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0. Introduction

Throughout in this paper, all spaces are metrizable and E denotes a locally
convex linear metric space homeomorphic (=) to its own countably infinite product
E® or the subspace E4% of E“ consisting of all elements whose almost all coordi-
nates are zero.

A manifold modeled on E, briefly E-manifold, is a metric space M admitting
an open cover by sets homeomorphic to open subsets of £. We assume the fol-
lowing :

Each E-manifold has the same weight as E.

Hence if E is separable, then FE-manifolds means separable E-manifolds. It is
well-known that eack connected E-manifold has the same weight as E.

An E-manifold bundle is a locally trivial fibre bundle with fibre an E-manifold.
An E-manifold bundle with fibre M is briefly called an M-bundle. Then an E-bundle
is a locally trivial fibre bundle with fibre £. It is proved by T.A. Chapman [Chs]
that each E-bundle is trivial, that is, bundle isomorphic a product bundle. In this
paper (Section 3 and 4), we show that each FE-manifold bundle over B can be
embedded in the product bundle BX E as a closed or/and an open sub-bundle.

Let p: X—B be an E-manifold bundle. By Bundle Stability Theorem [Sa.],
p:X—B is bundle isomorphic to peoproj: XX E—B. A subset K of X is said to
be B-preservingly E-deficient if there exists a bundle homeomorphism %4: X—>XXE
such that A(K)cXx{0}. From 5-2 in [Sa;], we can require % to satisfy that
h(x)=(x,0) for each xeK. In this paper, we research several properties of B-
preservingly FE-deficient sets.

In Section 2, we show that a B-preservingly FE-deficient locally closed set K
is negligible in X, thatis, p| X\ K: X\ K—B is also an E-manifold bundle which
is bundle isomorphic to p: X—B. And in Section 4, we show that if Y is a B-
preservingly FE-deficient closed set in X and p|Y:Y—B is also an E-manifold
bundle, then Y is B-preservingly collared in X, that is, there is an open embedding
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g: Yx[0,1)>X such that pg=p-proj and ¢g(y,0)=y for each yeY.

Moreover we establish two Approximation Theorems and Hemeomorphism
Extension Theorem. In Section 5, we show that any bundle map of an E-manifold
bundle to another over same base can be approximated by both closed and open
bundle embeddings. In Section 6, we prove that if f:K—»>X is a B-preserving
embedding of a B-preserving E-deficient closed set K in X which is homotopic to
the inclusion by a B-preserving homotopy, then f can extend to a bundle homeo-
morphism /% : X—X ambiently invertibly bundle isotopic to the identity.

Thus we extend results of T.A. Chapman and R.Y.T. Wong to the
case of arbitraly metric base spaces. It was raised as an open question in their
paper Our approach is different from theirs.

Finally, we prove that each bundle homotopy equivalence between F£-manifold
bundles over same base is bundle homotopic to a bundle homeomorphism.

1. Preliminary

Let U and €V be collections of subsets of X. We say that U refines |,
denote qJ <<y, provided each Ue9J is contained in some VeCl). For AcJX, define
stlA; U)=U{UeU|ANU=+0}. And for a collection 9 of subsets of X, st(9/ ;U)
={st(W;U)|Wegy} and denote st(VU)=st(U ;). If U and ¢ are covers of X
and U refines €|/, then we call U a refinement of i, and if st(U) refines </,
then we call U a star-refinement of Ci). We say that a map f: Y—X is U-near
to a map ¢g: Y—>Xor f and g are U-near if {{f(y), 9(y)}lye Y} refines U U {{x}|xe X},
and a homotopy #: YXI—>X is U-limited if {h({y}xI)|yeY} refines U U{{x}|zeX}.
A qJ-limited homotopy (isotopy) is called a U-komotopy (U-isotopy).

A map f:BXX—>BXY (or f: XXB—>YXxB) is said to be B-preserving if
npf =ng, where np is the projection onto B. Then, for each beB, define fp: X—>Y
by folx)=fF(b, x) (or =f(x,b)). Letp: X—>Bandg: Y—>Bbemaps. Amapf: X->Y
is B-preserving if qf=p. A map ¢g: XXZ—-Y (or ¢g: X—>YXZ) is B-preserving if
q9=pry (or gnyg=p). And a homotopy Ai:XXI—Y is B-preserving if gh,=p for
tel. If p: X—>B and ¢q: Y—B are bundles, then a B-preserving continuous map
(embedding, homeomorphism, etc.) f:X—Y is called a bundle map (a bundle
embedding, a bundle homeomorphism, etc.) and a B-preserving homotopy (isotopy)
h: XxI-Y is a called a bundle homotopy (a bundle isotopy.)

