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RAPID DECAY OF THE TOTAL ENERGY
FOR DISSIPATIVE WAVE EQUATIONS

By

Fumihiko HirRosaAwA and Hideo NAKAZAWA

1. Introduction

In this paper, we are concerned with the dissipative wave equation of the
form:

{w,, — Aw +b(t, x)w, + c(t, x)w =0 (2,x) € (0,0) x RY, (1.1)
w(0,x) = wo(x), wi(0,x) = wi(x) xeRY, : '

where w = w(t,x), A = Z}L(a’-/axz), b(t,x) and c(¢,x) are some non-negative
continuous functions.

In Saeki and Ikehata the authors obtained the following decay estimate
for (1.1) with ¢(¢, x) = 0: Suppose that N > 3, b(t,x) = b(x) = by in RY for some
positive constant by. If (wo,wi) € H'NL>! x L>1, then the estimate

1+ 0wz < Cill(wo, w) |3z xz2

holds with a positive constant C), where

2 = {10 = [0+ PP dr < 0}

|w(t)||5 is the total energy at time t:
|
Wz = [ (Vw0 + e x)%) d

and
2 2 2 2
||(W0,W1)||H1an,1xL2.1 = ||W0HHl + ”WOHLL1 + ”WIHLZ»"

Our aim is to derive more rapid decay estimate for the total energy without the
assumption for the data as above. We consider our problem under the following
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two kinds of assumptions on the dimension number, initial data and coefficients,
that is,

N > 1, (wo,wy) € H' x L2, by < b(t,x) < by,
bi(t,x) <0 or |b,(t,x)| < y,(2), (1.2)
ci(t,x) <0 or |et,x)| < y.(t)c(t,x)

or

(N > 1, (wo,w;) e H! x L?,

bo(1 4+ <b(t) <b(1+0)77,

(b1 +0) V< —b(t) <bs(1 40771, (1.3)
by < b < O'_Ibz < O'_lbg,,

Lei(2,x) <0 or e (2, x)| < p.(t)c(t, x)

for some positive constants by, b, b2, b3 and o < 1, and for some functions y,(?),
7.(t) € L'((0, 0)). Then our main results are described as follows:

THEOREM 1.1. Let w be a solution to the Cauchy problem (1.1). Assume (1.2).
Then the following inequality holds:

L+ )Wz + w7

+| {(1 @+ V@I + [ er 0wz, 02 dx} dt< Gy, (14)
0 RY .

where C, depends only on ||\wo| g1, ||will;2 and by, and
2 1 2 2 2
Wz =5 [, (IVw(t, X" +wilt,x)" + e(t, x)w(t, X)) dx
R
is the total energy at t. Moreover, we have

Tim (1+ )w(0)[} = 0. (15)

Particularly, if b(¢,x) = b(t) behaves like bo(l1 + )% with by > 2 and o€
(1/2,1], then more rapid energy decay estimate holds:

THEOREM 1.2.  Assume (1.3) with by > 2 and o € (1/2,1]. Then the following
inequality holds:

(14 07 (Ol + IOl + |

t

{(1 F )@+ (14 )|V

+ x(a)(1 + 1)} ||W(T)“iz +(1+ r)"JRN (7, x)w(t, x)? dx} dr < Cj, (1.6)
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where x(a) =1 (if 6 =1),=0 (if 6 # 1), and C3 depends on ||wo|| g1, ||w1]| ;. and
b(t,x). Moreover, we have

lim (14 7)™ w()||5 = 0. (1.7)

t—+00

In particular, if ¢ =1, then we find
; wl A2, — |
thir}x} lw(e)]|7. = 0. (1.8)

The proofs of these theorems are done by the weighted energy method, which
were used in [1], [3], [5], [7], [8], [10], [13] and [14], for instance. Among them,
in [13] it was proved that the total energy ||w()||% decays like O(t™*), where
u is a positive real number satisfying x4 < (1 +#)b(¢,x) and (u—1)(u—2)—
(u— 1)1+ 0)b(t,x) — (1 +1)%b,(1,x) > 0. This shows that one can take u at
most u = 2. Moreover, in [14], it is obtained that C;(1+ )™ < ||w(t)||é <
Cy(1 +1)™* for some positive constants C; and C,, where p, = min{bo,2},
M, = 2by. Recently the latter of the present authors [10] generalized the result of
[12] to o(t72).

