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Mirror Symmetry for Stable Quotients Invariants
YAIM COOPER & ALEKSEY ZINGER

ABSTRACT. The moduli space of stable quotients introduced by Mar-
ian, Oprea, and Pandharipande provides a natural compactification of
the space of morphisms from nonsingular curves to a nonsingular pro-
jective variety and carries a natural virtual class. We show that the
analogue of Givental’s J-function for the resulting twisted projective
invariants is described by the same mirror hypergeometric series as
the corresponding Gromov—Witten invariants (which arise from the
moduli space of stable maps), but without the mirror transform (in the
Calabi—Yau case). This implies that the stable quotients and Gromov—
Witten twisted invariants agree if there is enough “positivity,” but not
in all cases. As a corollary of the proof, we show that certain twisted
Hurwitz numbers arising in the stable quotients theory are also de-
scribed by a fundamental object associated with this hypergeometric
series. We thus completely answer some of the questions posed by
Marian, Oprea, and Pandharipande concerning their invariants. Our
results suggest a deep connection between the stable quotients invari-
ants of complete intersections and the geometry of the mirror families.
As in Gromov—Witten theory, computing Givental’s J-function (es-
sentially a generating function for genus 0 invariants with one marked
point) is key to computing stable quotients invariants of higher genus
and with more marked points; we exploit this in forthcoming papers.

1. Introduction

Gromov—Witten invariants of a smooth projective variety X are certain counts of
curves in X that arise from integrating against the virtual class of the moduli space
of stable maps. These are known to possess striking structures, which are often
completely unexpected from the classical point of view. For example, the genus 0
Gromov—Witten invariants of a quintic threefold, that is, a degree 5 hypersurface
in P*, are related by a so-called mirror formula to a certain hypergeometric series.
This relation was explicitly predicted in [2] and mathematically confirmed in [8]
and [13] in the 1990s. In fact, the prediction of [2] has been shown to be a special
case of mirror symmetry for certain twisted Gromov—Witten invariants of projec-
tive complete intersections of sufficiently small total multidegree [7; 14]; these
invariants are associated with direct sums of line bundles (positive and negative)
over P". This relation is often described by assembling two-point Gromov—Witten
invariants (but without constraints on the second marked point) into a generating
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function, known as Givental’s J-function. In most cases (in particular, when the
anticanonical class of the corresponding complete intersection is at least twice
the hyperplane class), the J-function is precisely equal to the appropriate hyper-
geometric series. In certain borderline cases, they differ by a simple exponential
factor. In the remaining Calabi—Yau cases, the correcting factors are more com-
plicated, and the two power series also differ by a change of the power series
variable, known as the mirror map.

The gauged linear o-model of [23] counts rational curves in toric complete
intersections by integrating over the natural toric compactifications of the spaces
of rational maps into the ambient toric variety. Based on physical considerations,
it is shown in [19] that the (three-point) Gromov—Witten and gauged linear o -
model generating functions for the well-studied quintic threefold are related by
the mirror map, with a minor additional adjustment; see [19. (4.24), (4.28)], for
example. This suggests that the mirror map relating the A (symplectic) side of
mirror symmetry to the B (complex geometric) side may be more reflective of the
choice of curve counting theory on the A-side than of the mirror symmetry itself.
Unfortunately, from the mathematical standpoint, the compactifying spaces in the
gauged linear o -model do not possess many of the nice properties of the spaces
of stable maps and require fixing a complex structure on the domain of the maps.

The moduli spaces of stable quotients Eg,m (X, d), constructed in [ 1 7], provide
an alternative to the moduli spaces of stable maps ﬁg, m (X, d) for compactifying
spaces of degree d morphisms from genus g nonsingular curves with m marked
points to a projective variety X (with a choice of polarization).' In this paper,
we show that the genus O stable quotients theory, just like the gauged linear o-
model, of Calabi—Yau projective complete intersections is related to their genus
0 Gromov—Witten theory essentially by the mirror map; see (1.9). Based on the
approaches of [24] and [26], this relationship between the stable quotients and
Gromov—Witten invariants should extend to higher genera; we expect to confirm
this in the genus 1 case in the future. In [27], it is shown that the genus O three-
point stable quotients and Gromov—Witten invariants of Calabi—Yau projective
complete intersection threefolds are related precisely by the mirror map. The mir-
ror formula obtained in this paper is central to the computations in [27]. Thus, our
paper provides further evidence that the mirror map is an entirely A-side feature
and suggests that the stable quotients theory may be the curve counting theory
most directly related to the B-side of mirror symmetry. In light of the results in
this paper, we also hope that certain properties of the mirror map, such as the in-
tegrality of its coefficients [ 15; 12], can be explained geometrically by comparing
the stable quotients and Gromov—Witten invariants.

The moduli space @g,m (P"~1, d) consists of equivalence classes of tuples

(val,,ym,SCC’l@OC),

I These “compactifications” ag m(X,d) and ﬁg,m (X, d) are generally just compact spaces contain-
ing the spaces of morphisms; the latter need not be dense in Egm (X,d) or ﬁg,m (X,d).
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where (C, y1, ..., yn) is a genus g nodal curve with m marked points, and S C
C" ® O¢ is a subsheaf of rank 1 and degree —d, that satisfy certain stability
and torsion properties; see Section 2. This moduli space is smooth if g =0 or
(g, m) = (1,0) and carries a virtual class in all cases. There is a natural surjective
contraction morphism

¢t Mg m®" ', d) — 0, ,,(@""', ),

which is not injective for d > 0 and generally contracts a lot of boundary strata.
For example, Q 1,0(Pn_1 ,d) is irreducible and has Picard rank just 2; see [5, The-
orem 4.1]. Thus, the moduli spaces of stable quotients are much more efficient
compactifications than the moduli spaces of stable maps. However, in the case
X =P" ! and (g, m) = (0, 3), this compactification is larger than the gauged
linear o -model compactification; see [19, Section 3.7].

As in the case of stable maps, there are evaluation morphisms

evi: Q@ Ld)—P i=1,2,....m,
corresponding to each marked point.” There is also a universal curve

T:U— ag’m(IE””fl,d)

with m sections o1, ..., 0, (given by the marked points) and a universal rank 1
subsheaf

ScC"®Oy.
Foreachi =1,2,...,m,let

Vi = —1.(02) € H*(Qg m(P" "', d))

be the first Chern class of the universal cotangent line bundle, as usual. By [
Theorems 2,3], the moduli space Eg,m(]P’”_1 ,d) carries a canonical virtual class,
and

s [ Mg m B, ) = [0, B!, I (1.1)
Since the evaluation morphisms ev; and the ir-classes on the two moduli spaces
commute with ¢ and ¢*, respectively, (1.1) implies that the (untwisted) Gromov—
Witten and stable quotients invariants of P"~!, obtained by integrating pull-backs
of cohomology classes on P"~! by ev; and powers of 1/-classes against the two
virtual classes, are the same; see [| 7, Theorem 3]. In this paper, we study twisted
invariants in genus 0, arising from sums of line bundles over P"~!; they relate
invariants of projective complete intersections to the invariants of the ambient
space.

Forl € ZZ9 and [-tuplea= (ay,...,q) € (Z*)l of nonzero integers, let

1 1
al=Ylal, @=[]a/[Ja a=[]at a*=[]a
k=1 k=1

ap>0 a <0 ap>0

Y@ = |{k: (Dax >0}, £@)=LT(a)— ¢ (a).

2The morphism ev; sends a tuple (C, y1, ..., ym. S) to the line Sy; C C*if S is viewed as a line
subbundle of the trivial rank n bundle over C.
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If in addition n € Z1 and d € Z1, let

VD = P RO7.(S** (—01)) & P R'mu(S™ (—o1))

ap>0 ar <0

— Q2P 1, d), (1.2)

where 7 : U —> EO’Z(IE””’I, d) is the universal curve; this sheaf is locally free.
The Euler class of the analogue of this sheaf in Gromov—Witten theory describes
the genus 0 invariants of the total space of the vector bundle

@ OPH?I (ak)|X(ak)ak>0 - X(ak)ak>0’ (13)

ar <0

where X (), o C P"~! is a nonsingular complete intersection of multidegree
(ar)a,>0- The situation in the stable quotients theory is similar. If a; > 0 for all
k, then the moduli space 50,2(}( a, d) carries a natural virtual fundamental class,
and the resulting invariants of X, are described by the Euler class of (1.2); see [
Theorem 4.5.2] and [4, Proposition 6.2.3], respectively.
The stable quotients analogue of Givental’s J-function is given by

e

Zya(x.h, q>_1+Zq evl*[h

)
]eH*(IP"I)[[hRq]J, (1.4)
¥y

where ev; : Qo’z(]P’”_l,d) —> P! is as before, and x € H*(P"~!) is the hy-
perplane class. For example, if |a| = n, then this power series is equivalent to the
set of numbers

f_ eWNylevix"™ P deZ* 0<p<n-2.
002 (P~ 1.d)

By [4. Proposition 6.2.3],
SQU ("2t @=) 1)

E[ W'DCV*X” 2—L(a)—p

[EO,Z(Xn;asd)]Vlr

=(a)/_ 1 eV DNylevix" 2P Vp<n—2—ta@; (15
002 (P"~1,d)

in particular, these numbers vanish if p < £~ (a) —2 (because x” 7 =0 on (1.3) if
p < £7(a)). The usual Givental’s J-function, which we denote by Z,?.Zv(x, h,q)),

is defined as in (1.4) with EO,Z(P"_I, d) replaced by ﬁo,g(IP’"_l ,d).
The hypergeometric series describing Givental’s J-function in Gromov-—
Witten theory is given by
d d—1
(x,h,q) = Z d ]_[ak>0 l_[ak (akx +rh) Hak<01_[ % (akx —rh)
Ypa(x,n,q) =
d=0 H,Zl(x+rh)"

e QIxIA™", 1. (1.6)
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In the pure Calabi—Yau case, that is, a; > 0 for all k and |a| = n, we also need the
power series
1 if ]a| — £~ (a) <n,
Iia(@) = § Yu:a(0. 1, @) = Y02 0 ¢/ TTjey (axd)! /()" (1.7)
if |a] — £~ (a) =n.
By the following theorem, the stable quotients analogue of Givental’s J-function

is also described by the hypergeometric series (1.6), but in a more straightforward
way.

THEOREM 1. Ifl € ZZ°, n € ZF, and a € (Z*)! are such that |a| < n, then the

stable quotients analogue of Givental’s J-function satisfies

Yn;a(xy h, q)
I:a(q)

COROLLARY 1. Ifl € ZZ° n € Z*, and a € (Z*)! are such that |a| < n and |a| —
£=(@) <n—2, then

Zna(x, h,q) = e H*®"Him", q11. (1.8)

ZSW (x, 1, q) = Zna(x, 11, q).

;a

COROLLARY 2. Ifl € 720 neZt andac (Z*)l are such that |a| = n, then
ZOW(x,h, Q) = e I @07, (x,h,q), where Q=g &' @ (1.9)

a
with the standard change of variables g —> Q of Gromov-Witten theory de-
scribed by

(@) Jia(q) = Y g*SQU (o (x" 7271 @) 1), (1.10)
d=1

If |]a| <n and |a|] — £~ (a) <n—2,(1.8) also holds with Z,.,(x, i, Q) replaced by
Zﬁ\;v(x, h, Q); see [7, Theorem 9.1] for the £~ (a) = 0 case and [6, Theorem 5.1]
for the £~ (a) > 1 case. Thus, Corollary | is an immediate consequence of Theo-
rem |.

If |]a] = n and ¢~ (a) < 1, the Gromov—Witten analogue of (1.8) involves a
mirror transform between the power series variable on the left-hand side (now
denoted by Q) and the power series variable g on the right-hand side. It takes the
form

2% (x,h, Q) = ¢~ na@n Lriax: 1. 4)
ma In;a(q)

for an explicit power series J,:a(q) € ¢ - Qllg]l; see [7, Theorem 11.8] for the
£~ (a) =0 case and [6, Theorem 5.1] for the £~ (a) = 1 case. Along with ( ),
Theorem | immediately implies the £~ (a) < 1 case of (1.9); the £~ (a) > 2 case
of (1.9), where J,.a(g) = 0, follows from Corollary |. By (1.4) and (1.5), the
right-hand side of (1.10) is the coefficient of (2 ~") in Z,.5(x, &, ¢) times (a). By
the string relation of Gromov—Witten theory [1 1, Section 26.3], the coefficient of
(h~H%in ZS;‘;V(x, h, q) is zero. Thus, (1.10) follows from (1.9).

, where Q =¢q - e/ @ (1.11)
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Table 1 Some genus 0 GW- and SQ-invariants of the quintic three-

fO]d X(5)
GW (w10, 1) SQY (x1(0), 1) SQY) (ma(1),1)
5.5 ’ d 5;(5) LX) 5.5 24
g 00 QYY) (). 1) ML M SOMCAL L
ng"}5><rz<1>,1>
1 2875 3,850 2,875 2,875
2 4,872,875 3.589.125 19,6680,875 13,7381,875
8.,564,575,000 16,126,540,000 76,579,948,750 175,851,761,875
3 3 27 27
4 15,517,926,796,875 19,736,572,853,125 801,135,363,990,625 1,123,498,525,946,875
2
5 229,305,888,887,648  20,310,770,587,807,020 1%:Z14.970288.322. 171 125.303.832.133.435.229

In the remaining case, that is, |a| =n — 1 and £~ (a) = 0, the Gromov—Witten
analogue of (1.8) is the relation

73!(1/}1 Yn;a(-xv hs C])

AMEND
(7 g) = In;a(Q)

; (1.12)
see [7, Theorem 10.7]. Theorem | implies that ( ) holds with Y,,.5(x, 71, q) re-
placed by Z,,.a(x, fi, q). The same comparisons apply to the equivariant versions
of Givental’s J-function for the stable quotients invariants, computed by Theo-
rem 3, and of Givental’s J-function for Gromov—Witten invariants computed by
[7, Theorems 9.5, 10.7, 11.8] in the £~ (a) = 0 case and [6. Theorem 5.3] in the
£~ (a) > 1 case. Thus, the Gromov—Witten and stable quotients invariants are re-
lated essentially by the mirror map. By [27, Theorem 1], the primary (without
Y-classes) genus 0 three-point Gromov—Witten and stable quotients invariants of
Calabi—Yau complete intersection threefolds are related precisely by the change
of variables Q — ¢, and the rescaling ,,.(q), that is, the exponential factor in
(1.9), can be seen as an artifact of the presence of #.