For topological properties of the linear metric space FE, we refer readers to
see the Bessaga and Pelczyriski’s Book

In [Mi], E. Micheal established two useful criterion for a property @ in order
that a topological space X has & if each point of X has a neighbourhood which
has ¢. The first is one for a property of open sets and the second is one for a
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property of closed sets.
Let & be a property of open sets in a topological space X. Then @ is G-
hereditary if ¢ satisfies the following conditions :
a) If U is an open set in X which has property &, then every open subset
of U has also property <.
b) A union of two open sets both of which have property & has also pro-
perty .
c) A discrete union of open sets all of which have property < has also
property <.

1-1 Tueorem (Micheal [Mi]): Let P be a G-hereditary property of open sets
in a paracompact (Hausdorff) space X. If each point of X has an open neigh-
bourhood which has property P, then X has property P.

Let & be a property of closed sets in a topological space X. Then @ is F-
hereditary if P satisfies the following conditions :

a) If A is a closed set in X which has property <, then every closed subset
of A has also property <.

b) If A’ and A’ have property @ and A=A’UA’ =int,4A’Uint,A’’, then A
has also property <.

c) A discrete union of closed sets all of which have property ¢ has also
property .

1-2 THEOREM (Micheal [Mi)): Let P be an F-hereditary property of closed
sets in a paracompact (Hausdorff) space X. If each point of X has a closed neigh-
bourhood which has property P, then X has property P.

2. Negligibility of E-deficient sets in Bundles

Let p: X—B be a map. A subset K of X is said to be B-preservingly negli-
gible in X (with respect to p) if there exists a B-preserving homeomorphism
f: X—>X\K. If for each open cover ¢J of X, there is a B-preserving homeo-
morphism f: X—>X\ K Q-near to id, then we say that K is B-preservingly strongly
negligible in X (with respect to p). A B-preserving extractor pushing K off X is
an invertible B-preserving isotopy %: XX I—X such that Z,=id, 4,(X)=X\ XK and
ne is onto for each #€[0,1). If % is qJ-limited for an open cover ¢J of K in X, %
is called a B-preserving U-extractor pushing K off X. A subset K of X is said
to be B-preservingly extractible from X (with respect to p) if for each open cover
U of K in X, there is a B-preserving qJ-extractor pushing K off X.
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In this section, we will show that if p: X—>B is an E-manifold bundle, then
each B-preservingly E-deficient locally closed set in X is B-preservingly extractible
from X, hence B-preservingly strongly negligible in X. First, we will see the
equivalence of E-deficiency and R“- (or R}-) deficiency.

2-1 THEOREM: Let p:X—B be an E-manifold bundle and KcX. Then the
Sollowing are equivalent :

1) K is B-preservingly E-deficient in X.
i) K is B-preservingly R°-deficient or R$-deficient in X, according as E=E"
or =F%.
iii) There is a bundle homeomorphism h: X—X X[0,1) (or h: X—>Xx[0,1)) such
that h(K)C XX {0} (more strongly, h(z)=(z,0) for each reK).

Proor: The equivalence of i) and ii) is proved as same as Theorem 3.1 in
[Ch,] and Theorem 2-6 in [Sa,]. Since

(R*XR®, R* X {0})=(R" %[0, 1), R* X {0})=(R" %[0, 1], R* x {0})

and

(RiXRj, Ry x{0)=(R7x[0,1), Ryx{0})=(Ryx[0,1], R;x{O0}),

the equivalence of ii) and iii) is clear. (cf. 5-2 in [Sa.]) [

Using above theorem, we can prove the following theorem similarly as
Lemma 3 in (cf. Corollary 2-7 in [Sa,]).

2-2 THEOREM: Let p:X—B be an E-manifold bundle. Then any B-preserv-
ingly E-deficient locally closed set in X is B-preservingly extractible from X.

Particulary, p|X\K: X\K—B is also an E-manifold bundle and it is bundle
isomorphic to p: X—B.

