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Grothendieck’s trace map for arithmetic
surfaces via residues and higher adéles

Matthew Morrow

We establish the reciprocity law along a vertical curve for residues of differential
forms on arithmetic surfaces, and describe Grothendieck’s trace map of the surface
as a sum of residues. Points at infinity are then incorporated into the theory and
the reciprocity law is extended to all curves on the surface. Applications to adelic
duality for the arithmetic surface are discussed.

1. Introduction

Grothendieck’s trace map for a smooth, projective curve over a finite field can be
expressed as a sum of residues over all closed points of the curve; see [Hartshorne
1977, 1I1.7.14]. This result was generalised to algebraic surfaces by A. Parshin
[1976] using his theory of two-dimensional ade¢les and residues for two-dimensional
local fields. The theory for arbitrary-dimensional algebraic varieties is essentially
contained in A. Beilinson’s short paper [1980] on higher-dimensional adeles, with
considerable additional work by J. Lipman [1984], V. Lomadze [1981], D. Osipov
[1997], A. Yekutieli [1992], et al. In all these existing cases one restricts to varieties
over a field. The purpose of this paper (together with [Morrow 2010]) is to provide
the first extension of the theory to nonvarieties, namely to arithmetic surfaces, even
taking into account the points “at infinity”.

In the standard approach to Grothendieck duality of algebraic varieties using
residues, there are three key steps. Firstly one must define suitable local residue
maps, either on spaces of differential forms or on local cohomology groups (the
latter approach is followed by E. Kunz [2008] using Grothendieck’s residue symbol
[Hartshorne 1966, I11.§9]). Secondly, the local residue maps are used to define
the dualising sheaf, and finally the local residue maps must be patched together
to define Grothendieck’s trace map on the cohomology of the dualising sheaf. In
[Morrow 2010], we carried out most of the first two steps for arithmetic surfaces,
as we now explain.
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Section 2 provides a detailed summary of the required results from [Morrow
2010], while also establishing several continuity and vanishing results which are
required later. Briefly, given a two-dimensional local field F of characteristic zero
and a fixed local field K < F, we introduced (see Section 2A) a relative residue
map

Resr : Q7 — K,

where Q‘ﬁ x 18 a suitable space of “continuous” relative differential forms. In the
case F = K((1)), this is the usual residue map; but if F' is of mixed characteristic,
then this residue map is new (though versions of it appear in I. Fesenko’s two-
dimensional adelic analysis [2010, §27, Proposition] and in D. Osipov’s geometric
counterpart [1997, Definition 5] to this paper). Then the reciprocity law for two-
dimensional local rings was proved, justifying our definition of the relative residue
map for mixed characteristic fields. For example, suppose A is a characteristic zero,
two-dimensional, normal, complete local ring with finite residue field, and fix the
ring of integers of a local field O < A. To each height-one prime y C A, one
associates the two-dimensional local field Frac A, y and thus obtains a residue map
Res, : QllgracA/K — K (see Section 2B). We showed

ZResya)zo
y

forall w € Q}:rac a/k- The main new result in Section 2 is Lemma 2.8, stating that
the residue map Res, is continuous with respect to the m-adic topology on A.

Geometrically, if 7 : X — Spec Ok is an arithmetic surface and one chooses a
closed point x € X and an irreducible curve y C X passing through x, then one
obtains a residue map

Resx’y . Qk(x)/[( — Kn(x),

where K (y) is the completion of K at the prime sitting under x (see Section 2D
for details). The established reciprocity law now takes the form

where one fixes w € SZ}( (x)/k and the summation is taken over all curves y passing
through a fixed point x.

As discussed, the second step in a residue-theoretic approach to Grothendieck
duality is a suitable description of the dualising sheaf. This was also given in
[Morrow 2010]: if m : X — Spec Ok is an arithmetic surface (the precise require-
ments are those given at the start of Section 3), then the dualising sheaf w, of &
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can be described as follows:
w,(U)={we Q}((X)/K :Res, y(fw) € @K,/ﬂ\(x) forallx e y CU and f € Oy y}

where x runs over all closed points of X inside U and y runs over all curves of U
containing x.

This paper treats the third step of the process. In order to patch the local residues
together to define the trace map on cohomology, one must, just as in the basic case
of a smooth, projective curve, establish certain reciprocity laws. For an arithmetic
surface, these take the form

Z Resy y 0 =0, Z Resy y 0 =0.

y:iysx X:xey

In both cases one fixes w € Q}( (X)/K but the first summation is taken over all curves
passing through a fixed point x while the second summation is over all closed points
of a fixed vertical curve y. The first of these laws, namely reciprocity around a
point, has already been discussed, while Section 3 establishes the reciprocity law
along a vertical curve: the key idea of the proof is to reduce to the case when Ok is
a complete discrete valuation ring and then combine the reciprocity law around a
point with the usual reciprocity law along the generic fibre.

Section 4 uses the Parshin—Beilinson higher adeles for coherent sheaves to express
Grothendieck’s trace map

try Hl(X, wy) — Ok

as a sum of the residue maps (Res, ,)., . Indeed, the reciprocity laws imply that
our residue maps descend to cohomology: the argument is analogous to the case of
a smooth, projective curve, except we must work with adeles for two-dimensional
schemes rather than the more familiar adeles of a curve. Remark 4.11 explains the
basic framework of the theory in arbitrary dimensions.

Whereas the material discussed above is entirely scheme-theoretic, the final part
of the paper is the most important and interesting from an arithmetic perspective as
it incorporates archimedean points (points at infinity). It is natural to ask whether
there exists a reciprocity law for all curves on X, not merely the vertical ones, when
Ok is the ring of integers of a number field. By compactifying Spec Ok and X to
include archimedean points in Section 5, we indeed prove a reciprocity law for any
horizontal curve y on X. Owing to the nonexistence (at least naively) of Spec [y,
this takes the form

[] ven@=1.
X:IXEY
where ¥, : Q}{(X) K S' are absolute residue maps (additive characters) and
w lies in Q}( (X)/K" This provides detailed proofs of various claims made in [Fesenko
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2010, §27, §28] concerning the foundations of harmonic analysis and adelic duality
for arithmetic surfaces, and extends Parshin’s absolute reciprocity laws for algebraic
surfaces to the arithmetic case. Essentially this yields a framework which encodes
both arithmetic duality of K and Grothendieck duality of X — S, and which would
be equivalent to Serre duality were X a geometric surface; a comparison of these
results with Arakelov theory has yet to be carried out but there is likely an interesting
connection.

Combined with [Morrow 2010], which should be seen as a companion to this
article and which contains a much more extensive introduction to the subject, these
results provide a theory of residues and explicit duality for arithmetic surfaces. The
analogous theory for an algebraic surface fibred smoothly over a curve is due to
Osipov [1997], who proved, using Parshin’s reciprocity laws for an algebraic surface,
the analogues of our reciprocity laws around a point and along a vertical curve, and
also showed that the sum of residues induces the trace map on cohomology.

Notation. When differential forms appear in this paper, they will be 1-forms, so
we write 4/g in place of Qi\ /g to ease notation. Frac denotes the total ring of
fractions; that is, if R is a commutative ring then Frac R = S~!'R, where S is the
set of regular elements in R. The maximal ideal of a local ring A is usually denoted
my; an exception to this rule is when A = O is a discrete valuation ring with
fraction field F, in which case we prefer the notation pr.

When X is a scheme and n > 0, we write X" for the set of codimension-
n points of X. Xg denotes the closed points of X. Typically, X will be two-
dimensional, in which case we will often identify any y € X! with the corresponding
irreducible subscheme {y}; moreover, “x € y” then more precisely means that x is
a codimension-1 point of {y}. “Curve” usually means “irreducible curve”. Given
z € X, the maximal ideal of the local ring Oy ; is written my .

I C' A means that I is a height-one ideal of the ring A.

2. Relative residue maps in dimension two

In [Morrow 2010], a theory of residues on arithmetic surfaces was developed; we
repeat here the main definitions and properties, also verifying several new results
which will be required later.