Table | lists a few Gromov—Witten and stable quotients invariants of the quin-
tic threefold X5y C IP* obtained from ( ) and (1.8), respectively. In the first
column of this table,

d) _
GWs (1p (x> p),l)zfi ylevix®r
[ 2 (X (5),d) V"

d
25/— e(Viis) ¥l evin® 7,
fmo,z(P“,d)

where VS ) is the usual analogue of (1.2) over ﬁoyz(ﬂﬂ, d). By the string, dila-
ton, and divisor relations [11, Section 26.3],

GWs (ti(x). 1) _ . GW5ls @M. D)

p = deg[Mo,0(X(5), )" = 5 (1.13)
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These relations are obtained using the forgetful maps

Mo 2(X(5),d) =2 Mo.1(X(5), d) > Mo 0(X5), d),

which have no analogues in the stable quotients theory. The middle term in ( )
does not have an analogue in the stable quotients theory either, whereas the ana-
logues of the outer terms in (1.13) are not equal, as Table | illustrates. The num-
bers GW,(7o(x?2), 1) vanish since the classes ev’fx3 on ﬁo,z(]}»‘t, d) are the pull-
backs by the forgetful morphisms f; of the classes ev*l‘x3 and ﬁo,l (P*, d). The
analogous stable quotients invariants do not vanish; see ( ).

It is interesting to observe that the numbers dSQ, (7o (x2), 1) are integers if
(n,a) = (5, (5)) and d < 1,000; as noted in [27. Section 1], the same is the case
for the numbers dSQ,(7o(x), To(x)). Two-point GW-invariants of such form are
equal to three-point primary GW-invariants, which are integers, when the target
is a Calabi—Yau, due to symplectic topology considerations; see [ 8, Section 7.3]
and [21], for example. Since the stable quotients invariants are purely algebro-
geometric objects, the apparent integrality of the primary invariants dSQ(, -)
suggests that there should be an algebro-geometric reason behind the integrality
of these numbers, as well as of the closely related three-point GW-invariants.

As in the case of mirror symmetry for Gromov—Witten invariants, Theorem
follows immediately from its T”-equivariant version, Theorem 3 in Section 4. The
latter is proved using the Atiyah—Bott localization theorem [1] on @0,2(}}”"_1, d),
which reduces the equivariant version of the power series (1.4), the power series
Zn:a(X, fi, q) defined by (4.1) below, to a sum of rational functions over certain
graphs. As in the case of Gromov—Witten invariants, Z,.,4(X, 71, ¢) is €-recursive
in the sense of Definition 5.1, with the collection € of structure coefficients given
by (5.6), and satisfies the self-polynomiality condition of Definition 5.2; the same
is the case of the equivariant version of the power series (1.6), the power series
Vu:a(X, i1, q) defined by (4.2). Thus, the two power series

Via(X, 1, q), Zpa(x. 11, q) € HE®" DA™ ¢]]
are determined by their mod (7 ~!)? part; see Proposition 5.3. It is straightforward
to determine the mod (h_l)z-part of the power series ),.a. The mod (h_l)z-part
of Givental’s J-function in Gromov—Witten theory is 1 in all cases for a simple
geometric reason. This approach thus confirms the analogue of Theorem | in
Gromov—Witten theory and thus mirror symmetry for the genus 0 Gromov—Witten
invariants of projective complete intersections.

In the stable quotients theory, the situation with the mod (A~ ")~-part of Z,,.,
is different. It is still 1, for dimensional reasons, if |a| <n — 2. If |a|=n — 1,
the mod (7i~!)%-part of Z,.a vanishes in the g-degrees 2 and higher; it is straight-
forward to see that the coefficient of ¢! mod (A~ 1)2 is a!/f if £~ (a) = 0 and 0
otherwise.” So, in these cases, the proof of mirror symmetry for Gromov—Witten
invariants carries over to the stable quotients invariants. However, in the Calabi—

1)2

3Even this is not necessary due to our approach to the Calabi—Yau case.
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Yau case, |a|] = n, the mod (h_l)z—part of Z,.a is not zero in all g-degrees if
£~ (a) < 1, and we see no a priori reason for the coefficients of positive g-degrees
to vanish even if £~ (a) > 2. Thus, the proof of mirror symmetry for Gromov—
Witten invariants cannot directly carry over to the stable quotients invariants in
the Calabi—Yau cases.

Since the coefficients of ¢° on the two sides of the identity in Theorem 3 are the
same (both are 1), itis equivalent to the equality of the auxiliary coefficients J} (d)
and Z7(d) in the recursions (5.4) for V., and Z,.,, respectively. By a direct
algebraic computation, the coefficients )/ (d) are expressible in terms of certain
residues of ); see Lemma 5.4. Analyzing the relevant graphs, one can show that
the coefficients Z] (d) are likewise expressible in terms of certain residues of Z,
but in a different way; see Proposition 6. 1. Thus, for each pair (n, a) with |a| <n,
the identity in Theorem 3 is equivalent to certain identities for the residues of
Vh:a; see Lemma 8.2. Since Vy,.a = Z,.a Whenever |a| < n — 2, these identities
hold whenever |a| <n — 2. By the proof of Proposition 8.3, the validity of these
identities is independent of n, and thus they hold for all pairs (n, a). This yields
Theorem 3 and thus Theorem

The relations of Lemma 8.2 involve twisted Hurwitz numbers arising from cer-
tain moduli spaces of weighted stable curves MO,ZM; see Section 2. These rela-
tions in turn uniquely determine the twisted Hurwitz numbers, even equivariantly,
in terms of a key power series associated with )),.5; see Theorems 2 and 4 in Sec-
tions 2 and 4, respectively. Based on developments in Gromov—Witten theory, one
would expect these closed formulas to be a key ingredient in computing twisted
genus 1 stable quotients invariants and thus answering yet another question raised
in [17].

The proof that the equivariant version of Givental’s J-function in Gromov—
Witten theory satisfies the self-polynomiality condition of Definition 5.2 uses the
localization theorem [1] to compute integrals over the moduli space 90y > (P! x
P*~1 (1, d)). Our proof that the equivariant stable quotients analogue of Given-
tal’s J-function satisfies the self-polynomiality condition uses the moduli space of
stable pairs of quotients EOQZ(IP’I x P~ (1, d)) in a similar way; see Section
This moduli space is a special case of the moduli space

ag,m(Pnl_l X X Pnp_l, (d],...,dp))

of stable p-tuples of quotients, which we describe in Section 2 by extending the
notion of stable quotients introduced in [17].

The Gromov—Witten analogues of Theorem | and its equivariant version, The-
orem 3 in Section 4, extend to the so-called concavex bundles over products of
projective spaces, that is, vector bundles of the form

!
@O]Pml—lxmxpnp—l(ak;l, ey Ak p) —> Pr-l o Pl
k=1



Mirror Symmetry for Stable Quotients Invariants 579

where for each given k =1,2,...,1, either ay.q,...,ar;p € 720 or ak:1, - -
ax,p € Z~ . The stable quotients analogue of these bundles are the sheaves

L)

)
*ag; | *Ag;
Ps“' e 08"
k=1

s U—> Qo (P x P (dy, L dy) (1.14)

with the same condition on ay.;, where S; — U is the universal subsheaf cor-
responding to the ith factor; see Section 2. In this case, we compare two power
series

Yo, np;a(xl,...,xp,h,ql,...,qp)

€ Qlxt, .., xp MR g1, gl (1.15)
an ..... np;a(xla---,Xp,h»qlm--vqlr)
e H* P 'x . x P hin g, ..., q,], (1.16)
where x1,...,xp € H*(P" =1 x ... x P"»~1) are the pullbacks of the hyperplane

classes by the projection maps. The coefficient of qfl . ~qZ" in (1.16) is defined
by the same pushforward as in (1.4), with the degree d of the stable quotients

replaced by (d1, ..., d}). The coefficient of qfl . ~qg" in (1.15) is given by

P
=1 ak;xds

11T (Seossm) 1

ak;lzo r=1 ak:1<0

- Zf:] ak;sds—l

P
1_[ (Zak;sxs —rh)
r=0 s=1

P ds

/ [T +riy.

s=1r=1

The condition |a| < n should be replaced by the conditions
|al;s|+"'+|al;s|§n.¥ VS:I""’p'

Our proof of Theorem 3 (and thus of Theorem |) extends directly to this situation;
we will comment on the necessary modifications in each step of the proof.

Mirror formulas for the two-point versions of (1.4) and (4.1), that is, with ev|
and (h — 1) replaced by ev; x evs and (1 — Y1) (hy — ¥2), as well as their gen-
eralizations to products of projective spaces, can now be readily obtained using
the approaches of [25; 20] in Gromov—Witten theory; see [27]. They are related
to the corresponding formulas in Gromov—Witten theory in the same ways as the
one-point formulas; see the paragraph following Theorem |. Similarly to devel-
opments in Gromov—Witten theory, these two-point genus 0 formulas are one of
the key steps in computing twisted genus 1 stable quotients invariants.

A notable feature of the mirror formula of Theorem | and its two-point
analogue is that they are invariant under replacing (n, (ai,...,ax)) by (n + 1,
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(a1, ..., ak, 1)); their extensions to products of projective spaces have a similar
feature.” This is consistent with [4, Proposition 6.4.1].

2. Moduli Spaces of Stable Quotients

We begin this section by reviewing the notion of stable quotients for products of
projective spaces. Propositions and describing moduli spaces of such ob-
jects are a special case of [3. Theorems 3.2.1, 4.0.1] and precisely the statement of
[3. Example 7.2.6], respectively. We include proofs of these statements, extend-
ing [17] from the case of projective spaces, for the sake of completeness, since [3]
treats the general toric case and is thus more involved. We then introduce related
moduli spaces of weighted curves. We conclude this section with a closed formula
for twisted Hurwitz numbers arising from integrals over these moduli spaces of
curves; see Theorem 2.

By a nodal genus g curve we will mean a reduced connected scheme C over
C of pure dimension 1 with at worst nodal singularities and 2! (C, O¢) = g. Let
C* C C denote the nonsingular locus of such a curve. A quasi-stable genus g m-
marked curve is a tuple (C, yi, ..., y) consisting of a nodal genus g curve and
distinct points y; € C*. A (corank 1) quasi-stable quotient of the trivial rank n sheaf
on such a curve is a rank 1 subsheaf § C C" ® O¢ such that the corresponding
quotient sheaf Q, given by

0—S5S—C"®0r — 0 —0,

is locally free on (C —C*) U {y1, ..., ym}, that is, at the nodes and markings of C.
A tuple (Sy, ..., Sp) of quasi-stable quotients on (C, y1, ..., yn) is stable if the
Q-line bundle

e+ +ym) @S @ ®5,) —C
is ample for all € € QT; this implies that 2¢g — 2 + m > 0. An isomorphism
& CoyiseeesYm, Stheen, Sp) — (C',yi,...,y,’ﬂ,Si,...,S;)
between tuples of quasi-stable quotients is an isomorphism ¢ : C —> C’ such that
dpGi)=y Vi=1,....,m, ¢*S;=8;cC"®0c Vj=1,...,p.

The automorphism group of any stable tuple of quotients is finite.

PrOPOSITION 2.1. If g,m,di,...,d, € ZZ° and ny,...,n, € Z*, the moduli
space o
QP o Pl (dy, ... dp) 2.1)
parameterizing the stable p-tuples of quotients
(Cayla"'aylnaslv"'asp)v (2‘2)

with hl(C, Oc)=g, S cC" ® O¢, and deg(S;) = —d;, is a separated and
proper Deligne—Mumford stack of finite type over C and carries a canonical two-
term obstruction theory.

4This replacement does not change the total space of the vector bundle (1.3).
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Proof. The construction of ag,m(]P’”’l,d) in [17] carries through with minor
changes. We sketch the modification here.
L. Construction of the moduli space. Let g, m, dy, ..., d, satisfy

26 —2+m+e(d+---+dp) >0 Ve>0.

