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Introduction.

In our previous article [4], we developed a theory of methods for our specific
objective: to clarify the functional structure of ordinal diagrams. This theory
was symbolized by HP (hyper-principle) for the reason that it rendered the
foundations of a well-ordered structure far beyond &,. (For the structure of
order type ¢, we presented CP, the construction principle ; see [2]). The theory
HP can be regarded, however, as a general theory of transfinite mechanisms
independent of ordinal diagrams, and it is of quite an interest in so far as a
mechanism in our notion is a computational system which produces an object
combined in one, given as an input a (transfinite) sequence of already produced
objects. This mechanism is again disposed into the universe of objects of our
concern. This is the idea behind HP.

Incidentally, what were called methods previously are here called mechanisms.
The reason for this as well as a delicate distinction between methods and mech-
anisms will be explained in the sequel to this paper.

Now, in this article, we propose an extension of HP, symbolized by TM[2]
(a two-storied theory of transfinite mechanisms), which is obtained from HP by
allowing substitutions of term-forms of HP for free variables in type-forms, and
hence the new universe (of mechanisms) is two-storied. That is, the objects in
the universe of HP are regarded as the mechanisms belonging to the first floor,
so to speak, and play the role of parameters to determine type-forms of the
mechanisms upstasrs. The function variables appearing in the original type-
forms are then regarded as living in the basement.

In the sequel to this, an application of TM[2] will be presented; an exten-
sion of the transfinite definitions in will be interpreted in TM[2].
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§1. First-floor-term-forms.

Let I be a primitive recursive sc,hemie, suc‘h that for ‘each =1, 2, -, I{)
represents the pair of a set and its order, say (/,, <‘); which admits an (a concrete)
accessibility proof. (See the introduction of for the meaning of the accessi-
bility proof.)

DEFINITION 1.1. 1) Language .Ly(I). The language £,(I) is the quantifier-
free part of the language of HA, Heyting arithmetic, augmented by function
variables. It may contain some special constants.

2) Terms and (quantifier-free) formulas of _£(I) are defined as usual.
Terms may contain function variables.

Note. 1) In subsequent sections, we deal with the cases !where there are
just two accessible sets I, and I,, We do not lose anything essential by this
simplification.

2) We shall constantly refer to Part Il of [4], and hence we cite some
definitions and their consequences therefrom with the asterisk affixed. For
instance, Definition 2.1* stands for Definition 2.1 in Part Il of [4]. The theory
we are to introduce is, in its essence, an extension of HP which admits Sub—
stitutions of term-forms (of HP) of at-type or fn-type for the free variables in
type-forms.

3) The terms which are free of function variables are said to be .£,(J)-
recursive.

DEFINITION 1.2. 1) The language £,,(I) for type-forms is much the same
as the language £,, in Definition 1.1*. It is based on the language of .L,[)-
terms and [L,(J)-formulas (which are quantifier-free), and the previous 7 and
R be replaced respectively by R' and {2

2) Type-forms, the variables in them and their reduction rules are the
same as those in the definition cited above, save that ®! and R? need some
care.

2.1) Let t=«&) be an expression in the language £,,(I) free of ®!and RK?
with parameter &, let s be a type-form without ®! and ®?, and let : stand for
an Ly I)term of at-type which is supposed to be an element of I,. Define
M(s, t;7) and N, ¢t;¢) as follows.

M(s, +; 0)=s, where o is the initial element of I,;

N(’) ts Z)=/1]C[]<12; A$1 oot AétM(sr €3 ])) ept] ’

where §,, ---, §, are some free variables in M(s, ¢; ) different from ;;
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M(s, t;0)=t(N(s, t; 7)) if o<'.

If M(s,¢;7) is a type-form for all 7 in [;, then $1[s, t;7] is a type-form.
Define " ' A

N(R';s, t;)=A5Clj<"i; A&, - A, R[5, t; 7], ept].
R[5, ¢;7] is accompanied by the reduction rule:
R'[s, t;17] :ﬁ)c[i:o, 0< ; s, {N(R'; s, t; 1)), ept].

The reduct will be abbreviated to R'(s, t;7). The variables in R'[s, t;7] are
the ones in s, ¢t and . « :

2.2) R[4, u; k] and its reduction rule are defined similarly, but with slight
modifications; » and . be free of R? (but possibly with R'), I, and <' are
respectively replaced by I, and <*® and k is supposed to range over [,.

3.3) Let s be a type-form and let ¢ be an L (I)-term (of at-type or fn-
type). Then II(s; ¢) is a type-form. If s is of the form Axi(x) and ¢ is of
the same type as x, then we place the reduction rule; :

I(s; ¢)==(¢).

