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Holomorphic Motions, Fatou Linearization,
and Quasiconformal Rigidity
for Parabolic Germs
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1. Introduction

One of the fundamental theorems in complex dynamical systems is a theorem
called the Fatou linearization theorem. This theorem provides a topological and
dynamical structure of a parabolic germ. A parabolic germ f is an analytic func-
tion defined in a neighborhood of a point z in the complex plane C such that (a) it
fixes zo and (b) some power (f'(z¢))? of the derivative f'(zg) of f at zg is 1.
Thus we can write f(z) in the following form:

f(z)=zo+k(z—zo)+a2(z—zo)2+-~-+an(z—zo)”+-~-, zeU,

where U is a neighborhood of z and A = ™4 for p and g two relatively prime
integers. The number A is called the multiplier of f. Two parabolic germs f and g
at two points z¢ and z; are said to be topologically conjugate if there is a homeo-
morphism % from a neighborhood of z( onto a neighborhood of z; such that

hof=goh.

If # is a K-quasiconformal homeomorphism, then we say that f and g are K-
quasiconformally conjugate.

By alinear conjugacy ¢ (z) = z — z9, we may assume that zo = 0. So we only
consider parabolic germs at 0,

f(R)=rz+arz®+---+a,z"+---, zel.

Assume we are given a parabolic germ f at 0 whose multiplier A = ¢27/4 with
(p,q) = 1. Then

fiz) =z4+az"""+oiz"Y, n=>1

If a # 0, then n + 1 is called the multiplicity of f. Here n = kq is a multi-
plier of g. The Leau—Fatou flower theorem states that the local topological and
dynamical picture of f around O can be described as follows. There are n petals
pairwise tangential at O such that each petal is mapped into the (kp)th petal count-
ing counterclockwise from this petal. These petals are called attracting petals. At
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the same time, there are n repelling petals—that is, n other petals also pairwise
tangential at 0 and for which the inverse f ~' maps each petal into the (kp)th petal
counting counterclockwise from this petal. Thus f¢ maps every attracting petal
into itself and f ~¢ maps every repelling petal into itself. Furthermore, the Fatou
linearization theorem states that the map

fi2):P—>P

from any attracting petal P into itself is conjugate to G(w) = w + 1 from a right
half-plane into itself by a conformal map.

The union of all attracting petals and repelling petals forms a neighborhood of
0. If two parabolic germs are topologically conjugate, then they have the same
Leau—Fatou flowers in any neighborhood of 0. A parabolic germ is quasiconformal
rigidity as follows.

THEOREM 1. Suppose f and g are two parabolic germs at 0 and suppose f and
g are topologically conjugate. Then, for every ¢ > 0, there are neighborhoods U,
and V; about 0 such that f|y, and gy, are (1 + ¢)-quasiconformally conjugate.

The method in our proof of this theorem involves holomorphic motions. In the
proof, the reader could find a beautiful application of holomorphic motions to the
study of parabolic germs. A special case of this theorem has been proved by Mc-
Mullen [16, Thm. 8.1]. His proof used the Ahlfors—Weill extension theorem, which
states that a conformal mapping of the unit disk can be extended to a quasiconfor-
mal homeomorphism as long as the hyperbolic norm of the Schwarzian derivative
of this conformal mapping is less than 2.

The idea used in this paper first appeared in [11], where we incorporated holo-
morphic motions into some new proofs of Konig’s theorem and Bottcher’s theo-
rem, which provide normal forms of attracting and super-attracting germs. Fur-
thermore, we used the same idea to prove normal-form theorems for integrable
asymptotically conformal attracting germs and for integrable asymptotically con-
formal super-attracting germs in [12]. Here we continue this idea for parabolic
germs, so this is a sequel paper in our research for applications of holomorphic
motions to complex dynamical systems. However, from the technical point of
view, the parabolic case is much more delicate because it is structurally unsta-
ble. Thus we need more carefully to construct quasiconformal conjugacies from
holomorphic motions in order to have a sequence of quasiconformal conjugacies
contained in a compact subset in the space of all quasiconformal mappings.

As an interesting by-product of our proofs of Theorems 1 and 5, we prove a theo-
rem stating that a quasiconformal homeomorphism can be used to glue an arbitrary
finite number of parabolic germs in the Riemann sphere at different points. This
theorem may be viewed as a generalization of the Ahlfors—Weill extension theo-
rem that basically considers one germ.