We mention other results on (1.1) with ¢(¢z,x) = 0. Energy non-decay and
scattering problem is considered in [4], [5], [6], [7], [9] and [11]. In [2] it has been
proved that if the dissipation is of spatial anisotropy, then (1.1) does not have
uniform decay property.

The content of the present paper is organized as follows. In Section 2, we
give the proof of Theorem 1.1. Theorem 1.2 is shown in Section 3. In Section 4,
we state related results without proofs.

2. Proof of

Let ¢ = ¢(¢) and ¢ = Y(¢) be non-negative smooth functions, to be chosen
later. Multiplying gw; + yw by the equation of (1.1) and integrating it over RY,
we have

d ; . ‘
p7 (LN X(¢,x) dx) + JRN Z(t,x)dx =0, (2.9)
where
X (t,x) =g(wt2 + .].VWV +€W;')"+”W""fw+ b‘/’; Y, w2 . (2.10)

and
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2bp — 0, —2¢ ,

Z(t,x) = : w2 + @ 2k
43 Wi (B9), + 2 — (pe) . @.11)
Let us take
o(t) = gbo +b2 and y(1) = b2, (2.12)

(i) Estimate of Z(z,x). Using the condition on b(¢,x) in (1.2), we easily
obtain
2bp — 9, — 2y = Calbo)(1 +1) and 2y — g, = B,
where Cy(bp) = 2b2 min{1,b,}. Noting the condition on b, in (1.2), we have
0 if b, <0,
—(by), > .
=00z L i,

Moreover since 2y¢c — (¢c), = bic — pc,, using the condition on c(¢, x) in (1.2), we
find
b2c if e, <0
2yc— (pc), > < 9 e
be= 002 L i+ e i ed 5

~where we put Cs(bg) = (bo/2) min{5,2b¢}. It then follows from the arguments
above that

Oz , 2 VWOl

J Z(t,x) dx > Ca(bo)(1 + 1) I
RN

2 2
% .1
+= e, x)w(t, x)” dx — z Wi (1), (2.13)

2 RV 2

where
(0 if b <0and ¢, <0,
BErs (D)2 if |bi| <7, and ¢, <0,

W1(2) = < Cs(bo)(1 + t)y.(2) [gv c(t, x)w(t, x)? dx if b, <0 and |¢| < y,c,

b3y (DlIw (D)7
L+ Cs(bo)(1 + )y.(2) Jgu c(t, x)w(t,x)* dx if |b,| <y, and |c/| < y,c.

(ii) Estimate of X (¢,x). Put

4=2 B=y, c=ATh

2
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and for the convenience of proving
X1=X; = %(Awt2 + Bw,w + sz).
Then we have
X(t,%) =§(|Vw|2 +ewd) + X1 + Xo. (2.14)
Noting 4,B,C > 0 by [2.12), we find

BV B? B? 5

with Cg(by) = (bp/4) min{3,2bo}. Similar argument is applicable for X, to
conclude

B? ’ B? 3b3
2X22<C—-H>w with C — ik 10>0.