Note. 1) Type-forms of the form //(s; ¢) (in 2.3) above) are not neces-
sarily meaningful. Such a waste will be adjusted later.

2) The T-type in is a special case of the R! here. _

3) The treatment of T and R in [4] was somewhat inarticulate. We are
correcting it subsequently. |

DEFINITION 1.3. The complexity of a type-form :, denoted by d(:) here, is
a notion similar to the y-degree defined in § 11 of [1]. Here we call it simply
the degree.

1) ;.We first define an extension of I,, *[,, p=1, 2.

I,"={"iel},

I,*=1,UI,"~,.

#lp=1p*U{oop},

[ <P i~<Pj for any 7 and j in I, with i<?j,

o0, is the maximal element in *I with respect to <%.

The order type of =I is thus 2|/|+1. We assume the elements of */, and =/,
are coded so that the two sets of codes are disjoint. Define '

”

Ty=x1,Uxl,,
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where the order <, of I, is induced from <!, and <?; and, if ;e*l, and ke
*[,, then 1<, k.

2) Next define r(R?;.), the rank of R? in a type-form ., which is an
element of I,.

2.1) Suppose C[(A), («)] occurs in :, where A, is the condition j<?7 and
«; contains RP?[s, ¢; 5], and where /[, and j is either a variable or a numeral,
and for the latter case either je&I, or /<?;. Then, for this occurrenc of
RP, H(RP; v)=1.

2.2) Suppose RP[s, t; ;] occurs in :, where jel, and 2.1) is not the case.
Then for this occurrence of R?, r(R? ;)= .

2.3) For any occurrence of ®? in + which does not fit either of above,
r(R?; v)=00p,

3) Let i, and . be type-forms where » is a part of +,. We define d(:; ),
the degree of . relative to i, to be an element of w’o. (Let the order of w’c
be denoted by <,.)

3.1) d( ;=1 if . is atomic.

3.2) d(Axt;v)=d(t; ro)+1.

3.3) d(s—t; v)=d(s; r)8d(¢; ro).

3.4) dI(s; @); v)=d(s; w)+1.

3.5) d(RP[s, ¢;1]; 1)=d(s ; vo)fw™ *7y,)

3.6) d(CL(A); (O] ; v)=d(tr; vo)8 -+ Bd(tms 5 v0).

4) Define d(x) to be d(: ;).

PROPOSITION 1.1. If s=¢t for hyper-types s and ¢, then d(s)<,d(t).

PROPOSITION 1.2. The notion of normality can be defined as in Definition
1.2*% except for the general cases of II(s; @), which is to be settled in the sub-
sequent proof. The normalization theorem on hyper-types can be proved by
transfinite induction on d. (See Proposition 1.2* and Corollary*.)

Proor. Apply Proposition 1.1. In case of /I(s; ¢) where s is not of the
form Axt(x), consider the normal form of s, say s,, which exists by the induc-
tion hypothesis. If s, is of the form Axt(x) and ¢ is of the same type as x,
then we define the reduction rule

”(s;¢):>f(¢);

otherwise I7(s; ¢) will be said to be irrelevant, and regard this itself as normal.
By virtue of [Proposition 1.1, d(#(¢)<.d(s0)<o,d(s)<,d(II(s; ¢)). This settles
the adjustment problem in 2) of the note to
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DEFINITION 1.4. We can define the objects of respective non-irrelevant hyper-
type (which will be called hyper-mechanisms) as in Definition 1.3* by transfinite
induction on the degree. Due to the involvement of ®! and R?, they are of
transfinite character.

DEFINITION 1.5. (See Definition 2.1*.) 1) The language _L,,(I) (for term-
forms) is .L,,(I) augmented by the variable-forms of associated type-form s, X3,
for all n and s, and special constant symbols p, 8, 3, 11, C.

2) The term-form of a certain type-form, free and bound variables and
variable-forms in it and the associated variables (in type-forms) are defined as
before.

3) A term-form which does not have associated free variables will be called
a hyper-term, and a hyper-term which does not have free variables of variable-
forms will be called a hyper-functional.

4) The constructional complexity of a term-form @, denoted by *(@) here,
is defined as before.

5) For each hyper-functional @, we introduce a (functional) symbol Q4 (or
Q for short), which is to be interpreted to be the object represented by @, say
Jo (which will also be written as Jq). Qg is not an official term in the language.

6) The type-form of a term-form @ will be written as [@].

Note. The variables (of at-ype or of fn-type) in the original language are
to be distinguished from variable-forms of types respectively N, and N,—N,,
although they are treated the same way in the formations of term-forms.

PROPOSITION 1.3. 1) Proposition 2.1* holds.
2) If @ and ¥ are identical save for some bound variable-forms and, if
Q and R respectively correspond to @ and ¥, then Jo=]r (the same object).