THEOREM 2. Let {f; f-‘:] denote a finite number of parabolic germs at distinct
points {zi}f.‘zl in the complex plane C. Then, for every € > 0, there exist a number

r > 0 and a (1 + €)-quasiconformal homeomorphism f of C such that

flavey = filarey, i=1,...k
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COROLLARY 1. Let { ﬁ}f;l denote a finite number of germs at distinct points
{zi}é‘:1 such that A; = f/(z;) # 0 for 1 <i < k. Then, for every ¢ > 0, there
exist a number s > 0 and a (1 + ¢)-quasiconformal homeomorphism f of ¢
such that

flase = filayz, 1=1,...k.

We prove these two results by again applying holomorphic motions. In the study
of complex dynamical systems, an important method for constructing a new dy-
namical system from an old one is the surgery method, which cuts certain parts
from the old one and glues some desired dynamical phenomena by quasiconfor-
mal mappings to yield a new complex dynamical system. However, it is difficult
to control the Teichmiiller distance between the new and old systems. Theorem 2
and Corollary 1, together with the ideas in their proofs, suggest some ways to con-
trol this Teichmiiller distance.

The paper is organized as follows. Because our proof involves holomorphic mo-
tions, we introduce this interesting topic in Section 2. In Section 3, we continue
the idea in [11; 12] of giving a conceptual proof of the Fatou linearization theorem
(Theorem 5) by incorporating holomorphic motions. In Section 4 we give a proof
of Theorem 1; we prove Theorem 2 and Corollary 1 in Section 5.

ACKNOWLEDGMENTS. [ would like to thank the referee for useful suggestions re-
garding my further modification of the paper. This work was partially done when
I visited the Academy of Mathematics and System Science and the Morningside
Center of Mathematics at the Chinese Academy of Sciences in Beijing. I would
like to thank these institutions for their hospitality.

2. Holomorphic Motions and Quasiconformal Maps

In the study of complex analysis, the measurable Riemann mapping theorem plays
an important role. A measurable function p on C is called a Beltrami coefficient
if its L*°-norm

k=llplleo < 1.

The corresponding equation
H; = pH,

is called the Beltrami equation. The measurable Riemann mapping theorem states
that the Beltrami equation has a solution H, which is a quasiconformal homeo-
morphism of C, whose quasiconformal dilatation is less than or equal to K =
(14 k)/(1 — k). Itis called a K-quasiconformal homeomorphism.

The study of the measurable Riemann mapping theorem has a long history; in
the 1820s, Gauss considered its connection with the problem of finding isother-
mal coordinates for a given surface. As early as 1938, Morrey [18] systematically
studied homeomorphic L?-solutions of the Beltrami equation. But it took almost
twenty years until, in 1957, Bers [4] observed that these solutions are quasicon-
formal (see [13, p. 24]). Finally, the existence of a solution to the Beltrami equa-
tion under the most general possible circumstance (i.e., for measurable p with
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lnllo < 1) was shown by Bojarski [6]. In this generality the existence theorem is
sometimes called the measurable Riemann mapping theorem.

If one considers only a normalized solution to the Beltrami equation (a solu-
tion that fixes 0, 1, and 00), then H is unique and the solution is denoted by H*.
The solution H* is expressed as a power series made up of compositions of singu-
lar integral operators applied to the Beltrami equation on the Riemann sphere. In
this expression, if one considers p as a variable then the solution H* depends on
w analytically. This analytic dependence was emphasized by Ahlfors and Bers in
their 1960 paper [2] and is essential in determining a complex structure for Teich-
miiller space (see [1; 13; 14; 19]). Note that when u = 0, H 0 is the identity map.
A l-quasiconformal homeomorphism is conformal.