2A. Two-dimensional local fields. Suppose first that F is a two-dimensional local
field (that is, a complete discrete valuation field whose residue field F is a local
field") of characteristic zero, and that K < F is a local field (this local field K will

n this paper our local fields always have finite residue fields, though many of the calculations
continue to hold in the case of perfect residue fields.
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appear naturally in the geometric applications); write
cts __ oSep
QF/k = R0, j0, Q0 F

(for a module over a local ring A, we write M*® =M/ (),., m’y M for the maximal
separated quotient of M). Let k¢ be the algebraic closure of K inside F; this is a
finite extension of K and hence is also a local field.

If F has equal characteristic then any choice of a uniformiser ¢ € F induces a
unique kg-isomorphism F = kg ((¢)), and Q%ef/@l( = Op dt. The relative residue
map, which does not depend on ¢, is the usual residue map which appears in the

theory of curves over a field (e.g., [Serre 1988, I1.7]):

resg Q%?K — kp, fdt+> coeft,-1 f,
where the notation means that f is to be expanded as a series in powers of ¢ and
the coefficient of ~! is to be taken.

If F is a mixed characteristic two-dimensional local field then F/kF is an infinite
extension of complete discrete valuation fields, and F is called standard if and only
if e(F/kp) = 1. If F is standard then any choice of a first local parameter ¢ € O
(that is, 7 is a uniformiser in the local field F) induces a unique k p-isomorphism
F = kp{{t}} (defined to be the completion of Frac(Oy, [#]]) at the discrete valuation
corresponding to the prime ideal pg . O, [¢]; see [Morrow 2010, Example 2.10]),
and Q%ef j0x = Of dt @ Tors Q%ef/@x; so we may define

resg : Q%th — kp, fdt+ —coeft,-1 f,

which was shown in [ibid., Proposition 2.19] not to depend on the choice of #. (The
notation again means that f is to be expanded as a series in powers in ¢, but this
time in the field kz{{t}}, and the coefficient of r~! taken). If F is not necessarily
standard, then choose a subfield M < F which is a standard two-dimensional local
field such that F'/M is a finite extension, and which satisfies ky; = kr. The relative
residue map in this case is defined by

resp =resy o Trp QC}}K — kp,

which was shown in [ibid., Lemma 2.21] not to depend on M.

In both cases, it is also convenient to write Resp = Try, /x oresp : Q‘;Ej x — K.
Also note that resg is kp-linear, and that therefore Resr is K-linear. The expected
functoriality result holds:

Lemma 2.1. Let L be a finite extension of K. Then QE‘; x is naturally isomorphic

to Q%}K ®F L, so that there is a trace map Trpp SZCLt;K — Q%}K IfweQ

then

cts
L/K>

Resp(Tr /rw) =Resp w in K.
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Proof. In the equal characteristic case this is classical; see, for example, [Serre
1988, 11.12 Lemma 5]. For the mixed characteristic case, see [Morrow 2010,
Proposition 2.22]. U

Next we show a couple of results on the continuity of residues which, though
straightforward, will be frequently employed. Lemma 2.8 is a stronger, similar
result.

Lemma 2.2. Suppose that o € QS FK IS integral, that is, belongs to the image of
Q;ef 0k Thenresr w € Ok, and so Resp w € Ok; in fact, if F is equal characteristic,
thenresp w = 0.

Proof. In the equal characteristic or standard case this follows immediately from

the definitions. In the nonstandard, mixed characteristic case, one picks a standard

subfield M as above and uses a classical formula for the different of Oz /0, to
cts

show that the trace map Q%7 — QC“/ %7/ x may be pulled back to Q@ 0 ng}; /0
from which the result follows. See [Morrow 2010, §2.3.4] for the details. O

Remark 2.3. It was also shown in [ibid., Corollary 2.23] that, when F has mixed
characteristic, the following diagram commutes:

sep RCSF
Qopjox — l
Q- —
F/k e(F/K)Resp wF/KRes K

The top horizontal arrow here makes sense by the previous lemma, and the lower
horizontal arrow is the ramification degree e(F/K) times the residue map for the
local field F of finite characteristic, which contains the finite field K.

Corollary 2.4. Fixw € Q}“/ k- Then
F— K, fr>Resp(fw)

is continuous with respect to the discrete valuation topologies on F and K ; in fact,
if F is equal characteristic, then it is even continuous with respect to the discrete
topology on K.

Proof. After multiplying @ by a nonzero element of F, we may assume that o
is integral in the sense of the previous lemma. If F is equal characteristic then
Ker(f + resp(fw)) contains the open set O, proving continuity with respect to
the discrete topology on K. Now assume F has mixed characteristic and let 7 be a
uniformiser of K; since F'/K is an extension of complete discrete valuation fields,
we may put e = e(F/K) = vp(w) > 0. Then the previous lemma implies

Resr(pPw) =Resp(n’Orw) = 7n° Resp(Ofpw) C pi



Grothendieck's trace map via residues and higher adéles 1509
for all s € Z, proving continuity with respect to the discrete valuation topologies. [

2B. Two-dimensional complete rings. Let A be a two-dimensional, normal, com-
plete, local ring of characteristic zero, with a finite residue field of characteristic p;
set F' = Frac A. Then there is a unique ring homomorphism Z, — A and it is a
closed embedding; let Ok be a finite extension of Z, inside A; that is, Ok is the
ring of integers of K, which is a finite extension of Q.

If y C A is a height-one prime (we often write y C! A), then ;\\) is a complete
discrete valuation ring; its field of fractions F, := Frac A y 1s a two-dimensional
local field containing K. Moreover, there is a natural isomorphism

QP sep

A/@ ®4 Ay = QA v/ K
(see [ibid., Lemma 3.8]); so we define Res,; : Qf}’@K ®4 F — K to be the composition

sep Resr,

Qo ®a F — szjf})@K Q4 Fy = sz;‘j/,( —5K
The definition of the residue maps is justified by the following reciprocity law:

Theorem 2.5. Letw € SZS:;)@K ® 4 F'; then for all but finitely many height-one primes
y C A the residue Resy w is zero, and

Z Resy w = 0.

yCclA
Proof. See [ibid., Theorem 3.10]. O

As is often the case, the residue law was reduced to a special case by taking
advantage of functoriality:

Lemma 2.6. Suppose that C is a finite extension of A which is also normal; set
L =FracC. Then for any w € QC/@ ®c L and any height-one prime y C A, we
have

Resy(TrL/F a)) = ZRCSY w,
Yly

where Y varies over the finitely many height-one primes of C which sit over y.
Proof. See [ibid., Theorem 3.9]. U

The proof of the reciprocity theorem also required certain results on the continuity
of the residues whose proofs were omitted in [ibid.]; we shall require similar such
results several times in this article and now is a convenient opportunity to establish
them:
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Lemma 2.7. Set B = Ok|[t]]l, M = Frac B and let w € Q?})@K ®p M; then, for any
height-one prime y C B, the map

B— K, fr>Res,fo

is continuous with respect to the mp-adic topology on B and the discrete valuation
topology on K.

Proof. We first consider the case when y = pB is generated by an irreducible
Weierstrass polynomial p(¢) € Og[t]. Let K’ be a sufficiently large finite extension
of K such that p splits into linear factors in K'; the decomposition has the form
pt)= ]_[l‘.lzl (t—A;) withd =deg p and A; € pg since h is a Weierstrass polynomial.
Put B’ = Og/[[¢]] and M’ = Frac B’. According to functoriality of residues (the
previous lemma), we have

d
Resy Tryrjpy o = ZResYi w

i=1

for all @ € Q37 ®p M’, where Y; = (1 — 4;) B'. Since multiplication by f € B
commutes with the trace map, it is now enough to prove that

B'— K, f+>Resy, fo

is continuous for all i and all w € QS;,‘)/@K ®p M'. In other words, replacing K by

K’ and B by B’, we have reduced to the case when p(¢) is a linear polynomial:
p(t) =t — A, with A € pg. After another reduction, we will prove the continuity
claim in this case.

sep

Let 7 be a uniformiser for K. It is well-known that € jox =B dt and that any
element of M can be written as a finite sum of terms of the form

g

hr”’
with h € Og[¢] an irreducible Weierstrass polynomial, » > 0, n € Z, and g € B
(a proof was given in [Morrow 2010, Lemma 3.4]). By continuity of addition
K x K — K and of the multiplication maps B =% B, K ~"— K, it is enough to
treat the case w = h™" dt, where h € Og[t] is an irreducible Weierstrass polynomial.
Now returnto y = pB, p =t — A. If h # p, then h™"dt € Q?}’@K ®p By, and so
Resy, (Bw) = 0 by Lemma 2.2, which is certainly enough. Else 7 = p, which we

now consider. To obtain more suggestive notation, we write 7, := p(t) =t — A; thus

w=h""dt=1t"dt,.

