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1. Introduction. Let »=2 be a fixed integer. Any positive integer n can
be uniquely written in the form

(D n:ﬁ;ajrk‘j———alag-"ak,
£
where each q; is one of 0, 1, ---, »—1 and
) k=k(m)=| log n J+1,
log »

where [u] is the integral part of the real number u. We put
k
s(n)= 2 aj.
Jj=1

I. Katai proved, assuming the validity of density hypothesis for the
Riemann zeta function, that

r—1 x
p@zs(‘b)“ 2logr x+0( (log log x)/3 )’

where in the sum p runs through the prime numbers. The second-named author

[6] proved, without any hypothesis, the result of Kitai with an improved
remainder term

3) o(x(—_*lolgo g’i x )“2) :

His method is to appeal to a simple combinatorial inequality (see Lemma in §4),
and the deepest result on which he depends is the prime number theorem in a
weak form

X X
@ 1= togz T og )

E. Heppner [2] independently proved a more general result by making use of a
Chebyshev’s inequality to the sum of independent random variables (cf. p.
387, Theorem 2): Let B be a set of positive integers such that
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X
log k,B.(?)___o(log x) ’
where
B(x): Z 1 .
nER
Then

x 1/2
> s(n)= r—1 logx B(x)(l—l—O(( log log x-log “Blx) ) )
; og " log x .

This together with (4) implies (3).

In the present paper we shall show that the estimate (3) is also valid. in
some sense, for primes in each imaginary quadratic field Q(~/—m), where m is
any positive square free integer.

2. Representation of integers in Q(+~/—m) in the scale of ». Let o be the

ring of all integers in Q(+/—m). Any aE€po can be expressed in a unique way as

a=a+t+bw (a, beZ),

where
v —m if —m=2, 3 (mod4),
w= ,,1:|:_\2/_—,_T_’£ if —m=1 (mod4),

and Z denotes as usual the set of all rational integers. So by means of the
expessions

lal=a1a, " @raar, |0|=biby brcwn

given by (1), we can define coordinatewisely the representation of a¢<o in the
scale of r; i.e.

(5) a= ]%,_‘kl ajr* I=aia, - ay,
where
(6) k=k(a)=max {k(|al), k(|b])}, k0)=1,

a;=sgn (a)a;+sgn (b)b,w,
and sgn (¢)=c/|c| if ¢#0, =0 otherwise. We define
k
sfa)= 2 a;.
=1

We write
A= {at+bwla, beZ; a=0, b=0},
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Ay={—a+bw|at+bws A},
Ay={—a—bw|a+bws A},
Ay={a—bwlat+bocs},

so that o= A, J A I A\ J A, We denote by @; the set of all ‘digits’ a; needed
for the expressions (5) of all a=A4;. Then

B,={c+dwlc, d=0, 1, ---, r—1},
By={—c+dow|ct+docs B},
By={—c—dw|ct+dows B} ,
B,={c—dw|ct+dws B},

and card ;= (1<i=<4). So we may say that the »-adic expression (5) of a<po
is a kind of representation in the scale of 2. For any fixed B<%®; we denote
by F(a, B) the number of B3 appearing in the expression (5) of an integer a € A,.
By definition

) S(a)=ﬁ§3_ﬁF(a, B (ae ;)
and
8 Fla+bw, c+do)=F(—a+bw, —c+dw)

=F—a—bw, —c—dw)=F(a—bw, c—dw) (a, beZ).