2-3 THEOREM: Assume that E is completely metrizable. Let p: X—B be an
E-manifold bundle. Then a countable union of B-preservingly E-deficient locally
closed sets in X is B-preservingly extractible Jrom X.

ProoF: Locally closed sets are F, and subsets of B-preservingly E-deficient
sets are B-preservingly F-deficient, so we may show that a countable union of
B-preservingly E-deficient closed sets is B-preservingly extractible. By complete
metrizability of the fibre and locally triviality of p, there exists a metric d on X
such that each fibre p='(b) is d-complete. From the same proof as Lemma 4 in
[Cu], it follows that if {Ki},eny is a sequence of closed subsets of X such that
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Knﬂ(X\@Ki) is B-preservingly extractible from X\tjl K; for each meN, then

O K, is also B-preservingly extractible from X. Thus the result follows from 5-2

i=1

in [Sa.] and above 2-2. []

3. Bundle Embedding Theorem

In this section, we will prove that each FE-manifold bundle over B can be
embedded in the product bundle BX £ as a closed sub-bundle. To prove it, we
need the parametric version of the technique of Klee

3-1 THEOREM: Let K, and K, be B-preservingly E-deficient closed sets in
BxE. If f: K.—K; is a B-preserving homeomorphism, then there is a B-preserving
homeomorphism f : BX E->BXE such that f|K,=f.

Using Micheal’s Theorem (Theorem 1.2) and above Klee’s Theorem, we will
prove the following Embedding Theorem :

3-2 BunpLE EMBEDDING THEOREM: Let p: X—>B be an E-manifold bundle.
Then there exists a bundle embedding f: X—>BXE such that f(X) is B-preservingly
E-deficient closed in BXE.

Proor: Define the Property & for closed subsets of B as follows:

(&) A closed subset A of B has Property & if there exists an B-preserving
embedding f:p '(A)—»>BXE such that f(p~'(A)) is B-preservingly E-defi-
cient closed in BXE.

Since the fibre of p: X—B can be embedded in £ as an FE-deficient closed set, it
follows from local triviality of p:X—B that each point of B has a closed neigh-
bourhood which has Property &.

Now we will see that Property & is F-hereditary. Then the result follows
from Theorem 1-2. We may see the condition b) of F-hereditary property. Let
A=A’"UA"=int,A’Uint,A’" where A’ and A’’ have Property &. There are
B-preserving embeddings f’:p7'(A’)>BXE and f':p7'(A”)>BXE such that
(P~ (A") and f''(p~'(A’")) are B-preservingly FE-deficient closed in BX E. Since
(7' (A'NA")) and f"(p~'(A’NA")) are B-preservingly E-deficient closed in BX E,
using Theorem 3-1, we have a B-preserving homeomorphism %: BX E—BXE such
that &|f'p~'(A’NA"")=f"f'"'. Define an embedding f:p~'(A)>BXFE by f|p (4"
=hf’ and f|p~'(A’)=f". By 5-6 in [Sa:], f(p~'(A)=hrf (p(A))U S (p~(A""))
is a B-preservingly E-deficient closed set in BXE. []
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4. Collaring Theorem for Bundles

Using Micheal’s Theorem (Theorem 1.1), M. Brown proved that a locally
collared subset of metric space is collared. (R. Connelly gave a new proof
of this Brown’s Collaring Theorem.) A bundle version can be proved in a same
way. In case of product bundles, it is mentioned in and

Let p: X—B be a map. A subset K of X said to be B-preservingly collared
in X (with respect to p) if there exists a B-preserving open embedding ¢: Kx[0,1)
—X such that ¢(x,0)==z for each zeK. If each xeK has an open neighbourhood
in K which is B-preservingly collared in X, then we say that K is locally B-
preservingly collarved in X.

4-1 THEOREM: Let p: X—B be a map. Each locally B-preservingly collared
subset of X is B-preservingly collared.

From this theorem, we have the following :

4-2 COLLARING THEOREM: Let p:X—B be an E-manifold bundle. If Y is
a B-preservingly E-deficient closed set in X and p|Y: Y—B is an E-manifold bundle,
then Y is B-preservingly collared in X.

Proor: By the above theorem, we may show that Y is locally B-preserv-
ingly collared in X.

