) such that |Uy||sc — +00 as a — +00. Then there exist
N € N*, a nonnegative solution Uy, of (0-1), and vector bubbles (%é)a asin(4-2)fori=1,..., N, such
that, up to a subsequence,

N
Uy =Uoo + D Bl + Ry forall a,

i=1
/ Uy |* dvg = / Uoo|* dvg + NK, " +0(1) forall a, and (4-4)
M M

N
Uy —Uoe — > B,
i=1

@((111—2)/2 —0 inL*®M) asa— +oo,

where R, — 0 in HI(M) as o — +00,0(1) = 0 as a — +o0, K, is as in (3-8), D, : M — R is given
by

D (x) = izlflinN(dg(xi,aa x)+ ,ui,a),

and the x; o ’s and u; s are the centers and weights of the vector bubbles (93&)0c Moreover, as o. — +00,
dy(Xi gy Xia)? . .
s (i %) + Hia + Hia — 400 foralli #j and
Hiolj,a MHija Hi,o 4-5)
Ry — ugA; in CE(RMNS)) foralli,
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where the I%ffa“ -rescaling procedure is defined in (4-1), ug is as in (4-3), the A;’s are the SP~-projections
of the (W),
. -1 _ .
331‘ = {aETooﬂi’a expxi,la (xj,(l)5 .] € Il};
the limits in the definition of ¥; are as a — +00, and I; consists of the j’s such that dg(x; 4, X} q) =
O(ti,e) and pj,q = o(piq) for all a.

Proof. Let I, be the free functionals associated with (0-1). They are defined for AU € H' (M) by

1, @) = %/ (VU2 + A, (U, U)) dog — %/ a1 do,.
M M
The U,’s in Proposition 4.2 solve (0-1) and are bounded in H'. In particular, (U,), is a Palais—-Smale
sequence for the 1,’s in the sense that the sequence (1, (U, )), is bounded and D1, (U,) — 0in H' (M)’
as a — +o00. Let # be a smooth cutoff function in R"” with small support around 0. Mimicking the proof
in [Struwe 1984] (see also [Druet et al. 2004] for its Riemannian analogue), we get that there exist N € N*,
a nonnegative solution Uy, of (0-1), converging sequences (x; ), in M, sequences (i, ), Of positive
real numbers converging to 0, and nonnegative solutions AU; € H'(R") of (3-1)inR",i =1, ..., N, such
that, up to a subsequence, the first equation in (4-5) holds true, such that

N
U =Uoo+ D 7, Re XU + Ry (4-6)
i=1

for all «, and such that

N
/|oua|2*dog=/ |0uoo|2*dog+2/ ;> dx +o(1) (4-7)
M M i /R

for all a, where ;7(2 x)= n(exp;ila (x)), the Ié}cl/f’“ -rescalings are defined in (4-1), R, — 0 in H' (M) as
a — 400, and o(1) — 0 as @ — +o00. By Proposition 3.1,

1 (1-2)/2
W; (x) = (/112 N n|)(cn__alz|)) A (4-8)

for some a¢; € R", 4; > 0, A; € Sffl, and all x € R". Up to changing the x; ,’s and u;,’s, letting
Xig = expy, , (uiqai) and ft; 4 = Ai pti o, we can write, as in [Druet and Hebey 2005b], that

nl Ry = Bl 4R, (4-9)

for all a, where WU; is as in (4-8), R, — 0in H!(M) as a — +o0, and (%;)a is the vector bubble with
center X; o, weight u; 4, and Sf’_l—projection A;. Noting that the changes x; , — X;, and u; o = fiq
do not affect the first equation in (4-5), it follows from the above discussion, from (3-9), and from (4-6),
(4-7), and (4-9), that the two first equations in (4-4) and the first equation in (4-5) hold true. Now we
forget about the tilde notation for the centers and weights of the bubbles and, fori =1,..., N, we let
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i be as in Proposition 4.2. As one can check from the first equations in (4-4) and (4-5), for any i,

N N
REN DB — uoh in Lg(R\S;) and  RE Uy — RE D B) — 0in Ly (R (4-10)
j=1 j=l1

as a — +o00, where the Iéﬁ’; -rescalings are defined in (4-1), A; is the SP~!-projection of (B! ), and ug
is as in (4-3). Moreover, in any compact subset of R”, and for a sufficiently large,

P
Agdiia+ 1y D AL @it j 0 = Ug|* il (4-11)
j=1

for all o and all i, where the i; ,’s are the components of OfLa =R S,

Xi,a

Al () = Afj(expy, , (#i.ax)),

and g, is the Riemannian metric in R" given by g, (x) = (exp}, = §)(&i qX). Since p;q — 0as a — +o00,

2
loc

we get that g, — ¢ in C; (R") as a — 400, where ¢ is the Euclidean metric. By (4-10), for any

x € RM\Y;,
lim lim sup / |RE L, |¥ dx = 0. (4-12)
0—0 g—+o00 B, (9) ’
In particular, the L> -norm of Iéféf’:‘%a can be made uniformly arbitrarily small in small regions of
R"\¥;, and by adapting and transposing the classical regularity argument [Trudinger 1968] to the present
situation (see also [Struwe 1990]) we get from (4-11) and (4-12) that the AU, ’s are uniformly bounded
in Clzo’f (R™"\¥;). It easily follows that, up to a subsequence, the second equation in (4-5) also holds true.
Now it remains to prove that the third equation in (4-4) holds true. We proceed by contradiction and
assume that there exists g9 > 0 and a sequence (x, ), in M such that, up to a subsequence,
22
> 4e (4-13)

22
= max QD(ZX
M

N N
Dy () Ut () — W (X0) = D B (x) Uy —Uog — > B,
i=l1 i=l1

for all a. First we claim that
B (x0)* |, (x0)] 7 7% = 0 (4-14)

asa — +oo, foralli =1,..., N. In order to prove (4-14) we proceed by contradiction and assume that
there exists i =1, ..., N and ¢; > 0 such that, up to a subsequence,

EACHREACH et (4-15)
for all a. Up to passing to another subsequence we may then assume that there is A € [0, +-00) such that

d s . d s
—g(xl’a Xa) — lasa — +oo, and o + s (X)a> Xa)
Hi,a Hia Hi,a

> Je1 for all o and j. (4-16)

Then, letting y, = ,ul_al exp;l_la (x4), we get from the second equation in (4-16) that there exists ¢ > 0 such
that d(y,, ;) > ¢ for all a, and it follows from the second equation in (4-5) that

D ()| WU () = Voo () — B () [T > — 0 as & — +o0. (4-17)
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By the first equation in (4-5), and by (4-16), we can also write
. 2*72
Do (x0)* | BL(x)|” " =0 (4-18)

as a — o0, for all j # i. Combining (4-17) and (4-18) we get a contradiction with (4-13). It follows
that (4-14) holds true. Next we claim that

|Ug (x4)] = +00  as a — +o0. (4-19)

By (4-13) and (4-14), we see that (4-19) holds if %, (x,) — 0 as a — +00. Suppose on the contrary
that, up to a subsequence, 9, (x,) — 6 as a — +o00 for some 6 > 0. Then, by (4-13) and (4-14),

19U () — Uoo (1) 72+ 0(1) < 8]0 () — U ()| >+ 0(1) (4-20)

for all x € B,,(d/2) and all a sufficiently large. Now, if we assume that (4-19) is false, then we get from
(4-20) that the U,’s are bounded in a neighbourhood of the x,’s, and it follows from standard elliptic
theory that U, (x,) — U (x4) — 0 as & — +o00. Noting that this convergence of the (U, — Uso) (x4)’s
is in contradiction with (4-13) and (4-14), we obtain (4-19).

Now let the u,’s be given by ,ué_("/z) = |Ug (x4)]| for all a, and define the V',’s by V', = 1%,’:;%,
where the Iéfj -rescalings are defined in (4-1). Then,

p
Ao+ > AL )0 = 1Vl 0 @4-21)
j=1

in Bo(d/u,) for all a, where the v; ,’s are the components of V', the A?‘j’s are given by AZ (x) =
Af;(exp,, (1ax)), and g, is given by g, (x) = (expy, ) (uqx). From (4-19) we have 1o — 0 as a — +o00.
In particular, g, — & in C120c (R™) as a« — +o00. We also have |1, (0)| =1 for all a. Noting that the Vs
are bounded in H'(R"), we may assume that, up to a subsequence, V', — Vs weakly in HILC(R") as
o — +oo for some Vo, € H'(R") that solves (3-1). Let & be given by

~ 1

¥ = [ lim —exp;l(x,-,a) (i€ J],

a—>+00 U, «

where J consists of the i =1, ..., N which are such that d, (x; 4, X4) = O (1) and p; 4 = 0(u,) for all

a. In what follows we let K € R"\ be a compact subset of R" \¥, and let x € K. By (4-13) and (4-14)
we have

¥ (@a (xa)

2
@a(ya)) (I4+o0(1))+o0(1), (4-22)

N
Vo (X) = 182 PUg (v6) = 722 D" AiBi o (va)
i=1

where y, = exp, (uqx) forall a, A; is the SP~!-projection of (), for all i, and B; , = || for all &
and i. Now we claim that
w8 P21 (ya) = 0 (4-23)

asa — +oo, foralli =1, ..., N. Equation (4-23) is obvious if x, = 0(ui ). On the other hand, if we
assume that x; , = o(u,), then, since dg(x, ¥) > 0, we get u, = O(dg(xi 4, ys)). Here again, (4-23)
holds true. At last we may assume that there exists C > 0 such that C~ 'y, < u; o < Cu, for all a.
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Then (4-23) holds true unless dq (x; o, yo) = O (#; o). In this case we have dg(x; 4, x4) = O (i), and it
follows that |B; ¢ (x4)|/|WUy (x4)| 7 0 as & — +o00. Combining (4-13) and (4-14) we get a contradiction,
and it follows that (4-23) holds true. In particular, by (4-19), (4-22), and (4-23), we can write

Vo (x)[* 7% < (M)z(l +o(1)) +o(1). (4-24)
Do (Ya)
At this point we claim that
Da(xa) = O (Do (ya))- (4-25)
We prove (4-25) by contradiction and assume that
dg(Xia> Ya) + tia = 0Dy (Xa))- (4-26)

If dg(xi 0, X4)/ o — +00 as a — +00, then
dg(Xisas Ya) + tia = (1 +0(1))dg (Xi 0, Xo) + pia = (14 0(1)) Dy (x4),
and this contradicts (4-26). Hence, dg(x; 4, Xo) = O(u,). Then, by (4-26),
de(Xia, Ya) + tti,a = 0(Ua) + 0(Hia)- (4-27)

In particular, dg(x; o, yo) = 0(14). Since x € K, this implies in turn that u, = O(u; ), and we get with
(4-27) that u; 4 + o(ui o) = 0, another contradiction. This proves (4-25). By (4-24) and (4-25), for any
compact subset K & R\, there exists Cx > 0 such that [V,| < Cx in K. In particular, by standard
elliptic theory and (4-21), we get

Vy— Voo in CE.(R"\F) as a — +oo. (4-28)

Clearly 0 ¢ & since, if not the case, %, (x4) = 0(uy) and we get a contradiction with (4-13). Thus, since
|V (0)| =1 for all a, we see that |V'»(0)| = 1 and Vo, # O is not identically zero. By Proposition 3.1 it

follows that there exists a € R*, A > 0, and A € Sf:_l, such that
J (n=2)/2
Voo (x) = (W) A (4-29)
n(n—2)

forall x e R". Let K € R"\QD be a nonempty compact subset of [R{”\g’. By the first equation in (4-4) and
by (4-23), we can write ¥, — 0 in L (K) as o — +o0. Then, by (4-28), we get [, [Voc|*dx =0, a
contradiction with (4-29). Proposition 4.2 is proved. (I

5. A first strong pointwise estimate

We prove pointwise estimates on the 9l,’s which we use as the initial step in the induction argument we
develop in the next section. First we fix some notations. We let (U, ), be an arbitrary bounded sequence
in H'(M) of nonnegative solutions of (1-1) such that ||U,||cc — +00 as a — +o00. Proposition 4.2
applies to the U,’s. We let & be the set of the geometrical points of the U,’s. Then,

sfz{ lim xi,a:izl,...,N}, (5-1)

a—+00
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where all the limits do exist, up to a subsequence. For > 0 small enough, we let

Na(6) = max  [Ugl. (5-2)
M\UL, By, 0)

Thanks to the last equation in (4-4) of Proposition 4.2

lim sup 774, (9) < [|Uoo lloo- (5-3)

a—> 400

Moreover, by standard elliptic theory, for any ¢’ > 9,

]{,nax |V0U~a|g = 0(14(9)). (5-4)
M\U;L, Bx,;a @)
In what follows we let Ry > 0 be such that foranyi=1,..., N,
x] < R0 (5-5)
x| < — i
-2
for all x € &;, where ¥; is as in Proposition 4.2. We also set
Ha =ie{IE.E.l.),(N}lui’a’ and ra(x) =ie{r1r}iTN}dg(Xi’a’ x). (5-6)

The pointwise estimate we prove in this section is stated as follows.