DEFINITION 1.6. 1) First assignments. Let x=x,, ---, x, be a finite se-
quence of distinct variables and let a, be a closed .L,(I)-term of the same type
as x;, 1=kZl. Put a=a,, -, a;. Then

ax=(x,/a,, -+, x;/ay;)

will denote the (first) assignment of a to x.

2) Let @ be any formal object. a® will denote the result of replacement
of x; by a; in @, presuming that x, be not bound in @ and that there be no
clashes of variables. If x exhaust the free variables in @, then a will be said
to be complete for .

3) If the @ above is a type-form ¢, then at will become a hyper-type under
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a complete assignment a.

4) If the @ in 2) is a term-form, then a® will become a hyper-term under
a complete assignment a.

5) Second assignments. Let y=y,, -+, yn be a finite sequence of distinct
variable-forms of hyper-types, and let b=b,, ---, b, be a finite sequence of
functional symbols such that b, is of the same hyper-type as y,, 1<k<m. Then

byE(Jh/bx, Tty }’m/bm)

will denote the (second) assignment of b to y.

6) Let @ be any formal object, and let @ be complete for @. ba® will
denote the result of replacement of vy, by b, in a®. If y covers all the free
variable-forms in @, then b will be said to be complete for a®.

7) If @ is a term-form and a is complete for @, then ba® can be defined
according to 4) and 6). If b is complete for a®, then ba® will become a hyper-
functional (in the extended language).

CoLLOLLAAY. 1) Corollary* holds; added is aR?[s, t;i]=R?[as, at; ai].
2) ball(D;¥)=I1I(ba® ; ba¥);
baiX®=2iaXba® ; bacl(A); (P)]=cC[a(A); ba(D)].

Note. As was noted above, free variables and variable-forms of type N,
and N,—N, are distinguished, and so the variables are relevant to first assign-
ments, while variable-forms are relevant to second assignments. .[,(I)-terms
are of course term-forms, and hence they can be substituted for variable-forms
if types are appropriate.

DEFINITION 1.7. 1) CNPR in § 3* (the continuity principle) will be assumed.

2) The interpretation of a term-form @ at a complete assignment ba,
J(@, b, a), can be defined as in Definition 3.2*.

(1) Closed £ (I)-terms can be interpreted naturally.

(2) @ is a variable-form X*. ba determines a functional symbol Q of
hyper-type as. Let J(@, b, @) be J,.

3) JUI(D;¥), b, a) can be defined inductively as before.

(4) Consider J(AX® ; b, a), where [ X] (the type-form of X)=sand [®]=¢,
¢t being free of X. For each Q a functional symbol of as,

MQ=J(¢, (b, aX/Q)) a)

has been defined as a hyper-mechanism of at. Let M be the hyper-mechanism
(of as—at) which associates with Jo for any such @ the M, above. Let
J(AXD ; b, a) be this M.
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(5) Consider J(AX® ; b, a) as above where X occurs (free) in ¢t. Then 2X@®
is of type-form AX: For each ¢ a closed .L,(I)-term of the same type as X,
put c=(a, X/¢). Then
My=J(®, b, c)

has been defined as a hyper-mechanism of ¢t. Define J(AX®, b, @) to be the
mechanism M which associates with each ¢ the My above. M is of hyper-type
AXat. 4 ‘
6) CL(A), (@)] can be interpreted as before.
(7) II(#; Z) can be defined as before, and from this J@ will be defined.
The S in ¥ is a variable (of fn-type) in £,(I). (See (11) in Definition 3.2*.)

PROPOSITION 1.4. The J above is well-defined.

PrROOF. We can follow the proof of Proposition 3.1*. CNPR and an in-
formal reasoning of the bar theorem are used. For the reader’s convenience,
CNPR (the continuity principle) is written out below.

CNPR(L, S): VS(S"Tap(L ; S)=StTap(L ; S)tap(L ; S")=ap(L ; S)),

where L is an arbitrary term-form of type-form (N,—N,)—N,, S is an arbitrary
LI)-term of fn-type, S’ is a variable of fn-type and ap(L ; S) represents the
application of L to S and Sln represents the restriction of S to length n.

DEFINITION 1.8. The objects and expressions defined in this section (type-
forms, term-forms and hyper-mechanisms) will be said to first-floor.

§2. Second-floor-term-forms.

DEFINITION 2.1. 1) We assume henceforth the properties of first-floor-
objects defined in the first section.

2) Let A be any L I)-formula. If B is obtained from A by replacing
some free variables by first-floor-term-forms (of appropriate type), then B can
be interpreted in the semantics of first-floor-term-forms (see Definition 1.7). We
shall call such B.L,n(I)-recursive.