Let m > 0; we claim that if n > m +r then Res, (mz@) C p’¢. Since A is divisible
by 7, the maximal ideal of B is generated by 7 and #,: mp = (m, 1) = (7, 1,).
Therefore an arbitrary element of m’; is a sum of terms of the form natf g, with
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g€ B,a,8>0,and ¢+ B > n, and so it is enough to consider such an element.
Moreover, again since 7 divides A, there is a unique continuous isomorphism

Oklityl = Oklltl, ty+—>1t—A,

r—1

and therefore g € B may be written as g = ) =0 ajt)]: + 1581 with aj € Ok and
g1 € B (we could extend this expansion to infinity, of course, but since we are
trying to prove continuity, it is better not to risk confusion between “formal series”

and “convergent series”). Then

r—1
Res, (7%1f gw) = m® Res, (zf—’ > ajt] dzy) +m%Res, (tPgrdty). (1)
j=0

The second residue is zero by Lemma 2.2 again since tf g1 € B. If B > r then the
first residue is zero for the same reason; but if 8 < r then it follows that o > m,
whence the first residue is 7%, _g_1 € p% C p’. So in any case, () belongs to py,
completing the proof of our claim and thereby showing the desired continuity result
for y = pB.

Having treated the case of a prime y generated by a Weierstrass polynomial,
we must secondly consider y = w B. By exactly the same argument as above, we
may assume that w = h~" d¢t, with h an irreducible Weierstrass polynomial. Then
M, = K{{t}} and h™" € B; hence h™" may be written as a series

R = a;jt) € Ot}

jez

where a; — 0in Og as j — —oo. Let m > 0 be fixed, and pick J > 2 such that
aj € p'y whenever j < —J. We claim that if n > J — 2 +m then Res, (mzw) C p’¢.
Since an arbitrary element of m’; is a sum of terms of the form n%tPg, with g € B,
o, B >0, and a+ B > n, it is enough it consider such an element; write g = Z?io bit.
Then

o0
Res, (%P gw) = Res, (%P gh™" dt) = —m® coeft, i (tﬁ Z bit' Z ajtj)
i=0 jez

> atm i g>J—2
=—n") ba_j_pg_ € Pk 1 hz
B o
pr p%  inany case.

But o+ 8 > J —2+m and so if it is not the case that 8 > J — 2, then it follows that
a > m; so, regardless of which inequality holds, we obtain Res, (7% th gw) € p, as
required. (]
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Now we extend the lemma to the general case of our two-dimensional, normal,
complete, local ring A. This result is a significant strengthening of Corollary 2.4,
since the m4-adic topology on A is considerably finer than the y-adic topology, for
any y C'A.

Lemma 2.8. Letrw € QS:;)@K ®4 F; then, uniformly in y, the map
A— K, frRes fo

is continuous with respect to the m-adic topology on A and the discrete valuation
topology on K.

Proof. Firstly, it is enough to prove that the given map is continuous for any fixed
y; the uniformity result then follows from the fact that, for almost all y )
belongs to Qj’ff/@[( and y does not contain pg; for such primes, Res, Aw = 0 by
Lemma 2.2.

By Cohen structure theory [1946] (the details of the argument are in [Morrow
2010, Lemma 3.3]), there is a subring B < A containing Og which is isomorphic
to Ok [[#]] and such that A is a finitely generated B-module; set M = Frac B. Write
w = gwy for some g € F and wg € Q;?%K Rp M.

Now we make some remarks on continuity of the trace map. Trr/y(Ag) is a
finitely generated B-module and so there exists go € M™ such that Trr/y (Ag) € Bgo.
Moreover, since A/B is a finite extension of local rings, one has m, C mpgA for
some s > 0. Hence Trg,p (m') g) € m’, go for all n > 0, meaning that the restriction
of the trace map to Ag — Bgo is continuous with respect to the m-adic topologies
on each side. It immediately follows that

7T:A—> B, [ TrF/M(fg)go_l

is both well defined and continuous.
Functoriality (Lemma 2.6) implies that for any y C' B,

ZR65yfa) =Res, Trr/u(fw)
Yy

for all f € A, where Y varies over the finitely many height-one primes of A which
sit over y. The right side may be rewritten as

Res, (t(f) gowo)

where gowo € Q;’;%K ®p M; according to the previous lemma, this is a continuous
function of f. In conclusion,

A— K, fr—)ZRes”‘w (1)

Yly
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is continuous, which we will now use to show that each map f +— Resy fw is
individually continuous, thereby completing the proof. Fix m > 0.

Let Yy, ..., Y; be the height-one primes of A sitting over y, and let vy, ..., v
denote the corresponding discrete valuations of F. If [ = 1 then there is nothing
more to show, so assume / > 1. Since the map

Fy, - K, f Resy (fw)

is continuous with respect to the discrete valuation topologies on each side (Corollary
2.4), there exists S > 0 (which we may obviously assume is independent of i) such
that Resy, (fw) C p’¢ whenever v;(f) > S. According to the approximation theorem
for discrete valuations, there exists an element e € F which satisfies vi(e —1) > §
and v;(e) > S fori =2,...,1. Now, since () remains continuous if we replace w
by ew, there also exists J > 0 such that

Z Resy (few) € p’y  whenever f €m}.
Yly

So, if f € m} then

l l
Resy, (fw) = Resy, (f(1 —e)w) — > _Resy,(few) + Y _ Resy,(few)

i=2 i=1
belongs to p’¢ since vi(f(1 —e)) > S and v;(fe) > S fori =2,...,[. Thatis,
Resy, (m/ﬁa)) C p’¢, which proves the desired continuity result. ([

Remark 2.9. Lemma 2.8 can be reformulated as saying that the residue map
Resp, : Q%S/K — K

is continuous with respect to the valuation topology on K and the vector space
topology on Q%t)s /K> where F) is equipped with its two-dimensional local field

topology [Madunts and Zhukov 1995].
Finally, regarding vanishing of the residue of a differential form:

Lemma 2.10. Suppose that w € QZC})@K ®4 F is integral, in the sense that it belongs

to the image of QZC?@K ,and let y C' A. Then Res, w € pg. If y does not contain p
or if'y is the only height-one prime of A containing p, then Res, w = 0.

Proof. If y does not contain p then F) is equal characteristic and we have already
proved a stronger result in Lemma 2.2: Res,, vanishes on the image of QS:}’@K ®aAy.
If instead y is the only height-one prime of A containing p, then the vanishing
claim follows from the reciprocity law and the previous case.

Finally, suppose y contains p but do not assume that it is the only height-one
prime to do so. Using functoriality of differential forms and Remark 2.3, we have a
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commutative diagram:

Resp
sep s b
Qyjox — Loy jop ———

T

Qasvy i QF
AR = PR e Rey

The residue map Res F, on the characteristic p local field F vanishes on integral
differential forms; since A/y belongs to the ring of integers of F y» it follows
immediately from the diagram that Res, w € pg. ]

Example 2.11. This example will show that the previous lemma cannot be im-
proved. We consider the “simplest” A in which p splits. Set B = Z,[[T]|, with
field of fractions M, and let A = B[«] where « is a root of f(X) = X2-TX— P,
with field of fractions F. Since f(X) does not have arootin B/T B = Z,, it does
not have a root in B, and so F/M is a degree two extension. Since A is a finitely
generated B-module, it is also a two-dimensional, complete local ring, and we leave
it to the reader to check that A is regular, hence normal.