Proposition 5.1. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be
an integer, and (A,), be a sequence of C' maps from M to M »(R) such that A, — A'in C (M) as
a — 400 for some C' map A from M to M »(R) satisfying (H). Let also (U,) be an arbitrary bounded
sequence in H'(M) of nonnegative solutions of (1-1) such that |Ug|lcc — +00 as a — +o00. There
exists C1 > 0 such that, up to passing to a subsequence on the U, ’s, there holds that for any sequence
(x¢)q Of points in M,

U () = Uoo (o) | < Craeld ™Dy (x0)* ™ + 4| Usoll o (5-7)
where D, and WU, are as in Proposition 4.2, u, is as in (5-6), and ¢, — 0 as a — +o0.

We divide the proof of Proposition 5.1 into two steps.

Step 1. Forany0 <¢ < %, there exist R, > 0, 0, > 0 and C, > 0 such that
U ()] < Ce (12D 20, () G0 4 (8, (6) &)
forall a and all x € M \ UlN=1 By, , (Ryptiq)

Proof of Step 1. Let 0 < ¢ < % Consider ¢ the Green’s function of the operator u — A u +u. We know
(see [Druet et al. 2004], for example) that there exist y; > 1, y, > 0 and y3 > 0 such that for any distinct
X, yeEM,

1 _
s dg(x, ¥)""%G(x, y) < 71 (5-8)
and
IVG(x, y)|?

> yod, (x, v) "2 — 73, 5-9
Gy =2 g (X, )77 — 73 (5-9)
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where V in (5-9) is with respect to one of the two variables, for instance y. We let
N N
Wi () = {222 G0 0, 1) T+ 10 (0) D G(xias %),
i=1 i=1

and let y, € M \ UlN:1 By, (Rui ) be such that

p N
U U
max Zizt i Tzt M, (5-10)
M\UL, By, (Ruia)  Yae Wy

for all a. We claim that, if 0 > 0 is chosen sufficiently small and R > O sufficiently large, then

N
va €o(M\ U By, (Rui)) or ra(va) >0 (5-11)
i=1
for o large. We prove the claim by contradiction. Indeed, assume that (5-11) fails for all a. We can write
AP u;, AW
”’(,,;““)(ya) > =S5O, (5-12)
i—=1 Uia lPa,a
Thanks to (1-1),
A zp_ I/l" *_
”’(p;;l“)ua)s U (Yo 7%+ pll Agllos
i=1 1,a

A,Y "
where || Ay |0 =max; ||A;"j lloo for all a.. By (5-12) we then get %(ya) < Uy Y )IZ 24+ pll Al oo
Since 74 (y,) < J, this yields we

A,WY "
ra ()’ =G 0a) = 7a ()" Ua 0) 772 + 0 pll Alloo +0(1). (5-13)
a,e
Now we write 5
N |v(g(xiaa)7a)|
A lP — 1_ (1728)(n72)/2 i g(g o 1—¢
g a,e(ya) 8( 8),&“ l; (g(xi,a, ya)2 (xz,a ya)
2
N |v(g(xi7aa ya)|

1— 0 — 2 (x; 4, Va)F
+e(l —&)nq( )El G(x s V)2 (X005 Yar)

N N
—&70(0) Y G(xi 0> ya)© — (1 — &) u! 72D 3" G, o, yy) 75
i=1 i=1

Using (5-8) and (5-9), and since 0 < ¢ < % it follows that

AglPoz,g (ya)

N
> —(1—&)¥P0:(va) — y36(1 — ) Poe (V) +e(1 —&)p2ull 2 =D2 540 (X s Vo) 26 (X1 0> Ya) ' 7
N i=1
+e(1—2)7270(9) Y dy (i Ya) >G5 Vo)

i=1
> —(1— &)1+ 738)Poe (o) + (1 — &) pay{~ w7272/ 2p, (yg ) ~2 (= 2U=2)
+e(1—€)p27  a (O)ra (yg) 2" 72
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From (5-8) we obtain Wy, (v4) < Ny, ¢ ul 2" 22k, (3) =209 4 Ny 5, (8)rg (yo) "%, and
we can write

1 .
Fa(ya) Ao (va) 2 —(1 =) (L4 7367 (3u) Yoo ) + 56 (1 =727 W (0.

Coming back to (5-13), we thus get
1 - o
=727 <7 00U ) P2 4 pllAlloo + 0(1) + (1= )(1 4 736)”,

since we assumed that r, (y,) < J. By the last equation in (4-4) of Proposition 4.2 we can choose ¢ > 0
and R > 0 so as to get a contradiction. Thus (5-11) is proved. Up to choosing R a little bit larger, we
deduce from the second equation in (4-5) of Proposition 4.2, and the definitions of u, and #,(9), that
there exists C > 0 such that
p .
Z,‘:1 Ui <c,.

sup ¥ <
a,e

M\UY, By, , (Rpti o)
Using (5-8), we obtain the existence of J, > 0, R, > 0 and C, > 0 such that

P
D i) = Co ({7020, () @D g (0,1 ()27

i=1
for all @ and all x € M\ JI_, By, (R:iq). This proves Step 1. O

Step 2. There exists Co > 0 such that |U,(x)| < Cy (,uén_z)ﬁgba (x)> " + IIOILOOHOO) for all a and all
x eM.

Proof of Step 2. First we prove that there is > 0 small such that for any sequence (y,,) of points in M,
U (Yo
Do (ya)* ™" + 1 (9)

By the definition of #,(9), it is clear that (5-14) holds if r, (y,) > 6. Now assume that r,(y,) = O (u4).
Then 9, (v,) = O(u,). We can use the last equation in (4-4) of Proposition 4.2 to obtain

lim sup e < +o00. (5-14)

a—>—+00 Ha

N —1
— n— — —1 - d (xi,a, )’a)z
Do (o) g U (o)1 % = O (Do (Yo ) + 0( > Do) ug i, (1 S
’ n(n _2)#i,a

i=1

since D, (Vq) < dg(Xiq, Ya)+ tiq foralli e {1, ..., N}. In particular, (5-14) holds true also in this case.
Thus we may assume from now on that

ra(yo) <0 and M—)—FOO as a — +00. (5-15)
Ha

We let A > 1 be such that Ap||Allo & Sp(A,) and we let G be the Green’s function of Ay — Ap||Al|c.
Here again, there exist C; > 1, C, > 0 and C3 > 0 such that

1

c dg(x, y)7 ™" = C2 < G(x, y) < Crdg(x, y)*™" (5-16)



STABILITY FOR STRONGLY COUPLED CRITICAL ELLIPTIC SYSTEMS IN INHOMOGENEOUS MEDIA

and
VG (x, y)lg < C3dg(x, y)' ™"

325

(5-17)

forall x, y € M, x #y. We let xg € ¥ be such that dg(y,, xo) < 0+ 0(1); such an xy does exist thanks

to (5-15). We choose ¢ > 0 such that
de(x,y) > 40

for all x,y € ¥, x # y, and such that
9 < 1(CCy) VD),

where C; and C; are as in (5-16). We write with Green’s representation formula that

P p p
ZMi,a(ya) = /&0(26) G (Ya, x)(Ag(Zui,a) — Ap[lAlleo ;u?)(x) dl)g(X)

i=l i=1

p
+/GBX0(26) G (Yo, x)av(gl:ui,a)(x) dUg(x) -

Since A > 1, we get with (1-1) that

p
A (Zu) ApnAnooZum_m & ZZM

i=1

0By, (20)

We have G (y,, x) > 0in B,,(20) for a large, thanks to (5-16) and (5-19). Thus we can write

p

14
/on(%) G(ya’ X) (Ag(z ”i,a) B lP”A”oo Z ui,a) (x) dl)g(x)

i=1 i=1

P
0y G (Yg, x) ( Z ui,a) (x)dog(x).
i=1

(5-18)

(5-19)

(5-20)

scl/ 4G D U )2 S () dog ). (5-21)

i=1

From (5-18), we also know that d (x; o, 0By, (26)) = d foralli = 1,..., N and for a large so that we

can control the boundary terms in (5-20) thanks to (5-4), (5-16) and (5-17). We thus obtain that

U (va)| = O (114 (8)) + O ( /M dg (Yo, x)* " Uy, (x)|2*—1dvg(x)).

WeﬁxO<g<n1

) and we let R, > 0, , > 0 and C, > 0 be given by Step 1. We write

/M Ay (s 52" Ly (1) 2~ g ()

(5-22)

E/Maad Ve x)2 "|U,, (x)|2 _ldvg(x)—kZ/Xla - d (yaﬂx)z_nloua(XNZ*_ldUg(x),

where M, . = M \ UlN: 1 By, (R o). From (5-15) and Holder’s inequalities we obtain

/ o O U () = O (™ i 7))
Bx“, Ra,uu)
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foralli e {1,..., N}. Thus we get

/]wdg(ya’x)z_”|%a(x)|2*_1dvg(x)
= / dg(Va, )* U ()2 " g () + O (1821, (32)* ™). (5-23)
Ma,s

Using Step 1, we know that for any x € M, .,

1-2 2)/2 *_
,“( &)(n+2)/ ;,]a(ég)Z 1)

2F—1 25—2 ~2"—1
|Ou (x)| <2 C (r (x)("+2)(1 €) ra(x)(n+2)a

so that
/M dg (Yar )* U ()~ g (x)

< 22*_2C82*_1lu((11—25)(n+2)/2/ dg(ya,x)z_”ra (x)—(n+2)(1—8)dvg(x)

a,e

+27 72T (0,)F / dg (Vo X)*"ra ()" D20, (x)
Ma,s

N
<X CF T Z / dg (vas X)* " dy (i 0, ) "D dv g (x)
M\Bx,- a (Repta)

L2220 g (67! 2 / (s X2y (1 0) "D 0 ().
M\Bxl o (Retq)

From (5-15), straightforward computations yield
/ dy (Voo )* 7" [Ua () F~ dvg (0) = O (1™ Pra(30)* ™) + 0 (12 (6)* ~).
Ma,s
Coming back to (5-23), using (5-3), we finally obtain that

/M dg(Vas X)* U () 1F g (x) = O (182210 (v0) ") + O (16(32)).