In light of the subsequent development of complex dynamics, this analytic de-
pendence presents the even more interesting phenomenon known as holomorphic
motions. Let

A, ={ceC||c| <r}

denote the disk of radius 0 < r < 1 and centered at 0. We use A to mean the unit
disk. Given a measurable function  on C with litlloo = 1, we have a family of
Beltrami coefficients cu for ¢ € A as well as a family of normalized solutions H .
Note that H* is a (1 + |c|)/(1 — |c|)-quasiconformal homeomorphism. More-
over, H" is a family that is holomorphic on c. Consider a subset E of C and its
image E. = H(E). One can see that £, moves holomorphically in C when ¢
moves in A. That is, for any point z € E, z(c) = H(z) traces a holomorphic
path starting from z as ¢ moves in the unit disk. Surprisingly, the converse of this
fact is also true, which follows from the famous A-lemma of Maiié, Sad, and Sul-
livan [15] in complex dynamical systems. Let us begin to understand this fact by
first defining holomorphic motions.

DEFINITION 1 (Holomorphic motions). Let E be a subset of C. Let
hic,2): A X E — C

be a map. Then 4 is called a holomorphic motion of E parameterized by A and
with base point O if:

(1) h(0,z) =zforze E;

(2) for any fixed c € A, h(c,-): E — C is injective;

(3) for any fixed z, h(-,z): A — C is holomorphic.

For example, for a measurable function p on C with o =1,
H(c,z) = H™2z): AxC— C

is a holomorphic motion of ¢ parameterized by A and with base point 0.

Observe that continuity does not directly enter into the definition; the only re-
striction is in the ¢ direction. However, continuity is a consequence of the hypoth-
eses from the proof of the A-lemma of [15, Thm. 2], where the following lemma
was also proved.
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LEMMA 1 (A-lemma). A holomorphic motion of a set E C ¢ parameterized by
A and with base point 0 can be extended to a holomorphic motion of the closure
of E parameterized by the same A and with base point 0.

Furthermore, Maiié, Sad, and Sullivan showed in [15] that f(c, -) satisfies the Pesin
property. In particular, when the closure of E is a domain, this property can be
described as the quasiconformal property. A further study of this quasiconformal
property was given by Sullivan and Thurston [21] and by Bers and Royden [5].
In [21] it is proved that there exists a universal constant a > 0 such that any holo-
morphic motion of any set E C ¢ parameterized by A and with base point O can be
extended to a holomorphic motion of ¢ parameterized by A, and with base point
0. In [5], classical Teichmiiller theory is used to show that this constant actually
can be taken to be 1/3. In the same paper it is shown that, in any holomorphic mo-
tion H(c,z): A X ¢ - ¢, H(c,-): C— Cisa (1+[c])/(1—|c])-quasiconformal
homeomorphism for any fixed ¢ € A. The expectation in both [5] and [21] was
that @ = 1. This was eventually proved by Slodkowski in [20]. Several different
proofs have been given for Slodkowski’s theorem (cf. [3; 8; 9]).

THEOREM 3 (Holomorphic motion theorem). Suppose
h(c,2): Ax E— C

is a holomorphic motion of a set E C ¢ parameterized by A and with base point
0. Then h can be extended to a holomorphic motion

H(c,z): A xC— C

of C that is also parameterized by A and with base point 0. Moreover, for every
ceA,
H(,):C—C
isa (14 [c|)/(1 — |c])-quasiconformal homeomorphism of C. The Beltrami co-
efficient of H(c, -) given by
0H(c,z) [0H(c,z)
0z 0z

uic,z) =

is a holomorphic function from A into the unit ball of the Banach space L>(C)
of all essentially bounded measurable functions on C.

The reader can read our recent expository paper [10] for a complete proof of this
theorem and related topics.
3. Leau-Fatou Flowers and Linearization

Since the idea in [11] and [12] plays an important role in the proof of Theorem 1,
we begin by using it to give a conceptual proof of the Fatou linearization theorem.
This proof is again an application of holomorphic motions.
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Suppose f(z) is a parabolic germ at 0. Then there is a constant 0 < ry < 1/2
such that f(z) is conformal with the Taylor expansion

f(z) = >4z 4+ higher-order terms, (p,q) =1, |z| < ro.
Suppose f™  id for all m > 0. Then, for appropriate r(, we have
FU2) =z +az" +¢(z)), a#0, |z|] <ro,
where 7 is a multiple of ¢ and £(z) is given by a convergent power series of the form
£(2) = api 2"t an22" L 2] <o

Suppose N C A,, is a neighborhood of 0. A simply connected open set P C
N N f9(N) with f9(P) C P and 0 € P is called an attracting petal if f"(z)
for z € P converges uniformly to 0 as m — oo. An attracting petal P’ for f ! is
called a repelling petal at 0.