From the arguments above and the estimate 4 > (1/2)(4 — B%?/4C), it then
follows that

1 B 1 B ,
X(t,x) > 2<A————>(w +[Vw)? + ew?) + = (C—H)
1. 5 2 2y, 365,
> Ce(bo)(1 + t)i(w, + |Vw|” + ew )+—2—0—w : (2.15)
On the other hand, we can easily obtain
[, X0.5) < CoIw @I + o) = . (2.16)

(iii) Derivation of (1.4). Integrating on [0,¢] and using (2.13), (2.15) and
(2.16), we find

Co(bo) (1 + 1)llw(2)ll + —° (D)2

t , 2 ; 2 2
+ L{C4(bo)(l + T)M—'—(—ZT—)—“—L—Z- + b&”'L(;)“—Li + %QLN ez, x)w(z, x)* dx} dt

< Cy +-1-J W1(‘L') dz
2Jo
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In the following, we give a proof of only the case of |5, <y, and |¢,| < y.c since
we can estimate the other cases more easily. Put

ib_g Ca(bo) é&
200 2 2’

Cy(bo) = min{Cs(bo),

2
CIO(bO) = max{cg’%, C5(2b0)

Cio(bo)
Cy(bg)

} and Cn(b()) =
Then the inequality above has the following form:

1+ n)lw@)llz + w3

[ {0 s + 19w + [ ctwnwte 0 ax}

< F(¥), (2.17)

where

F(t) = Cu(bo){l + Jt(yb(’l')”W(T)”iz + (1 + 7)y.(7) JRN e(z, x)w(z, x)* dx) dr}.

0

From [2.17), we especially find
(14 t)J o(t, x)w(1,x)? dx < 2F(f) (2.18)
RN
and
Iw(t)l|Z. < F(). (2.19)
Differentiating F(¢) defined above, and using and (2.19), we have

F'(8) < Cra(bo)(vs(1) + 27, (1)) F ().
From this we set
F(t) < C1p = C11(bg)e? < oo
with
o

Cis = Ciu(bo) jo (75(2) + 27,(2)) d.

This and (2.17) give (1.4).
(iv) Derivation of It follows from (1.4) that ||w(1)||% € L'(]0, o)), there-

fore we find
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lim inf (1 + w5 = 0.
— 00

So, we have only to show that {(1 + t)||w(t)||%},20 is a Cauchy sequence with
respect to ¢. For this aim, we consider the following identity:

L {0+ DIw I3} = w1+ (1 + r);,”—’;ufvmné-

Using the energy identity

%nw(t)ufE + JRN (b(t, x)wi(t, %)% — @wa, x)z) dx =0,

which is derived from with ¢ =1 and ¥ =0, we find

2L+ 0lwoI)

(1+79)
2

= w15 — (1 +1) JRN b(t, x)w(t, x)* dx + JRN i, x)w(t, x)* dx.

Integrating the equation above on t€ [#;,5] (0 < < < o©0), we have |

(1 + 2)lIw(e2)llz — (1 + a)lw()|IE]

< Jtz {||w(z)||§ +(1+ t)(LN b(t, x)wy(t, x)* + MW(I, x)? dx) } dt.

n

(2.20)

Using (1.2), we find that the right hand side of (2.20) is estimated from above
by -

r { W2 + b1(1 + )llwe(D)|22 + fﬁ(—’l(—zl—Jr—’)JRN e(t, x)w(t, x)? dx} a. (221

n

Since
(1+ z)J et x)w(t, x)* dx <2GC,
' R

by (1.4), it follows that

7]

1]” ()1 + 1) J c,(r,-x)w(z,x)zdxd;sCZJ 7. (0) dt. (2.22)

2 131 » RY 151

Therefore we obtain
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(1 + )W)z — (1 + t)llw(n)lIz]
5]
< [ WO + b (1 + DlIwi 01 + Cone(0)
141

to conclude [1.5).