Coming back to (5-22), taking 0 < d < J, such that (5-18) and (5-19) hold, we get (5-14) under assumption
(5-15). In particular, if J is chosen sufficiently small, (5-14) holds. Now we claim that if Uy, = 0, then

1a(0) = O (ug ™). (5-24)
As a consequence of (5-14), there exists Cy > 0 such that in any compact subset K of M \ &,
Uy ()] = Co(f™2Cx + 1 ()

for some Cg > 0. If (5-24) were false, we would get by standard elliptic theory that

na(é)_) in C2.(M\9) asa — +oo,
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where H satisfies A,H+AH =0in M\ ¥ and |H| < Cp in M \ ¥. This implies that H is in the kernel
of Ag+A. Since all the components of H are nonnegative and H is not identically zero by the definition
of #,(9), this would contradict assumption (H). In particular, (5-24) is proved. Noting that if Uy, £ 0,
then, by (5-3), 7,(0) = O (] U |lc0), We get with (5-14) that Step 2 holds true. O

Conclusion of the proof of Proposition 5.1. If U, = 0, the proposition is a direct consequence of Step 2.
Assume now that U, %= 0. We let 7 be the Green’s function of the Laplacian on M normalized such
that #(x, y) > 1 for all x, y € M, x # y. There exists ®; > 1 such that

1
5 de(r. ) S ) = 1, (x ) (5:25)
1
forall x,y € M, x #y. We let (x,) be a sequence of points in M and prove that
L (k) = Uoo (80)] = O (722, (x)* ") + (). (5-26)

If B, (x,) = O(uy), then (5-26) is a direct consequence of the last equation in (4-4) of Proposition 4.2.
We may therefore assume that

9)
«(%a) — 400 asa — +oo. (5-27)
Ha
By standard elliptic theory,
WUy — WUoo in CE(M\F)  as a — 400, (5-28)

where & is as in (5-1). We write using Green’s representation formula that

P p

1 p
D i () = D tio(Xa) = A ; /M (i, () — i 00(x4)) dg

i=1 i=1

P
+ ;/M H(xq, X)Ag(ui,a - u,"oo)(x) dvg(x)’

where V, is the volume of (M, g), and the u; «’s are the components of Uy,. Then we get

p P P
Z Ui a (xq) — Z ui,oo(xa) = Z/M FH(xq, X)Ag(ui,a - ui,oo)(x) dDg (x) +o(1). (5-29)
i=1 i=1 i=1

Thanks to (5-28) there exists J, > 0, J, — 0 as a — 400, such that, up to a subsequence,
[Us — Ouoo||c2({gz>a>(sa}) =o(1), (5-30)
where ||U||-2 = le llu;illc2, and {D, > J,} is the subset of M consisting of the x € M such that

By (x) > Jy. In particular, it follows from (5-25), (5-29) and (5-30) that

p

p p
D wiaXa) = D ticoa) =D /{ ey e DBt () dvg () (1),
1 i=1 " 1Pa¥)=0

i=1 i=
The proof of (5-26) then follows the lines of the proof of Step 2, using the estimate of that step. This
ends the proof of Proposition 5.1. U
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6. Strong pointwise estimates and sharp asymptotics
We now turn to pointwise estimates and sharp asymptotics. Our main result in this section is this:

Proposition 6.1. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3, p > 1 be
an integer, and (A,), be a sequence of C' maps from M to M3, (R) such that A, — A in C'(M) as
o — +oo for some C' map A from M to M »(R) satisfying (H). Let also (U)o be an arbitrary bounded
sequence in H'(M) of nonnegative solutions of (1-1) such that |Uy|lcc — 400 as a — +o00. Up to
passing to a subsequence on the U, ’s, there holds that for any sequence (x,), of points in M,

N
Uy (xa) - OU«oo(xoz) - Z Bi,(x (xoc)Ai

i=1

N
= 4[| Uoolloc + O (ﬂgl_z)/z) + 0( Bi,a(xa))a (6-1)
i=1

where 97551 = Bi oA for all a and all i, where U, N, and the 973; ’s are as in Proposition 4.2, where
gq = 0as a — 400, and u, = max; u; 4 is the maximum weight of the weights of the B; ,’s as in (5-6).

We prove Proposition 6.1 in several steps, based on induction on the following statement, defined for
1<k<N+1:

There exists C > 0 such that, up to a subsequence on the U, ’s, for any sequence (x,)
of points in M,

Uy (xa) - Ouoo(xa) - kf Bi,a (xa)Ai
i=1

-2)/2 -2)/2 —
< el ™ 4 101 R () ") + 2l Uoollow + o

where ¢, = 0asa — 400, yy =1ifk <N, and yny4+1 =0.

k—1
> Biaba))s @)

i=1

Here we have reordered the blow-up points in such a way that p, = 1,4 > f2,4 > -+ > Un.q, and we
have defined

ri,a (x) = lg]llan dg(xj,aa x)a (6'2)
Ri 4 (x) = iir}LnN(dg(x jas X)) (6-3)

We have R ,(x) =%, (x) and rq 4(x) = ry(x), where 9, is as in Proposition 4.2 and r, is as in (5-6).

We will refer to the whole indented statement above as ($;), as well as the inequality so labeled.
Clearly, Proposition 6.1 is equivalent to ($y1), while Proposition 5.1 implies ($;).

We apply induction on k to pass from ($1) to ($y), and then we use a slightly distinct argument to
pass from ($y) to ($n+1). In the following, we fix 1 < x < N — 1 and assume that ($,) holds true.
We proceed in several steps, but first we fix some notation. As in the preceding section we let § be the
Green’s function of the operator u — Agu+u. Then (5-8) and (5-9) hold. We fix 0 <& < 1/(n+2) and
fix Ry as in (5-5). For any 1 <i < k, we define

@?, (x) = min{u{ P P2G(x; 4, 1)1 Dop; O PG(xy 0, )7, (6-4)

i,a

where x € M \ {x; 4},
Dy = y12£—1 (4R0)(2—")(1—28)’
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and y is as in (5-8). This choice of Dy, together with (5-8), implies that
—(1-26)(n—2)/2 .
fa(X) =Dy 0K g G(xi 0, x)°,

if do(xj0,x) <2Roui . We also let

N
95 () = max{[|Uooloo; 1§ > 22YD " G(x; 4, X)° (6-5)
and N ‘
Yo = D Glxia, ) (6-6)
For 1 <i <, we set i=xtl
Q,={xeMst &, (x) > %, (x)forall 1 <j<x}. (6-7)
We also set a )
y2e(l —¢
D(e) = , 6-8
(e) ="y (6-8)
where y; is as in (5-8), and we define v, , by
;7 , (x)
1-2¢)(n—2)/2 (1-2¢)(n-2)/2,
'Ea e _max{ﬂ o ’1lga<xxsuP ‘I”(x) }’ ©
where
Q= {x € Q, sit. dg(xi,0, X)* 20 (¥)* 2 = D(2)}, (6-10)

and Q4 (x) = | Uy (x) — WUoo (x) — Z;{:l Bi ,(x)A;|. By convention, the suprema in (6-9) are —oo if the
sets €} | are empty. We can now start the proof of Proposition 6.1.
Step 1. vy = O(lrx,).
Proof of Step 1. We let y, € flf .. and assume that
Ve e () D = @ L (7)Y 7,
This and (5-8) imply that
K,0

v 1-2¢ =0 (Rlc+l,a ()’a)Z(l_C)q)?,a (ya)Z/(n—Z)) : (6_1 1)

Since ($y) holds and y, € Q¢ , we also have

o’
5 . 2p. 2*-2 2 _ 2 —4

D(g) =< 0(1) +o0 Z dg(xt,a, ya) B,/,a ()’a) + O(ﬂx,adg(xt,a, )’oc) Rlc,a (Ya) )
Jj=1

Since y, € f)f . and QF C Qf | we can write

Lo’

k—1
> dg(Xia ¥a)*Bja () 2= 0(1),
j=1
and we thus get
RK,a()’tx)2 = O(ﬂx,adg(xi,aa ytx))- (6-12)

If Rei1.0(Va) = O(Re.u(¥y)), we get from (6-11) and (6-12) that
Vet = 0 (b dg(Xias ya) T 05, (0) Y D) = O(uif i E) = O(ui ),
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and Step 1 is proved. Assume now that Ry ,(yy) = 0(Rx+1,4(Ya)). Then (6-12) becomes

2
(dg(xk,a, ya) + ﬂK,a) = O(ﬂx,adg(xi,aa ya))' (6-13)

If i =x we obtain dg (x; 4, Yo) = O (1i,«); using the last equation in (4-4), and since ;o =0(Ric 41,4 (Ya)),
we obtain that
K 2x-2
dg (X0 o) |Ua (V) = Uoo (V) = D Bja()Aj| =0 as a — +oo.

j=1

This contradicts the fact that y, € f)fa Thus we must have 1 <i <« — L. Since @}, (y,) = Oy , (Vo).
because of (5-8), we can write

/u;lg,_azgdg (-xlc,a s yot)_z‘8 (/uK,O( +dg (-xK,(Z s ya))
In particular we obtain with (6-13) that
1- _
(Hio +dg(Kiar ¥a)) = Oy},

Since ui 4 < Hi 4, this implies that dg(x; o, yo) = O (ui o). We also get p1; o = O (tix,q). Then we obtain
with (6-13) that dgy (X, 4, Yo) = O (i ), and this contradicts the first equation in (4-5) of Proposition 4.2.
Step 1 is proved. (I

—2(1-2 D¢ _ -2(1-2
( S)ZO (,uil,a%dg(xi,aa Ya) 2 (ﬂi,a +dg(xi,a, ya)) ( 6))-

Step 2. There exists C, > 0 such that

K
Uy ()| < Ce (Z O, () +v ! 20D ()OO max{ [Uso [loo 1l 2D 2 Y, (x)a‘")g)
i=1

forall x € M\ UL, By, (Rotti.a).
Proof of Step 2. We let y, € M\ UINZKJrl By, (Ropi,q) be such that

2 e (= sup 2oy e
1-26)(n—2)/2 o) = 1-2¢)(n—2)/2 ’
zf:l Qi(l + V}E’a D=2/ \Ila’g + ('0(21 M\UlN:}chl Bxi,a (Ré'/ui,a) Z:C=l (D?,OC + v}g’(x D=2 \Pa,a + gﬁg
(6-14)
and we assume by contradiction that
p 1 u®
1= l
: & — (yg) = +00  as a — +oo. (6-15)
izt o7, + Vfg}a 0 2)/2Ta,8 +o;
From ($,) and (6-15) we get
Fo(¥e) > 0 asa — +oo. (6-16)
We also have, using the second equation in (4-5),
d .
g(xj,aa Ya) — +o0 (6-17)
Hij,a

as a — 4oo forall k +1 < j < N. Here we used the fact that, by (6-9), v, 4 > ft,c+1,4. Thanks to (6-15)
and the second equation in (4-5), we also know that, for any 1 < j <k, either

dg(Xja)
de(Xj o, Vo) < Roptjoa oOF M — 400 as o — +o00. (6-18)

Hja
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In particular, thanks to (6-14) we can write

1-2 -2)/2
Ag le_l Uj g Ag(zle (Dia + v}i,a 8)(’1 )/ \Ila’g +¢2)
= 5 -~
» (Vo) =

Y- (Va)- (6-19)
i=1Uia Z;{:I (Dia + Vlg,la 2)(a 2)/2‘{101,8 + (02

From (1-1), (5-8), and (5-9), we then get

K *
_ |6uoc(yoc)|2 -2
OZZ(dg(xi,a, )’a) 2_—_A€ q)?a(ya)
P y26(1—e)

Ny ppe(l—e)

(ra(ya)z |6ua(ya)|2*72
+ 2
Ny; y2e(1—¢)

(rx+l,(x(ya)_2 U G)I” 2 )v(l_zs)(n—Z)/z\P On)
e Vi, a,e Ya

- Ag) Pa,e(Va), (6-20)

where

 pllAGllso + (14 y38)(1 — &)

a r2e(l —e) '

We let in the following 1 <i <k be such that y, € Qf, .- Then we deduce from (6-20) that

A,

0> (dg(xi,a’ ya)_z - |U, (Ya)|2*_2 - KAS) (D:?,a (ya)

n (’”x+1,a(ya)2 |6U«a(ya)|2*72 _

K
y2e(l —¢)

As)V,E,la_ze)(n_z)/ija,s(ya)

Nylz(l_‘o’) r2e(l—e)
ra (ya)_2 |Guoc(Y(x)|2*_2 )
+ - _Ae a,s( al- (6'21)
( NyZ pe(l—o) Pue V)
From (6-15), we know that
Usolloo = 0(Ua (y))  and =27 = 0(1Uq (yo)), (6-22)
and that
Bjo(ya) = o(|Uq (ya)]) (6-23)
forall 1 < j < since
Bjo(ya) = O(®5 ,(¥a)) (6-24)
for all 1 < j <. From (6-17), we have
Re+1.0(0a)?Bj.a(va)* 2 = 0(1) (6-25)

for all «k +1 < j < N. Thus we can deduce from the last equation in (4-4) of Proposition 4.2 together
with (6-22), (6-23), and (6-25), that

Do (Va)* U ) IF 72 = 0(1). (6-26)
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Using (6-16) and (6-26), we can transform (6-21) into
0 (A0 - )2 = KAL) 0,0

n (rx+l,a(Ya)_2 |6ua(ya)|2*_2 .