Letd =d; + --- +d,. Fix a stable p-tuple of quotients (C, y1,..., Ym, St,...,
Sp), where

0—S —C"® O¢c — 0; — 0. 2.3)
By assumption, the line bundle
Le=wc(yi+-+ym)®S{ @ @SH

isample foralle > 0. Fixe =1/(d+1) andlet f =5(d+1). By [17, Lemma 5],
the line bundle Ef: is very ample and has no higher cohomology. Therefore,

RQC, L =1—g+5d+1)2g —2+m)+5d
is independent of the choice of the stable p-tuple of quotients. Let
v=HC, )"
The line bundle 55 induces an embedding ¢ : C < P(V). Let Hilb denote the
Hilbert scheme of curves in P(V) of genus g and degree
5(d+1)(2g —2+m) +5d =deg L] .
Each stable quotient gives rise to a point in
H = Hilb x P(V)™,

where the last factors record the locations of the markings yi, ..., ym.
Points in H correspond to tuples (C, y1, ..., ym)- Denote by H' C H the quasi-
projective subscheme consisting of the tuples such that

(1) the points yy, ..., y, are contained in C,
(i) the curve (C, yi, ..., ym) is quasi-stable.
Let 7 : ' —> H/' be the universal curve over H'. Fori =1, ..., p, let

Quot(n;, d;) — H’
be the m-relative Quot scheme parameterizing rank n; — 1 degree d; quotients
0—S—>C"®0c— Qi — 0
on the fibers of 7r. Denote by Q the fiber product
Q = Quot(ny, dy) x3y -+ X3¢ Quot(n, d,) —> H'

and by Q' C Q the locally closed subscheme consisting of the tuples such that

(iii) Q; is locally free at the nodes and at the marked points of C,
(iv) the restriction of Op(y)(1) to C agrees with the line bundle

(@cyi+--+ )TV Sf®--- 8 5.
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The action of PGL(V) on H induces actions on H’ and Q’. A PGL(V)-orbit
in Q' corresponds to a stable quotient up to isomorphism. By stability, each orbit
has finite stabilizers. The moduli space (2.1) is the stack quotient [Q'/PGL(V)].

IL. Separateness. We prove that the moduli stack (2.1) is separated by the valu-
ative criterion. Let (A, 0) be a nonsingular pointed curve and A = A — {0}. Take
two flat families of quasi-stable pointed curves

Xj—>A, y{,...,yé:A—)Xj,
and two flat families of stable quotients
00— Sl.j — CM ®0x, — Ql/ — 0,

with j =1,2andi =1, ..., p. Assume that the two families are isomorphic away
from the central fiber. By [17. Section 6.2], an isomorphism between these two
families over A — 0 extends to the families of curves X/ — A in a manner pre-
serving the sections and hence extends to each pair of families of stable quotients.

III. Properness. We prove that the moduli stack (2.1) is proper, again by the
valuative criterion. Let

7% X0 — AY, yl,...,ym:A0—>X0
carry a flat family of stable p-tuples of quotients
0— S —C"®0O0yo — Qi — 0.

By [17, Section 6.3], each stable quotient individually extends, possibly after
base-change, and hence the p-tuple extends. In particular, the blowup procedure
in [17, Section 6.3] yielding the sheaf Sin[17.(18)] can be applied to each sheaf
S; separately to yield sheaves gl over a flat family X —> A so that the corre-
sponding quotients Q; are locally free at the nodes and at the marked points of
the central fiber. After a base change and altering each quotient sheaf at finitely
points, we obtain a flat family of quasi-stable quotients Q7 over a flat family as
in [ (19)]. The final blowdown step of [17, Section 6.3] is applied with the
unstable genus O curves P such that Slf/ |[p=0p foralli =1,..., p and the line
bundle £ obtained from the one in [17] by replacing A" (S”) with S/ ® --- ® S.
The resulting p-tuple of push-forward sheaves over the central fiber is then stable.

IV. Obstruction theory. We follow the argument in [ Section 3.2]. Let
¢ : C —> My, be the universal curve over the Artin stack of pointed curves,
and Q(n, d) —> M, ;, be the relative Quot scheme of rank n — 1 degree d quo-
tients of C" ® O¢ along the fibers of ¢. Denote by

Q'(n,d) CQ(n,d)
the locus consisting of locally free subsheaves and by
v: Q' =Q (1, d1) XMy, - XMy, Qp.dp) XMy, C—> Mg
the fiber product. The universal sequence of sheaves

0—-S—C"0— Q0 —0
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over Q'(n,d) x Mem C gives rise to a universal sequence

P P p
0—>@S,- —>@((C”" ®Oc)—>@Q,~ —0
i=1 i=1 i=1
over Q" xaq,,, C. Let w: Q" xpq,,, C —> Q' be the projection map. By [
Proposition 4.4.4] with

p p p
K=Ps. H=PC"®0. ad F=Po
i=1

i=1 i=1

the relative deformation—obstruction theory of v : Q" — M, ,, is given by

P
RHomy (S1, Q1) @ - - & RHomy (S, Qp) = @D R.Hom(S;, Q));
i=1
the equality above holds because each S; is a locally free sheaf. By [16, Section 2],
Rr.Hom(S;, Q;) can be resolved by a two-step complex of vector bundles. Thus,

VA . ag,m(]?nl_l X ooee X ]P)n!’_l’ dy, ... ,dp)) — Mg,m

admits a two-term relative deformation—obstruction theory. Along with the
smoothness of M, ,,, this induces an absolute two-term deformation—obstruction
theory of the moduli space (2.1); see [9, Appendix B]. U

ProposITION 2.2 ([3, Example 7.2.6]). If g =00r (g,m) =(1,0)and d,, ..., dp,
ni,...,np =1, the moduli space

Q@ x P (dy, ..., dp)) (2.4)
is a nonsingular irreducible Deligne—Mumford stack of the expected dimension.

Proof. By partIV in the proof of Proposition 2.1, the moduli space (2.4) is smooth
atapoint (C, y1, ..., Ym, St,...,Sp) if

P
PeExt'(s;. i) =0. (2.5)
i=1
Since each S; is locally free, this is the case if
H'(Sf® 0) =0 2.6)
for eachi =1, ..., p. From the cohomology long exact sequence for the short

exact sequence
0— 0O —C"®SF— Qi®SF—0

we see that (2.6) holds if H!(S¥) = 0.

If g =0, C is a rational curve, and thus there are no special line bundles on C
that have a nonnegative degree on every component of C. If (g, m) = (1, 0), then
C is either a nonsingular curve of genus 1 or a cycle of rational curves; thus, there
are no special line bundles of positive degree on C that have nonnegative degree
on each component of C. In either case, we conclude that H 1 (Sl.*) =(0foreachi =
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1,..., p,and so (2.5) holds. Thus, the moduli space (2.4) is smooth at every point
and hence is a nonsingular Deligne-Mumford stack of the expected dimension.
It remains to show that it is also irreducible. Let U denote the open locus in
the moduli space where the domain curve is smooth. In the g = 0 case, U is dom-
inated by the product of projective spaces (Phm x [1; Proj(H 0(O(d;))™). In the
(g.m) = (1,0) case, U is dominated by the bundle []; Proj(HO((’)(dp))”i) over
M1,1, where p is the marked point. Thus, U is irreducible in both cases. Since
the moduli space (2.4) is unobstructed, U is dense in (2.4), and thus the latter is
also irreducible. O

A stable tuple as in (2.2) such that each quotient sheaf Q; = C" ® O¢/S; is
locally free corresponds to a stable morphism

C— P x...x P!

with marked points yi,..., ¥,. As in the p = 1 case considered in [ Sec-
tion 3.1], there are evaluation morphisms

ev; : ag,m(IP’"l_1 X - x Pl (di,...,dy) — Pl x .o Pl

withi =1, 2, ..., m. There is also a universal curve
iU —> Q@ X x P (L dy)
with m sections o1, ..., 0y, and universal rank 1 subsheaves S; C C" ® Oy.

We will also need a certain moduli space of weighted curves; this is the sta-
ble quotients counterpart of the Deligne-Mumford moduli space of stable genus
g marked curves in Gromov—Witten theory. A d-tuple of flecks on a quasi-
stable m-marked curve (C, yi,...,yn) is a d-tuple (31,...,yq4) of points of
C* —{y1,..., ym}- Such a tuple is stable if the Q-line bundle

wey1+- -+ ym+e@1+-+3a) —C

is ample for all ¢ € Q; this again implies that 2g — 2 + m > 0. An isomorphism

R (0 T P S ) R (G400 NI (A LA U6

between curves with m marked points and d flecks is an isomorphism ¢ : C —>
C' such that

dp(yi)=y Vi=1,...,m, ¢(§1j):§1} Vi=1,...,d.
The automorphism group of any stable curve with m marked points and d flecks
is finite.

PROPOSITION 2.3. If g, m,d € Z7°, then the moduli space ﬂg,m‘d parameterizing
the stable genus g curves with m marked points and d flecks,

(valv---’ym’j\}la-"’j}d)a (27)

is a nonsingular, irreducible, proper Deligne—Mumford stack.

Proof. The moduli space ﬂg,mw is the moduli space of weighted pointed stable
curves, defined in [ 10, Section 2], with m points of weight 1 and d points of weight
1/d (if d > 0). Thus, this proposition is a special case of [10, Theorem 2.1]. O
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Any tuple as in (2.7) induces a quasi-stable quotient
Oc(=91—+-—$a) COc=C' ® Oc.

For any ordered partition d =d; +--- +d, with dy,...,dp € 7Z=9, this corre-
spondence gives rise to a morphism

Mo mia —> Qgm@® x -+ x P, (dy,....dp)).
In turn, this morphism induces an isomorphism
¢ Momia/Say %+ %X Say —> Qg m@® x -+ x PO (dy,....dp)), (2.8)

with the symmetric group Sy, acting on /Vg,mld by permuting the points
V1, .-, Ydy» Sa, acting on My 4 by permuting the points g,41, ..., Yd;+ds>
and so on.

There is again a universal curve

with sections o1, ..., 0, and 61, ...,04. Let
Vi = —m.(07), ¥rj = —7(6]) € H* (Mg mja) (2.9)

be the first Chern classes of the universal cotangent line bundles.

LEMMA 2.4 ([17. Section 4.5)). Ifd € Z* and a1, az, by, ..., by € Z7°, then

/ﬂ YAy b = (d_ 1) : {1 For - ba=0. 5 1
0.2d

ai,az 0 otherwise.

Proof. 1f d > 1, then there is a forgetful morphism
[ Moaia — Mo -1,

dropping the fleck y,4. For i = 1,2, let D; C ﬂo,z‘d denote the divisor whose
generic element consists of two components, with one of them containing y; and
94 (and no other marked points). By (2.9),

Vi=f"vi+D; Vi=1,2, 1/Afj=f*1ﬂj Vi=1,....,.d—1. (2.11)
Under the canonical identification of D; ~ ﬂmd_ 1 X ﬂo,m with M0,2|d— 1,
Dilp,=—yi, Di-D2=0, Vil vualp, =0,

V3—ilp;, = ¥3-i, Vilp,=v; Vj=1,...,d—1.

If the left-hand side of ( ) is not zero, then the sum of the exponents is d — 1.
Thus, by symmetry, we can assume that by = 0. By ( ) and ( ),

ay ,ax b b aj—1 _,ay b b
/_ ¢11w22w11'_.wdd:/_ w]l w22w11'_'wdd
Mo21a Mo,21a-1

2.12)

-1 1b b,
+/7 PO
Mo 21d-1

This implies (2.10) by inductionon d (if d =1, MO,ZId is a single point). (]
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Our proof of Theorems | and 3 immediately leads to a closed formula for certain
twisted equivariant Hurwitz numbers; see Theorem 4 in Section 4. We conclude
this section with a nonequivariant version of this formula.

Let x € H?(P*) denote the hyperplane class. For any d € Z, let

S*(x) = Mpoc Opoe (1) @ 1y S* —> P x U —> P x m(),zw,
where mpeo, 4 @ P x U — P>°, U are the two projections. In particular,

e(S*(x)=xx1+1xe(S*) e H*P® xU) =Q[x]® H*U).
Similarly to (1.2), let

VD) = P RO7u(S ()% (—01) & @D R'7u(S* ()% (—01))

ap>0 a <0
— Mo 21> (2.13)

where v : U — HQ,M is the projection as before; this sheaf is locally free. We
define power series La, &3 € Q[x][[¢]] by

La€x+qQIxlllgll, La(x,q) —qa®La(x,q)® =x",
d
£a € qQIxlllgll, x+gq @sa(x, q) = La(x, q).

THEOREM 2. If | € ZZ° and a € (Z*)!, then

> d 'y(d)
g e )
14+ +h —
MREED 7 /n = V02 — )

— efa(}fﬂ)/hl-k%a(x,q)/ﬁz c Q[X][[hrl , h;l , q]]

Proof. This is obtained from Theorem 4 by settingn =1,i =1,and o1 =x. [

In the case [ = 0, the left-hand side of the expression in Theorem 2 reduces to

ay+az+1
1+ Z (h;alh;(czz+l)+h;(u1+1)hfa2) q

| Ao
(a1 +ax+ D! Mo, 2ja; +ay+1 bre

ay,ay>0
—arp— - - gttt faitap
=14+ (h7%h (@tl) | p-l@thy ay 47
a]%;O : : : ! (a1 +ax+1)! ag
=eq/h|+q/hz;

the first equality above holds by Lemma 2.4. Since &(.)(x, g) = g, this agrees with
Theorem 2.

3. Equivariant Cohomology

In this section, we review the notion of equivariant cohomology and set up related
notation that will be used throughout the rest of the paper. For the most part, our
notation agrees with [ 1. Chapters 29, 30]; the main difference is that we work
with P"~! instead of P".
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For any n € Z™, let
[n]={1,...,n}.
We denote by T the n-torus (C*)". It acts freely on ET = (C*°)" — 0:
e tn) - @15y z0) = (1121, -2 tnZn)-
Thus, the classifying space for T and its group cohomology are given by
BT=ET/T=P*)" and Hp=H"(BT;Q) =Qlai,...,a,l,
where o; = e (y*) if
7 (P®)' —P* and y — P*®
are the projection onto the ith component and the tautological line bundle, respec-
tively. Let

Hi=Qu =Q(at, ..., ay)

be the field of fractions of Hr.