3) Second-floor-type-forms and the variables and (first-floor-) variable-forms
in them as well as the associated variables are defined below. We denote the
underlying language of second-floor-type-forms by 2-.£,,(I). We shall omit the
adjective “second-floor-” when confusion is not likely.

3.1) An expression obtained from a first-floor-type form by replacing some
free variables by first-floor-term-forms (of appropriate type) is a second-floor-
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type-form. As a special case, a first-floor-type-form is a type-form in the
extended sense.

3.2) Second-floor-type-forms are closed under the formation rules of first-
floor-type-forms except for ®R! and R% In R?[s, ¢/;7’] as a second-floor-type-
form, s/, ¢/ and ¢’ are respectively obtained from s, ¢ and ; which are first-floor-
objects by replacement of some variables by first-floor-term-forms of appropriate
type; that is R?[s’, ¢/, 7] is admitted only through 3.1) above. _£,,(I)-recursive
formulas are admitted for the (A) in C[(A);(¢)], and, in the reduction rule
for C[(A); (t)], the truth value of A, (under assignments) can be evaluated
according to the semantics of first-floor-term-forms; see 2) above.

3.3) Let ¢t be a type-form in which X a first-floor-variable-form is not bound.
Then AX: is a (second-floor-) type-form. Let ¢ be a first-floor-term-form of
the same type-form as X whose variable-forms are not bound in ¢ and let ¢
be obtained from ¢ by replacing all occurrences of X by ¢. Then II(AX:; ¢)
is a type-form with the reduction rule

H(AXt; g)y==¢".

The (first-floor-) variable-form in this are those in A4X: and in ¢.

3.4) For any s which is not of the form AX:, II(s; ¢) is still defined; see
2.2) in and the note to it.

3.5) The associated variables in a type-form ¢ are those in the first-floor-
type-forms of the variable-forms in ¢.

4) A second-floor-type-form is a second-floor-hyper-type if it contains no
free first-floor-variable-forms (variables and associated variables inclusive).

Note. (1) In 3.3) above, if X a variable-form occurs in ¢, then it is in the
form @(X), where ¢(X)is a first-floor-term-form of at-type or fn-type. So, for
each complete assignment to ¢(X), ¢(X) can be evaluated according to the
semantics of first-floor-term-forms.

(2) Here, too, II(s; ¢) is not necessarily meaningful. Adjustment will be
made later.

(3) As was stated in 3.2) above, R?[s’, +';¢’] is of a special form. We
do not form this for arbitrary second-floor-type-forms s’ and ¢ ; that is, s’ and
¢ do not contain AX:. It is possible, however, that an expression in them is
of (first-floor-) type-form which involves R! or R*

PROPOSITION 1.1* holds for second-floor-type-forms if appropriately modified;
in 3.3) above, if AXt and ¢ are hyper-types, then the immediate reduct of
II(AXt; @) is also.
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DEFINITION 2.2. 1) The normality of a hyper-type is defined as in Defini-
tion 1.2* with the following modifications.

1.1) For every variable-form in a hyper-type whose associated first-floor-
type-form s is a (first-floor-) hyper-type, reduce s to its normal form (which
uniquely exists by Proposition 1.2).

1.2) If 1.1) has been executed, then A4X:(X) is normal.

1.3) For II(s; ¢) which does not have the reduction rule, the normalization
problem will be settled subsequently.

2) We define «(x), the constructional complexity of :» a second-floor-type-
form relative to first-floor-objects.

2.1) e(x)=1 if » is free of AX (X a properly first-floor-variable-form). In
the subsequent cases we assume 2.1) is not the case.

2.2) e(AX)=¢e(t)+1

2.3) e(s—n)=e(s)+e(t)

2.4) e(Il(s; §))=¢(s)+1

2.5) elCL(A); (OD=¢e(t)+ -+ +e(tm+1)

Note. Since RP[s/, t’;1’] does not contain AX, this fits the case 2.1).

PROPOSITION 2.1. 1) If s and ¢ are hyper-types such that s=¢t and &(s)>1,
then e(t)<<e(s).

2) 2) Suppose t’ is obtained from t by substitution of a first-floor-term-form
for a variable-form. Then e(t)=¢e(¢').

3) The normalization theorem on hyper-types can be proved by induction on
e, under the assumption of the semantics of first-floor-term-forms.