THEOREM 4 (Leau—Fatou flower). There exist n attracting petals {Pi}l'-’;é andn
repelling petals {Pj’};:é such that

n—1 n—1
No=|JP Ul JP
i=0 j=0

is a neighborhood of 0.

See [17] for a proof of this theorem.

For each attracting petal P = P;, consider the change of coordinate
d 1
w=¢(z)=_n’ d=__3
Z na

on P. Suppose the image of P under ¢ (z) is a right half-plane
R, ={weC|%w > t}.

_ —1 _n i
z=¢ (w) = R, —> P
w

is a conformal map. The form of f¢ in the w-plane is

Then

F(w) =¢ofo¢7l(w) = w+1+n(%), Nw > 1,

where 1(&) is an analytic function in a neighborhood of 0. Suppose

NE) = b€+ b2+, &l <1y,

is a convergent power series for some 0 < r; < rg. Take 0 < r < r; such that

1
@l =5 Vi§l=r

Then F(R;) C R, for any T > 1/r" because

1 1
NRF(w) =Rw + 1+ %n(n—ﬁ> > Rw + 3 forall Rw > 7.
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THEOREM 5 (Fatou linearization theorem). Suppose Tt > 1/r" +1is a real num-
ber. Then there is a conformal map V(w): R, — 2 such that

FW(w)) =VY(w+1) YweR,.

Here we give a new proof by incorporating holomorphic motions. For other proofs,
see [7;17].

3.1. Construction of a Holomorphic Motion
For any x > 7, let
Eox={weC|fRw=x}
and
Eiy={weC|Rw=x+1}
and let
E.,=FEy,UEj,.
Then E, is a subset of C. Define
w, we Eoy;
d(w) =w+ n(l/«”/w — l), weE .

Since H,(w) is injective on both Ey , and E; , and since

H,(w) = {

1 1 1
?H(Hx(w))Zm(w)—§=x+1—§:x+§, wek,

the images of Eq , and E; , under H,(w) do not intersect. Hence H,(w) is injec-
tive. Moreover, H,(w) conjugates F'(w) to the linear map w +— w + 1 on Eg 4;
that is,

F(Hy(w)) = H(w+1) YwekEg,.

We introduce a complex parameter ¢ € A into 7(§) as follows. Define

n(c,€) = n(créV/x —1) = by(cré ¥/x — 1) + ba(cré¥V/x — 1) + -

for |c| < 1and |§] < 1/4/x — 1. Since |cr& /x — 1| < r, it follows that n(c, &) is
a convergent power series and that |n(c,&)| < 1/2for|c| < land |£§] < 1/4/x — L.
We are thus led to introduce a complex parameter ¢ € A for H,(w) by defining

w, (c,w)e A x Eqy;
d(w) =w —i—n(c,l/«”/w — 1), (c,w)e A x Ey 4.

LEMMA 2. The map H,(c,w): A X E, — Cisa holomorphic motion.

H,(c,w) = {

Proof. (1) Itis clear that H,(0, w) = w forw € E,.
(2) By Rouché’s theorem it follows that, for any fixed ¢ € A, H,(c, -) is injec-
tive on Ey , and on E ,. Since

1
NH, (c,w) = Rw + fﬁn(c, > > Rw — 3 Ywe E| 4,

vw —1
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the images of E , and E; , under H,(c, -) do not intersect. Therefore, H(c, -) is
injective on E,.

(3) For any fixed w € E , we have H,(c, w) = w, so H(-, w) is a holomorphic
function of c. For any fixed w € E| y,

cr«"/x—l)
Yw—1)

which is a convergent power series of ¢ and so is holomorphic. We have proved
the lemma. O

H.(c,w) = w+17(

By Theorem 3, .
H.(c,w): AXE, »>C

can be extended to a holomorphic motion
H.(c,w): A x ¢—C.
Foreach c e A, . R R
he(w) = Hy(c,w): C > C

isa (14 |c|)/(1 —|c|)-quasiconformal homeomorphism. If c(x) = 1/(r Vx — 1),
then Ay is a quasiconformal extension of H,(w) to C whose quasiconformal di-
latation is less than or equal to
1+1/ri/x—1
Kx)y=———+—.
1—1/ra/x —1
Note that K(x) — 1as x — oo.