A representation p of T, that is, a linear action of T on C*, induces a vector
bundle over BT:

Vo =ET xr Ck.
If p is one-dimensional, we will call
Cl(Vp*) = _Cl(Vp) € Hj]‘* C Qq
the weight of p. For example, «; is the weight of the representation
m; . T— C*, t,....th) - z2=1;2. 3.1

More generally, if a representation p of T on CF splits into one-dimensional rep-
resentations with weights B8y, ..., Br, we will call By, ..., Bx the weights of p. In
such a case,

eV))=p1--- B (3.2)
We will call the representation p of T on C"* with weights «, ..., «, the standard

representation of T.
If T acts on a topological space M, let

H{(M)=H"(BM;Q), where BM =ET xT1 M,

denote the corresponding equivariant cohomology of M. The projection map
BM — BT induces an action of H on Hy(M). Let

Hi(M) = Hi (M) ®@pz H.

If the T-action on M lifts to an action on a (complex) vector bundle V —> M,
then
BV =ET x1V

is a vector bundle over BM. Let
e(V)=e(BV) € Hy(M) C H}(M)

denote the equivariant Euler class of V.
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Throughout the paper, we work with the standard action of T on P"*~!, that is,
the action induced by the standard action p of T on C":

t, ..ty - lz1s -y zwl =[t121, - - -, thzZnl-
Since BP"~1 = PV,,
HiP" )= H* PV, Q =QIx, a1, ..., a0/ X" +c1 (VX" T+ +cu(V))),
where X = c1(y*) and y — PV, is the tautological line bundle. Since
c(Vp)=U—ap)--- (1 —an),
it follows that
HEP" D) =Qlx, a1, ..., @/ (x— 1) -+ (X =),

HE®" ™) = Qulx]/(x — 1) -+ (x — ). (3.3)
The standard action of T on P"~! has n fixed points:
P =[1,0,...,0], P=[0,1,0,...,0], ..., P,=][0,...,0,1].
Foreachi=1,2,...,n,let
¢ =] [x— o) € HFP" ). (3.4)
ki

By equation (3.9) below, ¢; is the equivariant Poincaré dual of P;. We also note
that y|gpp, = Vg, where m; is as in (3.1). Thus, the restriction map on the equi-
variant cohomology induced by the inclusion P, —> P"*~! is given by

k=n

Hi®" ) =QIx, a1, ..., @/ [ [x—ax) — HF(P)) = Qles, ..., ],
k=1
X — «;.

In particular, if F € H{f (P"—1), then
.FIOEH%(P'I_I) — FExx=o)=F|lp=0€Qai,...,a,] CQq
Vi € [n]. (3.5)

The tautological line bundle y,_; —> P"~! is a subbundle of P"~! x C" pre-
served by the diagonal action of T. Thus, the action of T on P"~! naturally lifts
to an action on y,_1, and

e(y  Dlp=a; Vi=1,2,....n. (3.6)

The T-action on P"~! also has a natural lift to the vector bundle 7P"*~! — P!
so that there is a short exact sequence

00—y | @1 — v C" — TP 1 —0
of T-equivariant vector bundles on P*~!. By (3.2), (3.6), and (3.4),

eTP" ip =@ —a)=g¢ilp, Yi=1.2.....n. (3.7)
ki
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If T acts smoothly on a smooth compact oriented manifold M, then there is a
well-defined integration-along-the-fiber homomorphism

/ . HE(M) —> H3
M

for the fiber bundle BM — BT. The classical localization theorem of [ 1] relates
it to integration along the fixed locus of the T-action. The latter is a union of
smooth compact orientable manifolds F; T acts on the normal bundle N'F of
each F. Once an orientation of F is chosen, there is a well-defined integration-
along-the-fiber homomorphism

/ : Hj(F) — Hf.
F

The localization theorem states that

_ nlr N
an—XFj/Fe(NF) €Qq Vne Hp(M), (3.8)

where the sum is taken over all components F' of the fixed locus of T. Part of
the statement of (3.8) is that e(N'F) is invertible in H(F). In the case of the
standard action of T on P"~1, (3.8) implies that

nlp,:/ (19i € Qa VneHEP),i=1,2,....n; 3.9)
]P)ﬂ*

see also (3.7).
Finally, if f: M —> M’ is a T-equivariant map between two compact ori-
ented manifolds, there is a well-defined pushforward homomorphism

fe s Hf (M) — HF(M').

It is characterized by the property that
/M/(f*n)n/ = /M n(f*n) Vne Hp(M),n' € Hy(M'). (3.10)

The homomorphism f y of the previous paragraph corresponds to M’ being a
point. It is immediate from ( ) that

Fe(f* ")) = (fimn" Vne€ Hy(M),n" € Hy(M'). (3.11)

4. Equivariant Mirror Theorem

In this section, we state an equivariant version of Theorem |, Theorem 3, which
immediately implies Theorem . It is proved in the rest of this paper, as outlined
in Section | after the statement of Theorem |. We then formulate an equivariant
version of Theorem 2, Theorem 4, providing a closed formula for equivariant
Hurwitz numbers. This theorem immediately implies Theorem 2 and is obtained
in Section 8 by combining Proposition in this paper with some results from
[26]. Throughout the paper, we use calligraphic letters, for example, ) and Z, for
equivariant generating functions.
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The standard T-representation on C" (as well as any other representation)
induces a T-action on the trivial rank n sheaf over any quasi-stable curve

(ny17"'7ym)’
T'Cn®oc_)cn®005 (II,--',tn)'(f],-~~,fn)=(t1fl’-~-’tnfn)7

and thus on the rank 1 subsheaves of this sheaf. This action preserves the degree
of the subsheaf and the torsion and stability properties of Section 2 and thus in-
duces a T-action on the moduli space Eg’ 2 (P"~1 d), with respect to which the
evaluation maps

ev; : ag’m(]P’”fl,d) — Pl i=1,2,....m,

are T-equivariant. This action lifts to a T-action on the universal subsheaf S —
U and thus to T-actions on the locally free sheaves

7:(07) —> Qem® L), V00, a).

;a
This gives rise to T-equivariant cohomology classes
— B - d _ B
Vi € HE(Qy @' ). eV € HE(Qp (P! d)).

The stable quotients analogue of the equivariant version of Givental’s J-function
is given by

eV
h—n

Zpa(x, ) =1+ quew*[ ] e Hr®P" DI~ qll, &)
d=1

where evi : Qg ,(P"!,d) —> P"~! is as before. The equivariant analogue of
the power series (1.6) is given by

d —ard—1
yra(x h C]) = iqd l—lak>0 l_[;lkzl(akx +rh) Hak <0 Hr:a](() (axx —rh)
, d=0 ﬂf:1 [Tici (x — i +rh)
€ Qlai, ..., an X111~ q11. 4.2)
We view (4.1) and (4.2) as power series in i~ and ¢, by expanding around / = oo
and ¢ = 0. The coefficients of powers of i~! and ¢ in (4.2) are polynomials in

a1, ..., o, and X; the coefficients in (4.2) are T-equivariant cohomology classes
on P"~!, which can also be represented by polynomials.

THEOREM 3. Ifl € 72 neZt, andaec (Z*)l are such that |a| < n, then the
equivariant stable quotients analogue of Givental’s J-function satisfies

yn;a(xv h? Q)
In;a(CI)

Restricting to a fiber of the projection

Zpa(X, h,q) = e HEX @ Him", q11. (4.3)

BP"'= ET xpP" ! — P" !,
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we send x to x and «; to O; this gives Theorem 1. The relation of Theorem 3 to its
Gromov—Witten analogue is the same as the relation of Theorem ! to its Gromov—
Witten analogue; see the paragraph following the statement of Theorem | in Sec-
tion |. In particular, the twisted equivariant stable quotients invariants of P*~!
determined by a tuple a are the same as the corresponding Gromov—Witten in-
variants if |a] — £~ (a) <n —2,butnotif |]a| — £~ (@) =n — 1, n.

We prove Theorem 3 through a two-pronged approach. We show that the power
series V,.a and Z,.,5 are C-recursive in the sense of Definition with the col-
lection € given by (5.6) and satisfy the self-polynomiality condition of Defini-
tion 5.2; see Lemma 5.4 and Propositions 6.1 and 7. 1. Proposition 5.3 then implies
that these power series are determined by their mod 4~ 2-parts, that is, the coeffi-
cients of % and ! in this case. It is straightforward to determine the mod 7 ~2-
part of V., in all cases (). is given by an explicit algebraic expression) and
the mod % ~2-part of Zp.a if |a] < n — 2, thus establishing Theorem 3 whenever
|a] <n — 2; see Corollary

In order to establish Theorem 3 in all cases, we show that the secondary coef-
ficients )} (d) and Z (d), instead of F; (d), in the recursions (5.4) for ;.5 and
Z,.a are the same. By induction on d, this implies that the coefficients of g on the
two sides of (4.3) are the same because this is the case for d = 0 (when both coef-
ficients are 1). As part of the proof of €-recursivity for V,,a, we show that V! (d)
is determined by the expansion of V,.a(«;, fi, ¢) around i = 0; see Lemma
As part of the proof of €-recursivity for Z,.,, we show that Z[(d) is also de-
termined by the expansion of Z,.5(;, /1, g) around & = 0; see Proposition
In contrast to J} (d), Z (d) is determined by lower-degree coefficients of Z,., or
equivalently by Zj (d") with d’ < d; this relation thus completely determines Z,.,
(assuming C-recursivity). It follows that (4.3) holds if and only if the coefficients
Vi (d) for Y. a satisfy the same relation; see Lemma 8.2. The coefficients in this
relation involve twisted Hurwitz numbers over the moduli spaces ﬂ0,2|d~ These
are not easy to compute, but they can be described qualitatively in a way indepen-
dent of n. This implies that the validity of the desired recursion for the secondary
coefficients Y} (d) for ). is independent of n. Since this recursion is equivalent
to (4.3) whenever |a| <n and (4.3) holds whenever |a] <n —2 (by Corollary 8.1),
it follows that the recursion holds in all cases (see Proposition 8.3) and (4.3) holds
whenever |a| < n, as claimed.

As stated in Section |, Theorem 3 extends to products of projective spaces
and concavex sheaves ( ). The relevant torus action is then the product of the
actions on the components described in Section 3. If its weights are denoted by
agp,withs=1,...,pand k=1, ..., ng, then

ym,m,np;a(xl, e Xp g, qp)

€ Qlort: 1,y Uiy X1o - Xl g1 gl (4.4)
an,.‘.,n,,;a(xl’ s Xp g1, qp)

e HE P ' -ox P h[n g, .., g0, (4.5)



592 YAIM COOPER & ALEKSEY ZINGER

and xi,...,X, € H*(P"~! x ... x P~y correspond to the pullbacks of
the equivariant hyperplane classes by the projection maps. The coefficient of

qf' e q;f” in (4.5) is defined by the same pushforward as in (4.1), with the degree
d of the stable quotients replaced by (di, ..., d}). The coefficient of qf] e qg”
in (4.4) is given by

]J

Laksds , p h- 1ak sds—=1 p
M T1I (Zak;sxﬁrh) n 1‘[ (Zakmxs_rh)
ap.1>0 r=1 s=1 ay.1<0 s=1
P ds ng

/1_[ [TT16xs —six + 7).

s=lr=1k=1
Our proof of Theorem 3 extends directly to this situation.

We conclude this section with an equivariant version of Theorem 2. For any
d € 77 and B € H?, denote by

S*(B) — U —> Mo (4.6)
the universal sheaf with the T-action so that
e(S*(B)=Bx1+1xe(S*) e Hr(U)=Hy ® H*U).
Similarly to (1.2), let
V(B = P ROm(S*(B* (—01) & D) R'7u(S*(B)* (—01))

ap>0 ap <0

— Mo.2jas 4.7

where 7 : U —> ﬂogw is the projection as before; this sheaf is locally free. The
bundle

V(B =V (B) = RO (S*(B)(—01)) — Mo 4.8)
plays a central role in the deformation theory of stable quotients as explained in
Section 6. We define the power series L.a, &,:a € Qu[X][[g]1] by

Ly;a € x+qQq[x]llg]l,

n

[ [(Lnatx @) — ) — qa®Lusa(x, )™ = [ [ (x — ),

k=1 k=1

d
En;a € qQqIxIllgll, x+g¢g @Eﬂ;a(X, q) = Ln;a(xv q).

THEOREM 4. Ifl € ZZ°, n € 7%, and a € (Z*)", then
- (d
e (o)

/MW [Tisr €V (@i — ) (1 — 1) (2 — )
= eén:a(az ({)/hl+§n,a(ar q)/h2 c Qa[ hl 17 hZ 1’ q]]

1+(h1+h2)z

foreveryi=1,...,n
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5. Algebraic Observations

In this section, we describe a number of properties of power series, such as Vy:a
in (4.2) and Z,,.5 in (4.1), that determine them completely. We also show that ).,
indeed satisfies these properties.