K
y2e(l —¢)

As)V,E’la_za)(n_z)/qua,s(ya)

Ny Te(l—e)
1 _
+ ( 2% +0(1))ra (ya) z(ﬂa,e(ya)- (6-27)
Ny1
Since ($,) holds true, we can prove with (6-22) and (6-23) that
U )P 72 = 0 (117 R, (va) ™). (6-28)
This implies that
Ret1.0(va) U (3a) P 72— 0 as & — o0, (6-29)

Indeed, if it is not the case, we would have from (6-28) that

Rit1,0(Va) = O (Uk,a)
and thanks to (6-26) that there exists j € {1, ..., x} such that
dg(Xj.a> Ya) + tja = 0(Ret1,a(Ya)).
In particular, we get a contradiction since i 4 > fix,q. As a remark, (6-28) also implies that
Rei1,0(Ye) > 0 asa — 4oo, (6-30)
due to (6-23). Now, thanks to (6-29) and (6-30), we deduce from (6-27) that

0= (dg(xi,a, y) 2 ULy () 2 — xAg) ¥, ()

K
y2e(l—¢)

1 2eY(n— _
+ —_.+0(1) V;Sla 26)(n 2)/2’"x+1,a()’a) ZLPa,a()’a)
Ny2(1 €) >
1

1 —
T (Nylzg +0(1))ra(ya) 2000 (Va)- (6-31)

Ify, ¢ fzf «» We transform (6-31) into
kD(e)

0= (1 o) = =9

- ’CAsdg (xi,as ya)z) dg (xi,aa ya)_zq)ia (ya)

1 _ B _ 1 _
+(W+o<l>)v£}a 20D 0 (Va) 2‘Pa,g<ya)+( Ny +o(1))ra(ya) 200e (V)
1

by using (6-22) and (6-23). This leads to

1 2 (1-26)(n=2)/2
(Nyfe“(l))r“(y“) vac(a) =O0(uiy " 77),

thanks to our choice of D(g). From (5-8), (6-16), and the definition of ¢, ., we clearly get a contradiction.
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Thus y, € Qf ,. Coming back to (6-31), we obtain in this situation that

1 K
- (1-2e)(n—-2)/2 .
(Nyf(l_a) +0(1))vk,a \P(Z,S(ya) 5 (y28(1 —8)

Using (6-29), (6-30), and the definition of v, ,, this leads to

|U, (ya)|2*72 + KA&)"K-H,a (ya)zq)ia (ya)-

1 (i . eV (n—
(W*"(”)”’ga 200D, (3va) = 0(DF , (y0)) = o (vl 22, L (v,))
4!

and this is again a contradiction. Thus (6-15) cannot hold true and we get the equation in Step 2 from
(5-8). This ends the proof of Step 2. O

Step 3. There exists Cy > 0 such that

K
rmunSQ(Z}M@%%%@@+¢5W%HWuﬁﬂ)fmmueMmmma>0
i=1

Proof of Step 3. We let (y,) be a sequence of points in M and we aim to prove that

li [Ug (Yor) |
imsup — =y —
a—+00 Zizl Bi,a (ya) + [ MUoo oo + Vi,a ch+1,a (Ya)

Since ($,) holds true, it is clear that (6-32) also holds true as soon as

18P Rei1,0(30)> ™" = O(Biw (va))

for some 1 <i < k. By contradiction we assume in what follows that (6-32) does not hold true. Thus
we assume from now on that

< +o0. (6-32)

R;c-i—l,a ()’a)z = O(ﬂi,a ,ulc,a) + O(Ifjf’a dg (xi,a: ya)z) (6-33)
i,a
for all 1 <i < x. This implies in particular that

Ret1,0(ya) > 0 asa — 4o0. (6-34)

Thanks to the last equation in (4-4) and to (6-33), we can assume that

Ry
Ry (Ya) = Riet1.0(yo) and +v1—a(ya) — 400 asa —> +00. (6-35)
K,

Indeed, otherwise, (6-32) holds true. We let A > 1 be such that Ap||A]ls & Sp(Ag), where Sp(Ay) is the
spectrum of Ag, and let G be the Green’s function of £, = Ay — Ap||A||. There exist C; > 1, Co > 0
and C3 > 0 such that
1

o, »P"=Cr = Gx,y) < Cidg(x, y)*™ (6-36)

and
IVG(x, y)lg < C3dg(x, y)' ™ (6-37)

forall x,y e M, x #y. We let xg € & be such that dg(y,, Xo) < J 4 0(1); such an xy does exist thanks
to (6-34). We choose 6 > 0 such that

dg(x,y) =49 (6-38)
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for all distinct x, y € ¥, and such that
6 < 1(C1Cy) V), (6-39)

where C; and C, are as in (6-36). We write with Green’s representation formula that

14 p
D> tia(ya) = / . G(ya,x»:g( Zui,a)(xmvg(x)

i=1 By, i=1

p
! /6&0(25) Gl 08 ( 2 Mi’a) () o) - /aBm(za) Gl ) ( Z m’a) (x)dag(x). (6-40)

i=1 i=1

Since 4 > 1, we get with (1-1) that

P p
2%=-2
ﬂgg( E ui,a) < Uy | E Ujq-
i=1 i=1

We have G(y4, x) > 0in B,,(20) for a large by (6-36) and (6-39). Thus we can write

Z p
/onea)G(y“’x)gg(g‘ui’“)(x)dug () =G /Mdg(ya’x)z_"l%(X)lz*‘zZui,a(x)dug(x). (6-41)

i=1
From (6-38), we also know that
dg (xi,aa anO(ch)) >0

for a large. In particular, we can control the boundary terms in (6-40) thanks to Proposition 5.1 and
standard elliptic theory. We thus obtain that

U (ya)| = O (max{ﬂ,ﬁ”‘”/z; ||0uoo||oo}) + 0( /M dg (Yo, X)* " |U (x)]* ! dvg(x)). (6-42)

We can now write thanks to Step 2 that
K
/ dy (yar X)* 7" U () * g (x) = O(Z / dg (Yas x)z—"<1>ia<x>2*—1dvg(x))
M oM

. _ dy (Y, x)*"
2—1. , (1-2¢)(n+2)/2 gVa>
+O(maX{||°uoo||oo g D) B dvg(x)

dg(ya, X)*™"
+ O(U(l—ze)(n+2)/2/ 8 do (x)
e {rk+l,a(x)2ROVx,a} rK+l’a (x)(ﬂ+2)(1—9) ¢

+ 0( / dg(ya,x)z—"|ma|2*—1dog(x)). (6-43)
{rx+1,a(x)§R0VK,a}

Since 0 < ¢ < , it follows from Giraud’s lemma that

1
n+2
/ dy (s )27 (1)~ 2% dy () = O(1). (6-44)

M
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We can also write, for 1 <i <k,
| el x? 0  d 0)
M
—(1-2 2)/2 _ _
-0 (,U,',O(( £)(n+2)/ / dg(ya; X)2 ndg (xi,a: x) (n+2)£d0g(x))
{dg(-xi,(sz)S/ui,IX}

+ 0(#5’1(1—28)(714-2)/2/ dg(ya: x)zfndg(xi’a, x)(l’l+2)(l£)dvg(x))
{dg(xi,u,x)zﬂi,a}

thanks to (5-8) and (6-4). Direct computations, using Giraud’s lemma and the inequalities 0 < ¢ < %,
lead then to "

/M dy(yar 270, (0~ dvg (x) = O(Biu(v2)). (6-45)

By direct computations, using Giraud’s lemma, the inequalities 0 < ¢ <

vyl D / dg(Var )" " res 1,0 (1) "0 (x)
{rk+1,a(x)ZR0Vx,a} — O(v;gl(;Z)/zRK—‘,-],a (ya)an)’ (6_46)

1
) and (6-35), we also get

while, using (6-35), the fact that v, , > ux41,4, and Holder’s inequalities, we also have

/ dg(va, )* " Ual* " dvg (1) = O (v P R, (0a)* ™). (6-47)
{rlc+l,a (X)SROVK,a}

Coming back to (6-42) with (6-43)-(6-47), we obtain a contradiction with the assumption that (6-32)
does not hold true. This proves Step 3. ]

The fourth step in the proof of Proposition 6.1 is as follows. The constants C > 0 in the statement of
this step and its proof are independent of a and built on C. They may change from line to line.

Step 4. There exists C > 0 such that for any sequence (y,) of points in M,

K
U (Vo) = Uoo (Vo) = D Bira () Ai|
i=1 *
< 20| Uoslloo + o(z Bi,a(ya)) +C (P4l P R 0 (50) ),

i=1
where g, — 0 as a — +00.

Proof of Step 4. Let (y,) be a sequence of points in M. Assume first that
RK+1,a ()’a) = 0(”1«,(1)- (6-48)
If Ret1.0(Va) = Do (o), we can apply the last equation in (4-4) of Proposition 4.2 to obtain

Ug (ya) = Voo (Va) = D, Bira Va) A

i=1

< CV,(:(;Z)/ZRKJrl,a (ya)z_n .

In particular, the estimate of Step 4 holds true. If D4 (y4) < Ri+t1,4(Va), then from Step 1 and (6-48) we
obtain the existence of some 1 <i < x such that

dg(xi,a, ya) + Hia < Rx+l,(x(yoc) = O(/uk,a)-
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This implies the following facts:
tia = O(Uxa),
dg(Xisas Ya) = O(tia),
Ri1,0(Va) = Hisa-

Using (4-5) in Proposition 4.2 we get

Ug (ya) = Uoo (Ve) = D, Bira (Va) A
i=1

=0(Bi o (Ya)),

and the estimate of Step 4 holds also in this case. As a consequence, we may assume below that

Rx+1,a(ya)

Vi,a

— 400 asa — +oo. (6-49)

The rest of the proof is based on controlling the different terms we get from Green’s representation
formula. We let 7 be the Green’s function of the Laplacian on M normalized such that #(x, y) > 1 for
all x, y € M, x # y. Then (5-25) holds and moreover

@ _
(x:y)'_)dg(x’y)n 2%(X,y)
extends to a continuous function in M x M whose value on the diagonal is

1

O = o e

for all x. Now we write, for any i € {1, ..., p},

1
Uja (Vo) — ui,oo(ya) = 7 /M(ui,a - ui,oo) dUg +/M H(x, )’a)Ag(ui,a - ui,oo)(x) dl)g(x)- (6-50)
8

Since ($,) holds true, we can write

‘/ (ul a — Ui oo) dvg

where &, — 0 as a — +00. Thus we can transform (6-50) into

= C:u(n /2 + &a [ Uooll0o»

<Cu" D2 4 ey Unolloo.  (6-51)

Ui a(ya) Uu; oo(ya) / H(x, ya)A (ul a —Uj oo)(x) dvg(x)
In view of the equations satisfied by the U,’s and U, We can now write
Ag(uia MIOO)—lou |2 2 |Ouoo|2 2 ZA M}a+ZA1]u]oo
j=1
= U = Uoo|* > (iq = tti,00) + (|ou 772 = U = WUoo|* 72) (i — i o)

p P
+ (1% 7% = U ) tti 00 — DAY o — Ujo0) + D (Aij — ALt oo,
j=1 j=1
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Thus we obtain

o (32) — .00 (¥2) — / I, Uy — Voo (1.0 — t1.00) dvg
M

=

[t (102 = P =0 P 2) = 00
M

p
+ / 9y, (1Ue 1% 72 = [Uoo]® 72) i codv, | + / %, (Aij — A% ) (X)uj 0odv
‘ o Y ( ) 8 ng o y ( J j) J 8
p
+ Z/ %yaA?j(uJ',a_uj,OO)dvg +C#g¢n_2)/2+8a|ouoo|oov (6-52)
j=17M

where 9y, (x) = 9(y,, x) for all x. The convergence of the A,’s to A, together with (5-25), implies that

p
Z/M %ya (Aij - A;'xj)ujpodvg = &a [ Usolloos (6-53)
=1

where ¢, — 0 as a — +00. Now we get with (5-25) that

p
Z/ ¥y, A (.0 = tj,00) dvg
j=1"M
Thanks to ($,), we can write

K
U (x) - OuOO(x)| = Dl(z Bj,tx (x) + /uz(c’?(;Z)/zRKJrl,a (x)Z—n + #(gn_z)/z) + 84 || Uoo | 0o
j=1

< pCllAdllso /M 0y (s 1) ULy () — Voo ()] dvg ().

for some D; > 0, where ¢, — 0 as a — +o00, while, thanks to Step 3, we have

U (6) = Uoo (1)) = Dz(Z By )+ R o (602" + ||6uoo||oo)
j=1
for some D, > 0. Thus we can write