3.2. Construction of Quasiconformal Conjugacies

Suppose
Si={weC|x <%w<x+1}

is the strip bounded by two lines iw = x and iw = x 4 1. Consider the restric-
tion of hi.(x)(w) on Sy, which we still denote as i) (w).

For any wo € R, U E , let w,, = F™(wy). Since w,, — w4+ tends to 1 as m
goes to oo uniformly on R, U Ey ., it follows that

w, — W 1 &

0

”—__E (W — we—y) — 1
k=1

uniformly on R, U Eq . as m goes to oo. So w,, is asymptotic to m as m goes to
oo uniformly in any bounded set of R U E ;.

Let xg = t and x,, = R(F™(xp)). Then x,, is asymptotic to m as m goes to
00. Foreachm > 0, let

Y = F"(Eo,x, U {oo})
be a curve passing through xo = t and oo; let
Qm = Fﬁm(Rx,,,)

be a domain with boundary Y,,,.



Holomorphic Motions, Fatou Linearization, and Quasiconformal Rigidity 525

Let
Six, =F7(Sy,), i=mm+1,...,1,0,—1,...,—m+1,—m,....
Then '
Q= Six-
—00
Let
Ap={weClt4+m<Rhw <t+m+1}

andletA;,, = A, —ifori=m,m+1,...,1,0,—1,...,—m +1,—m,.... Let

Bu(w)=w+x, —t—m: C— C.
Then B,,(w) is a conformal map and
ﬂm(Am) = Sxm-

Define
wm(w) = hc(xm) o ﬂm(w)

Then v, (w) is a K (x,,)-quasiconformal homeomorphism on A,,. Moreover,
F(W,(w)) = Yp(w+1) forall Rw =m + 7.

Now define '

V() = F 7' (Ym(w +10)) Ywe A,
fori = mm—-1,...,1,0,—1,...,—m +1,—m,.... Then ¥,,(w) is a K(x,)-
quasiconformal homeomorphism from R; to €2,, and

F(wm(w)) = wm(w +1) YweR;.

3.3. Improvement to Conformal Conjugacy
Let wo = t and w,, = F™(wo) form =1,2,.... Recall that

Ry, ={weC | Rw > x,},
where x,, = Rw,,.

For any wy € R let w,, = F™(wg) form =1,2,.... Since

Xm+12

1
/ [
F'(w) _1+0(—|w|1 1/n>’ weE R,

and since w,,/m — 1 as m — oo uniformly on any compact set, there is a con-
stant C > 0 such that

L [ —wal oy 0k —wen| ( < 1 ))
cl< i Z Tl T T P _TT(1+ 0 ——-)) < ¢
| — wy| g | — wyl g kl+i/n

as long as w) and w; remain in the same compact set. Since

1 1
Wyl = Wh +1+77<— and n
n /wm> n/wm

1
29
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the distance between w,,+; and R,,, is greater than or equal to 1/2. Hence the disk
Ay/2(wy41) is contained in R, , which implies that the disk Aj/cy(wy) is con-
tained in €2, for every m = 0,1, .... Thus the sequence

Ym(w): Ry > Q,, m=12,...,

is contained in a weakly compact subset of the space of quasiconformal mappings.
Let
Y(w): R, —> Q

be a limiting mapping of a subsequence. Then W is 1-quasiconformal and thus
conformal and satisfies

F(W(w)) =W (w+1) VYweR,.

This completes the proof of Theorem 5.

4. Quasiconformal Rigidity, Proof of Theorem 1

In this section, we prove Theorem 1 by using an idea similar to that used in the
proof of Theorem 5.

4.1. Conformal Conjugacies on Attracting Petals

Suppose f and g are two topologically conjugate parabolic germs, and suppose
that /™, g™ #£ id for all m > 0. (If some ™ = identity then g" = identity, too.)
Suppose A and n + 1 are their common multiplier and multiplicity. Suppose 0 <
ro < 1/2 such that both f and g are conformal in A,,. Without loss of generality,
we assume that A = 1 and that f and g have the respective forms

f@=z(A+z7"+0(z") and g(z) =z(14+z"+0(z"), lz| <ro.