If R is aring, then denote by

RI[TATI = RI[A~ 1]+ R[A]

the R-algebra of Laurent series in 7#~! (with finite principal part). If f € R[[¢]]
and d € Z=°, then let [[ f]114:4 € R denote the coefficient of ¢¢ in f.If p € Z=0

and
oo

f;’)h’)qd € R[ThTlg]]
Ng

F(h,q) =Z(

d=0 “r=—

for some ]—'flr) € R, we define

00 p—1
f(h,q)zz< > fy)h—’>qd (mod A7),
d=0 ‘r=—Ny

that is, we drop AP and higher powers of A~! instead of higher powers of 4. If
R is a field, let

R(h) — R[]
be the embedding given by taking the Laurent series of rational functions at
! =0.
If f = f(z) is a rational function in z and possibly some other variables, for
any zo € P! 5 C, let

1
R fl)= 7 f f(2)dz, 5.1
=20 Tl

where the integral is taken over a positively oriented loop around z = zp with no
other singular points of f dz, denote the residue of the 1-form fdz.Ifzy, ..., zx €
P! is any collection of points, let

i=k
R f@=) R [ (52)
seees Tk iz =T

Z

By the residue theorem on S2,
Y R {f}=0
X=X(
X0652

for every rational function f = f(x) on §> D C. If f is regular at z = 0, let
[[f]];;» denote the coefficient of z” in the power series expansion of f around
z=0.
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DEFINITION 5.1. Let C = (Cij (d))q,i, jez+ be any collection of elements of Q.
A power series F € Hj P~ [TAT[g]] is C-recursive if the following holds: if
d* € 779 is such that

[Fx=a;, i, llg:a—a € Qu(h) CQu[TAT]  Vd €[d*],i € [n],
and [[F(«;, i, ¢)1]g:q is regular at i = (o; — ;) /d foralld < d* and i # j, then

c’(d)
[[F (@i, h, )lg:ax — ZZ SUF @) 2, lgrar—ale=a; -/
d=1 j#i /
€ Qqulh, i1 C Qu AT (5.3)

Thus, if F € H% (P [TAT[[g]] is C-recursive for any collection C, then
Fx=ua;,h,q) € Qu(i)llq]]l C QuTATIlIg]] Vi€ [n],

as can be seen by induction on d, and

- r r d C](d)q

Flahg =Y Z Fl(d)i'q +ZZ @ —and
d=0r=—N, d=1 j#i J !
x]-'(aj,(otj —a;)/d,q) Vi€ [n], 5.4

for some F7 (d) € Q. The nominal issue with defining C-recursivity by (5.4), as
is normally done, is that a priori the evaluation of F(«;, /i, q) ath = (o; — ;) /d
need not be well defined since F(«;, 71, q) is a power series in g with coefficients
in the Laurent series in i ~'; a priori they may not converge anywhere. However,
taking the coefficient of each power of ¢ in (5.4) shows by induction on the degree
d that this evaluation does make sense; this is the substance of Definition

DEFINITION 5.2. For any F = F(x,f,q) € Hf(]P’"‘l) [TATI[[g]], let

o ® ooz

P hv ) i9h1 h ia_ha
Fh,z,q) = an#(al—awm qe")F(ai, =1, q)

€ Qo [Tz, q11- (5.5)
A power series F € Hp P*~Y[TATI[z, 1] satisfies the self-polynomiality condi-
tion if ® r € Qq[2]llz, q11.

ProprosITION 5.3 ([11, Lemma 30.3.2]). Let F,F' € Hﬁf(]P’"_l)Hhﬂ[[q]]. If F

and F' are C-recursive for some collection C = (Cij (d))a,i,jez+ of elements of
Qy, satisfy the self-polynomiality condition, and

Fx=a;,h,q), F(x=a;,h,q) €Q+q-QulATlgl C QulTATIg]]
Vi € [n],

then F = F' (mod A~2) if and only if F = F'.
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Let
) ard —ard—1 o
- W
€{(d)z Hl—[(akoti—l—r )l_[ l_[ (akal—r 7 >
ap>0r=1 ar<0 r=0
d n o —
/(d T111 (a,-—otk—i-r -’d '))e@a. (5.6)
r=1k=1
(r,k)#d, )

LEmMA 54. Ifl € 729 neZt, andac (Z*)l are such that |a| < n, the power
series Yp.a(X, I, q) given by (4.2) is C-recursive, with the auxiliary coefficients in
the recursion (5.4) for Vy.a given by

R (n~" " Vpalei, B} ifr <0,

PRRACITAEE YA ifr=0; 5.7)
= 0 ifr > 0.

Furthermore, YVy,.a(X, h, q) satisfies the self-polynomiality condition.

Proof. This is well known from the various proofs of mirror symmetry for
Gromov—Witten invariants (e.g., [7, Section 11], [1 |, Chapter 30], [6, Section 4]);
we include a proof for the sake of completeness.

We first view V.5 as an element of Qq (X, /i)[[¢]]. Splitting the coefficient of
q‘”"" in (4.2) into the factors with r <d and r > d, plugging in (o; — o;)/d into
all factors other than the (r, k) = (d, j) factor in the denominator, and simplifying,

we obtain

¢/ (d)q?

(o — ey @ = e)fda).

1
R —Y,. i 2, =
Z=(Olj01i)/d{ P Zyn,a(az Z ‘I)}

By the residue theorem on S2,

j{jj{j &g’ Valej, () —ai)/d, q)
st ey —en/d e

1
=_Z fzg%oo{h—yn ala;, z, Q)}

—yn alai, i, q) — o 9{ {hTyn ala, 2, Q)} (5.8

Since the coefficients of (Fz*l)o in Vy.a(e;, ii,q) and Y,.a(e;, fi, q) are the same,

zg{oo{h—yn alo, z, Q)} = Iy;a(q)
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by (1.7). Since the coefficient of qd in Vp.a(og, i, q) has a pole of order d at
h=0,

1
EE {—[D}n alai, z, Q)]](I d}

|:|: 1 Hak>01_[ (akal +FZ) Hak<01_[ aud = l(akOlz _rZ):|i| )
h—z d!n,zlnk¢i(ai_ak+rz) del,

the last expression is a polynomial in #~! with coefficients in Q, of degree at
most d. This establishes that V., is €-recursive and (5.7) holds; the r < 0 case
of (5.7) follows from (5.4) with F replaced by Vy.a.

We now expand )., as a power series in i~ and ¢ with coefficients in Qg [x].
Thus,

(a)af(a) X

HZ:] (x — o)
viewed as a function of x has residues only at x = o; with i € [n] and x = co. By

(4.2),

VX, 71, g€") Vua(=X, 71, q) € Qe X)[[A ', 2, q1]

(51)0‘,{5(3)6""'Z e
myn;a(ai,h,qe VVpalei, =, q)
ki \Bi T
(a)Xz(a)eXZ
{myn;a(xa ha qehz)yn;a(x, —h’ q) .
k=1\* "

Thus, by the residue theorem on s2,

(a)xe(a)exz A
Oy (hz,9)=— R {=———Vna(X, i, qe") Vya(x, -1,
yn;a( < q) XZOQOO{HZ:] (X_ak)yn,a(x qe )yn,a(x C])
= —Ry)— Roo-

Since the coefficients of positive powers of g in )., are divisible by x*” @,

I_IZZI(X—ak)

The residue Y, is computed by replacing x with 1/w and simplifying. Since
the coefficient of ¢¢ in Vua(l/w, A, g%) vanishes to order (n — |a|)d at w =0, a
direct computation gives

Ro = <a>[[eiﬂ € Qulz] € QulAlllz. q11.
x;—{¢(a)—1

= 1—£(a)+p+(n—|a])(d; +d2)

_%oo = Z Z qd1+dzehdlz
d, oo (M= 1= L@+ p+ (n—lah(di +d))!
|:|:Hak>0 Hakdl (ax +rhw) Hﬂk<01_[ aidi = l(ak —rhw)

X
[Tezi (1 — aw)

]—Iak>0 Hukdz (ak rhw) l_[aA <0 H o 1(ak + rhw) :|j|
1'[r=1 [Tz (1 = (ax —riyw) Hr:l [Tic (A = (ak + riyw)
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The (d1, d2, p)-summand above is qdl+d2 times an element of Qg [A][[z]]. U

In the case of products of projective spaces and concavex sheaves (1.14), Defini-

tion becomes inductive on the total degree d; + --- + d), of qfl .- -q;lp . The
power series JF is evaluated at (X1, ...,Xp) = (@1;i, .- -, ap;,-p) for the purposes
of the C-recursivity condition (5.3) and (5.4). The relevant primary structure co-
efficients are of the form

ay;sd
. — — Oy
Lwd= ] n(zak,a“,+r . )
ar.1>0 r=1
—dag; d—1 p
% I—[ak1<01—[ ' (thlak;tal;it —I’(Ols;j _as;is)/d)

d]_[ -1 ]—[’h (C‘fs;is — Q.+ r(as;j - Ofs;is)/d)
(rk)#(d,j)

with s € [p] and j # is. The double sums in these equations are then replaced by
triple sums over s € [p], j € [ng] — is, and d € ZT, and with F evaluated at

< — ag; ift=s, . Qg j — Oy
t . - 5 -
api, ift#s, d

The secondary coefficients 7 (d) in (5.4) now become .7-'[1 iy (dy,...,dp), with

iy € [ng] and d; € ZZ0. In the analogue of Definition 5.2, ® r is a power series
inzy,...,zp and qi, ..., gp, the sum taken is over all elements (iy,...,ip) of
[71] x - -+ x [np], the leading fraction is replaced by

[ay.=0 Yo ks el St piip2p

[T <0 oy astsi [T [Tewsi, (ossis — ask)

and the ge/*-insertion in the first power series is replaced by the insertions
qlehzl, e, q,,ehzl’. The conclusion of Lemma holds with i, d, and qd
placed by (i1,....ip), (d1,...,dp), and q]d1 -~~qu, respectively. The proof is
nearly identical, except that the last claim involves p applications of the residue
theorem on S2. Instead of the residue at x = 0 of the coefficient of ¢°, there may
be a residue at a value of x; dependent on the values of the other variables x;, but
it again would not involve /.

6. Recursivity for Stable Quotients

In this section, we use the classical localization theorem [1] to show that the equi-
variant stable quotients analogue of Givental’s J-function, the power series 2.5
given by (4.1), is C-recursive with the collection Cij (d) given by (5.6). We also
describe the secondary terms Z] (d) in the recursion (5.4) for Z,.a, establishing
the following statement.
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d N\ d / d d’

i,0) (4.0 @“o (4,2 (i,dp)  (j,0) (k,5)
[j(d) dyeZt

Figure 1 Two strands with 0(vpin) = 0 and a strand with ?(vpyi,) > 0

ProposiTION 6.1. If ] € 729 neZt, and a € (Z*)l, then the power series
Zn-a(X, fi, q) is C-recursive, with the auxiliary coefficients in the recursion (5.4)
for Z,.4 given by

ZId)y=0 VreZt, 2%(d) = 04,
and forallr € 72—,

o0 0o g d+r ‘s (d) —r—1.,b

. q eVa (@)Y ¢
Sz =353 (( [ )
d=1 d=1

S Mo,21a nk;éi e(l'il(d’ (aj —ag))

(1P
x hgjo{hbTZ”la(ai’th)}>-

The proof involves a localization computation on EO,Z(IP”” ,d). Thus, we need
to describe the fixed loci of the T-action on @012(]}”"_1 , d), their normal bundles,
and the restrictions of the relevant cohomology classes to these fixed loci.

As in the case of stable maps described in [ |, Section 27.3], the fixed loci of
the T-action on @o,m (P*=1, d) are indexed by connected decorated graphs that
have no loops. However, in the case m = 2, the relevant graphs consist of a single
strand (possibly consisting of a single vertex) with the two marked points attached
at the opposite ends of the strand. Such a graph can be described by an ordered
set (Ver, <) of vertices, where < is a strict order on the finite set Ver. Given such
a strand, denote by vyin and vyax its minimal and maximal elements and by Edg
its set of edges, that is, of pairs of consecutive elements. A decorated strand is a
tuple

I' = (Ver, <; 1, 0), 6.1)

where (Ver, <) is a strand as above, and
w:Ver—> [n] and 0: VeruEdg —> Z=°
are maps such that
w(vy) # pu(vy) if {v1, v2} € Edg, 0(e) #0 Ve e Edg. (6.2)

In Figure 1, the vertices of a decorated strand I' are indicated by dots in the in-
creasing order, with respect to <, from left to right. The values of the map (i, ?)
on some of the vertices are indicated next to those vertices. Similarly, the values
of the map ? on some of the edges are indicated next to them. By (6.2) no two
consecutive vertices have the same first label, and thus j # 1.
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d d
@0 (.0 (.0 (k,0)

Figure 2 The substrands corresponding to the edges of the last graph
in Figure

With I" asin (6.1), let

ICl= Y @+ Y o)

veVer ecEdg

be the degree of I'. If e = {v1, v} € Edg is any edge in I', let ', denote the
single-edge graph with vertices vy and vy, which are ordered in the same way as
in I' and assigned values (i (v1),0) and (u(v2), 0), and with the edge assigned
the value d(e) as in the original graph; see Figure

As described in [17, Section 7.3], the fixed locus Qr of @O,Q(IP”_I, |T"]) cor-
responding to a decorated strand I consists of the stable quotients

€, y1,52,5CcC"®0O¢)

over quasi-stable rational 2-marked curves that satisfy the following conditions.
The components of C on which the corresponding quotient is torsion-free are
rational and correspond to the edges of I'; the restriction of S to any such com-
ponent corresponds to a morphism to P"~! of the opposite degree to that of the
subsheaf. Furthermore, if e = {v, vy} is an edge, the corresponding morphism f,
is a degree-0(e) cover of the line

1
P/L(vl),u(vz

, P!

passing through the fixed points Py y,) and Py (y,); it is ramified only over Py (y,)
and Py, (y,). In particular, f, is unique up to isomorphism. The remaining compo-
nents of C are indexed by the vertices v € Ver with d(v) € Z™. The restriction of
S to such a component C,, of C (or possibly a connected union of irreducible com-
ponents) is a subsheaf of the trivial subsheaf P,y C C" ® O¢, of degree —d(v);
thus, the induced morphism takes C, to the fixed point P, () € P"—!. Each such
component C, also carries two distinguished marked points corresponding to the
nodes and/or the marked points of C; if neither of the marked points of C lies on
Cy, we denote the marked point corresponding to the node of C, separating C,
from the first marked point by 1 and the other marked point by 2. Thus, as stacks,

or~ [T Q@0 x [T or.~ [T Mozpw/Sow x [T @r

veVer ecEdg veVer ecEdg
0(v)>0 o(v)>0
%( I MO,ZID(U)/SO(U))/ [ Zow- (6.3)
veVer ecEdg

