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REMARKS ON THETA SERIES

By

Atsushi SHIMIZU

In this note we prove two propositions about theta series. The field of real
numbers will be denoted by R, the field of complex numbers by C, and Siegel
upper half domain of degree n by H,. And exp(2x+/—1 2z) will be denoted by

e(z). A theta series 8[ k

b ](z]x) of theta chararcteristic ( b ) is defined by

9] ¥, Jelo= 5, e(GHr+ R)atr )+ G+ BN+ )

where ( )ERM and (z, x)e H, XC".

k//
One of the two propsitions is the follows;

ProprosITION 1. Let fi(z, x):@[ ¥ ](zlx) be m theta series of theta charac-

teristic ( ’Zf_, )G=1,2, -, m). If (k,, )sg( (! )(mod Z* for any i, j 1<i<j<m)
then fi, fs =+, fm are linearly mdependent over C.

In a special case, when ( b > ( ) (mod @Q*") for any 1, (1=i<j=m),

kll
the result was given in S. Koizumi’s lecture at University of Tsukuba.
And the other is the following :

ProPOSITION 2. If 19[ z,, ](z[O) is identically zero as a function of z&Hn,
then 2k’=2k"=0 (mod-Z*") and 2'k’k”=£0 (mod Z).
In case that ( z,, )EQ“, the result has been already known (Igusa [1], p.

174 Theorem 1). And we can see easily that the converse of proposition 2 is true.

was proved first by A. Seyama and later by the author
independently, but since the two proofs are quite different in principle, the
author believes that his proof is worth publishing.
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1. PROOF OF ProOPOSITION 1. The proof will be by induction on m. The
result is trivial for m=1, so assume then that the result is true for m—1, and
consider the proposition as stated above for m functions. Suppose the result is
not true, and there exist m complex numbers a,, a,, .-, a, which are not all

zero, such that a,f,+a,f;+ - anfn=0. From the induction hypothesis, a;#0
for any ¢ (1=i<m). Then, for any s’, s"Z" we have

0= gl a;fiz, x+zs'+s")= 2 a;ifiz, x)e(—‘s’x—%‘s’zs’—‘ké’s'—l—‘kés”) .

Hence

E}

S aifi(z, x)e(—"kis’+tkis”)=0.

1

.
l

On the other hand

3 aif iz, De(— ks’ +*ns")=0.
Then we have
S aule(— RIS+ s —e(—* Rl + kius ")} Filz, £)=0.
It follows from the induction hypothesis that
e(—*kis'+'kis")=e(—"kys'+ kys”) for any s/, s"€Z™ (1=i=m—1).
Therefore
e(— (ki —kn)s'+(ki—ky)s”)=1 for any s’, s"€Z"™ (1=i=m—1).

This implies k/=k!, ki=Fk,), (mod Z™) (1=i<m—1). But this contradicts the
hypothesis, so the proof is completed.

REMARK. Let f;, f3 -+, fm be automorphic functions which respectively
belong to factors of automorphy pi, ps, -, pn Which are different from one
another. Similarly to the above proof we can prove the following proposition :
if p;/p; is a constant factor of automorphy for any i, j then f,, f,, ---, fm are
linearly independent over C.

But in general f,, f,, -, fm are not always linearly independent. For ex-
ample, define a factor of automorphy p on C with respect to an analytic trans-
formation group G={1, —1} by p(, 2)=1 and p(—1, 2)=e¢*, and put p,=1,
p:=p, ps=p% Then fi=—1, f,==1+e7? fy=-—e~* are automorphy functions which
respectively belong to p;, p;, ps and are apparently linearly dependent.
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2. Now in order to prove proposition 2 let us prepare two lemmas. Let
R'=/E\, k"=/k/'\€R", x=/x,\=C" and put kX'=/ k\ \, kk"=/ k! \ER™,
4 k/l X 5 E
.2 .2 .2 k;n k,’,’b
ki ka Xn
x#-':( X1 )GCm, and kﬁ/:< m+1 , R}'={[ kpu )ERn_m, x’,ﬁ:( Xm+1 )ecn—m,
Xm k) kY Xn
where m is some integer such that 1=m<n.

LEMMA 1. Let m be any integer such that 1=m<n. For any zjEH,,

o 5 1CE 8 )9=o] 85 Y] 5. Jomien,

LEMMA 2. Let u be any element of GL(n, Z). Then

Z2€H, m,

-1

[ " ](le) 9[ ?ukfl ](‘uzul’ux).