P
Z/ %)’aA?j (”J',a _”j,OO) dvg
j=1"M

K
SC(Z / dg(ya,x)z—"Bj,aOc)dvg(x))+ea||%o||oo+cﬂg"‘2>/2
j=1"M

+Cul / dy(Var X)° 7" Rie1,0(x)* " dvg (x)
{R»c+l,a(x)27’la}

+Cvi A2 / dg(Yar X)* " Ry 1,6 (X)* "dg (1),
{RK+1,G(X)S’7G}

where 7, = 2diamoM if Uoo =0, 17, = u ,1/ az otherwise, and diamg M is the diameter of M with respect
to g. Simple computations, using Giraud’s lemma, then lead to the estimate

p
Z/ ¥y, Alj(Uja — Ujoo) dvg
j=1"M

K

= 0( > IB (ya)|) +Cul 7 4 24 |Usolloo + CVI PP Ry, (va) ™" (6-54)
j=1
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If U = 0, we have

/ Wy, (1Ua > 7% = [Uoo | ?) 1ty codg =0,
M

while, if U, £ 0, we write, thanks to Proposition 5.1,

/ Wy, (1 ™2 = [Uoo|* )i, 00dvg = 0(1) + / 4
M

o < e (10 %72 = [Uoo > ) ui,c0dvg

=Ha

:o(l)—i—O( /M 1/4}dg(x,ya)z_”|GlLa(x)|2*_2dvg(x)). (6-55)
Do =<pho

Now we use Step 3 and we briefly distinguish the n = 3,4, 5, and n > 6 cases in the forthcoming

computations. We let (R,), be suitably chosen such that R, — +00 as o — +o00. Assuming that
n=23,4,5, we write with (6-55) that

/ 9, (100”2 = [Uoo > )00
M
=o(l)+ 0 / dg (x, o) 7" Uy (x) > 2dvg(x))
}c+la<R}c+la(‘/(l)/R }

+0 dg(x, ya)* " U (X)Iz*zdvg(X))

=

=o(1)4+ 0 Z d (x, y(,()2 "Bja(x)z 2dz)g()c))

J=1

+0

( {Re+1,0=Ri+1,0 (Vo) / Ra 3N Dy <,u(11/4}

V2 dy (x, ya>2"RK+1,a(x)4dog(x))

Rk+1 a=Rit1, a(Va)/Ra}
=o(1) +o(2 B;, a(ya)) +o P Res1.a(va)* "),
and, assuming that n > 6, since 2* — 2 € (0, 1] in this case, we get from (6-55) that

/ 9y, (10> 72— [Uoo* ) tti,00dvg = 0(1) + 0( / dy (x, Yo )" Uy, <x>|dog(x>)
M (@a<ud™)
=o(1)+0(z /M dg(x,ya>2—"B,-,a(x)dvg(x))
j=l1
+0 (v,ﬁt’;”/z / dg (¥, Y0)* ™ Rey1.0(x)* "dvg <x>)
M

—o(1)+o(2 Bm(m) o (WP R0 00",

j=1
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Thus, in all cases,

/ 9y, (10> 72 = Uoo|* %) ui codvy
= o(z Bj.o(Ya) ) +o( P Res 10 (0a)” ") + 6a|Uaclloo.  (6-56)
1
Similarly, if U, = 0, then "
[ 02 = Py =) = 10) g =0,
while, if U £ 0, we can write

/ 9, (1Ua? 2 = Uy — Uool? ) (ia — ti00) dvg
M

=o(1)+0( /R ottty o s )27 [ (1) 72 dvg(x))
X)<pg

=o(1) +0(Z Bj, a(m) +o(W PP Ret1.a (V) ")

j=1

Thus we have obtained
/ 9, (1 — Uy — Uoel? ) (i — t.00) dog
M

—o(ZBm@a )+o( DR 100" ) + | Uoollooe - (6-57)

Coming back to (6-52): thanks to (6-53)—(6-57), we now obtain

U () = U (v) — / 9, Uy — U2 (U — U g

<o(ZBm(ya))+o( DR 10 ()" ) + o Unolloo + V2 (6-58)
j=1

Using (4-5), (5-25), and the extension property of dg(x, y)*~2%(x, y) mentioned above, we can find a

sequence (R, ), such that R, — +o00 as a — +00, that

‘/ ey, Uy — Uoo* 72Uy — Uoo) dg — Biu () Ai| < Cul 22+ 0(Bi 4 (va))

foralli € {1,...,«}, and that the sets

Mi,a = Bx,v,,, (Ra,ui,a) \ U me (Rojl/ui,a)
i+1<j<N

are disjoint.



340 OLIVIER DRUET aND EMMANUEL HEBEY
Then we can write thanks to Proposition 5.1, Step 3, and (6-49), that

/ dg (Yo X)2 7"y () = U (0) 2~ g (x)
M\Ulgig;g Mi,a

fga”%oo”oo‘i‘cﬂ((xn_z)/z""CZ/ dg(yaax)z_nBj,a(x)z*_ldvg(x)
j=1"Ma

4 Cynt)2 / dg (Yo, X)*" dvo(x) + Cv DR 1 ()"
v —— = 40y, (X V
K0 (Rest a>ven) RK+1,a(x)(n+2) g K,a k+1,0 YVa

K
< &4 [[Uoolloo +Cug"‘2)/2+o(ZB,-,a(ya>) + VPP R 10 ()"

j=1
Coming back to (6-58), this ends the proof of Step 4. U
Step 5. vio = Ui+1,a-
Proof of Step 5. We procei:d by contradiction and thus assume that there exists i € {1,...,x} and a
sequence (y,) of points in Qf ~such that
v IR (va) = B (va)- (6-59)
Since y, € fzf «» We know that
7, (va) = O, (Vo) (6-60)
for all 1 < j <k and that
K 2¥-2
dy (X105 Ya)* [Ua (V) = Uoo () = D_ BjaGa)Aj| - = D(e). (6-61)
j=1
Clearly,
dy (Xi g, X)?Bi g ()" 2= 0 (1). (6-62)
We now claim that
dy(Xi.as ¥a)*Bja (7)) 7> = 0 as & — +00 (6-63)

forall 1 < j <, j #i. In order to prove (6-63), we proceed by contradiction once again and assume
that there exists 1 < j <«, j # i, such that

2
(dg(xj,a: ya) + ,uj,a) = O(ﬂj,adg (xi,(lv Ya)) (6-64)
Since @7 , (yu) = 4, (y4), we then get

1—¢ -
(dg(x,"a, Ya) + ,Ui,oc) f= O(/u(},a/uz!,aze)’

SO fig = O(ptjq) and dg(Xi g, o) ¢ = O(ﬂj,a,uil,;z‘g). Coming back to (6-64), we also obtain x , =

O(pi) and dg(Xj o, Yo) = O(1i,4). This contradicts the first equation in (4-5). Thus (6-63) is proved.
Applying Step 4, we get from (6-61), (6-62), and (6-63) that

Ret1,6(50)* = O (Vic.adg (Xi s Ya)).- (6-65)
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Using (5-8) and (6-59), we also have

2(1— _ _ _
(dg(xi,aa Ya) +,ui,a) (= = O(ﬂi]’azgv;%fa lRK-H,a (ya)z(l g)),

so that, with (6-65) and Step 1, we get that u; o = O (tx,q), that dg(x; 4, o) = O(ui ) and that u; , =
(0] (RK+1,0[ (ya)). Using the second equation in (4-5) of Proposition 4.2 we then obtain

dg (¥ 0> ¥a) 1Ua (Va) = BiaMi (7o) |7 > = 0 as & — +oo.
This contradicts (6-61) thanks to (6-63). Step 5 is proved. [l

Conclusion of the proof of Proposition 6.1. By Proposition 5.1 we know that ($) holds true. By Steps 4
and 5, and by induction, it follows that ($y) holds true. It remains to prove that ($y41) also holds true.
For this we proceed with similar arguments to those developed in the proof of Step 4. We let (y,) be a

sequence of points in M and write, forany i =1, ..., p,
1
ui,a(ya) - ui,oo(ya) = _/ (ul}a - ui,oo) dvg +/ %ya Ag(ui,a - ui,oo) dvga (6-66)
Ve Ju M

where #,,(-) = #(-, y,) and ¥ is the Green’s function of A, normalized so that # > 1. Since ($y)
holds true,

/ i — g 0ldvg < Cu D 4 6, oo loos
M

where C > 0 is independent of «, and &, — 0 as a — +00. Using the equations satisfied by the U,’s
and U, but also ($y), mimicking what was done in the proof of Step 4, we get with (6-66) that

MU (Vo) — Uoo (Vo) _/ %ya (U — OLLoo|2*_2(l4i,on —Uj o) dl)g
M

N
<Cul PP+ o( > B,-,a(ya)) + 0l Uoolloo-  (6-67)

i=1

We also have

N
‘ / Wy, U — Voo |* ™ (i — tis00) dVg — D Bi.a(Va) A
M i=1

N
<Cpl"+ o(Z B,-,a(ya)) +ealUscllo,  (6-68)

i=1
where C > 0 in (6-67), (6-68) is independent of a, and ¢, — 0 as a — +o00. Combining (6-67) and
(6-68), we get ($y+1). This ends the proof of Proposition 6.1. O

7. A Pohozaev identity for systems

Let (M, g) be a smooth compact Riemannian manifold. Let also X be a smooth 1-form over M and
AU : M — R? be a C2-map. We define X (VAL) by X (VL) = (VAU, X). This is a p-map with components
X(VU); = (Vu;, X) where the u;’s are the components of U. We define also |VU| and (Ty X)q, by
|Vau|* = le |Vu;|? and (Ty X)q = ,-pzl Si(Vui, Vu;), where S§( is the (0, 2)-tensor field we obtain
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from the (2, 0)-tensor field Sx by the musical isomorphism, and

Sy =VX— %(ding)g. (7-1)

For Q a smooth bounded domain in M we let v be the unit outer normal to 6€2. The Pohozaev-type
identity for systems we prove is stated as follows.

Proposition 7.1. Let (M, g) be a smooth compact Riemannian n-manifold, Q be a smooth bounded
domainin M,and A: M — M, (R) be a C'-map. Let X be a smooth 1-form over M and . be a solution
of (0-1). Then

n—2 / (diveX) (AL, U)o dog
2n Jo

/ (A%,X(V%))devg+n4—_’12 / (A (diveX))|UPdv, +
Q Q

=_ / (TVX)oudvg-l—nz;z / X(v)|0u|2*d0g—n4_2 / dy (diveX)|U|*dag
Q nJea n Jaa

n—2
2n

+

/ (divX) (0,0, Wygrdog — / Boa(W)dog, (7-2)
0Q 0Q

where X (VW) and (TyX)oy are as above, Bao(W) = %X(\))|V0u|2 — (X (VU), 6, U)rr on 0Q, and
(-, )re is the scalar product in RP,

Proof. Integrating by parts we easily see that for u : M — R of class C2,

/(Vu,X) Agudvg:/ Si’z(Vu,Vu)dvg—{—/ (%/ X(v)|Vu|2—(Vu,X)6vu) dog,  (13)
Q Q o0Q Q

where Sy, =VX — %(dngX )g. If we assume now that U is a p-map, applying (7-3) to the components
u; of AU, and summing over i, we obtain

/(X(vou), Agou)devgz/ S§(2(VOLL, Vou)dvg—i—/ B@Q(Ou)dO'g.
Q Q oQ

We assume now that U solves (0-1) and we use the equations satisfied by AU to explicit the left-hand side
in the preceding equation. We can write

/ (X(VU), A Wrrdvg = / U 72X (VAL), Wgedvg — / (AU, X (VU))rodog
Q Q Q
= l/ (V|0u|2*,X)dvg—/<Aou,X(vou)>deug
2* o Q

1 * 1 *
= _5/ (divg X)|ul? dug—/ <A%,X(V%)>devg+;/ X)|uf* do,.
Q Q 0Q

Then we get
1 "
/Q (AU, X (V) grdvg + 5 /Q (divg X)|UI* dvg + /Q Sk (VAU VL) do,

1 .
=— [ X©u*do, —/ Boo (W) da,.
2% Joa oQ
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Using once again (0-1), we obtain
/Q S 5 (VL V) dv, = /Q S5 (VUL VL) dig — o /Q (div, X)| VU do,

1 .
= /Q Sk (vau, va) dvg = 5 / (v X) @ Wrdo

n—2

+ / 8v(dngX)|GlL|2do"g+n4;2 / (A (divy X)) U dv,
oQ n Jjo

1 . « 1 .
~ 5 /Q(dlng)|0u|2 dvg + o /Q(dlng)(AOu, WU)rrdog,
and (7-2) easily follows. This ends the proof of the proposition. U
The Pohozaev-type identity (7-2) is used repeatedly, with different choices of X, in the next section.