2(v)>0
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with each cyclic group Zy(,) acting trivially. For example, in the case of the last
diagram in Figure 1,

Or ~ (Mo,21dy /Sdy X Mo,2i5/S5)/Za x Zar

is a fixed locus in Qg ,(P"~',do+5+d +d').
If T is a decorated strand as above and e € Edg, let

e Or —> Or, C Qg2 (P" ', 2(e))

be the projection in the decomposition (6.3). Similarly, for each v € Ver such that
o(v) >0, let

7yt Or —> Mo2jpw)/Sow)

be the corresponding projection. If e = {v1, v2} € Edg with v1 < vy, let

Wep; = —JT:%, We;py = _”:1//27 Yopse = 7[; Y2, Yugse = 77:;;‘”1 € HZ(QF)~
(6.4)
By [11, Section 27.2],

bl ] = 19 2' 6.5
) ' 6:5)
For each v € Ver — {vnin}, let e_(v) = {v_, v} € Edg denote the edge with v_ < v;
foreach v € Ver — {vmax}, let e (v) = {v, v4} € Edg denote the edge with v < v,

By [17. Section 7.4] the Euler class of the normal bundle of Qr in QO’Z(IP’"_l,
[T"]) is given by

e(NQr) _ 1_[ 1_[ n:e(].il(a(v))(au(v) — i)

min
/ v(e)VirO k#u(v)

x [ mre® (£ TP" @ O(=y1))/C)
ecEdg

X 1_[ (a)e,(v);v + a)e+(u);v)
V€ Ver—vmin —Umax
o(v)=0
X l_[ (a)e_(v);v - 1,[fv;e_(u))
VEVer—uvmin
2(v)>0
X l_[ (weJr(v);v - 1/fu;e+(v)), (6.6)

veVer—uvmax
0(v)>0

where V(@) — ) is as in (4.8), and C C HO(f*TP" @ O(—yy)) is the
trivial T-representation. The terms on the second line in (6.6) describe the stan-
dard deformations of the domain; they are given by the direct sum of the ten-
sor products of the tangent line bundles at the two branches of each node. The
terms on the first line in (6.6) correspond to the deformations of the sheaf without
changing the domain C; they are obtained by relating these deformations to the
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deformations on each component of C and applying (3.7) to the deformations over
the components C, corresponding to the vertices. The first term on the right-hand
side of (6.6) and the first two terms on the second line of (6.6) are the contribu-
tions of nondegenerate vertices described in [17, Section 7.4.2]. The second term
on the right-hand side of (6.6) is the edge contributions, which are the same as in
Gromov—Witten theory. Finally, by (1.2) and (4.7),

- (T . .
eV lor = [T mre@uw) - ] med2&).  67)
ve Ver ecEdg
0(v)>0

LEMMA 6.2. For every edge e = {v1, va} with vy < v in " as above,

e(Vr?;(:)) — 02 (3(e)) .
/Qre e(HO(f;TP" ® O(—y1))/C)  HO0 (e (6.

with €422 (2(e)) given by (5.0).

Proof. Since the edge contributions are the same as in Gromov—Witten theory,
(6.8) is standard; we recall its derivation for the sake of completeness. Let i =
u1), j = u(v2), and d =0(e).

By [11, Exercise 27.2.3],

axd

e(H (fFOpi1 (@) =] |

r=0

(ard — r)a; +ra;
d

Va, €270, (6.9)

Since e(Opn-1(ax))|p, = ara; and the sequence

0 — H(f Opr1 (ax) ® O(=y1) — HO(f Opri (@)
—> Opn-1(ap)lp, — 0
is exact, the product of (6.9) without the r = 0 factor over k with a; > 0, that
is, the first product in the numerator of (5.6), is the equivariant Euler class of the

first summand in (1.2) restricted to f,. By Serre duality and [ |, Exercises 27.2.2,
27.2.3],

—ard—1

e(H' (fFOp1(@)) =[]

r=1

(axd +1)a; —raj
d

VYap € Z™. (6.10)

Since the sequence
0 —> Opu-1(@p)|p, — H'(f} Opn-1 (@) ® O(—y1))
— H'(f}Opu-i (ax)) — 0

is exact, the product of ( ) with the extra » = 0 factor over k with a; < 0, that
is, the second product in the numerator of (5.0), is the equivariant Euler class of
the second summand in (1.2) restricted to f,. Thus, the numerators in (6.8) and
(5.6) are the same.
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The denominator in (6.8) is computed using the exact sequence
0— H(f}TP]; ® O(—=y1))/C—> HO(f;TP" ® O(—y1))/C

— P HO(£Opi-1(1) ® Cay—oyy ® O(=31)) — 0, (6.11)
ki, j

where Cq, _q, is the topologically trivial line bundle with equivariant Euler class
o — ay; this sequence is obtained from the equivariant Euler sequence for P*~ !
The equivariant Euler class of each summand on the second line of (6.11) is given
by (6.9) with a; = 1, each factor increased by o; — o (because of the tensor
product with the line bundle C,, ¢, ), and the » = 0 factor again dropped. Thus,
the equivariant Euler class of the vector space on the second line of ( ) is the
product of the factors in the denominator of (5.6) with k # i, j. By [1 1, Exercise
27.2.3],

2d
» (d—r)(a; —oj) +r(oj —a;)
e(H (f;TP} ;) =r1:£ g LR (6.12)

Since e(T}P’l-l, P, =i — o and the sequence
0— HY(fFTP!; ® O(=y1)) — HO(f;TP} ) — TP} ;|p, — 0

is exact, ( ) and ( ) give

d d—1
e(HO(f:TP},,»®0(—y1)>/©=]"[r(“’ o) 1‘[’(“’ “).
r=1 r=1

Thus, the denominator in (6.8) equals to the product in the denominator of (5.6).
The remaining factor d in the denominator of (5.6) accounts for the automorphism
group of QOr,. U

Proposition is proved by applying the localization theorem to

o0 e(VDyevi ey
Zn;a(x=ai,h,q)=1+2q”’f, —ma
o Joneta =i

€ Qullh~ ', q1l, (6.13)

where ¢; is the equivariant Poincaré dual of the fixed point P; € Pr—1: see (3.4),
(3.9), and ( ). Since ¢;|p; =0 unless j =i, a decorated strand as in (0.1)
contributes to ( ) only if the first marked point is attached to a vertex labeled i,
that is, i (vmin) = i for the smallest element vy, € Ver. We show that, just as with
Givental’s J-function, the (d, j)-summand in (5.4) with C = € and F = Z),.,,
that is, _
¢/ (d)g?

h— (O[ j— Ol,') / d
is the sum over all strands such that ©(vmin) = i, that is, the first marked point is
mapped to the fixed point P; € "1 vmin is a bivalent vertex, that is, 9 (Vin) = O,
the only edge leaving this vertex is labeled d, and the other vertex of this edge is
labeled j. We also show that the first sum on the right-hand side of (5.4) is 1

Zyalaj, (aj —a;)/d, q),
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1 2 1 2

Nd N e
1,0 i, 0 i, 2
,0) Fl(J ) (J,2) r,

Figure 3 The two substrands of the second strand in Figure

(for the degree O term) plus the sum over all strands such that @ (vpin) =7 and
0(Vmin) > 0.
If I' is a decorated strand with ©(vyin) =i as above,

evigilor = [ (@i — ax) = e(Tup ") (6.14)
ki

Suppose in addition that ?(vpin) = 0. Let v = (vpin)+ be the immediate succes-
sor of vmin in I', and e; = {vmin, v1} be the edge leaving vpmin. If |Edg| > 1 or
0(vy) > 0 (i.e., I is not as in the first diagram in Figure 1), we break I" at v; into
two “substrands”:
(i) I't =T, consisting of the vertices vmin < v1, the edge {vmin, v1}, and the
0-value of O at both vertices;
(i) T'> consisting all vertices and edges of I', other than the vertex vmin and the
edge {vmin, V1};
see Figure 3. By (6.3),
QF ~ er X Qrz-
Let 71,72 : Qr — QOr,, Or, be the two component projection maps. By (6.7)
and (6.6),

O lo =feVll) e
e(N Qr) _n*(e(Ner))
e(TpPr—1) ~ "1\ e(TpPr-1)

n*( e(NV Qr,)
*\e(Tp,,, P

Combining this with (6.5), (6.8), and ( ), we find that

) . (a)el;vl - 7T2*1/f1)~

- eV evigy
1 fQ (h— y1)e(N Qr)
¢ @ (er))g®e
= (opqy) — i) /0(er)

. <q|Fz| { / e(V,E';l;Z'))eVT%(UI) }
or, (h—Y1)eNQr,)

) (6.15)
h=(au(v))—ai)/0(er)



604 YAIM COOPER & ALEKSEY ZINGER

1 2 1 2
N Nod S
(i, doy) @0  (,0 (k)5
Iy I,

Figure 4 The two substrands of the last strand in Figure

By ( ) with i replaced by ©(v1) and the localization formula (3.8), the sum of
the last factors over all possibilities for I'p, with I'y held fixed, is

Zn;a(au(vl)v (Olp,(v]) —a;)/0(e1),q) — 1.

On the other hand, the contribution of the graph I';;,(y,)(0(e1)) as in the first dia-
gram in Figure | is precisely the first factor on the right-hand side of (6.15). Thus,

the contribution to ( ) from all strands I' such that (v1) = j and 0(ey) =d is
¢/ (d)q*

—t———Z a(a;, (¢; —a;)/d,q),

h_ (@ —a/d n,a(a] (051 a;)/d,q)

that is, the (d, j)-summand in the recursion (5.4) for Z,.,.

Suppose next that I' is a strand such that w(vmin) =i and 0(vmin) > 0. If
|Ver| > 1, that is, " is not as in the first diagram in Figure 4, we break I" at
Umin into two “substrands”:

(i) Tp consisting of the vertex {vmin} only, with the same © and 0-values as in I';
(i) T'. consisting all vertices and edges of I, but with the 0-value of v, replaced
by 0;
see Figure 4. By (6.3),
Or ~ 0ry x Or, = (Mo.210wmn) /Sowmn) X OT. (6.16)
if |Ver| = 1, then this decomposition holds with Qr, = {pt} and ?(vmin) = |T'|.
Let mg, . be the two component projection maps in ( ). Since

Yilor =my Vi,

T acts trivially on MO,ZID(vmm)’

Y1 =1 x Y1 € HE (Mo 200(umm) = HT © H* (Mo 20 (0in))»
that is, T acts trivially on the universal cotangent line bundle for the first marked

point on M 2o (uy;)» and the dimension of Mg 2o (s 15 0(Umin) — 1,

0(vmin)—1

= Z A D iy, (6.17)

Or r=0

1
h =y
Since |0(vmin)| < |I'| and T" contributes to the coefﬁcient of q'r‘ in ( ), it fol-

lows that Z,,., satisfies (5.4) with F = Z,,.,, Cl.j (d) = QZ{ (d), Ng=d, Z/(d)=0
forr e ZT, and Z? (d) = 8oq. In particular, Z,., is C-recursive.
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It remains to verify the last identity in Proposition 6.1. We continue with the
notation as in the previous paragraph. If |Ver| = 1, then the second factor in ( )
is trivial; in this case, (6.7) and (6.6) immediately give

m/ eV evig,
T ) (h—yeNor)

-1 (1)
= poen 47 eVa @Y1 g
gt ATD! R0 oy Ty €V} (0 = )
Suppose next that |Ver| > 1. By (6.7) and (6.6),
eV, or = mgea @) - wreWy),
e(NVQr) . (ITol)
—— = e(V (a; — ag))
1 0 1—[ ( 1 i k
e(TpPn—1) kot
e(NOr,)
(g ) e =099
where e is the edge leaving vpin. By (6.4),
1 o
———— =) my .
Dey:vmin = o V2 ,;) ore
Combining the last four identities, we find that
[ Ao
or (h—v¥1)eNQr)
dy—1dg—1— .
— OZ Ozrh—(m)(ﬂ/ eV (@) v
= = do! J Mo 2y TTs €V (e — )
SUTeDy Ly
_ eV, . evidi
x (—1)bt1gITel g ot ma 71T ) (6.19)
P eV Or)

where dy = 0(vin) = [To].

We now sum up the last factors in ( ) over all possibilities for I', with
IT'¢c] > 0 by decomposing I'; into substrands I'y = I';;(d), for some j € [n] — i
and d € Z*, and T',, as in the case d(vyin) = 0 above. If [ £ Iy, ( ) with I
replaced by I'. gives

ey o
q\m/ w—<b+1)e(vn;a Jevidi
Or. ! e(NQl‘C)

—(b+1)
o —
— @H(Ul) e 0(ey) n(vr) L
. ((en)q ot

< |r2{f e()‘}r(ll;l;zl))equbu(vl) 1 }
X\q
QF2 h— 1/’1 e(NQFz)

h=(ap(wp) —ai) /e >>
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The sum of the last factors above over all possibilities for I'>, with I'; held fixed,
including the case I'; is empty (when this factor is taken to be 1 for the equality
to hold), is

Zn;a(au(vl)a (O‘,u(vl) —a;)/o(e1), q),

as before. Comparing with the recursion (5.4) for Z,,.,, we conclude

| -0 e )evidn
r ! e(NQFC.)