Using locally triviality of p: X—B and p|Y: Y—B, for each yeY there are an
open neighbourhood U of p(y) in B, U-preserving open embeddings ¢: UX Ex[0, 1)
—X and f:UXE->YNg(UXEX[0,1)) such that yef(UXE). Since YN\f(UXE)
is a B-preservingly E-deficient closed set in X, we can assume that SUXEY=YN
g(UXEX[0,1)) from 2-2. By 5-2 in [Sa,], g7 (fXid) : UXEX{0}>UXEX[0,1) is a
U-preservingly E-deficient closed embedding. Using 3-1, construct a U-preserving
homeomorphism %:UXEX[0,1)>UXxEX[0,1) such that Rl UX EX{0}=g¢'(f xid).
Then gi(f-'xid): fF(UXE)x[0,1)>X is a B-preserving open embedding such that

gh(f1xid) (z,0) =z for each ze f(UXE).
Hence Y is locally B-preservingly collared in X. []

From Bundle Embedding Theorem 3-3 and Collaring Theorem 4-2, it follows

4-3 COROLLARY: Let p: X—B be an E-manifold bundle. Then there exists
an open embedding g:XX[0,1)>BXE such that rpg=pry and 9(Xx{0}) is B-pre-
servingly FE-deficient closed in BxE.
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Note E'X[0,1)=F, then each E-manifold bundle p: X—B is bundle isomorphic
to pry: XX[0,1)—»B by Bundle Stability Theorem 4-2 in [Sa,]. Hence we have a
bundle version of Henderson Open Embedding Theorem [H,].

4-4 BunpLE OPEN EMBEDDING THEOREM: Let p: X —>B be an E-manifold
bundle and K a B-preservingly E-deficient closed set in X. Then there exists a
bundle embedding g: X—>BXE such that ¢(X) is open in BXE and g(K) is B-
breservingly E-deficient closed in BXE.

Proor: By 2-1, there is a bundle homeomorphism %: X—>Xx[0,1) such that
A(K)C Xx{0}. The result follows from above 4-3. []

5. Approximation Theorems

In this section, we will show that any bundle map of an E-manifold bundle
to another is approximated by bundle embeddings. We prove two Approximation
Theorems. The first (5-1) is an approximation by closed embeddings and the
second (5-2) is one by open embeddings.

5-1 FIrRST APPROXIMATION THEOREM: Let p: X—B and q: Y—>B be E-mani-
fold bundles. If f:Y—X is a bundle map such that f|Z is a closed embedding
and f(Z) is B-preservingly E-deficient in X for a closed set Z in Y, then for each
open cover U of X, therve exists a bundle U-homotopy f*:YxXI—->X such that

) f¥=1,

i) f¥|Z=f\Z for each tel,

i) f¥:Y->X is a bundle embedding, and

iv) f¥Y) is B-preservingly E-deficient closed in X.

Proor: By Bundle Embedding Theorem 3-3, we can assume that YDOZ are
closed subsets of BXE and g=nsz|Y. Then the result follows from Mapping
Replacement Theorem 6-2 in [Sa.]. []

5-2 SECOND APPROXIMATION THEOREM: Let p:X—B and q: Y—B be E-
manifold bundles and Z a B-preservingly E-deficient closed set in Y. If f:Y—>X
is a bundle map such that f|Z is a closed embedding and f(Z) is B-preservingly
E-deficient in X, then for each open cover U of X, there exists a bundle U-homo-
topy f*¥*: YXI->X such that

) f¥*=f,

ily f¥*Z=f|Z for each tel,

iii) f¥*: Y>X is a bundle embedding and

iv) f¥¥Y) is open in X.
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Proor: Let ¢ be an open cover of X such that st(CU)<9J and let f*: Yx7I
—X be the bundle <j-homotopy obtained by the above first theorem. Using
Collaring Theorem 4-2, there is an open embedding g¢: Y Xx[0,1)>X such that
pg=qry and gi=f¥, where i: Y>YX[0,1) is the injection defined by i(y)=(y,0).
We can assume that each g¢({y}X[0, 1)) is contained in some member of Ci/.