PrROOF. 3) First execute 1.1) in the definition above. Suppose first for a
hyper-type :e(x)=1 holds. It : is C[(A); (¢)], then the truth value A; is deter-
mined in the semantics of first-floor-term-forms, and hence the reduct is uni-
quely determined. If . is R[s, ¢;7] and 7 contains first-floor-term-forms, then
i can be evaluated in the semantics of first-floor-term-forms. If . is II(s; ¢) and
¢ is a first-floor-hyper-functional, then ¢ can be evaluated. With these facts at

our disposal, we can follow the proof of [Proposition 1.2 (relying on transfinite

induction on d).

Suppose next e(x)>1. AX: itself is normal. Consider I1(Al«(l); ¢), which
is reduced to «(¢). If a first-floor-type-form s(/) is the associated type-form of
a first-floor-variable-form occurring in ¢ becomes s(¢), then reduce this (if
necessary) to the normal form. Consider next II[(AX«(X); ¢) as » which is
reduced to t(¢). ¢ belongs to first-floor, and hence
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e((P)N>e(r) .

In case of general /I(s; ¢), consider the normal form of s as before.

DFFINITION 2.3. The objects of respective (second-floor-) hyper-type can be
defined as before. If . is a hyper-type with ¢(:)=1, the definition is similar to
that in Definition 1.3* by virtue of the semantics of first-floor-term-forms.
Otherwise the desired objects can be defined by induction on &, based upon the
first-floor-sementics. An object of hyper-type AX:«(X) with [X]=s is a mech-
anism to associate with each Js;, where ¢ is a first-floor-hyper-functional of
hyper-type s, an object of (second-floor-) hyper-type t«(¢). This is well-defined,
since &(#(¢@))<e(AXt).

DEFINITION 2.4. 1) We assume first-floor-term-forms and (second-floor-)
type-forms. We are to define second-floor-term-forms (which will simply be
called term-forms when confusion is no3 likely) of certain type-forms, free and
bound variables and variable-forms (of first-floor and second-floor) in them, the
associated variables (of first grade) in first-floor-type forms occurring in the
first-floor-variable-forms which constitute type-forms and the associated first-
floor-variable-forms (of second grade) in type-forms. The underlying language
will be denoted by 2-.L,n(I). For any term-form @, its type-form will be
denoted by [@].

Let n be a natural number. The second-floor-variable-form of the associated
type-form s, written as Y$, is prepared for every s.

(1) Each first-floor-term-form is a (second-floor-) term-form whose (first-
floor-) variable-forms are those occurring in it and whose associated variables
of first grade are those in its type-forms.

(2) Each variable-form Y* is an atomic term-form of type-form . It is
free in itself. The associated variables of first grade are those in type-forms
of the variable-forms occurring in s and the associated variable-forms of second
grade are the variable-forms in s.

(3) If @ is a term-form of type-form s—¢ and if ¥ is a term-form of type-
form s, then II(®; ¥) is a term-form of type-form :.

(4) If @ is a term-form of type-form AX«(X) with [X]=s and if ¢ is a
first-floor-term-form of type-form s, then II(® ; ¢) is a term-form of type-form
II(AX«(X); ¢). The associated variables and variable-forms are those for (1)
and for ¢.

(5) If Y is a variable-form (of first-floor or second-floor) with [Y]=s and
@ is a term-form with [@]=¢, where Y is not bound in @ or ¢, then AY® is
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a term-form, whose type-form is either s—:¢ (when Y does not occur in t) or
AYt (when Y occurs in ¢t). The variable-forms in Y@ are the corresponding
ones in @ except that ¥ becomes bound. The associated variable-forms are
those for @ and the variable-forms in s.

(6) Let (A)=A,, -, An be L.n(I)-recursive formulas, and let (®)=0,, ---,
D, Dy be term-forms of type-forms ()=t -+, tm, tm+1 respectively. Then
CI(A); ()] is a term-form whose variable-forms are those in (A) and in (D).
The type-form is C[(A): (¢+)], and the associated variable-forms are the variable-
forms in (A) and the associated variable-forms for (A) and (D).

(7) Let t, be (No—Ny)—N,, let ¢,(2), ---, t,(z) be type-forms with a free ai-
type variable z, let S be an fn-type variable and let m and [ be ai-type vari-
ables. Define from these pe, d=1, ---, b, as in Definition 2.1*. p, becomes a
(second-floor-) type-form. For any such p=pq, B? is an atomic term-form with
pa as its associated type-form, and whose associated variable-forms are the
variable-forms occurring free in 7, -+, 7. (See (11) in Definition 2.1* for
details.)

2) " A term-form which does not have associated variable-forms is called a
(second-floor-) hyper-term.

3) A hyper-term which does not have free variable-forms is called a
(second-floor-) hyper-functional.

4) The constructional complexity of a term-form @ will be denoted by
*0) (Kw).