Ce, T[>0 ¢
u(vr)=j,0(e)=d

. oy —O+D
_ o df % — Y o —
—Q:i (d)q < d > Zn;a(ap(aj a;)/d,q)

= aw{h—“’“)zn; alci. B, q)}.
A

Thus, by the recursion (5.4) for Z,., and the residue theorem on S 2,

v g0 W evigy
Te.IT, |>0 Or, e(N'Qr.)

== R (")

== ROV Zpa (i, by @) + S0,

Combining this with ( ) and ( ), we obtain

o eV, Jevids
or h—vn

1
or €N Qr)

r D(vmm)>0

00 d—1—r ), b
_Z - Zh r+1) Z ((/m e(Va ‘(O‘Z)))Wl V) )

0.2ld Hk;éi e(Vl(d (a; — o))

(—l)b
hiz‘o{wzﬂza(“i’hv@}).

This concludes the proof of Proposition
In the case of products of projective spaces and concavex sheaves (1.14), we
need analogues of (4.6) and (4.7) for every pair of tuples

d=(d,....d,) € (Z=%" -0, B=(Bi,....Bp) € HA.

Thus, we define the sheaves S’f, et S;," over the universal curve U —> M0,2||d|
by

S=0yo1+--+04),5 =0y(0g4, 41+ +04,4dy), ... — U
and denote by Si* (Bi), withi =1, ..., p, the sheaves such that
e(S/(B))=pi x 1 +1xe(S) e Hr(U)=Hy ® H*U).
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Similarly to (4.7), let

VB = P ROn(S{ B @ @ S (B0 (—01))
a;1=0

& P R'm(SFBN™ @ ® ST (Bp)*? (—o1)) —> Moya-

g1 <0
The fixed points of the T-action on P"1 =1 x ... x P*»~! are

P,' =P,'1X'~'XPI'

1ip = is € [ns];

P

thus, the function 1 on vertices now takes values in the tuples (i1, ...,i,). The
function d on vertices now takes values in (Z=%)?, with the space Mo 2j0(v)/So(v)
above replaced by

Mo 210y () 442, /Soyw) X+ X So, )

in light of (2.8). The T-fixed curves are the lines between the points P; and

Pj,...j, such that

1ip

s e[pl: is # js} =1,

thus, the vertices of any edge now differ by precisely one of the indices
(@i1,...,ip), with the w-classes in (6.5) described by the difference in the weights
of this index. The strands with d(vpin) = 0 now give rise to a triple sum, with
the summation index s € [p] on the outer sum indicating which of the indices
(i1,...,ip) changes. The computation of the contribution from the strands with
0(vmin) > 0 proceeds exactly as above, but the denominator in the integrand for
MO,% above is replaced by the product of factors corresponding to each of the
p factors. This results in a similar formula for the secondary coefficients Zl.’l i)
in (5.4):

o0

d d
S E e dgl g
(dy,..., dp)e(ZZO)—O

d[ dp
_ Z q] . ..qp
... |
dez=-0 dp! d,,.
d . —r—
§ "i(( / eV @iy, -y, DY gL )
A - (dy
b—0 Mo l_[fz] Hk;&ix e(VcSS )(as;is — Qy:k))
(-1
X }?jo Wzn;a(ail,-.-,ail,,h,qu.--,pr) ; (6.20)

whenever r € Z~ and is € [ng], if e; € (Z1)P is the sth coordinated vector.



608 YAIM COOPER & ALEKSEY ZINGER

7. Polynomiality for Stable Quotients

In this section, we adopt the argument in [ Section 30.2], showing that the
equivariant version of Givental’s J-function satisfies the self-polynomiality con-
dition of Definition 5.2, to show that the equivariant stable quotients analogue
of Givental’s J-function, the power series Z,., defined by (4.1), also satisfies
the self-polynomiality condition. Proposition 7.1 is an immediate consequence of
Lemma below, which provides a geometric description of the power series
Oz

nia’

ProposiTioN 7.1. If ] € 729 neZt, and a € (Z*)l, then the power series
Zp.a(X, I, q) satisfies the self-polynomiality condition.

The proof involves applying the classical localization theorem [1] with (n + 1)-
torus

T=C*xT,

where T = (C*)" as before. We denote the weight of the standard action of the
one-torus C* on C by #. Thus, by Section 3,

HE~QIAL  HERQIhar....o] = HE~Qu(h).

Throughout this section, V = C & C denotes the representation of C* with the
weights 0 and —#. The induced action on PV has two fixed points:

q1=[1,0], g2 =10, 1].
With y; — PV denoting the tautological line bundle,
el =0, ewPlp=—h. eT,PV)=h, eT,PV)=—h; (1.1)

this follows from our definition of the weights in Section 3.
For each d € ZZ=9, the action of T on C" ® Syde* induces an action on

X, =P(C" @ Sym?v¥).
It has (d + 1)n fixed points:
P(r)=[P@ui V], ielnl,re{0}Uld],

where (u, v) are the standard coordinates on V and P; € C" is the ith coordinate
vector (so that [P;] = P; e P"1). Let

Q=e(y*) € HE(Xy)

denote the equivariant hyperplane class.
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Foralli € [n] and r € {0} U [d],
Qlp,ry =0a; +rh,
d

e(Tp,(r Xa) = { [TT] @ - sh)}

s=0k=1
(s,k)F(r,i)

(7.2)

Q=a;+rh

Since
BX;=P(B(C" ® Sym?V*)) — BT and
d n

c(BIC" @ Sym?v*) =[[[ [ — (e + sh)) e H*(BT),
s=0k=1

the 'if‘-equivariant cohomology of X is given by
d n

H:(Xg) = H*(BXg) = H*(BDIQ1/ [[[ [ (@ — (ax +sh))
s=0k=1

d n
~QIQ e, ..o/ T ](@—ax —sh)

s=0k=1
d n
CQulh, @1/ [[]](@—ax —sh).
s=0k=1

In particular, every element of Hif (X4) is a polynomial in € with coefficients in
Qq[71] of degree at most (d + 1)n — 1.
By [13, Lemma 2.6], there is a natural T-equivariant morphism

O : Mo, (PV x P"L (1,d)) — X4.
A general element of b of ﬁ(), n(PV x P"~1 (1,d)) determines a morphism
(f.g): P! — @V,P"D),
up to an automorphism of the domain P'. Thus, the morphism
gof l:PV —p!
is well defined and determines an element O (b) € X4. Let
Xg=1{beMo(PV x P!, (1,d)):
evi(b) e g1 x P eva(b) € o x P,
X ={b € Qpo(PV x P71 (1,d)):
evi(b) e qi x P71 eva (b)) € o x P71, (7.3)

5The weight (i.e., negative first Chern class) of the T-action on the line Pi(rycC'"® Syde* is
«; + rh. The tangent bundle of fd at P;(r) is the direct sum of the lines P; (r)* ® Py (s) with
(k,s) # (i,r).

6The vector space C" ® Symd V* is the direct sum of the one-dimensional representations Py (s) of T.
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Since the morphism to P! corresponding to any element of b’ € X/, takes the
two marked points to ¢; and g, it is not constant. Thus, the restriction of the
morphism ® to X, is constant along the fibers of the natural surjective morphism
c:Xqg — %’d. It follows that the restriction of ® to X; descends via ¢ to a
morphism
0=0q: %X, — Xg.
For d > 0, there is also a natural forgetful morphism
F: QorPV x P! (1,d)) — Qp,(P" 1, d),

which drops the first sheaf in the pair and contracts one component of the domain
if necessary. Similarly to (1.2), for each d € Z™, let

(d) @ ROT[ (S*a) @ @ R! T (S*H) — Qoz(Pn—l d).

ar>0 ar <0

From the usual short exact sequence for the restriction along oy, we find that
e(V\D) = (a)evix @e(V\)) € HE(Qp (P, d)). (7.4)
In the case d =0, we set
Fre(Vio) = (a)evi(l x x'®) € H*(Qg @V x P"~',(1,0)));

this is used in Lemma below.

Lemma 7.2. Ifl € Z72°, n € ZF, and a € (Z*)!, then

o0

d

R Yy Ty
=0 ‘%

€ HZl[[z, q11 C Qul[A]llz, q11. (71.5)

We prove Lemma in the remainder of this section by applying the localiza-

tion theorem of [1] to the T-action on X;. We show that each fixed locus of

the T-action on X/, contributing to the right-hand side of (7.5) corresponds to

a pair (I'1, T2) of decorated strands as in (6.1), with I'; and I'; contributing to
Zp.ala, ki, ge) and Zp.alai, —h, q), respectlvely, for some i € [n].

Similarly to Section 6, the fixed loci of the T-action on QO L(PV x P—1,
(d’, d)) correspond to decorated strands I with two marked points at the opposite
ends. The map ? should now take values in pairs of nonnegative integers, indicat-
ing the degrees of the two subsheaves. The map p should similarly take values
in the pairs (i, j) with i € [2] and j € [n], indicating the fixed point (¢;, P;) to

7TFor a stable map b, ©(b) depends only on the restriction of b to the irreducible component Cy,. | of its
domain Cp, on which the degree of the map to P! is not zero, the nodes of Cp.1, and the degrees
of the restrictions of b to the connected components of Cj, — Cp. 1. In contrast, c¢(b) depends on
the restriction of b to the minimal connected union (chain) of irreducible components C[; of its
domain that contains the two marked points, the nodes of C,/,, and the degrees of the restrictions
of b to the connected components of Cp, — Cé. Whenever b € X4, Cp.1 C CZ. Thus, the restriction
of ® to X4 contracts everything that the restriction of ¢ contracts.
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1 2

N 2 s 6

(1.4)  (i.0) .2 (3.0 (1,3

Figure 5 A strand representing a fixed locus in X’;; i # 1,3

which the vertex is mapped. The p-values on consecutive vertices must differ by
precisely one of the two components.
The situation for the T-action on

X, C Qoa(PV x P71 (1, d))

is simpler, however. There is a unique edge of positive PV -degree; we draw it
as a thick line in Figure 5. The first component of the value of 9 on all other
edges and on all vertices must be 0; so we drop it. The first component of the
value of u on the vertices changes only when the thick edge is crossed. Thus, we
drop the first components of the vertex labels as well, with the convention that
these components are 1 on the left side of the thick edge and 2 on the right. In
particular, the vertices to the left of the thick edge (including the left endpoint)
lie in ¢ x P"~!, and the vertices to its right lie in g2 x P"~!. Thus, by (7.3),
the marked point 1 is attached to a vertex to the left of the thick edge, and the
marked point 2 is attached to a vertex to the right. Finally, the remaining second
component of u takes the same value i € [1] on the two vertices of the thick edge.

Let A; denote the set of strands as above so that the w-value on the two end-
points of the thick edge is labeled i; see Figure 5. We break each strand I" € A;
into three substrands:

(i) I'1 consisting of all vertices of I" to the left of the thick edge, including its
left vertex v with its 9-value, but in the opposite order, and a new marked
point attached to vy;

(ii) Tg consisting of the thick edge e, its two vertices v; and vy, with 0-values
set to 0, and new marked points 1 and 2 attached to vy and vy, respectively;

(iii) I'> consisting of all vertices to the right of the thick edge, including its right
vertex vy with its 9-value, and a new marked point attached to v;;

see Figure 6. From (6.3) we then obtain a splitting of the fixed locus in X/; corre-
sponding to I':
Or ~ Or, x Or, X Or,
C Qo 2" IT1D) x Qo2 (PV, 1) x Qoo (B"', T2 (7.6)
The exceptional cases are [I'1]| =0 and |I"2| = 0; the above isomorphism then

holds with the corresponding component replaced by a point.
Let 71, mg, and mp denote the three component projection maps in (7.6). By

(7.4), (6.7), and (6.6),
Frev()

;a

14 - (IT . (I
)or = (a)a;® .nl*e(vr(l‘;al\)) . n;e(vr(l\;azl))’
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1,4) (@,0) @i,0) @i,0) @2 (G,00 1,3
I Iy I

Figure 6 The three substrands of the strand in Figure

eNQOr) _ ﬂ*< e(NQr)) ) _n*< e(NQr,) >
e(TpPr=1) — "1\eTpPr—1)) "2\ e(TpPr1)
(@egivy — 71 Y1) (@egs0, — T3 Y1) (1.7)
Since QOr, consists of a degree 1 map, by the last two identities in (7.1)
Wey:v; = H, Weg:vy, = —Hh. (7.8)

The morphism 6 takes the locus Qr to a fixed point Px(r) € X4. It is immediate
that k = i. By continuity considerations, r = |I"{|. Thus, by the first identity in

(7.2),
0*Qlor =i + [T'1|A. (7.9
Combining (7.7)—(7.9), we obtain

0*Q arn
|1"|/ e( )ZF*e(Vn;a )|QF
q
or

e(NVQOr)
= 4(3)()[;(3)6:%1 {e|F1|thF1/ e(vr(ll;l;ll))equsi 1 }
[Tz (i — o) or, h— or, e(NOr))
v(\‘rzl) i
x {q|F2|/ e( n:a Jevio 1 } (7.10)
or, M=V g, e(NOr,)

This identity remains valid with |I'1| = 0 and/or |I"2| = 0 if we set the correspond-
ing integral to 1.
We now sum up ( ) over all I € A;. This is the same as summing over all
pairs (I'1, ') of decorated strands such that:
(1) T’y isa2-point strand of degree d; > 0 such that the marked point 1 is attached
to a vertex labeled i;
(2) I'; is a2-point strand of degree d, > 0 such that the marked point 1 is attached
to a vertex labeled i.