3. Proof of

From the condition on by and o, we may assume 2by > o + 3. So, we take
e€(0,1) as

0<e<1—2—b0%. (3.23)
Put .
o(t) = B2(1 —e) (1 +0)°*, Y(t) = b3(1+1)°, (3.24)
and consider (2.9)-(2.11).
(i) Estimate of Z(z,x). Easy computations give
2bp — ¢, — 2y = Cra(bo,0)(1 + 1) (3.25)
and
¥ — ¢, = Cis(bo,0)(1 +1)°, (3.26)
where
Cra(bo, ) = 2b3(1 — &) (bo — "JZ’ L 1 18) |
and
Cus(bo, o) = BE{2 — (o + 1)(1 — &)}.
Note that
Vo = {O_m(t) gg:;,< 1, and  —(by), 2 {33b2(1 " t)_l gg::< 1,
where

vy (1) = b3(1 — 0)(1 + )" 2 € L'(0, 0).

So, we find
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B2bi(1+0)7" ifo=1
—(byY), =4 ° ’ 3.27
Vi = (B9, {—yw(t) if0<o<l. (3.27)
By the use of the condition on ¢(¢,x) and (3.26), we obtain
0 if ¢ < 0
2pc — % — ’ .
be= (90, = Cistbu, )1+ 0% = {0 e e =D (329
where we have used the estimate
—pc; > —Cis(bo)(1 + 1) y.c
with Cig(bo) = b3(1 — ). It then follows from (3.25)-(3.28) that
2
J Z(t,x) dx = Cia(bo,0)(1 + t)”—wiﬂ”—Li
RV 2
2
1
+ Cis(bo, @)1 + 1)° M+1j o(t, X)w(t, %)% dx b — S Wh(1), (3.29)
2 2 RN 2
where
(—b2b1(1+ )Y |w(D)]|3 if =1and ¢, <0,
—b3b1(1+ )7 w2
+ Crs(bo)(1 4 1)y, [w (2, x)w(z, x)?dx if 6=1and|¢| < 7y,.c
W2(2) =y, Iw(®)|I32 if0<o<1landc <0,
yolw(®)I22
+ Cig(bo)(1 4+ 1)y, fav c(t,x)w(t,x)* dx f0< o<1
L ~and |¢] < y.c.

(ii) Estimate of X (z,x). We use the same notation as in Section 2 (ii). By
(3.24), we find 4,B >0 and C > b}(bp — o) > 0. Therefore, it follows

2 .
A- fa > Cpa(bo, 0)(1 + £)°+! (3.30)

with Cy7(bo, o) = (1 — e)b3(1 — 1/2(bg — ¢)) > 0. Similar arguments give

BZ
C_ZZ = C1g(b0,0’) . (3.31)
with Cg(bo,0) = (b3/4)(bo — a — 1/(1 —¢)) > 0. It then follows from the argu-

ments as in Section 2 (iii), and [(3.31) that
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J , X(&,x) dx = Cia(bo, o) (1 + D7 w(Oz + Cis(bo, ) Iw(®)ll7..  (3.32)
R
On the other hand, the following is easily obtained:
[, 1X©@.5)1dx < Cuallwolly + i) = Ca (3.33)
for a positive constant Cjs.
(iii) Derivation of (1.6). Integrating on te [0, and using (3.29), (3.32)
and we have

' 2
Cur(bo, 0)(1 + 1) [w(DIIF + Cis (o, 0)lIw(D)l[Z2 + Can (bo, b1, b2, 0) L I—"‘hﬁ) X
. J(: { cl4(§o7".)_(1 + 1) [wi(2) 12
C15(bo, o) (1+1)° (”Vw(r)Hiz T JRN e(t,x)w(t, x)* dx)} dt

t
< Gy +1J Ws(7) dr,
2Jo

where
(0 (6=1,¢,<0),
Cis(bo)(1 + 1) y.(2) Jw c(t, x)w(t, x)? dx if 6 =1and |¢] <y,c,
Wa(2) = 4 7, Dlw(®)2: if l<o<1land¢ <0,
7 (OlIw(2)122 |
|+ Ci6(bo) (1 + 1)1y, (2) [gu c(t, x)W(t,x)* dx, L <o <1and|c|<y.c
and

b2b;

CZO(bO,bZ): {—2— lfo’: 1,
0 f0<o<l.