8. The range of influence of blow-up points

We start with notations and the definition of the range of influence of blow-up points. The blow-up points
xi o of Proposition 4.2 come with vector bubbles (%! ), as in the same proposition. We let A; be the
SP~! projection of (%B)4, and B; , = |%! | for all i and all &. As above, (A, ), is a sequence of C! maps
from M to M (R) such that A, — A in C'(M) as a — oo for some C' map A from M to M (R)
satisfying (H), and we order the blow-up points in such a way that

,ua:,ul,aZ"'Z,uN,a’ (8'1)
where the p; ,’s are the weights of the vector bubble (%! ),. Giveni, j € {1,..., N}, i # j, we let Sij.a
be given by

2
2 i dg(Xia, Xj,a) 22
ij.a = ﬂ;,z : n(;_ é)(l + Uiolja= ﬂi,aBj,a (xi,a) /(n=2) (8-2)
and we define the range of influence of the blow-up point x; , by
injeq, Si i if Uoo =0
Fia = {m?“f@ﬂf e o (8-3)
mln{mlnj@g[ Si.jas /,ui,a} if Uoo 0.
where
di={j ell,. .. N}, j#ist =0} (8-4)

If sd; = @ (so that, in particular, i = 1) and U = 0, we let by definition r; , = %i ¢» Where i, is the
injectivity radius of (M, g). Using the first equation in (4-5) it is easily checked that

Si,j,a

—— —> 4oo0asa — t+ooforalli, je{l,..., N}and all j € ;. (8-5)
Hi,o
This implies in particular that
e, 100 asa — +oo. (8-6)
Hia

If jed;andi € sd;, welet 4; ; > 0 be given by

NGk
/1,-,j=( lim f’“) . (8-7)

a——+00 Hia
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Giveni €{l,..., N}, we also let

@ — {je{l,...,N}, Jj FEist dg(x,-,a,xj,a)=0(r,-,a)} ifriq — 0, 8-8)
[ . . . . .
{]e{l,...,N},J;ézs.t. xjeBxi(%zg)} ifri, /0.
and, for j € B;,
—1
Zi,j = EI—Eoor epr (xj a)- (3-9)
Up to a subsequence, all these limits exist. We let 6; > 0 be such that for any i and any j € %R;,
|zi,jl #0 = |z; ;| = 106;. (8-10)
We also define ; to be the subset of %B; given by
6 ={j€Bi st z,; =0} Nslf. (8-11)

It can be proved that there exists a subset &%; of €¢; and a family (R, ;) jew, of positive real numbers such
that the two following assertions hold true: for any j, k € 9;, j #k,

d .
g(xj,a, xk,a) 5 400 (8-12)

Sjia
as oo — +00, and for any j € 6; there exists a unique k € %; such that

dg , R;
limsupM < lk and limsup —— Iria < ik (8-13)
a—+00 Sk,i,a 0 a—+00 Sk.i,a 20
We also introduce the subsets
Qio=B.,0ria)\ U Qija (8-14)
J€D;
of M, where
Qi ja = By, (Ri jSjia) (8-15)

for all j € ;. The €; ; ,’s are disjoint for a sufficiently large.
We now prove two lemmas to be used in the proof of Theorem 0.1.

Lemma 8.1. Leti € {1,..., N}. Up to passing to a subsequence,
-2)/2
Uy — AiBial = 0(Bio) + O () 2212, +0(Z B;, ) = 0(Bi.4)
jE€D;
in By, , (45,-r,-,a) \ Ujegb, By, (ll—OR,',jsj,,-,a), and so, in particular, in €; 4.

Proof. Let x, € By, , (46iria) \ U jew, B, (75Ri.jS).i.c). Thanks to Proposition 6.1 we can write

N
Uy (Xa) = Voo (%a) + £al|Uoolloe + O (18 27) + D (A +0(1)) B (xa)- (8-16)
j=1

By the definition of r; ,, we know that rl.2 o = Mia 1f WUy 7 O so that

0 if Uoo =0,

Moo (X0) + &6 Uoo |l T "
oo a) all™oolloo = :uza i,o (hma—>+oorla :u,]a( /2)) oo(xi)+0(1) if Uog 0.
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We now estimate B; ,(x,). Assume first that j ¢ €; and j #i. As one can check with a little bit of work
from the above definitions, if r; , — 0 as a — 400, then
—2)/2 2—
Bj,a(xa) = ﬂl-(jqa Y I’iz,an/\i,j,a, (8-18)
where (
_ .\ (=22
(”(”—2)2“1—“) +o(l) ifjest;NB; andi € o,
lz—2zi ;1" Ui
Nija = 1rl 2 /st +o(1) if jest; \B;or jest;NB; and i & 54,

o(1) if j € o7\ 6;,

where, up to a subsequence,

o .
7= agrfoo Tia ©XPy,, (x4).

Note that z; ; #0if j € d; NW; and i € ;. This is a direct consequence of the definition of the s; j ,’s
and (8-6). Moreover, |z — z; j| > 6d; in this case. As a consequence we have proved that

Uy (xa) = O (187272) 0 (222 ) 4+ (A +0(1) Bia(xa)

i,a

+ a2 AN+ 1l DD A ja + D (A +0(D)Bja(x,), (8-19)

Jjesd Jj€%6;

where

0 if Uop =0,

A(1);, ={ . - .
P (limg oo 75 ) Uoo () if Uoo #0,
and (n=2)/2 n—2 g - .
A@) s = (n(n—2)) Aijllz =zl if j €®; andi €,
N PR e ifj ¢Morigs.

Let j € 6;. We claim that, up to a subsequence,

B 2/(n-2) s2.
lim Bjal¥a) =n(n—-2) lim —2% . (8-20)
a—+00 Bi,a (xq) a—+0o dg(xj,aa xa)z

To prove (8-20), we first remark that i € «; since j € 6; (and in particular j ¢ ;). Thus, using (8-5),
we obtain that
( Bjq(xq)

2/(n—2)
) = (1 + 0(1))ﬂj»a/’ti_aldg('xj,a9 xa)iz (”(n - 2)/‘;'2,(1 + dg(xi,aa xa)z)
Bi,a(xoc) ’

2

(i —2)— o)+ 0
dg(xj,aa xa)z

From the triangle inequality, we easily get

|dg(xi,a> xa)z _dg(xiz,aa xj,a)2| < 1+2dg(xi,aa xj,a) —0 (1) L0 ( Sji,a ,ui,a) ,
dg(xj,a, Xq) dg(xjmu Xq) dg(xjmz, Xq) Hija
hence the estimate (8-20). Now, for j € €;, we let k € 9; be given by (8-13). By (8-20) it is easily
checked that

tja |de(Xia, Xa)* —dg(xi,a,xj,a)2|)
Hia dg(xj,aa xoc)2 .

Bj.a(x) = O(Byu(xa)). (8-21)
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Since
ﬂ(n72)/2r27n = O(Bi,a (xa)), (8_22)

i,a ia

the first estimate in the lemma clearly holds true thanks to (8-19) and (8-21). Here it can be noted that
_ -2)/2 2-p
,u((ln 2)/2 _ O(ﬂ@ /2,2 )

i,a i,a
for all i. Applying (8-20) again we easily obtain the second estimate in the lemma. This ends the proof
of Lemma 8.1. O

Now we prove that the following elliptic type lemma holds true. Lemma 8.2 provides estimates on
the U, ’s and VU, ’s in small regions around the blow-up points x; ,.

Lemma 8.2. There exists C > 0 such that, up to a subsequence,
—-2)/2 2— ~2)/2 1—
U | = C'ui(,na g riz,an and  |VlU,| < C,“i(,na / ril,an
in By, ,(26i7i,4) \ Bx,, (%5,- r,-,a). There also exists C > O such that, up to a subsequence, for any j € %;,
—2)/2 2— ~2)/2 1—
AUyl < Cpl" P52 and |V, | < Cpl PPt
in By, ,(5R; jsj.i.a) \ By, (%Ri,jsj,i,a)-

Proof. The lemma follows from standard elliptic theory and the estimates we proved in Lemma 8.1.
Assuming first that x, € By, ,(4diri4) \ By, (%55 ri,a), we easily get from Lemma 8.1 that

U (x0)) = O (w2220, (8-23)
On the other hand, if we let U, be given by U, (x) = ri(";_z)/ zoua (expxi . (ri,ax)), then
Ag Ao+ 17 Adly = U 2, (8-24)

where g, = (exp}m g) (rj ox) and A, (x) = Ay, (expxia(r,-,ax)). The first two estimates in Lemma 8.2
follow from (8-23) and (8-24) by standard elliptic theory. Similarly, if we assume that

Xq € By, ,(10R; ;ji.0) \ By, (15 Ri.i8).ia)

noting that s;; , = o(r; ) in this case, we get from Lemma 8.1 and (8-20) that

22 -
|Uy, (xa)| = 0(/‘?}“ 4 sjz‘,,‘;;)‘ (8-25)

Letting 9, be given by U, (x) = s}'fi;z)/ 2o, (expy,, (5/,i,a)), we also have
Ag Uy +57;  Aglly = U] Uy, (8-26)

where g, = (expy, , 8)(s;,ia) and Ay (x) = A, (expxja (sj,i,aX)). The last two estimates in Lemma 8.2
follow from (8-25) and (8-26) here again by standard elliptic theory. This proves Lemma 8.2. (I

9. Sharp asymptotics for the range of influence

Our goal now is to prove the sharp asymptotics connecting the range of influence r; , of the blow-up
points with the weights u; , of the bubbles in the decomposition of Proposition 4.2. This is the subject of
Proposition 9.2. We adopt here the notations of the preceding section. In particular, (A,), is a sequence
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of C! maps from M to M, (R) such that A, — A in C'(M) as & — +oo for some C! map A from M
to M3, (R) satisfying (H), and we order the blow-up points in such a way that

Mo =Hl,g =" = UN,a>
where the u; ,’s are the weights of the vector bubble (%fl)a in Proposition 4.2, and let the r; ;,’s be given
by (8-3). First we prove:
Lemma 9.1. Ifr;, = 0(, [Wia/la ), then, up to a subsequence,
P2 ul P (expy, (ia)) — (n(n—2) "7 (A2 + 9 (2))

i,o i,a

)
in Cj.

(30(251') \ {0})p as o. — 400, where

is a smooth function in By (26;) satisfying that #;(0) # 0, the 4; ;’s are as in (8-7), 0; is as in (8-10), and
the X;’s are nonnegative vectors in R?.

Proof. Let z € By(36;) \ {0} and set x, = expy, , (ri,«2). Let also W, be given by

= 2 —(n-2))2

g (x) :ri’fa zlui’a(" )/ AU, (expxm (ri,ax)).
Then

Hi,a

Vi,a

_ S — 2 e

B Mo 12 A = (554 ) a2 20U, ©-1)
where g, = (expy, , g)(ri«x) and A, (x) = A, (expxi . (ri,ax)). In particular, we get by (8-6), (8-19) and
(8-20) that, if 1, = 0(ti.a/ tta), then

. _ 1-% -2)/2 _
lim 22U () = (n(n —2) 72 (A2 + :(2), (9-2)

a—+00

where #(; () is the sum of two terms:

0 if U =0
(limy oo 7210, 2) oo (1) i Ao 0

and
-2)/2 Z0 g .
S, (n(n—2)"" 0 le—zi ;1'% if j € By and i € o,
J . — — . . .
= limg s oo 1l 2 /50 if j & B ori g
As aremark, if j € o; and i € o4}, then u; 4 ~ u;j,. In particular, z; ; # O since, if not the case, we
would get from the inequality r; , < s; o that r; , = 0(u;,) and then that dg(x; 4, x;4) = 0(Ui ), a
contradiction with the first equation in (4-5) of Proposition 4.2. By (9-1) and (9-2), standard elliptic
theory gives the lemma, up to the proof that #;(0) # 0. Assume first that there exists j € sd; such that
Si,j,a = Ti,a- Then in the term involving this j in the above sum over «; there is at least one line which

is positive. Since all the other terms are nonnegative, this proves that #; (0) # 0. The other possibility



348 OLIVIER DRUET AND EMMANUEL HEBEY

is that WU, £ 0 and that riz, « = Miq SO the first term in the definition of J(; is nonzero. Indeed, by the
maximum principle, since
Ag|0Uvoo|2 +A|Ouoo|2 > 0

for some A > 0, where |Us |z = D, Ui oo is the sum of the components of Uy, we get that [Us|x > 0
in M if Uy, % 0. Then, here again, #;(0) # 0. Noting that the above two possibilities are the only two
possibilities since our assumption on r; , clearly implies that r; , — 0 as & — 400, this ends the proof
of Lemma 9.1. ]

As it can be checked from the above proof, we have an explicit formula for the X;’s in Lemma 9.1.
We get that

n—2
N L UNCIRED S W A VR
JE(H\B)UO; )
where we adopt the convention that the first term in the right-hand side of (9-3) is zero if Uy, = 0, that
the second term is zero if (s4;\%B;) U ®; = &, and where ©; = {j € o; s.t. i ¢ s ;}. Now, at this point,
we can state Proposition 9.2 which establishes sharp asymptotics connecting the range of influence r; 4
of the blow-up points x; , to the weights x; , of the bubbles in the decomposition of Proposition 4.2.