In A, p completely splits as p = a(T — «), and therefore, setting y = o A, the
natural map Q,{T}} = M, — F) is an isomorphism. Indeed, f(X) splits in the
residue field B,p/pB,p = [F »((T)) into distinct factors and so Hensel’s lemma
implies that f(X) splits in Bpg, that i 1s o€ B,,B C Mpg

One readily checks that @ = —pT~! mod p? in B, pB = ;\\y, which implies that
Res, (¢ dT) = —p mod p?. In particular, Res,(a dT) # 0 even though o dT is
integral.

2C. Two-dimensional, finitely generated rings. Next suppose that O is a Dedekind
domain of characteristic zero and with finite residue fields, and that B is a two-
dimensional, normal, local ring, which we assume is the localisation of a two-
dimensional, finitely generated O -algebra. Set A = E;B and s = mp NOg. Then
A satisfies all the conditions introduced at the start of the previous subsection and
contains O, := @’; s, which is the ring of integers of the local field K := Frac @’;’ s
Moreover, there is a natural identification Qp /0, ®p A = QZ‘%S (see [Morrow 2010,
Lemma 3.11]). For each height-one prime y C B, we may therefore define

Resy : QFracB/K — K

to be the composition

sep Zy/ y Res,/

QFrac B/k ®Frac B Frac A = Q¢ ®4 Frac A

QFrac B/K K,

where y’ varies over the finitely many primes of A, necessarily of height one, which
sit over y.
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The reciprocity law remains true in this setting:

Theorem 2.12 [Morrow 2010, Theorem 3.13]. Let w € QFpac /x5 then for all but
finitely many height-one primes y C B the residue Res,, w is zero, and

Z Resy w = 0.

yc!'B
The following vanishing identity will be useful:

Lemma 2.13. Let y C! B and suppose that @ € Qprac B/k belongs to the image of
Qp,j0x. Then Resy w € Oy. In fact, Resy w = 0 in either of the following two cases:
if y is horizontal (that is, y N Og = 0); or if y is the only height-one prime of B
which is vertical (that is, containing s) and w is in the image of Q24 0, .

Proof. The first claims follow from Lemma 2.2, since y being horizontal is equivalent
to the two-dimensional local fields Frac //l\y/, with y’ C A sitting over y, being
equicharacteristic. The second claim follows from the previous reciprocity law
since any prime is either vertical or horizontal. U

2D. Geometrisation. Continue to let O be a Dedekind domain of characteristic
zero and with finite residue fields. Let X be a two-dimensional, normal scheme,
flat and of finite type over § = Spec Ok, and let Q2x/s = §( /s be the relative sheaf
of one forms. Let x € X? be a closed point sitting over a closed point s € Sp,
and let y C X be an irreducible curve containing x. Identify y with its local
equation (that is, corresponding prime ideal) y 'Oy , and note that Oy , satisfies
all the conditions which B did in the previous subsection. Define the residue map
Res, y : Qi x)/xk — Ky (= Frac @’;s) to be

RCSy . QFY&C@X,X/K —> KS.

The reciprocity law now states that, for any fixed w € Qg (x)/k»

ZResLy w=0

yCX

yox
in K, where the sum is taken over all curves in X which pass through x. For a few
more details, see [Morrow 2010, §4].

3. Reciprocity along vertical curves

As explained in the introduction, residues on a surface should satisfy two reciprocity
laws, one as we vary curves through a fixed point, and another as we vary points
along a fixed curve. The first was explained immediately above and now we will
prove the second.
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Let Ok be a Dedekind domain of characteristic zero and with finite residue fields;
denote by K its field of fractions. Let X be an Og-curve; more precisely, X is a
normal scheme, proper and flat over S = Spec Ok, whose generic fibre is a smooth,
geometrically connected curve.

The aim of this section is to establish the following reciprocity law for vertical
curves on X:

Theorem 3.1. Let w € Qg (x)/k, and let y C X be an irreducible component of a
special fibre X, where s € Sy. Then

ZResx,y w=0

X€y
in Ky, where the sum is taken over all closed points x of y.

Here, as usual, 0, = G/K\J and Ky = Frac 0. The proof will consist of several
steps. We begin with a short proof of a standard adelic condition:

Lemma 3.2. Let y C X be an irreducible curve, let f € O, and letr > 1. Then
feOx,+ mX for all but finitely many closedpomts X ey.

The result also holds after completion: if f € Ox. .y» then f € Ox , +m’y y©X y
for almost all x.

Proof. Let U = Spec A be an open affine neighbourhood of (the generic point of) y,
let p C A be the prime ideal defining y, and set P =ANp"A,, B=A/P.Ifbe B
is not a zero divisor, then B/bB is zero-dimensional and so has only finitely many
primes; hence only finitely many primes of B contain b. Set

fi= fmodm%’y € Ap/p"Ap, = Frac B;

by what we have just proved, f belongs to By for all but finitely many primes
qC B, thatis f € Ox +m§(’y for all but finitely many x € yNU. Since U contains
all but finitely many points of y, we have finished.

The complete version now follows from the identity

@X,y/m;(’y@x’y =@X,y/m§(’y. ([
The lemma lets us prove that the theorem makes sense:

Lemma 3.3. Let w € Qk(x)/k» and let y C X be an irreducible component of a

special fibre X, where s € So. Then the sum ), ey Resy y o converges in the s-adic

valuation topology on K (we will see that only countably many terms are nonzero).
Moreover, the map

K(X)—> K;. h > Res; y(ho)
xXey
is continuous with respect to the topology on K (X) induced by the discrete valuation
v associated to y, and the s-adic valuation topology on K.
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Proof. For any point z € X, let 2, denote the image of Qq, /0, inside Qk(x)/k -
Letr > 0.

Let m € Og be a uniformiser at s, fix @ € Qg (x)/x and pick a > 0 such that
7% € Q. Then it easily follows from the previous lemma that 7% lies in
Q, + 7", for almost all closed points x € y. But Lemma 2.13 implies that if x is
any closed point of y then Res, ,(€2,) € Oy, and moreover that if x does not lie on
any other irreducible component of the fibre X then Res, ,(£2,) = 0. We deduce
that

a r
Res, y 7w € ' O

for almost all closed points x € y. So Res, , w € 7”790, for almost all x € y; since
this holds for all » > 0 we see that

E Res, y w

xXey

converges and also that ery Res,, y w € m¢0;.

If h € K(X) satisfies v(h) > b for some b € Z, then we may write & = w’u
for some u € Ox ,. This implies that 1 Pho € 2, and so, by what we have
just shown, 3 Resy yhw € nb=4@,. This proves that & > xey Resy y hois

continuous. O

Remark 3.4. The analogous vertical reciprocity law in the geometric setting is
[Osipov 1997, Proposition 6], where Osipov gives an example to show that it really
is possible for the sum of residues along the points of y C X, to contain infinitely
many nonzero terms.

We aim to reduce the vertical reciprocity law to the case of Ok being a complete
discrete valuation ring by using several lemmas on the functoriality of residues.

Let s be a nonzero prime of Ok, and set 05 = @7; s, Ky = Frac O as usual.
Set X = X xggx Og and let p : X — X be the natural map. Then p induces an
isomorphism of the special fibres X, = X, and, for any point x € X;, p induces
an isomorphism of the completed local rings m) = @:{x (see, e.g., [Liu 2002,
Lemma 8.3.49]). From the excellence of X it follows that @y’x is normal for all
xeX s» and therefore X is normal. So X is a O,-curve, in the same sense as at the
start of the section.
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Lemma 3.5. Let y C X be an irreducible curve and suppose x is a closed point of
y over s. Then the following diagram commutes:

Qx @)k,
] vy RCSX/_'V/

Qi /K K

Resy y
where y' varies over the irreducible curves of X whose generic point sits over the
generic point of y, and x is the unique closed point sitting over x (that is, p(x") = x).