In the following, we consider only the case 1/2 < 6 <1 and |¢/| < y,c since the
other cases are more easily treated than this case. Put

C14(b0, 0') CIS(bO, O')
2 ’ 2

Gy = min{ » C17(bo, ), Ci3(bo, 0), Czl(bo,bz)},

Cy; = max C—IG—@-(-)-)-, Cao and C sz
2 TGy
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It then follows from the inequality above that

(1 +¢ )a-{—l“w( )”é + “W(t)”iz + {fo(l +‘C) “W(T)”Lz dr i?g;;< |

+ J(: {(1 + ) |wi(@))|3 + (1 +7)° (IIVw(r)Hiz N JRN o(z, X)w(z, x)2 dx) } It
< G0, (3.34)

where

t

60 = a1+ [[(1497100) [ etw, (e 0)* e + [ @O e

From this we find
(14 1)+ J ot X)w(t, x)? dx < 2G (1) (3.35)
RN
and
Iw(0)]12: < G(2). (3.36)
VTherefore it holds that

G'(1) < Coa{2y.(1) + 74 (1}G(2)
and we conclude
G(I) < C238C24
with
Cou = Car [ 21,0 + vy (0}
This and (3.34) give (1.6).
(iv) Derivation of Since the same arguments as in Section 2 (iv) give the

desired result [1.7), we omit the detailed proof.
(v) Derivation of If 0 =1, we find from (3.34) that

J A+ Olwi D)2 dt < o (3.37)

and
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J (1+ 8" w(0)||2: di < oo. (3.38)
0
It then follows from that
.. 2
liminf [|w(#)[|z. = 0.
So, we have only to show that {||w(t)||iz}t20 becomes a Cauchy sequences with

respect to ¢ € [0, 0).
Integrating from ¢ to & (0<# <1 < )

2 W) = 200(0),wil2)
we have

| Iw(E)lIZ2 — Ilw(e)]IZe]

IA

2 sz |(w(£), we(£)) 2| at

n

<2([(a+ 0wl dt)m (j(l + Olw(0)]2 dt)m ~0

41
as 1, — +oo by (3.37) and [3.38). This proves [1.8).

4. Final Remarks

In the last section, we state several results without the proof for (i) the
generalization of (ii) the initial-boundary value problem, and for
(iii) the case b depends on ¢ and x.

(i) Generalizations of with ¢(¢,x) = 0.

Consider (1.1) with ¢(¢,x) =0 under the assumption (1.3). Without the
condition on the size of by as in [Theorem 1.2, we obtain the following:

THEOREM 4.1. Assume (1.3). If u> 0 satisfies

by +1—+/(by +1)* —4b
a<,u<min{bo,a+min{b0 b, o \/( : ) 2}},

2'b,’ 2

then the following inequality holds
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(L+ )" w7 + 1+ 0" w72
t
+ [ {0+ 0" @I+ 1+ 9 (o)} do

< Cos(Iw(0)[I% + Iw(0)]I72)

for some positive constant C,s. Therefore, we obtain

: 7 2 _
lim (1 + 0)*|[w(®) [} = 0.

REMARK 4.1. In the above theorem, we have u < 2.

(ii) Exterior initial-boundary value problem.
Assume N > 1 and let Q = RV\0, where O is some bounded domain with
smooth boundary 0¢. We consider the equation:

wn +a(t,x)w =10 (t,x) € (0,00) x 0Q,

{w,, —Aw+b(t,x)w; + c(t,x)w =0 (t,x) € (0,0) x Q,
W(O,X) = WO(x), Wt(O,X) =w (x) X € 97

where n denotes the outer unit normal of 0Q. We state the assumption on a(t, x):

0<a(t,x) <ap< oo, (t,x)e(0,00)x 0Q, (4.39)
a)(t,x) <0, (t,x)e(0,00)x Q | (4.40)

and | |
la,(t, x)| < y,(t)a(t,x), (t,x)e(0,00) % 0Q, (4.41)

where ao is some constant and y, € L!((0,0)). In the following, we use the
notation