Proposition 9.2. Let (M, g) be a smooth compact Riemannian manifold of dimensionn >4, p > 1 be an
integer, and (Ay), be a sequence of C' maps from M to M, (R) such that A, — A'in C'(M)asa— +oo
for some C' map A from M to M » (R) satisfying (H). Let also (W), be an arbitrary bounded sequence
in H' (M) of nonnegative solutions of (1-1) such that | WUy ||ec — 400 as & — +o00. Leti € {1, ..., N}
and assume that, up to a subsequence, r; , = 0(‘ [Uia/la). Then

((Axi) = §8g(xi) 1dp) A +o(1))r7, 2 1n ﬂl =2%,(0) +o(1) (9-4)
ifn=4, and
((A(m) o )S(xJId )Aj4-oa))ﬂfa"fa2
n—=2(, _ ~»mn—1
e (o ) +ot) ©9)
R? %0

if n > 5, where #; is as in Lemma 9.1, the r; ,’s are as in (8-3), and ug is given by (4-3). Moreover,
(Ai, VH:(0))rr = 0.

We prove Proposition 9.2 by reverse induction on i. We leti € {1,..., N} be such that \/u,ri 4 =
0( /,ui,a) and, in case i < N, we assume that

foranyj =i+1,..., N, (9-4) and (9-5) hold for j if \/zarj e =0(/lja)- H))
If i = N we do not assume anything. Then we aim to prove that (9-4) and (9-5) hold true for i. As a
remark it should be noted that we always have

%@+”4

A, % (0))re A; # 0. (9-6)
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Leti € {1, e N}, i < N, be arbitrary. Assuming (H;), we get that for any j € ¥;,

2on [0(— In ,uj’a) ifn=4, ©-7)

s o(ehh ifn>5.
Indeed, if j € %;, then j > i. Moreover, for any j € %;, we have i € 4, s0 5 ;4 > 7}, and clearly
S‘,z',i,a = o(ﬂj,ayi_’;) =o(ujqap; ") Inparticular, \/iiy7j . = 0( /,uj,a), and (9-7) is a direct consequence
of (H;), thanks to (9-6). Now we prove Proposition 9.2 in several steps. In the sequel we let R;(a)
represent any quantity such that

0(_:“1'2,0: In ,u,-,a) ifn=4,

9-8)
0(,ul.2,a) if n>5. (

R (a) Z[

The first step in the proof of Proposition 9.2 is as follows.

Step 1. Leti € {1, cey N} be arbitrary. In case i < N, assume that (H;) holds true. Let

= (6403 ((AG)Aiy Ai)r — S (60)) +0(1) 47 o In % 0 (—pi}, In i)

ifn=4, and
Fq = (((A(xi)/\i, Ai)rr — ( )S (x,))/ ugdx +0(1))/‘i2,a

if n > 5. Then we have, up to passing to a subsequence,

lOC

T = (30" 200 =2 0 1A W O + 0(1) ) 22"

if /Ualia = 0( /,ui,a), and %, = O(yl("a 2)/2,u§[" 2)/2) otherwise, where #; is as in Lemma 9.1, the

riq’s are as in (8-3), and uy is as in (4-3).

Proof of Step 1. We apply the Pohozaev identity (7-2) of Proposition 7.1 in Section 7 to U, in €; , with
X = X“ given by

X% (x) = (1 - R () (V fu (), V fu (X)))Vfa(X), 9-9)

1
6(n—1)

where f,(x) = %dg (Xi a5 x)2, and ch is the (0, 2)-tensor field we get from the (2, 0)-Ricci tensor Rc,
due to the musical isomorphism. We obtain

/ (AgUeq, Xa(voutx))[RPdUg
Qia

n—2

+4n

. n—2 )
/ (Ag(dIVgXa))|Oua|2dl)g+7/ (diveX*) (AU, Wy )rrdog
Qi,u i

= Q4 — ZQJ+R1a+R2a > R),. (9-10)

JED; JjED;
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where, if v = v, stands for the unit outer normal to 0By, , (6;7,«), the Q,’s are given by

0 _n—2
7 on

/ (divg X*)(0,Uy, Uy ) o drg
0By, , (Giri,a)
‘/ (3X“W)IVAU > = (X*(VUg), 3, Uy )r) dog,  (9-11)
0By, , (Giri,a)

the Qo;’s are given by

j_n— 2 . u
Qa = (legX )(avouvaa 0uoc)[Rf’dO'g
0Q; i«

2n
—/a (3X4 M)V — (X*(VAUy), 8,Ug)mr) dog,  (9-12)
i,j,0

where ; ; , is as in (8-15), the Ry ,’s are given by

Ry o= —/ (T X“)a, dvg, (9-13)
Qi a
where (Ty X)q = le S§((Vu,~, Vu;) and Sy is as in (7-1), the R, ,’s are given by
n—2 " n—2 .
Ra="2 X ) Uy P derg — 2 @ (div, XU, Pdoy,  (9-14)
2n ani,oz (Giriya) 4n aB"’i,a (Giria)
and the Ria ’s are given by
; -2 . -2
Ré = n_/ X*(v)| Uy |? dog — n_/ (av(dngX“))Ioualzdag. (9-15)
& 2n Q. 4n Q.

1,j,0 i, )0

Note that 9; = @ if i = N. Thanks to the expression of the X*’s in (9-9) we have the estimates
|X*(x)] = O(dg(xi,q, X)),
dive X (x) —n = O(dy(xi 0, X)?),
|V (dive X“) (x)| = O (dg (xi,0, X)),
Ag(divg X)) = =8 (%i.0) + O (dg (¥i 0, 2)).

(9-16)

In what follows we estimate the different terms involved in (9-10). We start with estimates on the Qo;’s
and Ria’s in (9-12) and (9-15). Since

Hi,
dg(Xi,o, X) < dg(Xisa, Xj,a) + Ri jSjia= O (, / ﬂl'a Sj,i,a)
J,0

on 0Q; j ,, we obtain from Lemma 8.2, (9-7) and (9-16) that

QI +R], = 0( /%ﬂ’}jsf;”;) = Ri(a), (9-17)

where R;(a) is as in (9-8). Now we estimate the R, ,’s in (9-14). Still from Lemma 8.2, we obtain by
direct computations, using (8-6) and (9-16), that

R = Ol +o(ul i), (9-18)
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Concerning the right-hand side of (9-10) it remains to estimate the Q,’s in (9-11) and the R ,’s in
(9-13). We start with estimates for the Ry ,’s. We remark that s¢ « = 0(dg(Xi 0, x)?) and that

(TyX“)g; = O(dg(xia» x)*|VBi.l?).

In particular, we can write

Rip= 0( / dy(xias x)3|VB,-,a|2dvg) + 0( / dy (% X1V Bia ||V (U — By A) |dug)

+0 ( / dg (Xi 0y X)2 IV (U* — B; o A;) |2d1)g).
Qi,a
Direct computations lead to

OK - 2 1 i f :4,
/ dg(xi,a,x)2+"|vgi,a|2dvg={ ( zlv‘l,a N i) 1 n
Qiu Ox(uj,) ifn>35,

where O, = O if « =0, and O, = o if x = 1. Integrating by parts and using Lemma 8.1, Lemma 8.2,
and (9-7), we can write

/ Ay (X X1V U= Br o A7) Pl

Qi,(x

dg(xi,a, x)|0ua _Bi,a A |2d0'g)
Qi,a

_ o( / U — By o A g (i x)2|v<6ua—3i,am)|dag) 40 ( /
20, 0

+ 0(/ |6ua_Bi,aAi|2dDg) +/ dg(xi,aa x)z(ouva_Bi,aAia Ag(oua_Bi,aAi))deUgs

io i,00

and then
/ d(xi g 21V Oy — B Ao
Qi,a
= /Q dg(xi,aa x)z(oua - Bi,a Ai, Ag(oua - Bi,aAi)>deUg + 0(/17’;27”5;”) + Rl(a)v

where R;(a) is as in (9-8). It remains to remark that thanks to the equations satisfied by the U,,’s, and
the expression of A, in geodesic polar coordinates, we have

/ dg(xi,a, X)Z(Oua_Bi,aAia Ag(cua_Bi,a Ai))devg
Q[,(x
= 0( / dg (X100 %)* U — B A (1|~ + B, ) dvg)
Qi,a

+0 ( / dg (X a5 x)2|%—Bl~,aAi||%|dvg) + 0( / dg(Xi.q» x)ﬂ%—Bi,aA,»HVBi,a|dvg),

i,00 i0

so that, by Lemma 8.1, using Holder’s inequalities,

Rio=o(u],’ri") + Ri(a), (9-19)
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where R;(a) is as in (9-8). Still concerning the right-hand side of (9-10) it remains to estimate the Q,’s
in (9-11). Thanks to Lemma 8.2 and Lemma 9.1, we get by simple computations that

Qu = (—3n" (1= 2)" @1 (Ai, % (0))e + o))l 21l + O (] 7). (9-20)

if rig =0(yttia/ta), and Q, = O(y?f’a_z)/zyé"_z)/z) otherwise. Now we concentrate on the left-hand
side of (9-10). Writing A, (x) = Ay (Xi,q) + O(dg(xi 4, X)), we get

p
[ A X ) g = D A5 ) [ u,-,axa(wa)kdugw( / dg(x,-,a,x)zmanwauvg).
Q; . Q;

ia jk=1 ia

Using the Cauchy—Schwarz inequality, we can write
, , 12
/ dg (Xi > X)* Uy || VAU |dvg < H}-ZO( / dg (xi,0, x)° 2|V, |2dog) :
Qi,a i,0

Using Lemma 8.1 it is easily checked that

| et P, = Ri(a), ©9-21)

i,0

where R;(a) is as in (9-8). We integrate by parts and use the equations satisfied by the U, ’s, together
with Lemma 8.1, Lemma 8.2, and (9-7), to obtain

/ dg(xi,a,x)3|vma|2dvg=0( / dg(xi,a,x)ﬂvouul%dag)
Qi,/x aQi,a

+ 0( / dy (5 )2 Uy |2dag) + 0( / dy (0, x)3|%|2*dvg)
8Qi~a Qi,a

+0( / dg(xi,a,x)mﬁdug),
Qi,a

and then that

/ dg(xi,aa x)3|voua|2dvg :0(/1?,;2’"1%(:") + R, (a),

where R;(a) is as in (9-8). Thus we get that
P
/Q (AL, X (VU )rdvg = > A% (x1.0) /Q o X (VU Yedvg + 0 (1 72257) + Ry (a).
qi,0 j,k:l i,00

Integrating by parts again, and estimating the different terms as above, it is easily checked that we actually
have

)4
n _ _
| A X O g = =5 D Al [ v+ ol )+ Rio)
ia jk=1 ia
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where R;(a) is as in (9-8). Proceeding as above, thanks to (9-16), one finally gets that

-2
/ (Aa%a,X“(V%a))devg+n— / (A (dive X)) Uy [*doy
Qla

> X*)(AgUy, Uy )rrdvg
D n—2
Z A% (i) / Utk adg + ———Sg(xiq) / U *dvg +o0(u] 27 ") + Ri(a),
pym Q. 4(n—1) Qi
(9-22)
where R,(a) is as in (9-8). We have
/ B},dv, = R;(a) forall j €%;. (9-23)
Qi ja

Indeed, if dg (x4, X},4)/Sj i« — +00 as a — +00, then
/ BRdvg = O(s}4 Biass.) = O (25450 = Rifa),
(R; JSj.i )
thanks to (9-7), and if dg(xi o, Xj,0) = O(S),i0), thens;; , = 0(u;q) and
2 2 2
/ Bi,(xdvgz O(lu[ an 71&) =0(/ui,a)'
J.a (R’ jSii a)

Clearly, (9-23) follows from these two equations. Plugging (9-23) into (9-22), we get from Lemma 8.1
that

[ 1A XU g+ / (8 v XU Pl + 752 [ i, X (AU, U
Q,'qa Q Qia

=~ ((AGDAL Ailgy = 18 (xl)+0(1))/ B2 dvg +o(u!72r2") + Ri(@).  (9-24)
( ) Bxi’a(éiri,a) ’
We have
) 64347, n(ri o/ pia) +o(—p7, npia) ifn=4,
dvg = 5 ) 5 ) (9-25)
x,a(érla) (fR” uodx)'ui,a+0('ui,a) if n 25’
where ug is given by (4-3). Combining (9-10), (9-17)—(9-20), (9-24), and (9-25) yields the proof of
Step 1. U

Step 2. Leti € {1,..., N} be arbitrary. In casei < N, assume that (Hi) holds. Let X, be given by

= (64 (AG) A = £, () A) +0(1) 13, In

(—uf Inpig)

in case n =4, and

Ky = ((A(Xi)/\i Zl 2)5 (xl)A)/Rn u%derO(l))ﬂiz,a
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in case n > 5. Then, up to passing to a subsequence, we have
n—4 n—2 2—n
BR300, AA) + o)),

if JHalia = 0( /_,ul»’a), and ¥, = O(yg'a_z)/zﬂé"_z)/z) otherwise, where ¥; is as in Lemma 9.1, the
Fia's are as in (8-3), and ug is as in (4-3).