Proof. This essentially follows straight from the original definitions of the residue
maps in sections 2C and 2D. Indeed, set B = Oy, and let y C B be the local
equation for y at x, so that

_ COSP o )
Res, , = Z Resy : Q§/©s ®p Frac B — K,
y// cl! E
Y'ly

where y” varies over the height-one primes of B sitting over y.

But we remarked above that there is a natural O;-isomorphism Og ., = B, and
this expression for the residues remains valid if B is replaced by Oy ., and y is
replaced by some y’ sitting over y. Therefore

Resy y = Z Res,» = Z Z Res,» = Z Resy/:ZReSx/,y’,

y” gl B y Cl@)?.x’ y//”Cl/’B? y Cl@)?.x’ Yy
Yy ¥y Yy ¥y

as required. O

Corollary 3.6. Let y C X be an irreducible component of the special fibre X, and
let x be a closed point of y; let x' = p~'(x), y/ = p~'(y) be the corresponding
point and curve on Xy = X;. Then the following diagram commutes:

Qx &)k,
Qkx)/k K,

Resy y

Informally, this means that residues along the special fibre X may be computed
after completing Ok

Proof. The unique irreducible curve of X sitting over y is y’, so this follows from
the previous lemma. (]
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Corollary 3.7. If the vertical reciprocity law holds for X /0 (for all s € Sy), then it
holds for X /Ok.

Proof. This immediately follows from the previous corollary. O

In the remainder of the section (except Remark 3.9), we replace X by X and Og
by Oy, so that the base is a now a complete, discrete valuation ring (of characteristic
zero, with finite residue field, with field of fractions K being a local field).

The horizontal curves on X are all of the form {z} for a uniquely determined
closed point z of the generic fibre X,. Moreover, because our base ring is now
complete, {z} meets the special fibre X, at a unique point t(z), which is necessarily
closed and is called the reduction of z.

Lemma 3.8. For any w € QK(X)/K = QK(X,,)/Ka
Res, ;) @ =Res; o,

where the left residue is the two-dimensional residue on X associated to the point
and curve ©(z) € {z}, and the right residue is the usual residue for the K -curve X,
at its closed point z.

Proof. This is a small exercise in chasing the definitions of the residue maps. Set
B = 0x ;) and let p be the local equation for {z} att(z). Forany n >0, B/p" is a
finite O -algebra, hence is complete. This implies that

B/pB =B/p,
whence p’ = p§ is prime in B, and also that

Therefore
Bp/ = I(E] Bp,/p/an, = 1(&] Bp/pan = Bp = @sz,
n n
Then F := Frac §p/ is the two-dimensional local field used to define the residue
at the flag v(z) € {z}; it has equal characteristic, and we have just shown it is
equal to Frac Oy, .. But the residue map on a two-dimensional local field of equal
characteristic was exactly defined to be the familiar residue map for a curve. [

Remark 3.9. If Ok is not necessarily a complete, discrete valuation ring, as at
the start of the section, then the above lemma remains valid when reformulated as
follows: Let z be a closed point of the generic fibre, and X a special fibre. For any
w € Qkx)/k = QLK(X,)/K>

Z Res, o =Res; 0

xe{z}NX;
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where the left is the sum of two-dimensional residues on X associated to the flags
x € {z} where x runs over the finitely many points in {z} N X, and the right residue
is the usual residue at the closed point z on the curve X,,. This may easily be
deduced from the previous lemma using Lemma 5.1 below.

Proof of Theorem 3.1. We may now prove the vertical reciprocity law. Let

i(t=y),y2, ..., )

be the irreducible components of the fibre X;.
Firstly, combining the usual reciprocity law for the curve X, with the previous
lemma yields

Z Rest(z)’{;} w =0,
z€(Xpo

where the sum is taken over closed points of the generic fibre and only finitely
many terms of the summation are nonzero. Since {z}, for z € (X))o, are all the
irreducible horizontal curves of X, we may rewrite this as

Z( ) Resx,yw):o.

xeXop YCX horiz.
Yox

Moreover, according to the reciprocity law around a point from Section 2D, if
x € Xg is a closed point then
Z Res, y w =0,

Ycx
Yox

where only finitely many terms in the summation are nonzero. We deduce that

Z( > Resx,yw> =0,

xeXop YCX vert.
Yax

where the sum is now taken over the irreducible vertical curves in X. That is,

l

> Resyy 0 =0, )

i=1 x€y;

where the rearrangement of the double summation is justified by Lemma 3.3, which
says that each internal sum of (}) converges in K.

If X, is irreducible, this is exactly the sum over the closed points of y; =
y and we have finished. Else we must proceed by a “weighting” argument as
in Lemma 2.8. Let vy, ..., v be the discrete valuations on K (X) associated to
Y1, ...,y respectively. For m > 0, pick f,, € K(X) such that v{(f,, —1) > m and
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vi(fm) =mfori =2,...,1; this exists because the (v;); are inequivalent discrete
valuations. Replacing w by f,,w in (}) yields

I
Z Z Res, y, fmw =0.

i=1 xey;
Letting m — oo and applying the continuity part of Lemma 3.3 yields

l

E E Resy y, fmwo=0— E Resy,y, @ asm —> oo.

i=1 x€y; XEY]

This completes the proof of Theorem 3.1. (]

4. Trace map via residues on higher adeles

We are now ready to adelically construct Grothendieck’s trace map
H' (X, w) — 0k

as a sum of our residues, where 7 : X — Spec Ok is an arithmetic surface and
W = Wy, is its relative dualising sheaf. The key idea is to use the reciprocity laws
to show that sums of residues descend to cohomology.

Remark 4.1. Passing from local constructions to global or cohomological objects
is always the purpose of reciprocity laws. Compare with the reciprocity law around
a point in K. Kato and S. Saito’s [1983, §4] two-dimensional class field theory.
Sadly, using reciprocity laws for the reciprocity map of two-dimensional local
class field theory to construct two-dimensional global class field theory has not
been written down in detail anywhere, but a sketch of how it should work in the
geometric case was given by Parshin [1978]. More details, which are also valid in
the arithmetic case, can be found in [Fesenko 2010, Chapter 2].

4A. Adéles of a curve. We begin with a quick reminder of adeles for curves. Let
X be a one-dimensional, Noetherian, integral scheme with generic point n; we will
be interested in both the case when X is smooth over a field and when X is the
spectrum of the ring of integers of a number field. If E is a coherent sheaf on X,
then the adelic resolution of E is the following flasque resolution:

~ ’ ~
0— E—)in(En)@ 1_[ iy(Ey)— 1—[ iy(Ey R0y . K(X)) — 0.
xeXo xeXo

Here i,(E,) is the constant E, sheaf on X, E x 18 the my ,-adic completion of E,
and i, (E,) is the corresponding skyscraper sheaf at x, and the “restricted product”
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term [’ is the sheaf whose sections on an open set U C X are

[T E®ey kK (X)= {<fx) € [ T2 ®cx K(X) : fo is in the image of E, for }
b x xely all but finitely many x € Uy

The Zariski cohomology of E is therefore exactly the cohomology of the adelic
complex A(X, E):

~ / o~
0> E,® [[ Ec > [] Ex®0,, K(X) >0

xEX() XEX()
(& (f) = (g = f)

These observations remain valid if we do not bother completing E at each point x,
leading to the rational adelic complex a(X, E) (classically called repartitions, see
for example [Serre 1988, I1.5]):

0—>E,7€BHEX—> H/En—>0

XEX() XEX()
whose cohomology also equals the Zariski cohomology of E.

Remark 4.2. The reader who is about to encounter adelic spaces for surfaces for
the first time may find it useful to see the following equality for the curve X:

[T E,

xeXyp

={(fy) € [] E;: fr is in the image of E, for all but finitely many x € X}

xeXo

={(fx) € [[ E;:3acoherent submodule M C i, (E,) such that f, € M,

xeXyp
for all x € X}

4B. Rational adelic spaces for surfaces. The theory of adeles for curves was
generalised to algebraic surfaces by Parshin (see [Parshin 1976], for example)
and then to arbitrary Noetherian schemes by Beilinson [1980]. The main source
of proofs is A. Huber’s paper [1991]. We will describe the rational (that is, no
completions are involved) adelic spaces, defined in [Huber 1991, §5.2], associated
to a coherent sheaf E on a surface X. More precisely, X is any two-dimensional,
Noetherian, integral scheme, with generic point 1 and function field F = K (X).
The quasicoherent sheaf which is constantly F' will be denoted F'.