By Theorem 4, for any small neighborhood N C A, there exist n attracting
petals {P; ;}"~) and n repelling petals {P/ f}f';é for f in N. Let us assume that
every P; ¢ is the maximal attracting petal in N. Similarly, we have the same pat-
tern of attracting petals {P; ,}7— and the repelling petals {P/,} " for g.

From Theorem 5 and also [17, p. 107], for every 0 < i < n — 1 there is a con-
formal map

Iﬂil P,"g — Pi’f
such that
FWi(2)) = ¥i(g(2)), z€Pig.

4.2. Repelling Petals

ForeachO <i <n —1,let

1
w=¢()=—

nzﬂ

be the change of coordinate. Then f and g in the w-coordinate system have the
respective forms
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1 1
Fw)=w+1+ny % and G(w)=w+1+41n, "_ﬂ R
where both
np€) =ai§ +ax§ +--- and 1ng(§) =bi§ + b5+, |5l <nry,

are convergent power series for some number 0 < r; < ro. Take a number 0 <
r < ry such that

1
s @@ = 7. 18l =r.

Without loss of generality, we assume that n,(w) = 0; thatis, G(w) = w + 1.
Suppose that both repelling petals P[: 7 and P[y ¢ are changed to a left half-plane

L_»={weC|Rw < —r"}.

4.3. Construction of a Holomorphic Motion

Take 79 = r". Let
Uy = {weC|JSw > 10}

be an upper half-plane and let
D_,,={weC| 3w < —719}
be a lower half-plane. Define

poviopT (w),  weUy;
¢01ﬂi+10¢_'(w), W € Dy
(If i +1 = n, we consider it as 0.) Then

Y(w) = {

F(W(w)) = W(G(w)), weUy,UDy,.

We have the property that ¥(w)/w — 1as w — oo (see [17, p. 109]).
Let a = e~2"™ ., Consider the covering map

£ =pw)=e:C— C\{0},

which maps Uy, to A, \ {0} and D_, to C \ Ay,.
The inverse of w = B~'(£) is a multivalued analytic function on C \ {0}. We
take one branch as 87!, Since W(w) is asymptotic to w as w — oo, the map

) =poVop ()
is analytic in A, and in A‘i/a =C \ Al/a. Suppose that

0(E) =&+ aE* +---, [£] <a,
and
by 1
0E) =&+ —+---, &>,
& a

are two convergent power series.
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For any T > 19, let ¢ = e ~2"". Suppose ACI/E = (C \ 51/8), and let
E=AUA,;

E is a subset of C. We now introduce a complex parameter ¢ € A into (&) such
that it is a holomorphic motion of E parameterized by A and with base point 0.
Define

g ca& ca\ ,
9(6’5)259(T>=$+a2<?>$ +--0 el <1, |8l =e,

and

ca

ca (&€ by (ca . 1
9(c,€)=?9<—> E+—<?>+~--, lel <1, 181= —

§

We claim that
0, &): AXE—C

is a holomorphic motion. Here is a proof.

(1) It is clear that 6(0,&) = & forall £ € E.

(2) For any fixed ¢ # 0 € A, 8(c, &) on A, is a conjugation map of 8(£) by the
linear map & +— (ca/¢)&, and O(c, &) on A‘i/g is a conjugation map of 6(£) by the
linear map & — (¢/(ca))&. Hence they are injective. Because the image 6(c, A;)
is contained in A, and the image 6(c, A‘i /6) is contained in A‘i Ja> they do not in-
tersect. So 0(c, -) on E is injective.

(3) For any fixed & € A, since |ca&/e| < a for |c| < 1, O(-, &) is a convergent
power series of c. So 6(-,&) is holomorphic on c. For any fixed £ € A‘i /> SINCE
|e&/(ca)| > 1/a for |c| < 1, 6(-,&) is a convergent power series of c. So 0(-, &) is
holomorphic on c. We have proved the claim.

Let E; = U; U D_;. Then B(E;) = E. Thus we can lift the holomorphic
motion

0(c,8): A X E — @

to obtain a holomorphic motion
ho(c,w): A x E; — C.
When c(7) = ¢/a, h(c(t),w) = ¥ (w).

