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Categories of Topological Spaces
and Scattered Theories

R. W. Knight

Abstract We offer a topological treatment of scattered theories intended to
help to explain the parallelism between, on the one hand, the theorems provable
using Descriptive Set Theory by analysis of the space of countable models and,
on the other, those provable by studying a tree of theories in a hierarchy of frag-
ments of infinintary logic. We state some theorems which are, we hope, a step
on the road to fully understanding counterexamples to Vaught’s Conjecture. This
framework is in the early stages of development, and one area for future explo-
ration is the possibility of extending it to a setting in which the spaces of types
of a theory are uncountable.

1 Introduction

1.1 Overview  One usually expects that if different methods are applied to a prob-
lem, then the theorems that they generate will be different in kind, and perhaps
complementary. This arguably applies to the model-theoretic, and set-theoretic, ap-
proaches to Vaught’s Conjecture. The former approach has, inter alia, yielded theo-
rems about circumstances under which Vaught’s Conjecture is true, for example, for
superstable theories of finite rank as proved by Buechler in [3] or for w-stable the-
ories as proved by Harrington, Makkai, and Shelah in [9]. The latter approach has,
in contrast, yielded a variety of theorems giving properties of any counterexample,
such as the existence of many saturated models.

One might therefore be struck by the similarity of content and even of “feel” be-
tween the theorems obtained by Sacks, as described in [8], using analysis of a certain
tree of theories, the “Vaughtian tree,” and those obtained by Steel, Becker, and oth-
ers using descriptive set theory; see [10], [1], and [2]. Using the Vaughtian trees,
one proves the existence of many saturated models and of an elementary chain of
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atomic models; using descriptive set theory, one again proves the existence of satu-
rated models and shows that those too can be arranged in an elementary chain. And
there are many other interesting results proved by these two techniques exhibiting
similar parallelism.

What accounts for this similarity? After all, the Sacks analysis of a theory T is
quite constructive in flavor and can be carried out in L(7T); in contrast, the theorems
in the descriptive set theory approach often presuppose a determinacy axiom and are
obtained by applying topological ideas to a space of countable models of 7.

In this paper, we would like to propose an idea linking these two approaches.
That idea is a type category of a scattered theory 7', whose objects are the spaces
of n-ary types for each n, with appropriate arrows. From this category both the
Vaughtian tree and the space of models of 7' can be obtained. We begin by defining
these type categories and then show how to obtain the spaces of models from them;
then we define a set of trees, one of which will be the Vaughtian tree mentioned
earlier; then we will use these to prove a theorem about embeddings of atomic and
saturated models; and then we prove some structure theorems about models of a
counterexample to Vaught’s Conjecture.

It is worth emphasizing that the ideas described in this paper were developed
with counterexamples to Vaught’s Conjecture in mind. We therefore do not consider
theories with uncountably many n-ary types, in the appropriate languages; this is a
topic for further exploration.

1.2 Terminology and conventions  For results and (most of our) terminology
about infinitary logic, we refer to [5]. We define a fragment of £, ., to be a subset
closed under Boolean operations, first-order quantification, the taking of subfor-
mulas, and permutation of the set of variable letters. If A is a set, then Set, is
the category whose objects are all elements of A and the arrows are all functions
between elements of A. If m < n < w, we use the notation 1,, , to refer to the
inclusion map from m to n. If n € w, and i < n, then we use the notation dl." to refer
to the map from n — 1 to n given by

j if j <i
dal:j— J / i
j+1 otherwise.
Ifn € w\ {0, 1},and i < n — 1, then we use the notation s}’ to refer to the map from
nton — 1 given by
j ifj<i
st je ] /= )
j — 1 otherwise.
If n € w and A is a subset of n, then we use the notation e, to refer to the func-
tion enumerating A; that is, e4 is the unique one-to-one increasing function whose
domain is |A| and whose range is A.
One can write down a large number of identities connecting these; for instance,
en\{iy = dj', tnm = en, and dy_| = 1, n11. Any topological notions needed in the
text may be found (except where otherwise indicated) in standard works such as [4].