Remark 4.3. We choose to use the rational, rather than completed, adelic spaces
to construct the trace map only for the sake of simplicity of notation. There is
no substantial difficulty in extending the material of this section to the completed
adeles, which becomes essential for the dualities discussed in Remark 5.6.
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Adelic groups 0, 1, and 2. The first rational adelic groups are defined as follows:

aO)=F, a)=[]0x,. a@=]]0x.

yex! xeX?

More generally, if E is a coherent sheaf on X, then we define

a(0,E)=E,, a(l,BE)=[]E,. a@E=]]E.

1 2
Adelic group 01. Next we have the 01 ddélic group: rex
a(01)
= {(fy) € [] F : 3 a coherent submodule M C F such that fy, € M, for all y}
yex!
= lim a(1, M)
%
MCF

where the limit is taken over all coherent submodules M of the constant sheaf F.
This ring is commonly denoted using restricted product notation: a(01) = ]_[/y€ x F.
Again more generally, if E is an arbitrary coherent sheaf, we put

a(01, E)

={(fy) € [1 Ey : 3 a coherent submodule M < E, such that f, € M, for all y}
yex!

= lim a(l, M),
—
MCE,

where the limit is taken over all coherent submodules M of the constant sheaf
associated to E,.

Adelic group 02. Next,

a(02)
= {( fx) € [] F :3 acoherent submodule M C F such that f, € M, for all x}
xeX?
= lim a(2, M),
H
MCF
where the limit is taken over all coherent submodules M of F. This ring is commonly

denoted ]_[; <x2 F'. We leave it to the reader to write down the definition of a(02, E),
for E an arbitrary coherent sheaf.

Adelic group 12.

Remark 4.4. We first require some notation. If z € X is any point and N is a Oy ,
module, then we write

[N]; = jx(N),
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where j, : Spec Ox , < X is the natural morphism and N is the quasicoherent sheaf
on Spec Oy ; induced by N. For example, F =[Oy ,],.

We may now introduce

a(12) = [ ] a,(12),
yeXx!
where

ay(12) = {(fx) € [[Ox,, : 3 a coherent submodule M C [Oy ], such that
e fe € My for all x € y}
= lim a2, M),
—
MQ[GX,)'J)'

where the limit is taken over all coherent submodules M of [0y ,],. Recall our
convention that if y € X' then “x € y” means that x is a codimension-one point of
the closure of y; more precisely, x € X2 N {y}.
We again leave it to the reader to write down the definition of a(12, E) for an
arbitrary coherent sheaf E (just replace Ox , by E, everywhere in the construction).
This is a convenient place to make one observation concerning an adelic condition
which holds for a(12, E):

Lemma 4.5. Let E be a coherent sheafon X, fix y € X', r >0, and let (fX)xey €
ay(12, E); then f, € Ex +m;(’yEy for all but finitely many x € y.

Proof. There is a coherent submodule M C [E,], such that f, € M, forall x € y.
Let U = Spec A be an affine open neighbourhood of (the generic point of) y, and let
p C A be the prime ideal defining y. Then M (U) is a finitely generated A-submodule
of E} and therefore M (U) C fE for some f € Ay. For any r > 0, the argument
of Lemma 3.2 shows that f € Ay + p”"A,, for all but finitely many of the maximal
ideals m of A containing p; for such maximal ideals we have My, C Ep, + p" E),.
Since U contains all but finitely many of the points of {y}, this is enough. (]

Adelic group 012. Finally,

a(012) = lim a(12, M) < ITI1F
MCF yeX!xey

(and we similarly define a(012, E) for any coherent E by taking the limit over
coherent submodules M of the constant sheaf E).
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Simplicial structure and cohomology. Consider the following homomorphisms of

rings:
/ F \
l_lyeX1 F— l—[yeX1 ]_[xey F- ]—[xeXZ F

7 T ™S

HyeXl @X,y l_[yeXl ery ©X,y erX2 Ox.x

where the three ascending arrows are the obvious inclusions and the remaining
arrows are diagonal embeddings. These homomorphisms restrict to the rational
adelic groups just defined to give a commutative diagram of ring homomorphisms:

a(0)

y &
801 802

012 012

a(01) —22 ~ 4(012) =22 4(02)

y [812 &
oiz

a(l) a(12) a(2)

al a2
d12 012

(and similarly with any coherent sheaf E in place of Ox). For example, to see
that 8112 is well defined, once must check that if f € Oy , then there is a coherent
submodule M of [Ox ,], such that f € M, for all x € y; but f may be viewed as
a global section of [0y ,], and therefore M := 0y f C [Ox ], suffices.

We reach the analogue for X of the rational adelic complex which we saw for a
curve in Section 4A above:

Theorem 4.6. Let E be a coherent sheaf on X; then the Zariski cohomology of E
is equal to the cohomology of the complex

0—a0,E)Y®a(l,EY®a2, E)
—>a(01, E)®a(02, E)®a(12, E) — a(012, E) — O,
where the nontrivial arrows are given respectively by
(fo. f1s f2) = (351.fo = 391 f1, 82 f2 = Bn fo. D1 f1 = 91 f2).
(801, 802, 812) F> 3012801 + 3312802 + By 12812
(This is the total complex associated to the simplicial group given above.)

Proof. This is due to Parshin [1976]; the general case of higher-dimensional X is
due to Beilinson [1980] and Huber [1991]. O



1526 Matthew Morrow

4C. Construction of the trace map. Let Og be a Dedekind domain of characteristic
zero with finite residue fields; its field of fractions is K. Let 7 : X — S = Spec Ok
be an O -curve as at the start of Section 3. According to the main result of [Morrow
2010], the relative dualising sheaf w of = is explicitly given by, for open U C X,

wlU)={we QK(X)/K :Resxvy(fa)) €@K,n(x) forallxeyCU and f E@X,y} (T)

where x runs over all closed points of X inside U and y runs over all curves of U
containing x.

As previously, closed points of S are denoted s, and we put Oy = @’; s and
K, = Frac 0.

Proposition 4.7. If o = (wy,y)xey € a(012, w) and s € Sy, then

RCSS(CL)) = Z Resx,y Wy,y (i)

X,y
xeynXs

converges in K, where the sum is taken over all points x and curves y in X for
which x € y N X;. Moreover, Ress(w) € Oy for all but finitely many s € So.
Ifwe 3612261(12, W) then all terms of the sum, hence also Resy(w), belong to O;.

Proof. Let E be a coherent submodule of the constant sheaf w, = wg (x),x such
that w € a(12, E); then E and w are equal at the generic point (replacing E by
E + w, if necessary), hence on an open set, and therefore E, = w, for all but
finitely many y € X!. We call the remaining finitely many y bad.

If y is a horizontal curve which is not bad and x € y, then w, , € E, = w,
and so Res, , @y, = 0 (indeed, if = € Ok 5 is a uniformiser at s then 7! € Oy,
and so the definition of w implies that 7 =" Res,  wy y € O, for all m > 0O; this is
only possible if Res, y w, , = 0). Therefore, only finitely many horizontal curves
contribute to the summation in (1); so it is enough to prove that if y is an irreducible

component of X then
Z Resy y wy y

xey

converges. This is straightforward, using Lemma 4.5 and arguing exactly as in
Lemma 3.3, and completes the proof that Res; (@) is well defined.

Secondly, for any curve y, each of w, and Ey are (nonzero) finitely generated
O,y submodules of Qg (x),k, and therefore there exists r > 0 such that mgf’ yE y C
wy; clearly we may pick r so that this inclusion holds for all bad y. Then Lemma 4.5
tells us that for all but finitely many x in any bad curve y, we have

Ey C Ec+my E, C Ex+w,.