IOl = 5] [ 0.0 + [t 0 + et xpe 20

+ Lg a(t, x)w(t, x)? dS}

and

”W(t)||i2(g) = JQ w(t, x)* dx.
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THEOREM 4.2. (i) Assume (1.2) for N, b and c, and (4.39), (4.40) for a. Then
we have for some Cyg > 0,

1+ 9llw®)lzq + WOz
t
# [ @+ @l + 9@l + [ eth 0w, 0? ds

+J a(z, x)w(r, x)* dS} dr < Cy
oQ

and
lim (1 + Dw(®)| 3y = 0.

(ii) Assume (1.3) for N and c, the condition as in Theorem 1.2 for b and (4.39),
(4.41) for a. Then we have for some Cy; > 0,

t

(L+ 07wz + w220 +J

. [(1 + T)”Wt(f)”izm)

+(1+ r)“{ [|Vw(r)||iz(g) + JQ c(z, x)w(t, x)? dx + LQ a(t, x)w(t, x)* dS}

+X(0’)(1 + T)_l ”w(‘t)”iz(g):l dt < Cy7,
lim {(1+ 0" |w()| 5@ + 2(@) W) 22} = 0.

REMARK 4.2. We can obtain the similar results for Dirichlet or Neumann
problem.

(iii) The case where dissipation b depends on ¢ and x.

For the sake of simplicity, we state the results only for the equation of the
form: ’

Wi — Aw + b(t, x)w, =0 (t,x) € (0,00) x Q,
{w:O (2,x) € (0, 0) x 0Q,
W(O’x) = WO(x)a WI(O’x) =w (x) x €,

where Q is the same exterior domain as in (i).

THEOREM 4.3. Assume N > 1,
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bo(1+ |x| + )™ <b(x,8) <bi(1 + |x| + )"
and | |
o (1 + x| + )77 < —by(t,x) < pbs(1 + |x| + )™

Jor any (t,x) € [0,00) x Q, where u € [0,1] and by, by, by and b3 are some positive
constants.
(1) If the data satisfy

(14 |x)*"'Vwo,  wo,w; € LH(Q),

then there exists a positive number o such that
lim (1 + z)J (L] 07 (Ve 9 + il %)?) dx =0,
— 00 R

where 6 >1 if u<1 and o=1 if ¢ > 0.
(i) If the data satisfies (wo,w1) € H} (Q) x L*(Q), then there exists a positive
number o such that

lim (1 + 1) Iw(®) |z =0,
where
1
Wl =5 | (IVw(tx)1* + wi(t,x)?) dx
2)a
is the total energy and

u+’—‘bb1—2 if u<l,

. — — 2 — .
mln{bo,b‘+3 au 21) f4(b2 b) if u=1and by # 2,

— p— 2 — .
D3V BTG h) if u=1and by =2

g =

for any € > 0.
CorOLLARY 4.1. If (wo,w;) € H (Q) x L*(Q) and by = b;, we have
Lim (1 + D" w(D) g =0 ¥ u<l,
tli’%(l + t)mm{bo,Z}“w(t)”é(Q) = 0 !f "= 1 and bo # 2,

and for any fixed ¢ >0, ,u=1and by =2

- lim (1 + t)z_ellw(t)”%s(n) =0
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REMARK 4.3. p =1 and by = 2 of is the critical case, and such
a pair of critical numbers appears in the estimate (3.32). If b(z,x) = 2( + 1),
that is, u = 1 and by = 2, then it is possible that the energy decays exponential
order with a pair of initial data and boundary condition. Indeed, if N =1, Q =
[0, 0), wo(x) = e, wi(x) = —2¢~* and w(t,0) = (1 + ) ‘e, then the solution
is explicitly represented by w(z,x) = (1 + t)"le"‘“. This implies that the energy
decays exponential order.
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