Recall Ex[0,1)=F. Using Bundle Stability Theorem 4-2 (and 5-1) in [Sa.],
we have a (gi)~'(J)-homotopy /%: Y x[0,1)X/—Y such that A,=ry, 4 is a homeo-
morphism, gh,=qry and /&i|Z=id for each tel. Then A4;'|Z=i and gh': Y—>X is
an open embedding. Define a homotopy &: Y'X[0, 1) X I—> Y X[0, 1) by

k(y, s, )= (y, st).

Then ko=iny, ki=id and k=i for each tel. It is easy to see that a homotopy
f**: YXI—-X defined by

f3) if 0=¢=1/3
@) =1 gith—ahi'(y) if 1/3=t=2/3
gks—h7'(y) if 2/3=t=1

fulfills our requirements. []

6. Bundle Homeomorphism Extension

In this section, we establish a bundle version of Homeomorphism Extension
Theorem due to R.D. Anderson and J.D. McCharen [A-M] In the case of poly-
hedral base spaces, it has been proved by T. A. Chapman and R. Y. T. Wong

6-1 BunpLE HomMreEOMORPHISM EXTENSION THEOREM: Let p:X—B be an E-
manifold bundle, K a B-preservingly E-deficient closed set in X and U an open
cover of X. If h: KxI—>X is a U-homotopy such that ph=prg, ho=id, h, is an
embedding and h(K) is B-preservingly E-deficient closed in X, then for each open
cover C of X, there exists an ambient invertible bundle st(U ; CVV)-isotopy h* . X X1
—X such that h¥=id and h¥|K=h,.

Proor: Let 9 be a star-refinement of €. Note that KU /(K) is B-preserv-
ingly E-deficient in X by Theorem 5-6 in [Sa.]. By the same arguments in the
proof of HET in [Sa,], there is an ambient invertible bundle 9-isotopy f:XXxI
—X such that f,=id and

Si(KU2(K)) N (KU m(K))=0.

Next, using Anderson-McCharen’s trick, we will construct an ambient inverti-
ble bundle st(st(?J;9); 9)-isotopy ¢: XXI—X such that go=id and ¢,|K=f/.
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Then a bundle isotopy %* : X x I-X defined by ZF¥=fi'g, (tel) is a desired isotopy.

Construction of ¢: Using Mapping Replacement Theorem 6-2 in [Sa.], we have
an embedding %: KxXI—X such that Pk=prg, ki=fih; 1=0,1), (i.e. ky=id and
ki=fil), k(KX I) is B-preservingly E-deficient closed in X and k: is 9Y-near to
Sl (hence & is a st(st(U ; 9) ; 9)-isotopy). From Bundle Open Embedding Theo-
rem 4-4, we can assume that X is an open subset of BX E, p=np|X and R(KXxI)
is B-preservingly FE-deficient closed in Bx E (hence so is K). Note that EXR=E.
Then using Theorem 3-1, construct a bundle embedding j: X—>BXxEXR such that
J(X) is open in BXEXR and jk=id.

Let U*=st(st(U ; ) ; W). For each zek, {w}x I=jk({x} x I) is contained in
some member of j(U*). Then there is a closed neighbourhood N of K in BXE
such that for each xeN, {#}xI is contained in some member of 7(U*). From
Dowker’s Theorem p. 171), there is a continuous map @ : N—(0,1) such that

a(x)<supfse(0, 1]{{x} X[—s, 1+s]c j(U) for some Ue*}.

Take a continuous map b: Nx R—I such that b(bd N XR)=0 and b(K)=1.

Now define an ambient invertible N-preserving j(U*)-isotopy ¢’ : NXRxI—
NXR by

(x, % s+tb(x)) if —alx)=s=0
9'(x,s,0)={ (z, 1+clz(_a:)a?;)b(x) s+th(x)) if 0=s=1+a(x)
(x, s) otherwise.

Then g¢o’=id and ¢,'(z,0)=(x,1) for each xeK. Since ¢’|bd NxR=id for each
tel, g’ has the extension ¢’’: BXEXRXI—>BxEXR such that g/ | BX ENXXN=id
for each tel. Observe that ¢.”’(j(X))=j(X) for each tel. Finally, define an
ambient invertible bundle *-isotopy ¢:XxI->X by ¢.=j'¢.’j for each tel.
Then ¢go=id and each zeK,

91(@)=7""'g.""j(k(z, 0))=5""g.""(x, 0)
:j—l(x, 1) =k(.Z‘, 1) :fllzl(x)- [j

7. Classification of Bundles

D. W. Henderson [Hs] (Henderson and Schori [H-S]) shows that each homotopy
equivalence between E-manifolds is homotopic to a homeomorphism. Now we can
prove its bundle version.