Next, if yq, y, are two horizontal curves, then y; and y, will have a common point
of intersection on a vertical curve Y for only finitely many Y (for else y; Ny, would
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be infinite). It follows that there is an open set U C X consisting of fibres such that
any x € U satisfies one of the following conditions:

(i) x sits on no bad curve, or

(ii) x sits on exactly one bad curve y; y is horizontal and E, C E, + w,.
Note that U contains all but finitely many of the fibres X, for s € Sy, and to prove
our second claim it is enough to show that for any closed point x on a fibre X

belonging to U, and curve y passing through x, one has Resy y w, , € O;. There
are two cases to consider:

(i) yis not bad. Then w, , € E, = w,, whence Res, , . y € O; by ().

(ii) y is bad. Then y is horizontal by construction of U and so Res, , w, =0 (as
argued in the previous paragraph); therefore condition (ii) on U implies that
Res, y wy,y = Resy ¢ for some ¢ € E,. If Y is any curve through x apart
from y then ¢ € E, C Ey = Wy and so () now implies that Res, y ¢ € 0.
But the reciprocity law about a point from Section 2D shows that

Resy ¢ =— ZResx,y g,
Y

where the sum is taken over all curves Y passing through x apart from y;
therefore Res, , ¢ € 0.

This completes the proof that Res; w belongs to O for all but finitely many s € Sp.
Finally, if w is in the image of the boundary map 85122 then w, , € w, for all
flags x € y; so (f) implies that Res, , wy, , € Os. This proves the final claim.  [J

Let
Ag = l—[/KS = {(as) € HKS : ag € Oy for all but finitely many s}

SE€Sy sE€SH
and

As@ =JTo

SESy

be the rings of (finite) adeles and integral adeles of K respectively (we will incor-
porate archimedean information in the final section). The adelic complex for S, as
discussed in Section 4A, is

0— K®Ag(0) — Ag— 0
(A, (a5)) = (A —ay)
Corollary 4.8. The map

Res:a(012, w) = Ag, o (Ress(w))ses,



1528 Matthew Morrow

is well defined, and restricts to Res 085122 ca(12, w) — Ag(0).
Proof. This is exactly the content of the previous proposition. ([
Define a map

Res’ :a(01, w) ®a(02, w) ®a(12, w) - K & Ag(0)

(@, o, @) — (Z Res; w!, Res(aélzzcg)>

z€Xy

where the first sum is taken over closed points z of X, or, equivalently, horizontal
curves in X, and Res; denotes the usual residue for X, as a smooth curve over K
(note that this makes sense as W, = Qg X,)/ k). In the remainder of the paper, z
will always denote a closed point of X,.

The key application of the reciprocity laws is to deduce that taking sums of
residues induces a morphism of adelic complexes:

Proposition 4.9. The following maps give a homomorphism of adelic complexes
from X to S:

0—a(0,w)@a(l,w)®a2,w) — a(01l,w)Pa(02,w)Pa(12,w) — a(012,w) — 0

Res’ Res

0 K®As(0) Asg 0

Proof. Commutativity of the first square is equivalent to the following results:
(i) If w € a(0, w) = Qk(x)/k then ZZGX,, Res, w = 0.
(i) If = (@y)yex1 €a(l, w) then }° _y Res; w, =0 and Res(3)1,0{,w) = 0.
(iii) If w € a(2, w) then Res(9}%9%,w) = 0.
(1) is the usual reciprocity law for the curve X, /K. The first vanishing claim in
(i) holds since w; € W, = Qx, /k ; and the residue of a differential form on X, at

a point where it is regular is zero. For the second vanishing claim in (ii), note that
if s € Sy then

Ress(agfza(}l@ = Z ZResx,y wy + Z Z Resy y wy,

yCX; X€y horiz. y xeX;Ny

where we have split the summation (1) (of Proposition 4.7) depending on whether y
is an irreducible component of X or is horizontal. But the first double summation
is zero, according to the reciprocity law along a vertical curve (Theorem 3.1), while
every term in the second double summation is zero since they are residues along
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horizontal curves y of forms in w, (see the second paragraph of the previous proof).
We will return to (iii) in a moment.

Commutativity of the second square is almost automatic since Res’ was obtained
by restricting Res to a(01, w) and a(12, w); it remains only to check that if
w € a(02, w) then Res 80120) 0. This follows immediately from the reciprocity
law around a point from Section 2D. This also establishes (iii), since if w € a(2, W)
then 9)7%,07, 0 = 31,05, @ € 355 a(02, w). O

Noting that H® of the adelic complex for S is simply Og and that H' of the
adelic complex for X is H'(X, w) (by Theorem 4.6), the proposition implies that
there is an induced map

Res: Hl(X, w) — Og.

Our construction would be irrelevant without the final theorem:

Theorem 4.10. Res is equal to Grothendieck’s trace map tr.

Proof. There is a natural morphism from the rational adelic complex of X for
the coherent sheaf w to the rational adelic complex of X, for the coherent sheaf
$2x,/K:

0—a(0,w)Pa(l,w)da,w) = a(0l,w)Pa02,wW)Pa(12,w) — a(012,w) =0
(wg,@1,@2)> (wg, p1(@1)) (wp1,w02,@12)> po1 (@o1)

00— Qxyx® [ Rx,/k. [T @k

z€Xy Z€Xy

This is given by the identity a(0, w) = Qg (x),/x, the projection

a(l,w)= [T w, = [T @xme x [T @y 2 TT @/

yex! zeXy yeXx! zeX,
vertical

0

and the restriction of the projection

[Twri=T]@kxoswx [T @keox = [ @k

yex! zeXy yex! z€Xy
vertical
to the adelic spaces a(01, w) il l_[gexn QK x)/K-
By the functoriality of adeles, the resulting map H*(X, w) - H* (X, Qx, k)
is the natural map on cohomology induced by the restriction w|y, = Qx, k. Using
this, we will now show that

H'(X, w) — H'(X;, Qx,/k)

Rest Ltr (*)

Ok K
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commutes, where the right vertical arrow is the trace map for the K-curve X,,.
Indeed, from the definition of Res’ above, the following diagram certainly commutes:

(wo1,@02,@12) = po1(@o1)

Ker(a(01,w)®a(02,w)Pa(12,w) — a(012,w)) ]_[/ Qi xy/k
z€Xy
Res’ (wz) = ) Reszo;
z€Xy
Ker(K ®Ag(0) — Ag) = O K

Passing to cohomology groups, we deduce that

H'(X, w) — H'(X;, Qx,/x) = COkCF<QK(X)/K &1, k.~ [T QK(X)/K)

zeXy z€Xy
Res\j l(wz) = ) Res;w;

z€Xy

Ok ————— K

commutes; but the vertical map on the right is the trace map for X, by the familiar
result (which we are generalising!) that the trace map of a smooth projective curve
is represented by the sum of residues. This completes the proof that () commutes.

Finally, the diagram (%) also commutes if Res is replaced by tr,, since trace
maps commute with localisation of the base ring. Therefore Res = tr;. (]

Remark 4.11. Before complicating matters by incorporating archimedean data,
this is a convenient opportunity to explain how the previous material should fit into
a general framework.

A flag of points on a scheme X is a sequence of points £ = (xg, ..., x,) such
that x; 1 € {x;} fori = 1,...,n. By a process of successive completions and
localisations, the flag & yields a ring Fr. More generally, to any quasicoherent sheaf
E, one obtains a module E¢ over Fg; for details, see [Huber 1991, §3.2].

Now let f : X — Y be a morphism of S-schemes, where S is a Noetherian
scheme (perhaps Cohen—Macaulay), and notice that we may push forward any flag
from X to Y,

fe(€) = (f(x0), ..., f(xn)),

resulting in an inclusion of rings Fr,) € Fg. Let wy, wy denote the dualising
sheaves of X, Y over S. If f is proper (and probably Cohen—Macaulay) of fibre
dimension d, then we expect there to exist a residue map

RCSS : wX,S — wY,f*(g)

which is the trace map when f is a finite morphism and which is transitive when
given another proper, CM morphism Y — Z. Globally, taking sums of these residue
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maps will induce a morphism of degree —d on the adelic complexes
RCSX/Y : A(X, (,Ux) — A(Y, U)y).