Let w; = —7 + it and wy, = —7 — it. Consider the vertical segment connect-
ing them,
se={twi+1—-0wy |[0<r =<1}
Let
si=s;+1={tw+(1—nNw+1|0=<¢t<1}.
Define

hi(c,twi 4+ (1 — Hwy) = tholc,wy) + (1 —t)ho(c,wr): A X s; — @
and

ha(c,twy 4+ (1 = ywy + 1) = F(hy(c, twy 4+ (1 — Hwy): A x 5. — C.
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Both of these maps are holomorphic motions. Since
hy(c,twy + (I —Hw, + 1)
=tho(c,w1) + (1 —t)ho(c,wr) + 1+ n(tho(c,wy) + (1 — t)ho(c, wr))
and since
[n(w)| <174 forall |w| =T,
the images of these two holomorphic motions do not intersect. Therefore, we
define a holomorphic motion
ho(c,w), (c,w)eA x E,,
hic,w) =4 hi(c,w), (c,w)eA X s,
ha(c,w), (c,w)eA xs),
of ¥ = E; Us, Us/ parameterized by A and with base point 0.
For c(t) = ¢/a, h(c(t), w) is a conjugacy from F to G on E; U s;; that is,
F(h(c(r),w)) =h(c(r),G(w)), weE; Us,.
By Theorem 3, there is an extended holomorphic motion of i (c, w),
H(c,w): A x Cr @,

such that for eAach ce A, H(c,")isa (14 |c])/(1 — |c|)-quasiconformal homeo-
morphism of C.

Let H(w) = H(c(t), w) and
14
T 1l—c(r)
Note that K (r) > last — oo, Then H(w) is a K(t)-quasiconformal homeo-
morphism of C such that

Hw) = h(c(t),w) YweZZ.

K(1)

Let
Ay={weC| -1 <%hw < -1+ 1}

and A_,, = Ao —mform =1,2,.... Define
Y(w)=F"™HwW+m)), weA_,, m=0,1,....

Then W(w) is a K(t)-quasiconformal homeomorphism defined on the left half-
plane
L .y={weC|Rw=<—-t+1}

and extends W(w) on U, U D_,.
Now let
V() =¢ o Wod(2).
It extends
Yi: Pig—> Py and Yy Pipg —> Py

in a small neighborhood N to a K(7)-quasiconformal homeomorphism
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I/I(Z)Z Pi,g U Pt/,g U PiJrLg —> P,',f U Pl/,f U Pi+l,f

and
fov(z)=vog(z) YzePigUP/ ,UPi,.

If we work out these expressions for every 0 < i < n — 1, we find that for
any ¢ > 0 there is a neighborhood U, of 0 and a (1 + ¢)/(1 — ¢)-quasiconformal
homeomorphism

Y(2): Us = Ve = ¥(Ue)
that extends every V;: P; , — P; s in U, and such that
fov(z)=yog(z) Vzel..

This completes the proof of Theorem 1.

5. Gluing Germs in the Riemann Sphere,
Proofs of Theorem 2 and Corollary 1

Suppose A, (z) is the disk of radius » > 0 centered at z.

Proof of Theorem 2. Denote
Bi(r) = fi(Ar(2:)).
Let ro > 0 be a number such that
Bi(nNBj(r)=0, 1<i#j=<k 0<r=<ro.
Let ;
Er = U Ar(Zi)
i=1

be a closed subset of C.

Forany 0 < r < rg, write

i =z4aip(z—z) ++a(z—z)"+, lz—z|<r
Let
Ni(§) = ainf’ + -+ ain" + o
Then
fild=z4+nz—z), lz—zl=<r

Let ¢ (z) be defined on E, as
$(2) = fi(x) =z+mn(z—z;) for |z—zi|<r i=1,.. k.

We introduce a complex parameter ¢ € A into ¢ (z) as follows. Define

r Cro .
¢(c,z)=z+—ni(—(z—z,~)>, lz—zil<r i=1...,k
Cr r

Then .
¢(c,z): AXE, - C

is a map. We will check that it is a holomorphic motion.
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For any fixed ¢ € A, we have

/ f €To .
¢Z(C,Z)=1+77i T(Z—Z[) , lz—zi|<ri=1,... k.
By picking ¢ > 0 small enough, we can assume that

Iff(@Dl=1+n(z—z)l =1—1In(z—2z)| >0, |z—2zil <ro, i =1,....k.