2 Categories of Types

2.1 The definition of a type category =~ We now define the central concept of this
paper.
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Definition 2.1 A weak type category is a contravariant functor S from Set,, to the
category of topological spaces such that

1. for each n, Sn is a nonempty, zero-dimensional Hausdorff space;
2. whenever f : n — m, Sf : Sm — Sn is continuous; and
3. we say that p € Sm has the weak amalgamation property in S iff whenever

(a)

h
m — ni

o s

na 2,

commutes,
() f1, f2, g1, and g» are one-to-one,
(c) rang; Nrangy =rangg o fi,
(d) U, V are nonempty and open, respectively, in (Sf;)~'{p} and

S p)
then there exists ¢ € SI such that Sf] o Sgi(q) = p, (Sg1)(g) € U, and
(Sg2)(g) € V. Then for every m € w, for every p € Sm, p has the weak
amalgamation property in Sm.

If in addition all maps Sf are open, then S is a type category.

Condition 3 implies directly that if f : m — n is one-to-one, then Sf : Sn — Sm
is onto. (This is provable indirectly as follows: if f : m — n is one-to-one, find
g : n — m such that g o f is the identity on m. Then since S is a functor, S, ,
which is the identity on Sm, is equal to (Sf) o (Sg), so Sf is onto.)

The connection with logic is as follows.

Definition 2.2  Let £ be a countable fragment of £, , and let T be a countable
theory in L. The type category of T over L is the type category S}C such that, for
each n, S}Cn is the space of complete n-ary £L-types from models of 7 with the usual
topology (that is, that generated by sets of the form {p € Sn | ¢ (xo, ..., xn—1) € p},
forn € wand ¢ € L), and such thatif f : m — n, then for each p € S"Tcn,

(SENP)x0s - Xm—1) = {p X0, - Xm—1) | 9(Xf(0)s - > Xf(m—1)) € P}
We should check that the maps S;Cf are well-defined.
Proposition 2.3 Suppose p(xo, ..., x,—1) is an n-ary type in L from a model of T ;
say M = T and p is the type in I of a tuple {(ag, . .., a,—1). Suppose f : m — n.

Then (S}Cf)(p)(xo, oy Xm—1) is the type in M of (ayr©), ..., afrm—1)) and is, in
particular, an m-ary type.

Proof We show that (S}Cf)(p)(xo,...,xm_l) is the set of JL-formulas satis-

fied by (ar@©),...,arm-1)). For ¢(xo,...,xm-1) € (S’ch)(p) if and only if
o(Xf@©y,--->Xfm-1)) € p, and, since p is the type of (ap,...,a,—1), this is
equivalent to the statement that I = ¢ (af ), - .., arm—1)), as required. O

We do also need to know that the type category of a theory is a type category.

Theorem 2.4  The type category S"TC of a countable theory T in a fragment L of
Loy, IS a type category.
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Proof We check the conditions of Definition 2.1.

1 Each S}Cn is zero-dimensional, because £ is closed under negation. It is Ty
because distinct points of S;Cn correspond to distinct types, and if p and ¢ are distinct
n-ary types, then there must be some formula ¢ which is contained in one and not
the other; so there is an open set containing one of p and ¢ and not the other. S}Cn is
then a zero-dimensional 7 space and, so, is Hausdorff.

2 If f:n— m,and ¢(xg,...,x,—1) is an n-ary formula, then

SFAH " ({p € Sfn | 9(x0, ..., xn—1) € p})
={q e S%Cm lo(Xr@©),.-»Xfn—1)) € g},

and so the inverse image under S5 f of every basic open set is open, so S7f is con-
tinuous.