-5) For each hyper-functional @, we introduce a (functional) symbol Q¢
(=Q), which is to be interpreted to be the object represented by @, say Js
(which will also be written as J,). Q¢ is not an official term in the language.

Note. The ﬁrst—ﬂoor-variable-forms and the second-floor-variable-forms are
to be distinguished even if their type-forms happen to be identical (which are
of first-floor). '

PROPOSITION 2.2. 1) Second-floor-term-forms are closed under substitutions.
2) If @ and ¥ are “essentially the same” and Q and R respectively correspond
to @ and ¥, then Jo=Jr.

DEFINITION 2.5. We are to define assignments of functional symbols to
variable-forms in a manner similar to Definition 1.6. 1)~7) there are valid here.
8) Third assignments. Let z=z, ---, z, be a finite sequence of distinct
second-floor-variable-forms of hyper-types (with possibly functional symbols),
and let e=c,, -+, ¢, be a finite sequence of functional symbols (of second-floor)
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such that ¢, is of the same hyper-type as z,, 1<k<n. Then
cz=(z,/¢,, -+, Za/Cn)

will denote the (third) assignment of ¢ to z.

9) Let @ be any formal object, and let ba be complete for @. Then cba
will denote the result of replacement of ¢, by ¢, in ba®. If z covers all the
free second-floor-variable-forms in ba®, then ¢ will be said to be complete for
ba®. In this case, if @ is a second-floor-term-form, cba® will become a second-
floor-hyper-functional (in the extended language).

Note. As was noted above, the first-floor-variable-forms and the second-
floor-ones are to be distinguished, so that the former are relevant to second
assignments, while the latter are relevant to third assignments.

DEFINITION 2.6. 1) CNPR(L, S) (the continuity principle) will be assumed,
where L is a second-floor-term-form and S is a first-floor-term-foim. (Compare
this with the continuity principle in the proof of Proposition 1.4.)

2) The interpretation of a term-form @ at a complete assignment cba,
J(D, ¢, b, a), can be defined similarly to the interpretation in Definition 1.7.

(1) For any first-floor-term-form @, J(®, b, a) has been defined in Definition
1.7.

(2) If @ is a second-floor-variable-form Y?*, then cba determines a functional
symbol ¢ of hyper-type bas. Let J(®, ¢, b, a) be J..

(3) The cases where @ is one of the forms 8, II(¥ ;X) and C[(A); ¥)]
can be dealt with as in Definition 3.2*, where the conditions (A) can be inter-
preted in the semantics of first-floor-term-forms. The case where @ is AYY
and [¥'] is free of Y can be dealt with similarly to the first-floor case. Y
ranges over the functional symbols of hyper-type [baY].

(4) Consider A X¥ where [X]=s and [T ]=«(X). JQAXYV ;e¢, b, a) is the
mechanism M which associates with each J,, where Q is the functional symbol
of a first-floor-hyper-functional % of hyper-type as, the object J, ¢, d, a), where
d=(aX/Q, b), the type-form of which is ¢X). M is of hyper-type AaXbatX).

PROPOSITION 2.4. The J above is well-defined. (See Proposition 1.4.)

DIFINITION 2.7. The set U of the mechanisms in which the hyper-functionals
are interpreted consistently with respect to J (see Definitions 1.7 and 2.6) will
be called the two-storied universe of transfinite mechanisms. U contains the
realizations of closed .L,(I)-terms, first-floor-hyper-functionals and second-floor-
hyper-functionals.
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§3. The hyper-principle for the two-storied universe of transfinite
mechanisms.

DEFINITION 3.1. 1) The language £, we are to consider contains the
language 2-.L,n,(I) as well as the predicate constants 4, and 4,. The logical
connectives accepted are A, — and V.

2) The formula-forms of £, are defined as follows.

2.1) For any pair of term-forms @ and ¥ of type N, @=¥ is an atomic
formula-form.

2.2) 4,G, f,, X)), [=1, 2, is an atomic formula-form, where 7 is of at-type,
f, stands for a finite sequence of term-forms of at-type or fn-type and X, stands
for a term-form, whose type-form will be specified in 3) below.

2.3) The class of formula-forms are closed with respect to A, — and VX,
X any variable or variable-form.

3) For [X,] (the type-form of X)) in 2.2), we shall explain how to determine
it with examples. We assume f,=f,=f, which is of fn-type. First let [ be 1.
Let us temporarily suppose that & be a parameter which yields the type-form
of the V, in 4,(J, g, V,) (at 7<% and any g); that is,

ey I(E; 7, )=[V,] (=v(&; j, g) if ;<.