7-1 BuNDLE CLASSIFICATION THEOREM: Let p:X—B and q: Y—B be E-
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manifold bundles. If f:X—Y is a bundle homotopy equivalence, then there exists
a bundle homeomorphism h:X—Y such that h is bundle homotopic to f.

Using the previous results and the following bundle version of Lemma 5.1 in
[H.], we can prove the theorem as same as Theorem 4 in [H.] and Theorem C in

[H-S]

7-2 LEMMA: Let p: X—B be an E-manifold bundle and for each neN, let
gn : X X[0, 00)>XX[0,00) is a bundle embedding such that g.(XX[0,00))=XX[0,1),
7| X x {0} =id and for each t>0, g.(XX[0,?)) is open and g.(XX[0,t]) is closed in
Xx[0,00). Then there exists a bundle homeomorphism h of XX[0,c0) onto the
divect limit of

g1 g2 Js
X %[0, 00) —> XX [0, 00) —> X X[0, 00) —>+++e-
such that I is bundle isotopic to the inclusion of the first Xx[0, o) into the direct
limit.

To make sure, we write proofs of 7-1 and 7-2 after Henderson.

Proor of THEOREM 7-1: Let ¢g: Y—X be a bundle homotopy inverse of f.
From Approximation Theorem 5-1, f is bundle homotopic to a bundle closed
embedding f’:X—Y. By Collaring Theorem 4-2, there is an open embedding
f*:Xx[0,00)>Yx[0,1) such that f*(z,0)=(f’(x),0) for each xe¢X. Observe for
each te[0, o), f*(Xx[0,¢]) is closed in Y x[0,c0) and f* is bundle homotopic to
fxid.

Similarly, there exists an open embedding ¢*: Y X[0, c0)—X [0, c0) such that
g (Y x{0Dc XX {0}, ¢*(Y'X[0,00))c XX[0,1), ¢*(¥Yx[0,2]) is closed in X X[0, o) for
each t€[0, o) and ¢* is bundle homotopic to g Xid.

Note that ¢*f* is bundle homotopic to id and ¢*f*(Xx{0}) is a closed subset
of Xx{0} hence B-preservingly FE-deficient closed in XX[0,c0). Using Bundle
Homeomorphism Extension Theorem 6-1, for each zelV, construct a bundle homeo-
morphism &, : X X [0, c0)—>X X [0, o) such that k. is bundle isotopic to id, &.(g*f*)"|
Xx{0})=id and k.| X x[1,c0)=id. Then note that g¢*f*k;'| XX {0}=(g*f*)"*| X x{0}.
Lemma 7-2 applies to the direct system

klg*f* kzg*f*kl—-l kag*f*kz—l
XX[O)OO) —_— XX[0,00) XX[0,00)—) ......

which is isomorphic by {id, &%, k7%, ---} to the direct system

* £x * £k * £k

X %[0, 00) —> X x[0, 00) —> XX [0, c0) —> +--+-- _

Thus there exists a bundle homeomorphism /%; of XX[0,c0) onto the direct limit
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of
* g* % g*
* XX[0, 00) —> ¥'X[0, 00) —> XX [0, 00) —> ¥'X[0, 00) —> -+
such that 4%, is bundle homotopic to the inclusion i, of the first X x[0, o) into the
limit.

By similar reasoning, there exists a bundle homeomorphism %, of Y X[0, co)
onto the direct limit of (*) such that /4, is bundle homotopic to the inclusion Z, of
the second Y X[0, c0) into the limit.

Then 72’ =h;'h,: XX[0, 00)— Y X[0,00) is a bundle homeomorphism which is
bundle homotopic to 4;'% =/A;',f*, hence bundle homotopic to f*, so to fxid. By
Strong Bundle Stability Theorem, the projections ry:XX[0,00)—>X and ny: Y'X
[0,00)—Y are bundle homotopic to bundle homeomorphisms. Then the result
follows. [ ]

Proor of LEMmA 7-2: For each continuous map 7: X—[0, oo), briefly denote
by X, the variable product of [0, c0) by X, that is,
X,=XX,[0, c0)={(x, )e X X [0, co) [t =7(x)}.