3 Suppose m, ni, na2, I, f1, f2, &1, &2, p, U, and V satisfy the conditions given in
clause 3 of Definition 2.1. Then by definition of the topology, there exist formulas
@1(x0, ..., X, —1) and @2(xo, . .., Xp,—1) such that

(SEMHpYN{r e SfnmilprertcU
and
(St HpInire Sfnalpaeryc v,
and such that
Ixms oo s Xnj—1 Qi (XR;0)» - - - » Xy (ni—1)) € P>

fori = 1, 2, where h; : n; — n; is a permutation such that ; o f; is the identity on
m. But then,

@xms - s Xnyma—m—1) (@1(XR, ©O)s - - -+ Xny (11 —1))
A @2(Xh3(0)s - - - 5 5 X3 (1 +n2—m—1)))
eEp

also, where h3 = e,;u[n,,n,—m) ©h2. This fact implies the existence of a type g € S}Cl
such that (S (f1 © £1))(¢) = p, and
Pi (Xg,(0)s - -+ » Xgi(nj—1)) € 4
fori = 1,2 as required.
Hence S"TC is a weak type category.
We now prove that all maps S;g f are open; the essential reason for this being that
the language £ is closed under existential quantification.

If f:n — m,and y(xg,...,Xn—1) is an m-ary formula, k& > n, and if
h = ep\ran > and j = |m \ ran f|, then

(SFEOp € SFm | w(xo, ..., Xm—1) € P}
= (Sj-?f){p € Sfm | 3xh(o)s Lo 5-xh(j71) l//('XOJ e 7-xm—1) € p}a
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for the inclusion of the left-hand side in the right is obvious; as for the reverse
inclusion, if Ixx(), ..., Xn(j—1) ¥ (X0, ..., Xm—1) € p, then, defining a function
l:m — m + j so that

. if e
el ey
m+h—'(j) otherwise,
we may find g € (Szm,mﬂ-)_l(p) such that
W (X[0) - - - » XI(m—1)) € q.

Now extend [ to a permutation I’ of m + j such that

Jj if j eran f
I':j>{m+h='() ifjem\ranf,
I=1(5) otherwise,
then
v (X0, ..., xm-1) € (SF1)(q),
and so

(SFASFimm+)SFINq) € (SFH{r € Sfm | w(xo, ..., xm—1) € r}.

We wish to show (S£)(p) = (SEF)(SEtmm+ ) SE)NG). Butl' oty myjo f =

tmm+j © fs 80 (SFLYSFimms)SFING) = (SFOSFtmm+)) @) = (SF(p).
Now

(SFAIp € SFm | 3xn©)s - > Xn(j—1) W(X0s - - - s Xm—1) € p}
={peSFn|3xn, ..., %1 ¥ (X)), - > Xgm—1)) € P,

where g : m — k satisfies f o g(i) = i forall i € ran f and maps m \ ran f one-
to-one onto [n, k), and so the image of any basic open set is open, and so S“TCf is an
open map. Hence S"TC is a type category. U

2.2 Properties of type categories It will be useful to have a criterion for when a
weak type category is a type category.

Lemma 2.5 Suppose S is a weak type category, and for everyn € w andi < n,
Sd!' and (ifn > O andi <n — 1) Ss!' is an open map. Then S is a type category.

Proof Obvious, since if ¢ : n < n, then So and So ! are both continuous and
therefore open, and any function from one integer to another is a composition of
permutations and functions d;' and s'. O

A type category may possess some extra properties.

Definition 2.6  We say a weak type category S is compact if for every n, Sn is
zero-dimensional, compact and metrizable, and we say it is Polish if Sn is zero-
dimensional and Polish for every n. The category is countable if Sn is countable for
every n. The category is amalgamative if whenever
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bil
ny

AN
le lgl
l
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ny —

[38)

commutes,
2. f1, f2, &1, and g7 are one-to-one,
3. rang; Nrangy; =rangp o fi,
4. p € Sm, and
5. q € Sny,andr € Sna, and (Sf1)(q) = (Sf2)(r) = p,

then there exists s € S/ such that (Sg1)(s) = g and (Sg2)(s) =r.