Let us write [V,; £] for this. Now define

(2) a(&;)=A74gClj<'i; vi&; j, &), ept],
B(E ;i, I=AjAxw(E ; j, sG, £, j, x)—No)

for a term s. a(Z;7) and B(Z;i, f) are expressions in the language L,,(I)
with parameter 5. Assume that these @ and j are re-assigned to 4,, and put

(3) t=(E)=Amc[m=0, m=1; a(& ; i), B(& ; i, f), ept].
Define M and N by
(4) M(ept, t, 0)=ept,
Nept, t;i)=AkCLE<'i; M(ept, t; k), ept],
Mept, t;0)=t(N(ept, t;17)).

We can show that, for each 7 in I,, M(ept, t;7) is a first-floor-type-form, and
hence R'[ept, t;i] can be admitted as a first-floor-type-form. Put

®) [Xi]=y(, f)=R[ept, ¢; 1]

for the X, in 4,(G, f, X)). 7(, f) consistently determines the type-form of 1.X,
in 4,(7, f, X,) for all 7 and f. (All the objects here are of first-floor.)
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Next let / be 2. Suppose that @ be a parameter which yields the type-form
of the U, in 4,(j, f, U,) (at j<%); that is,

(6) I1B; 7, /Hi=[U,] (=uO; 1, ) if ;<.
Write [U,; ©] for this. Define
(7) O ; i, HH=Aj(r(he()), R )—=CLI<%; ul(O; j, [), ept]),

where h, is supposed to be a function which yields an element A(j) of I, when
7 is an element of I,, and h,(f) is an L (I)-term with f. Assume that this {
is pre-assigned to 4,, and put
8) s=s(0)=00;74, f).
Define K and L by
9 K(ept, s; 0)=ept,

Liept, s; i)=AlC[I<% ; K(ept, s; 1), ept],

K(ept7 s Z)‘:S(L(ept) s Z))'

We can show that, for each 7 in I,, K(ept, s; i) is a first-floor-type-form, and
hence R?[ept, s;7] can be admitted as a type-form. Put

(10) [X.1=0G, f)=R*[ept, =;1]

for the X, in 4., f, X). 0@, f) consistently determines the first-floor-type-
form of such X, for all 7 and f.

DEFINITION 3.2. The axiom set A(I) of the £,-formula-forms consists of
(AT —1)~( AT )—4) below.

(A(I)—1) The reduction rules of type-forms (see Definitions 1.2 and 2.1).

(AI)—2) The axiom on 4, consists of two implications (4,,) and (4, ,).
Abiding with the spirit of 3) in Definition 3.1, we work here also on an example.
An expression of £, with parameters, say G,, is pre-assigned to 4,. As an
example, suppose G, is of the form below.

G,=G\G, f, V, N, 3)=V;<"Vg(AG, e)—2.(j, & II(V ; ], £)))
AV YV (21, s, VIEBUII(N; j, x, Vo), 4, f, 1, x)),

where s=s(, f, j, x) is an LI )-term, A and B are .L(I)-recursive, and the
type-forms of the variable-forms are listed below. Put

&, f)=ARC[R<*i; R'[ept, t; k], ept].
(V1=aléG, f); 0,
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IN1=BEG, N, 1),
V. 1=vl&C, f); 7, S).

All the expressions are of first-floor. Also are pre-assigned first-floor-term-
forms as below.

V*=AX2jAgC[j<Y%; II(X;0, j, g), ept],
N*—_—RXZ]XXZVZCI:]<IZ; H(X; 1; ]" X, Vz), ept] ’
X*=2VAN(V, N),

where [ X]=y(, f) and (V, N) denotes the pair of V and N. Now, wit [ X,]=
77, f), (4:,,) and (4,,,) are presented below.

(Al,l) Al(i: f’ XI)F-GI(Z., .f; H(V*; -Xl), H(N* ; Xl): Al)
(AI,Z) Gl(i: f: V} N: AI)F—AI(Z., f) H(X*; V: N))

(A )—3) The axiom on 4, consists of two implications (4,,) and (4, ,).
An expression of £, with parameters, say G,, is preassigned to 4,. As an
example, suppose G, is of the form below.

G.=G,(, [, W, 2, %))
=VIVTIVV(Z (1), ho(f), VOFII(]; V)<%
AEMIT; V), f, I(T 5 V))-C] |
AV <PV o(Z1(hs(7), hal )y V237, £, HW 5 5, V),
where h,(z) and h,(f) are L [I)-terms and C is L,I)-recursive. Put
0@, f, R)=CLR<"i; R*[ept, s; k], ept].
LS 1=7(hi@), ho(f))—No,
(Tl=AV.CUI(J; V)<*; 3G, f, II(]; V)]
Vi 1=y(h:(@), ho(F)),
Vel=r(hs(5), hu(S)),

W1=A4j([V.]-nG, f, D=A5G(hs(1), h D=1, [ 7))
= QR¥ept, s ).