For t€[0, o0), X;=Xx[0,¢]. And Xx[0, ) is denoted by X..
If a,b,c,d: X—(0,00) are continuous maps such that a<b<d and e<c<d, then
define the X-preserving homeomorphism s(a, b, ¢, d) : X.o—>X. by

(@ c(x)—a(x)
" b(x)—a(x)

d(x)—c(x)
" d(x)—b(x)

(t—a(x)+a(z)) if alx)=t=b(x)

s@, b,¢,d)(z,)=( (x ¢—d(x)+dx) if blx)=t=d(x)

(x,1) otherwise.

Observe that s(a,b,c,d)'=s(a,c,b,d), s(a,b,c,d) (Xe)=X, and s(a, b, ¢, d)| Xa U (X.,
\Xo) =id.

Using Dowker’s Theorem ([Du] p. 171), construct continuous maps a, b: X—
(0, o) such that

XoCcogi(Xp)T Xp . XuCo( X)) X,
Define an open bundle embedding %4, : X,.—X.. by
a

MS(-; b1, 2)og:1os( ‘L, 2)ogl<Xz>

b o (a b
_glos<§’ b’ 19 2>°g1 °S<—2—, a, 1’ 2>°gl S( 2 ’ 11 b7 2>
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and

/l1|S(T1?);‘, b, 1, 2) ogl"OS(%, 1, a, 2)°gl(XOO\X2)

b
=s<g—, ol 2>°glos<T2—, 1,5, 2).

It is easy to check that 4,|X,=g¢,|X; and ¢,(X.)CX,c/h(X,). Similarly define an
open embedding 4, : X..—X. such that 4| X,=g.k, and ¢.(X.)c4.(X;); and continue
likewise constructing at the zn-th stage an open embedding #4,: X.—X,, such that
Rn| Xn=0gnhn_1 and gn(Xo) Chn(Xni1).

Let 7. be the inclusion of the n-th stage into the direct limit dir lim(X.., gn).
Then 4. : Xo—dir lim(X.., g,) defined by /.| Xn:1=Jn+1%2|Xns1 is a bundle homeo-
morphism whose inverse is the limit of /%4;'g,. Since X deforms into X; by a
bundle isotopy, /. is bundle isotopic to j,.

X C 5 XoC ,Xs( s, XaC ... Xo
[ e s |-
Xoo —_ Xoo > Xoo > Xoo > o dil’ lim(Xoo, gn) D .
0 g g3 94

Finally we remark that a bundle version of Theorem 1 in [Ch,] is valid.

7-3 THEOREM: Let p:X—B and q: Y>> B be E-manifold bundles. If f,9: X
— Y are bundle homotopic bundile homeomorphism, then they are ambiently invertibly
bundle isotopic.

Proor (after Chapman): It is sufficient to prove that a bundle homeomorphism
f:Xx%(0,1]->Xx(0,1] bundle homotopic to id is ambiently invertibly bundle isotopic
to id. (By Bundle Stability Theorem in [Sa.], p: X—B is bnudle isomorphic to
Pyt X% (0,1]1-B.)

Note that Xx {1} is a B-preservingly FE-deficient closed set in XX (0,1] and
flXx{1} is a B-preserving homeomorphism of XX {1} onto a B-preservingly FE-
deficient closed set in X x(0,1] which is B-preservingly homotopic to id. Using
Bundle Homeomorphism Extension Theorem 6-1, f is ambiently invertibly bundle
isotopic to a bundle homeomorphism f’: XX (0, 1]->X X (0, 1] such that f/| X x{1}=id.

Using the Alexander trick, let f*: XX (0, 1]xI—->Xx(0,1] be defined by
. { (x, s) if t=s

[z, s)=
‘ tffz sl if s<t

where ¢-(x, u)=(x,tu). Then f* is an ambient invertible bundle isotopy satisfying
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Sf¥=id and f¥=r'. []

[A-M]
(B-P]

[Br]
[Ch,]

[Ch,]
[Chy]
[C-F]
[C-W]
[Co]
[Cu]

(Du]
(Fe]

(Hi]
(H.]
(Hs]
[H-S]
[K1]

[Mi]
[Sa;]

[Sa,]
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