Thus
¢.(c,z) #0 forall |z —zi| <r, i=1,..,k.

We get that ¢ (c, z) on each A, (z;) is injective. But images of A, (z;) and A, (z;),
1 <i # j < k, are pairwise disjoint under ¢(c, z). Hence ¢(c, z) is injective
on E,.
It is clear that
¢0,z2) =z, z€E,.

For any fixedz € A,(z;),1 <i <k,

r Cro
¢(c,z) =z+ —m(—(z - Zi))-
Cro r
Since

Cro
—(z—2z)
;

m(ﬂ(z _Zi))
r

is a convergent power series of ¢ # 0 € A. For ¢ = 0, we have ¢ (0, z) = z and so
¢ (c, z) is holomorphic with respect to ¢ € A. Therefore,

#(c,2): Ax Er) > C

<Trp,

it follows that

is a holomorphic motion.
Following Theorem 3, we have an extended holomorphic motion

¢~>(c,z): A x @;

that is, ¢(c, laxe, = ¢(c,z). Moreover, <5(c, Sisa (14 |c))/(1 — |c])-quasi-
conformal mapping for any c € A.

Let
f(2) = &(L,z).
ro

Then f(z)is a (1 + r/rg)/(1 — r/ro)-quasiconformal homeomorphism. Further-

more,
~(r r
f|Ar(Z;):¢ —> < =¢ —, <
ro Ap(zi) ro

Thus, for any given ¢ > 0, we take r = (2¢erg)/(1 + ¢); then f is a (1 + ¢)-
quasiconformal mapping and extends f; foralli = 1,2, ..., k. We have completed
the proof. UJ

Az filasao.
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Proof of Corollary 1. First suppose that ro > 0 and also that
fi(x) =zi +ri(z —2i), z2€Dy(zi), A #0, 1 <i <k.

Suppose ) .
Ap(zZ) N A (zj)) =0 forall 0 <i#j<k.
Let
a = max{|logX;| | 1 <i <k},
and let

s =roe "

forany 0 < r < ry.
Let Ag(z;) and E; = Ule As(z;). Define

P(c,z) = zi + et (z — 7)), ceA, zeA(z)).

We will check that .
¢(c,z2): AX E; — C

is a holomorphic motion.
For ¢ = 0, we have ¢ (0,z) = z for all z € Ej.
For each fixed c € A, ¢(c, z) on each Ay(z;)is injective but the image of A;(z;)
under ¢ (c, z) is contained in A,,(z;). So ¢(c,z) on Ej is injective.
For fixed z € Ej, it is clear that ¢ (c, z) is holomorphic with respect to c € A.
Therefore,
#(c,2): Ax E; — C

is a holomorphic motion.
By Theorem 3, we have an extended holomorphic motion

¢~5(c,z): AxC— @;
that is, q;(c, Dlaxe, = ¢(c,z). Moreover, for any ¢ € A, q;(c, disa 1+ |c])/
(1 — |c|)-quasiconformal homeomorphism.

Let f(z) = q~5(r, 7). Then f(z) is a (14 r)/(1 — r)-quasiconformal homeomor-
phism. Furthermore,

flasz) =0 Dla,@) =Dl agen = filagen-

Now we consider the general situation,
il =zi+ri(z—z) +ari(z—z)+-+, 2€A,4(z), b #0, 1 <i <k.

Let
gi(x) =z + Ajl(z —-2zi), 1<i<k.
Then a
Fi(2) = f;i 0 &(2) =z+/\—2”(z—z;)2+~-~, 1<i<k,

are all parabolic germs.

From Theorem 2 and the argument just given, for any ¢ > 0 we have 0 < s <
r < ro and two +/1 + e-quasiconformal homeomorphisms F(z) and G(z) of ®
such that
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Fla, ) = Fila,cp and  Gla,c) = 8 lauc
and such that
G(As(z1) C Ar(z)).

Then f(z) = FoG(z) is a (1+¢)-quasiconformal homeomorphism of C such that

Flasen = FoGlayey = fiogiog Ia,cn = fila,c-
We have completed the proof. O
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