By the localization formula (3.8),

1+Z(qe'“)r"{/
I r

1
or, or, €N Or,) }

“y(d
- hz\d e(Vﬁ;;)eVT@
=1+ (qe")* | — a7
ot Qo @ty =1

eV evigy
h—yn

= Zn;a(aiv h, qehz)§
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ST2Dy ey
1+Zq|l“zl{/ eVya Jevidi 1 }
T Or, (—h) — ¥ or, e(NQrz)
s e(f)@)ev’fq&i
1y d/ e g —hg). (T11)
dZ:;)q 0oaPr—1ay (=) =¥ N !

Finally, by (3.8), ( ), and ( )

00

* d
qu\/\/ e(@ Q)ZF*e(Vr(l,;)
=0 “’*Xa

n

(a)Ol-Z(a)e"‘iZ
= mzn;a(aia i, qehz)zn;a(ai’ —h,q)
i=1 Lk
=dz,,(h.2.q).

as claimed in (7.5).
In the case of products of projective spaces and concavex sheaves ( ), the
spaces
002V xP'"! (1,d)) and X;=P(C" ®Sym’V*)
are replaced by
Qo 2PV x P~ o P71 (1,dy,...,dy)) and
P(C" ® Sym? V*) x - x P(C"? @ Sym¥ V*),

respectively. Lemma 7.2 then becomes

q)any___,np;a(h» Z] LR ) Z[)a qla L] Qp)
d d 0*Q)z1++(0%Q,)z (dy,-.ndp)
_ Z q;' -q," / / e Q)21+ +( p)z;znfe(vm"wnpfa).
diondy=0 Xay,...dp
The vertices of the thick edge in Figure 5 are now labeled by a tuple (i1, ...,ip)

with i; € [n;], as needed for the extension of (5.5) described at the end of Sec-
tion 5. Relation (7.9) becomes

G*QS|Q[~ =i, + IT1lsh,

where |T"1|s is the sum of the sth components of the values of 0 on the vertices
and edges of I'; (corresponding to the degree of the maps to P"s~1). Otherwise,
the proof is identical.

8. Proof of Theorems 3 and

This section concludes the proof of Theorem 3 stated in Section 4. Sections 5—

reduce this theorem to conditions on the power series V., defined in (4.2); see
Lemma 8.2. Based on qualitative, primarily algebraic, considerations, we show
in the proof of Proposition that this power series does indeed satisfy these
conditions and thus establish Theorem 3. The only geometric considerations en-
tering the proof of Proposition 8.3 concern moduli spaces of stable curves Mo,gw,
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not moduli spaces of stable quotients EO,Z(IP’”’I , d). We conclude this section by
showing that these conditions on )., determine certain integrals on M0,2|d and
finish the proof of Theorem 4 stated in Section 4.

COROLLARY 8.1. Let [ € ZZ°, n € Z and a € (Z*)'. If |a| <n — 2, then

Zpa(X, 71, q) = Vua(X, i, q) € HE®" D[, 1.

Proof. Both sides of this identity are ¢-recursive and satisfy the self-polynomi-
ality condition (no matter what n and a are); see Lemma and Propositions
and 7.1. By (4.2),

Via(X,h,g) =1 mod A2

whenever |a| <n — 2. If in addition d € Z™, then
dim Qoo (", d) =1k VD = (n — Jal)d + (n — 2) > n — 1 =dimP" .
Thus,
Zn;a(xs h, q) =1 mod ]"l72

whenever |a| <n — 2. The claim now follows from Proposition 5.3. O

LeEmMA 8.2. Ifl € 729 neZt, andac (Z*)l are such that |a| < n, then
Vn:a(x, 1, q) _ _
Zyatx by q) =222 2D ¢ g hya gl @8.1)
]n;a(CI)

ifand only lf
m hr ; [ s ha
{ yn,a(al Q)}

> g7 eV (i)l w?
S ([, g
(—1y

02 [T €V (@i — )
93 { hb+l yn alog, i, Q)}) (8.2)
foralli € [n]andr e 7Z>°.

Proof. Since both sides of (8.1) are €-recursive with the same collection (5.6) of
the primary coefficients (see Lemma and Proposition 6.1) and have the same
q°-coefficients, (8.1) holds if and only if the secondary coefficients

Zy’@q and ZZ’<d>q,

na() yard

instead of F] (d), in the recursions (5.4) for V.a/l,;a and Z,;, are the same
(this would make the two recursions the same). Since Proposition describes
the coefficients Z/ (d) recursively on d, (8.1) holds if and only if the coefficients
Y/ (d) satisfy the same description. By Lemma 5.4 and Proposition 6.1, this is the
case if and only if (8.2) holds (r in Lemma and Proposition corresponds
to —r — 1 in the notation of (8.2)). U
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PROPOSITION 8.3. Ifl € ZZ°, n € Z*, and a € (Z*)', then

}?:%(){h yn;a(ai’ hv ‘I)}

> g4 1" eV ()i w?
E0E (i)
d! M
d=1

- 021 [Tz eV (0 — )

(=P
25{ hh+1 yn alog, i, Q)}> (8.3)
foralli € [n]and r € Z2°.

Proof. Let i € [n] be fixed throughout the proof.
(1) Whenever d € Z' and s, t € [d], where [d] = {1, ..., d} as before, let
Ay ={[C.y1.¥2.91. ... Jal € Moja: 95 =1} € H*(Mo21a)
denote the class of the corresponding “diagonal” and define

d
= Y Ay € H*(Mooa).

t=s+1

For any a; > 0, s € [d], and r € [at], there is a short exact sequence

d
00— Ron*O((r — Doy + Z a6y —01)

t=s+1
— R% <r0; Z a6 — Ul)
t=s+1
d
— Ron*0(<r&s + Z apo; — U]) )
t=s+1 Gy

— 0.
This gives

Ak

@ >0 = e(vg?(a,))—]"[]"[(akal s+ arAy)
s=1r=1

adeO[akd
x HH( ——ot Wy oA ) (8.4)
s=lr=1
Forany a;y <0,s € [d],andr =0, 1, ..., —ar — 1, there is a short exact sequence

d
0— Ron*(’)<<—r5s + ) adi - 61)

t=s+1

)
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d
— Rln*O((—r — Doy + Z a6 — Ul)

t=s+1
d
— Rln*C)(—r&S + Z axo; — 01> — 0.
t=s+1
This gives
d —arp—1
a<0 = eW@) =] [] @e+ris+aay)
s=1 r=0
_ ak_akd()ti_akd

d ap—1

x]‘[]’[(1+—a Vs +a; ! ) (8.5)

s=1r=0

Similarly to (8.4),

eV (o — ) = (@i — o) [0 = (@ — ) s + (i — ) ™' Ay). (8.6)

s=1

(2) For d € Z79, let
Hak >0(akk al‘) nak <O(ak liak)
Hk# (0tj — o)
We denote by s, 7, ... the elementary symmetric polynomials in
(B} = (@i —an)™": k#i)
for any given number of formal variables gj. Note that

L T - Loieon)

Movz‘dak>0s 1r=1

Ci(a) =

d ay—1

< [TT] 1"[(1+—yws+yA )wlwz

ar<0s=1 r=0
n—1 d

/l_[ [T = B + B

k=1s=1
=My (y.51....5a-1) € QLY. Bi. ... Pu—i1] (8.7)
for some ’H;’_Z € Qly, s1, - .-, 84—1] independent of n. Such ’Ha 4 EXists because

the integrand on the left- hand side of (8.7) is symmetric in {,Bk} and whatever

H;Z works for n > d — r — b works for all x (this can be seen by setting the extra
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B 10 0). By (8.4)—(8.7),
(—1) / eV () iyl
m(),2|d

-
d! [Tz €V (@i — o))
= Ci() "My (o 51, 501) Vd e Z7°. (8.8)
Similarly, for any d, d’ € Z=°, there exists Va:a.a € Qly, s1, ..., 8,1, indepen-

dent of n, such that

Hnak>o [T (U + (/ai) y ) T, o TT26% 1 (1 = (r/ayryh) H
AT TIZ (A rBih) B
=Vad,a' (¥, 51, ..., 5q). (8.9

By (4.2) and (8.9),

A [[Vnzaleti, B, @) Ng:allna
=Ci (@) Vaga(a; " s1,...,50) Vd,d eZ°. (8.10)
(3) By (8.8) and ( ), (8.3) is equivalent to

Vazd,d—1-r(y,51,52,...)

di—1-r
b
= 2 ) MaaOisisn)
di+dry=d b=0
di>1
X Vasdrdrts(.51.52,..) Vd € T, 8.11)

This equivalence is obtained by taking the coefficients of ¢¢ of the two sides of
(8.3), factoring out C; ()4, and replacing ai_l by y and {(o; — ap) "l k#£i) by
{B1,...,Bu—1}.- By Lemma and Corollary 8.1, ( ) holds whenever |a| <
n — 2. Since ( ) does not involve n, it holds for all a. Thus, (8.3) holds for all
pairs (n, a). U

Proof of Theorem 4. For each d € Z™, denote by Dli;z C ﬂo,z\d the divisor
whose general element is a two-component rational curve, with one of the com-
ponents carrying the marked point 1 and the fleck 1 and the other component
carrying the marked point 2. The second component must then carry at least one
of the remaining flecks. The irreducible components D, 121 of D, i2 thus corre-
spond to the nonempty subsets I of {2, ..., d} indexing the flecks on the second
component. There is a natural isomorphism

Dyjop ™ Mo 2ia—i1p x Moy (8.12)
If 71, m, are the two component projection maps, then
1/fi|Dli;21 =7T,'*1ﬂi, i=1,2,
eV BNIp,,, = eV By eV (p). 813

11:21
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On the other hand, by the first identity in ( ) and induction on d,
Yo = Dli;2 € Hz(mo,zu). (8.14)

/ eV @)y vl
Mo Hk;ﬁj e(vfd) (aj — o))

[ e @)y

N '/Dli;z [Texi e\ (e — )

_ d—1 e (a)y)!

- dl,dzzzl <d1 - 1> </m0,2d1 [Tk eV (@; — Oék))>

di+dy=d
‘y(d2) (. by—1
y ([_ e(Va ‘sz)))WQ > (8.15)
Mo 2ja, Hk?gi eV, (o; — ap))

whenever by € Z.
For any by, by € ZZ0, let

oo 4 Véd) ; b, by
P 0= 2 /* = (.Z)))‘”l V2 e yQuligll
=1 & IMoau Hk# eV, (o; — o))

By (8.15),
DF (ai,q) = DFA (@i q) - Fo Vi) Vb eZT,  (8.16)

where DF =gq %}' . By induction on b; this gives

1
(0,67) _ 0.0, b2+l
Fea (@i q) = mfn;a (0, q)" .
Combining this with (8.16) and using symmetry, we obtain
1 1
DFL @) = 1 T @ )" DFLD @ g F @)
1 bi+b
(b1,b2) _ 1 2\ 0,00, \bi+by+l1
- ]-'n;; 2 (@i, q) = m( by ).7'—”;3 (aj, q)?' 2,
(8.17)
Thus, the » = 0 case of (8.3) is equivalent to
0.0,
B (e DY e b)) =0. (8.18)

By [24. Section 2.1], this relation determines F, ,592’10) (i, q) € qQqullg]] uniquely.

Thus, by [26. Remark 4.5], Foo:” (a7, q) = Enal@i; ¢)." It follows that (8.17) is
equivalent to the identity in Theorem 4. O

8Only the case £~ (a) = 0 is considered in [26], but the same reasoning applies in all cases.
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REMARK 8.4. By ( ), for any r* € ZZ9, the set of equations (%.3) with r =
0,1,...,r* is an invertible linear combination of the set of relations

0.0,
R (e @Ry i b)) =0, =01 "

Thus, by (8.17), the statement of Proposition is equivalent to the condition
that the coefficients of the power series

0.0) .
effn;a (D‘l’q)/hyn;a(oti, h, C]) € @ot (h)[[CI]]

are regular at i = 0. This is indeed the case for }",E?;,O) (@i, q) =&n.a(ai; q) by [
Remark 4.5].

REMARK 8.5. The above approach can be used to eliminate -classes from
twisted integrals over My ;¢ With m > 3. For example, let

Fn g 0y =3 4 / e @) vy ¥y vy’
" i 4 Mo Tl e (@ — an))

Using 3 = D12;3 on ﬂo,g,‘d, we find that

b1,b2,b b1,b2,0 0,b3—1
Fin 20 a;, q) = Fyn P (ai, q) - Frog Ve g) Vb e Z*

. byi+ba+b3
(b1,b2,b3) Enalai, q)

=1 _/—" i (o, =
ma (. q) b11by1b3!

0,0,0
000 (w;, q).

Multiplying the last equation by hl_bl_lhz_ bz_lh; b= and summing over

b1, by, b3 > 0, we obtain

i q’ / eV (@)
i 4 I Mo Tl €V (@ — ci)) (1 — Y1) (ha — o) (h3 — 3)

_ 1
"~ hihohs
e Qullny " 1yt 1yt gl

esnza(ai ,q)/hl +S}1:a(ai vq)/h2+§n;a(ai s‘])/h3 ‘Fri(;)z;o’()) (ai , q)

The power series ]:,5(.);0’0) is described in [27, Section 3].

In the case of products of projective spaces and concavex sheaves (1.14), o; and
g in (8.2) and (8.3) are replaced by (oz,-l,...,ozip) with is € [ns] and (q1, ..., gp)
with the right-hand sides modified as in (6.20). In the proof of Proposition 8.3, we
then obtain relations between elementary symmetric polynomials in

{al;lv---val;nl}v cees {ap;ls"'sap;np}

that depend on a, but not on n1, ..., n,. They again hold if |ay. | + - - - + |aj;5| <
ng — 2 for all s € [ p] and thus in all cases.
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