The norm of a=a-+bw<»o is a rational integer

a’+mb? if —m=2,3 (mod4)
MO= oot "l it —m=1  (modd)
so that for a#0
o |z,

where ¢, is a constant depending only on m, since by definition

max (log | al, log |b]) lgl

lk(a)— log »

(we mean that max (log 0, x)=x) and

|2 max (log |al, log |b])—log N(a)]

log (1+m) if —m=2,3 (mod4),

IA

log (2+ er1) if —m=1 (modd).
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3. A prime number theorem (A. Mitsui [3], [4]). An integer a<o is said
to be prime if (@) is an prime ideal in Q(~/—m). Let 6,, 8, be two real numbers
such that 0=<60,<6,=<2rn. Then
(10) d:gme 1: 27I'h

N(dg)ax
0)sargasfy

+O(x exp (—c,(log x)**(log log x)~*'%)) ,

(02—01)1,0 Sx_wdt
2 logt

where h is the class number of Q(+/—m) and
4 if m=1,
w=1{ 6 if m=3,
2 otherwise

We note that a weaker estimate O(x/(log x)?) is sufficient for the proof of
our theorem.

4. A combinatorial lemma (I. Shiokawa [6]). Let f,, ---, B, be given g
symbols and let A’ be the set of all sequences of these symbols of length j=1.
Denote by Fja, 8) the number of any fixed symbol S appearing in a sequence
ac A’. Then for any ¢ with 0<e<1/2 there exist a positive integer j, inde-
pendent of ¢ such that the number of sequences a= A’ satisfying

Fia, B—=L|> jire+e
g
is less that jg7exp (—c,s%°) for all j=j,, where ¢; is an absolute constant.
5. Theorem. Let ¢,=0, ¢,=2x, p;=arg o, p,=m, and ¢,=¢,+x. Then for
any 60,, 0, satisfying ¢;<6,<60,<¢;:; for some j we have

_ (@.—O0)w  (r—1)
(11) a: gme S(a)_ 2rh 4 IOg r

N(@)sz
Oisargasly

+O( log log x )1/2)

J

log x
where
1+ if j=1,
1= —1l4+o if j=2,
] —1—w if j=3,
l—w if j=4,

and the O-constant depends at most on r and m.
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6. Proof of Theorem. By (7) and (8) we may assume j=1. We define for

a€e A, and fe B,
k(a)

(12) Dla, p)=|Fa, B)—

Put for brevity

C(x)={a<so|a: prime, Nla)<x, 0, <arg a=60,} .

Then by (7) and [12)

(13) ael,z‘(.r) (a)—— 2 ‘Baezz(x)F(a ‘8)
r—1
- 2 Zlaeoz‘(z)k(a)—FO(ﬁegalaeb(x

By (9) and we have

D, ﬁ)) .

aEL () 2nh 2 log 4

Put D(a)=D(«, B,), where B, is any fixed integer in 4,.

and
(15) 2 D)= 2 kla)?+ 3 Da)

S eC(x acC(x)
rECC@O AECD D(@)>k(@)1/2+¢

=0( 3 (log N@)**)=0( =

= Ay
N(@)Sx

Dlar>k(a)yl/2+e

=0(x log x)*"'"*)+0O(log x >

ac A
N@)sx
D(a)>k(ayl/2+e
Besides, using (9),
1= 2 21,

ac Ay Jsl(x) ac Ay
N5 R(@5=
D(a)>k(ayl/2+e D(a)>jtiz+e
where
log x
l(x)z‘ +Cl .
2logr

We have from (9),

Dia)

Applying now the lemma in §4 with g=7% and A'=4,, we get

> 1< jrY exp (—cs5*)
sy

D<a>>11/2+5

for all j=j,, which leads to

(16) 2 1=0)+ 3 jr¥exp(—csj*)
K Jo<is i@

Dca)>k(a)l/z+e
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=0+ .
Jo<isl(xyiz  l(xy/ejsice)
log x \2
— 2 o8 Ve
O(x(log x)*exp ( log ) ))

where the O-constant is uniform in e.
If we take a constant c,=c,(r) large enough and choose e=¢(x, r) with

0<e<1/2 in such a way that
(log x)*=c, log log x

we obtain from and
log log x )1/2)

aecmD(a’ Bo)= O( (‘ log x

This together with and yealds the theorem.
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