%, = (n”_z(n 2y, (f/a- )+

Proof of Step 2. We multiply the line k of the system (1-1) by u; , and integrate over €; ,. This leads to

P
/ Uy Mgt advg + D | / A U ity qdvg = / U | 2ug, s g dvg. (9-26)
Qi,(x =1 Qia Q

Let the A;x’s, k =1,..., p, be the components of A;, and the ¥; ;’s be the components of ;. We
define S, by

Sk = (""72(71 —2)" w1 (A1 (0) — Ai % £ (0)) + 0(1))%’,;2%2,;",

if rig = o(yttia/ta ), and St =0 (ﬂf’"afz)/zy,(x"*z)/z) otherwise. We also define 7)%; by

re = { (6403 Wiy +0(1) 7, (i / tie) +0(— 1} Inpie) ifn=4,
’ (Wit Jgo uddx + 0(1))/‘1‘2,01 ifn>35,
where »
Wi =D (AGDmAixAim — AG)im Aii Aim)
m=1

and ug is given by (4-3). Integrating by parts, thanks to Lemma 8.2 and Lemma 9.1, we have

/ Ul a Aguk,()zdvg = / Uk,a Agl'tl,ozdvg +/ (uk,aavul,a - ul,aavuk,a) dag
Qi,a Qi,(x aQi,a

P
2%—2 n—2 2—n
:/ [WUe |= ™ ug, up,qdvg — E / Af‘muk’aum,advg—i—O( E 1y sj’i’a)+S,‘<’",.
Qi,zz m=1 Qi,a

JED;
Now we write A, (x) = Ay, (xiq) + O(dg(xiq,x)). With similar estimates as in the proof of Step 1,
thanks to (9-21), we get that

p p

o a _ n—2_2—n o
2 / Al Uk, aUm,advg — 2 / AUl qUm,advg = O(Ni,a Tia ) + Ty
m=1 Qia m=1 Qia

Coming back to (9-26) with all these estimates, thanks to (9-7), we obtain that S,f" = Tk‘fl. In particular,
2 SNk = 22 T A and Step 2 follows from Step 1. This ends the proof of Step 2. O

Conclusion of the proof of Proposition 9.2. Equations (9-4) and (9-5) follow from Step 2. It remains to
prove that (A;, VJ(;(0))rr = 0. We assume here that /.74 = O(M) In particular, r; , — 0 as
o — +o00. Let Y be an arbitrary 1-form in R". We apply once more the Pohozaev identity (7-2) to U,
in Q; ,. However, here we choose X = X“ to be given in the exponential chart at x; , by

2 i kyl
Xy =Y, — 5Rju(xi )X x"Y",
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where Y! = Y, for all [ and the R, jki are the components of the Riemann tensor Rm, at x;, in the
exponential chart. As is easily checked, still in geodesic normal coordinates at x; 4,

(VXN)j = —Rojir (xi.)X* Y + O (|x %),

so that divy (X*) = O (|x|2). Then, thanks to the symmetries of the Riemann tensor, we obtain with the
Pohozaev identity that

i,0

= 0( / |61La|2dl)g) + 0( / dg(Xi g x)2|vma|2dog) + 0( / |0ua|2*dag) (9-27)
Qi Qi 0Q;
+ 0( / |6ua|2dag) +0 ( / |auoua||6ua|dag),
89,',05 aQi,a

Estimating the right-hand side of (9-27) via (9-7) and using Lemma 8.1 and Lemma 8.2, we get

[ (XN = (KT, 0.0 )e0) do + [ (400, X (VU
6Qi,a

/ (3X“ W)V = (X*(VAU), 8, U )r) dog + / (AcUy, X“ (VAU )rrdog = Ri(@), (9-28)
0Q; 4

where Ié, () is such that
s o(=ut mpie)+O(ul ) ifn=4,
Ri(a) = 2 n—2,2-n . (9-29)
0(’ui,(1)+0(lui,a ri,a ) ifn>>5.
Now we can write

p
[ (A X VU ardvg = D Afi) [ X (VU + O(T,),
Qi,a k,l:l Qi,a

where

T, :/ dg(xi,aa X)|V6ua||oua|dl)g,

i,00

obtaining

/ (Agy, X“(VOU))rdvg
Q,

i,00

P P
1 1 .
=3 E AZ,(Xi,a)/ Ugattl,o X" (V) dog — 3 E AZ,(x,-,a)/ Uk qll] o divg (X"‘) dvg + O(T,).

k,i=1 0 k=1 Qi

As above, estimating the various terms in this equation, it follows that

/ (AaUq, X (VU dvg = R (a), (9-30)

o

where Ii’t (a) is as in (9-29). As a consequence, coming back to (9-28), thanks to (9-30), we get

/691' . (%X‘l (V)|Voua |2 _ (Xa (Voua), &,Oua)w) d()'g = R\t(a)’ (9_31)
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where Iét (a) is as in (9-29). By Lemmas 8.2 and 9.1, together with (9-7), we have

/m (3X“W)IVU > = (X (VU), 0 Ug)yg,) dog
= (200 = 2" @01 (Ais OV (VHDNolg + 0 (D) 21"+ W (9-32)

where (Y (V#;))o € R? is such that (Y(V%;))é =>"_ Y (Vi %;)(0) foralll =1,..., p,and

k=1

o _ [elda ) itn=a,
0(:“1'2,(1) if n>5.

o =

As a consequence of Step 2 we have

- |Oo((=npi)7?) ifn=4,
Tia = O(Iugla—él»)/(n—Z)) ifn > 5.

Coming back to (9-31)—(9-32), it follows that (Ai, (Y(V%,-))O)Rp = 0, and since Y is arbitrary, we get
(Ai, VH; (0)), =0. O
10. Proof of Theorem 0.1

We prove Theorem 0.1 using Proposition 9.2. We let (A, ), be a sequence of C' maps from M to M »(®)
such that A, — A in C'(M) as a — +oo for some C' map A from M to M, (R) satisfying (H) and
(H). We also let (U,), be an arbitrary bounded sequence in H (M) of nonnegative solutions of (1-1)
and we assume by contradiction that || U, ||.c = +00 as a — +00. We order the blow-up points of the
AU, s in such a way that

Ha=Hl,a =" "2 HUN,as

where the u;,’s are the weights of the vector bubble (%! ), in Proposition 4.2, and we let s4; be as in
(8-4). We consider ;. By (H'), Ker A,,(x) N Vect (R?) = {0} for all x € M, where A, is as in (0-2). In
particular, if the r; ;s are as in (8-3), it follows from Step 2 in Section 9 that r , — 0 as a — +00. As
a direct consequence, | #= &. Let i € 5. Still by Step 2 in Section 9, we have r; , — 0 as a — 4-00.
By Proposition 9.2, since Ker A, (x) N Vect (R?P) = {0} for all x € M, for any i € | U {1}, there exists
C; > 0 such that

1

rigln— — C;ifn=4 and ' u!"— Ciifn=5 (10-1)

i,a ’ ’

as a — 4o00. By (10-1), uiq = o(riy) for all i € s4; U {1}. We also get from (10-1) that for any

i e U{l},
2

fia=0(?)ifn=4,5 and 1}, =o(ui,)ifn=>7. (10-2)

As a remark, it follows from (10-2) that U, = 0 when n =4, 5 since, if not the case, rl% o = Migq- It also
follows from (10-2) that for any i € 1 U {1}, s{; NB; # &, where the B;’s are as in (8-8). By (9-3), we
get with (10-2) that

Ai i\
)= > ——, (10-3)
|Z—Z' .|n—2
jestin; L
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where %; is as in Lemma 9.1. In particular, the A;’s are the S”~! projections of the bubbles (B! )q- Let
€1 =(41NB)U{1}. For any i € s§; "Ry, we have o; NB; =€\{i}. We pick up some i € €; such that
dg(X1,05 Xiq) = dg(x1,4, X} 4) for all j € €. By Proposition 9.2 we have (A;, V¥;(0)), = 0. Together
with (10-3), this implies that (A;, A;j)re = 0 for all j € €\ {i}. Repeating the operation with €; \ {i},
and so on up to exhaust all the indices in €;, we obtain that (A;, A j)r» = 0;; for all i, j € €;. Moreover,
it follows from (9-4) and (9-5) in Proposition 9.2 that V = Vect{A;, i € €,} is a stable vector space of
A, (x1). Noting that (A,-, x; (0))Rp =0 for all i € €, we also get with (9-4) and (9-5) in Proposition 9.2
that the A;’s are isotropic vectors for A, (x;) for all i € €. In particular, we get a contradiction with
(H'). This proves Theorem 0.1 when n # 6. When n = 6, thanks to Proposition 2.1, it remains to prove
that our systems are weakly stable, and thus that we necessarily have U, # 0 if we assume (H'). When
n = 6, it follows from (10-1) that 7, ~ u; 4. Then, by (9-3),

= 3 LN cu ), (10-4)
jestng; © T Zi,jl

where rijjyia — C as a — +00. As above, (A;, Aj)rr =0;; foralli, j € €y, but we may have €; ={1}.

By Proposition 9.2, V = Vect{A;, i € €} is a stable vector space of Ag(x;) and the A;’s are isotropic

vectors for Ag(x;) for all i € €; if Uoo(x1) = 0. In particular, we do get a contradiction with (H') if

Ueo (x1) = 0. This proves Theorem 0.1 when n = 6.

As aremark, if n = 6 and Ag < 0 in M in the sense of bilinear forms, where Ag is as in (0-2), then
we also get a contradiction by (9-5) in Proposition 9.2 since rl% o~ Miq and 3¢ (0), (A,-, I; (O))RP A; €
Vect; (R?). In particular, we recover analytic stability for our systems if we assume that Ag < O in
M in the sense of bilinear forms. More precisely, letting (M, g) be a smooth compact six-dimensional
Riemannian manifold, p > 1 be an integer, and A: M — M (R) be a C _map such that A satisfies (H),
the system (0-1) associated with A is analytically stable if Ag(x) < O in the sense of bilinear forms for
all x.

As another remark, it is easily seen from (9-4) and (9-5) in Proposition 9.2 that for any n > 4, and any
i €y U{l}, A,(x1)A; € Vecty (RP). In particular, we can replace (H') in Theorem 0.1 by the slightly
more general condition that for any x € M, and any k € {1, ..., p}, there does not exist an orthonormal
family (eq, ..., ex) of vectors in Is4, (x) N Vect; (R”) such that A,(x)V C V and A, (x)e; € Vect; (RP)
for all i, where V is the k-dimensional subspace of R? with basis (e, ..., ex).

As a final remark we mention that Theorem 0.1 still holds true, and can be proved with only slight
modifications in the arguments of Section 9, if the C! convergence of the A,’s is replaced by a C%?-
convergence of the A,’s with @ =1 whenn =4, and § > 2/(n —2) when n > 5.
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