-1

](zIO) is identically zero as a function of 2& Hy, 50 is 9[“ I ](zl 0).

Hence if 19[ :,,

These two lemmas are easily proved.

PROOF OF PROPOSITION 2. When n=1, since

[ b Jz10= 9[ |ce128 —l—k”)e(——k’zk R R

both 8[ b ](zIO) and 8[ 0 ](zlzk’—l— k") are identically zero at the same time.

But 8[0](21x) is zero if and only if xe(—-{-Z) ( +Z> {az+b|azé—,

1

bz—-z— (mod Z)}. Hence 8[8](zlzk’+k”) is identically zero if and only if

7

zk’—{—k”e(%—l—Z)z—l—(%—{—Z) for any z&H,. This implies that if 9] :,, JEDE

identically zero, k’—% and k”Eé— (mod Z) and the result is true in this case.

When n=2, by

o[ & 1% 2 )o)=9] k,,] @109] 43 @10 for any 2, zeH,.

Since the result is true when n=1 it follows that
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k{zk’{zé or & k’z’E% (mod Z).

sy 1 : 2 1 ’ u™tk!

We may assume klzk,{:?. Then putting u=< 11 ), by 19[ .y ]
.. . k{—kj 2R+ kY
-1/ 1 2 t ”__ 1 2

(210) is identically zero, where u~'% —( 2k, ) and ‘uk -—( ey )

Then similarly to above we gain

R{—Ri=2k14-kY= or —k{+2k,=F|+ ’Z’E—;— (mod-Z),

therefore
ki=0, ki=— or 2k}=0, Ek%=0 (mod Z),

and in either case the result is true.

Now assuming n>2, we shall complete the proof by induction on n. Suppose

8[ :,, ](le) is identically zero.

Case 1) If there exists i (1=i=n) such that 2k/£0 or 2k7=0 or 2'k/k/=0
(mod Z), we may assume i=1. Then by
E ¥4 17
9] ’,:% |ctios] :1‘,, |zt10=0  for any 2teH, steH,.,.
k31‘.</ 17

Since 3[ e ](z’{‘[O) is not identically zero, 8[ :T,, ](z,LIO) is identically zero,
1 *

17
19[ :T” ](Z,HO) is identically zero hence we have 2ki’=2k1”=0 (mod Z™-!) and
*
2'ki’ kx"#£0 (mod Z) from the induction hypothesis. Then there exists an integer
Jj=2 such that kj'zk;’z—é— (mod Z) (if not, 2°ki'kL"=0 (mod Z)). We may

assume j=2. Now by Lemma 1,
%/ 97
9] :;,, |cetiors] ’Z:;‘,, |cza10=0 " for any zteH, zeH, .,
k3
kill
This implies that 2k{=2k7=0 and 2kk{=0 (mod Z), hence 2k'=2k"=0 (mod Z")
and 2°k’k”=2kik]+2'k}'ky”#0 (mod- Z).
Case 2) Now we assume for any i (1=i=n) 2k{=2k{=0, 2k}k/#0 (mod Z),

Since 2‘ki'ki”52‘k,}<’k,}<”—%—50 (mod Z), 9[ ](ziIO) is not identically zero.

’

that is, ki= k;’zé— (mod Z) for any :. In this case, if 19[ k

b7 ](z [0) is identically

zero, n must be odd. In fact, if n is even by lemma 1
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Y 2/
9[ k3 ](21‘10)19[ e ](ziIO):O for any zteH,, zieH,_, .

FY4 o
k% ki

*/

27
But from the induction hypothesis neither 19[ :i,, ](z’;‘IO) nor 8[ Z’:,, ](z,%IO) is
3 *

identically zero. This contradicts the hypothesis. Now if n is odd, clearly
2k'=2k"=0 (mod Z™) and 2°k’k”=0 (mod Z). Hence the proof is completed.

References

[1] Igusa, J., Theta functions. Die Grundlehren der Math. Wiss., bd. 194, Springer-
Verlag, Berlin (1972).

[2] Koizumi, S., Theta fnnctions. (in Japanese) Lecture note, Sophia. Univ. Tokyo
(1978).

[3] Seyama, A., On the vanishing of theta constants. (to appear)



	REMARKS ON THETA SERIES
	2. Now in order to prove ...
	References