The patching together of the local residue maps to induce a morphism of complexes
is equivalent to a collection of reciprocity laws being satisfied. In turn, this induces
maps on the cohomology

H*(X, wy) = H*(AX, wx)) — H* (A, wy)) = H* (Y, wy),

which will be nothing other than Grothendieck’s trace map.

When S is a field this framework more or less follows from [Lomadze 1981] and
[ Yekutieli 1992], though it has not been written down carefully. This article and
the author’s previous [Morrow 2010] focus on the case where ¥ = § = Spec Ok
and X is a surface.

The fully general case requires a rather careful development of relative residue
maps in arbitrary dimensions, and becomes a technically difficult exercise quite
quickly. The Hochschild homology-theoretic description of residue maps [Hiibl
1989; Lipman 1987] may be the key to a smoother approach.

5. Archimedean reciprocity along horizontal curves

We continue to study an Og-curve X in the sense introduced at the start of Section 3,

but we now assume that K is a number field and O its ring of integers (with generic

point n). If oo is an infinite place of K then we write Xo, = X X, Koo Where Ko

is the completion of K at 0o; so X is a smooth projective curve over R or C.
The natural morphism

Xoo =X X0y Koo > Xy =X x0, K

can send a closed point to the generic point; but there are only finitely many points
over any closed point. Indeed, let z € X, be a closed point; then the fibre over z is

Xoo X, k(2) = (Koo Xk Xy) X x, k(2) = Spec(Koo ®k k(2)),

which is a finite reduced scheme.

If y is a horizontal curve on X then y = {z} for a unique closed point z € X .
We say that a closed point x € X, sits on y if and only if p(x) = z. Hence there
are only finitely many points on X, which sit on y, and we will allow ourselves to
denote this set of points by y N Xo.. Such points are the primes of K, Q@ k(z) and
therefore correspond to the infinite places of the number field k(z) extending the
place oo on K. Note that each x € X, sits on at most one horizontal curve, which
may seem strange at first.
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In this situation, we define the archimedean residue map Res,  : Qg (x)/xk — Koo
to be

Res,
Qrx)/K — LK Xo)/Keo — Koo,

where Res, is the usual one-dimensional residue map associated to the closed point
x on the smooth curve X, over K.

The following easy lemma was used in Remark 3.9; since we need it again, let’s
state it accurately:

Lemma 5.1. Let C be a smooth, geometrically connected curve over a field K of
characteristic zero, let L be an arbitrary extension of K, and let 7 be a closed point
of C.

(1) Let x € Cr be a closed point sitting over z; then the following diagram

commutes:
Qk(cyy/L ——— k(x)
] res; T
Qk )/ k(z)

(Notation: resy is the residue map Qg ¢y x — k(x), and Resy =Try(x)/x 0 T€S,;
similarly for other points.)

(i) With x now varying over all the closed points of Cy, sitting over z, the following
diagram commutes:

lez Res,
Qi /L L
T Res;, T
Qk)/k K

Proof. If t € K(C) is a local parameter at z then it is also a local parameter at x, and
the characteristic zero assumption implies that there are compatible isomorphisms
K(Cp)x Ek(x)(1), K(C), = k(z)(2)); the first claim easily follows. Secondly
k() Qg L= @x‘z k(x), so that Tr;y/x = lez Tri(xy/1; hence, for w € Qi )/,
part (i) lets us use the usual argument:

Z Res, (w) = Z Tryx) 1 resy (w) = Z Tri(x)/1 rEs; (w)
x|z x|z x|z

= Tri(y)/k res;(w) =Res;(w) U

We obtain an analogue of Remark 3.9:
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Corollary 5.2. Returning to the notation before the lemma, if oo and y = {z} are
fixed, and w € Qg (x)/k, then

E Res, y w = Res; w.

xeyNXeoo
Proof. Apply the previous lemma with C = X, and L = K. ]
Write S = Spec Ok U {oo’s} for the “compactification” of S = Spec Ok by the

infinite places (in fact, the notation s € S will always mean that s is a place of K,
never the generic point of S) and let

As =[]k =Asx [ K

be the usual ring of adeles of the'itimber field K~ Let
¥ =®,.5¥s:Ag— S' (= the circle group?)

be a continuous additive character which is trivial on the global elements K C Ag
[Tate 1967, Lemma 4.1.5].

Note that, if y is a horizontal curve on X, then even with our definition of points
at infinity, it does not make sense to consider a reciprocity law

« Z Resy yw=0"
X€y
since the residues appearing live in different local fields. This problem is fixed by
using the “absolute base” S':

Definition 5.3. Let y be a curve on X and x € y a closed point sitting over s € §
(this includes the possibility that y is horizontal and s is an infinite place). Define
the absolute residue map
Yry : Qeox = S
to be the composition
Resy y s 1
QK(X)/K —_—> KS — S
We may now establish the reciprocity law on X along any curve, including the
horizontal ones:

Theorem 5.4. Let y be a curve on X and w € Qi xy k. Then for all but finitely
many closed points x € y the absolute residue V. () is 1, and

[[¥ss@=1 ins"

X€y

2We never consider the set of codimension-one points of § = Spec Ok, so this shouldn’t cause
confusion.



1534 Matthew Morrow

Proof. First consider the case that y is an irreducible component of a special fibre
X, (here s € Sp). Then Ker v/ is an open subgroup of K, and so the proof of
Lemma 3.3 shows that Res, , w € Ker ¥ for all but finitely many x € y. Also,

l_[ Vx.y(w) =Y <Z Resx,y(w)) )

Xey Xe€y

which is ¥,(0) = 1 according to the reciprocity law along the vertical curve y
(Theorem 3.1).

Secondly suppose that y = {z} is a horizontal curve; here z is a closed point of
X,,. The proof of Proposition 4.7 shows that Res, y @ € Oy (y) for all but finitely
many x € y (here x is a genuine schematic point on X); since Ker v, contains O
for all but finitely many s € Sp, it follows that ¥, ,(w) =1 for all but finitely many
x € y. It also follows that

I;:( Z Resx,ya))

xeyNXy ses

belongs to Ag, and clearly

[[vey@=]] «zfs( > Res,, w) =y (/).

xey seS xeynXs

But Remark 3.9 (for s € Sp) and the previous corollary (for s infinite) imply that f
is the global adele Res, w € K. As ¢ was chosen to be trivial on global elements,
the proof is complete. O

Remark 5.5. The reciprocity law around a point x € X? stated in Section 2D
obviously implies that the absolute residue maps satisfy a similar law:

[] vey@=1.

yCX:ysx

Therefore we have absolute reciprocity laws for all points and for all curves,
which are analogues for an arithmetic surface of the reciprocity laws established by
Parshin [1976] for an algebraic surface.

Remark 5.6. Let F), , be the finite product of two-dimensional local fields attached
to a flag x € y; thatis, F , = Frac A\p, where A = (O“/X\,x, p=y0Ox ,and y C Ox ,
also denotes the local equation for y at x; so Fyy =[], Fr,y where Ay’ varies
over the finitely many height-one primes of A over y, and Fy ,» =Frac A,.

By the local construction of the residue maps we see that v, , is really the
composition
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Ly Resr Vs

y

Qkoo/k — Lro/k Ok x) Fry = @ QP g, —— > K, > S

¥y )
(s € Sy is the point under x as usual), and each ¥ o ResFMJ N St is
a continuous (with respect to the two-dimensional topology; see Remark 2.9)
character on the two-dimensional local field Fy ). This character will induce self-
duality of the topological group Fy ,/, which in turn will induce various dualities
on the (complete) adelic groups; for some results in this direction, see [Fesenko
2010, §27, §28].

Remark 5.7. Taking S = Spec Z, it would be very satisfying to have an extension
of the framework discussed in Remark 4.11 to include archimedean points. The
main existing problem is the lack at present of a good enough theory of ad¢les in
arbitrary dimensions which includes the points at infinity. The author is currently
trying to develop such a theory and hopes that this will allow the dualities discussed
in the previous remark to be stated more precisely and in greater generality (in all
dimensions and including points at infinity).
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