NoticeIthat T is of second-floor. Now, also are pre-assigned the following
first-floor-term-forms. |

W*=2X2jAV,C[j<?%; [I(X; j, V), ept],
X*=W-W,
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where [X]=d(, f). Now, with [X,]=4d(, f), (4..,) and (4, ,) are presented
below.
(Az,x) Az(i: [y Xo)Go(, f, ”(W* s Xo), 4y, 4,)

(A2,2) GZ(Z.’ f) W: Al) Aﬂ)F—AZ(Z) f) H(X* ; W))
Notice that
0, )= Ajq(hs(7), h( ) —>9C, f, NH=[W].

(A(I)—4) A formal presentation of the continuity principle, CNPR(L ; S),
where L is of second-floor, while S is of first-floor.

DEFINITION 3.3. 1) The semantics of ,-formula-forms is defined as
follows.

1.1) Assignments of functional symbols to variables and variable-forms
defined in Definitions 1.6 and 2.5 are assumed.

1.2) The interpretations of term-forms at complete assignments defined in
Definitions 1.7 and 2.6 are assumed.

1.3) Assignments to the free occurrences of variables and variable-forms
in a formula-form can be defined naturally.

1.4) A formula-form @=¥, where @ and ¥ are term-forms of type N,, is
true under a complete assignment d if J(@ ; d) and J¥ ; d) are the same objects.

1.5) The logical connectives /A, — and V are interpreted classically. The
X in a quantifier VX ranges over the set of mechanisms in U of hyper-type
[dX] (d a complete assignment for the type-form of X). Recall that assign-
ments must be discriminated according to the floor X belongs to; if X ic a
first-floor-variable-form, then the second assignment is eligible, while if it is of
second-floor, then the third assignment is eligible.

1.6) As for 4,, consider 4, first. Suppose for every ;<'/ and every
assignment to g and U, the truth value of 4,(j, g, U) has been determined.
Then the truth value of G,(7, f, V, N, 4,) is determined with respect to every
complete assignment, since it suffices to check 4,(j, g, U) for j<'i. Now define
the truth value of 4,(7, f, X) to be that of G,(Z, f, [I(V*, X)), [I(N*; X)), 4,);
that is, by equating the premise and the consequence of — in (4,, ;). 4, can be
dealt with similarly. That is, assuming the truth values of 4, and 4,(J, g, V)
for all j<?%, -efine the truth value of 4,(7, f, X) to be that of

G2(i; f; H(W*; XZ)! Al) Az)-

2) The theories of second-floor-type-forms, of second-floor-term-forms and
of _L,-formula-forms, including the axiom set, the assumption CNPR, the inter-
pretations and the two-storied universe U, will be all put into one principle,
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the hyper-principle for the two-storied universe of transfinite mechanisms, and
will be symbolized by TM[2].

3) A formula-form of .£, is said to be TM[2]-valid if it becomes true under
every complete assignment.

LEMMA. Suppose @ and ¥ are term-forms which become the same objects
under every complete assignment. Then a formula A(®D) is equivalent to AW)

with respect to every complete assignment.

THEOREM. The axioms (AT)—2)~( AT )—4) are TM[2]-valid.

PrROOF. (A(I)—4) is valid by the assumption in [Definition 2.6.
(AT)—2) (4,,,) is valid by definition. As for (4, ,), suppose G,(Z, f, V, N, 4;)
is true. Since
IH(x*; v, Ny=V, N),

the consequence of (4, ,) is 4,(, f, (V, N)).
HH(V*;(V, N)=2aj2gclj<'; II(V; j, g), ept],

II(N*; (V, N)=2jAxAV.,C[j<Y%; II(N; j, x, V,), ept].
So,
Gl(z'l f; H(V*: (VJ N))’ H(N*; (V: N))) AI)EGI(Z.) f’ V; ]V: Al);

which is true by assumption. So, the equivalence in (4, ;) implies 4,(, f, (V, N)).
(AI)—3) (4,,,) is valid by definition. As for (4,,.), suppose G.(z, f, W, 4,, 4,)
is true. Since
I(X*;, W)=W,
the consequence of (4, ,) is 4., f, W).
HW*, W)=252V,CL7<%; IIW; j, V2, ept],

and so,
Gz(i; f’ H(W* ; W).- Al: A2)EG2<Z; f; W) Al’ AZ);

which is true by assumption. So, the equivalence in (4, ,) implies 4.7, f, W).

Note. The axioms (A(I)—2) and (A(I)—3) are the central theme of TM[2],
since, they describe the mechanism of transfinite inductive definitions in their
concrete contexts.
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