These properties are related to properties of the language using standard, well-known
theorems about spaces of types, as follows.

Theorem 2.7  Let S be the type category of a theory T in a language L.

1. If L is a countable first-order language, then S is compact and amalgama-
tive; and
2. if L is a countable fragment of L, ., and T is either
(a) a countable theory in L or else
(b) a sentence of L,
then S is Polish.

Proof If £ is a first-order language, then each Sn is compact by the Compactness
Theorem, and if £ is countable, then Sn is metrizable by Urysohn’s Metrization
Theorem, since it has a countable basis, and is Hausdorff and zero-dimensional, and
hence 73. Amalgamativity of S is again a consequence of the Compactness Theorem.

If £ is a countable fragment of £, ., then S is Polish because each Sn is G5 in
a compact metrizable space, the countably many open sets in question being given
by the requirement that the set

{—'91' i ewilU [/\01}
icw
should not be realizable, for each of the countably many infinite conjunctions
Nice 0i occurring as elements of L. O

We also have a partial converse.

Theorem 2.8  Any compact, amalgamative type category S is the type category of
some theory T in a countable language of first-order logic. Moreover, T can be
chosen to be I1,.

Proof First observe that because each Sn is compact and metrizable, it has only
countably many clopen subsets, and these form a basis for the topology on Sn since
Sn is zero-dimensional. So, to each n € w and each clopen subset U of Sn, assign
an n-ary predicate letter P[;(xo, ..., x,—1), and let T be the theory which includes
formulas chosen as follows:

1. Vxo, ..., Xp—1 (Pl (x0, ..., Xn—1) < —~Pg, y (x0, ..., Xu—1)), whenever n € @
and U is a clopen subset of Sn;
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2. Vx0, ..., Xp—17PG(x0, ..., x,—1) forall n € w;

3. Vxg, ..., Xn—1 (P{}m,(xo, ey Xp—1) < (Pl’}(xo, c Xn—DAPG (X0, . x,,_l)))
whenever U and V are clopen subsets of Sn;

4. Vxo,...,Xn—1 (PZ'}UV(X(), ceyXp—1) © (Pg(xo, e X))V PG (o, .., x,,,l)))
whenever U and V are clopen subsets of Sn;

5. noting that, because each Sn is compact and Hausdorff, all the maps Sf are
closed and thus send clopen sets to clopen sets, we also add to 7' a formula

V.X'(), ceesXn—1 (P{lsf)(U)(x09 ] xn—l)

< 3Y4(0)s - - 5 Yem—n—1) P (V05 -, Ym=1)),

where yr(;) = x; for all i, whenever U is a clopen subset of Sm, f : n i> m,

and g : m —n — m is equal t0 ey\ran f»
6. if f : n — m is onto, U is a clopen subset of Sm, then

VX0, ..y Xn—1 (P(nsf)(y)(XOs ey Xn—1)

N (( /\ Xi = xj) APl (xg0)s - - - » xg(m_l)))),
F@O=r\)
whenever g : m — n is any one-to-one function such that f o g = 1, .

Having defined this theory, it is straightforward to check that for each n, Sn is, in
a natural way, homeomorphic to the space of quantifier-free n-ary types over this
theory, and, by axiom scheme 5, we can eliminate quantifiers. T is clearly IT,. O

2.3 Models of type categories  In this section, we show how to construct the space
of models of a theory from its type category. It is natural to think of this as being an
inverse limit construction, and given this intuition, there is nothing surprising in it.

First we say what we mean by a model of a type category. This definition is
designed to correspond to the notion of a model of a logical theory.

Definition 2.9  Suppose S is a type category. A simplicial object M for S
is a function whose domain is all finite subsets of w such that for all A € dom M,
M(A) € S(|A]), and such thatif A € B and ey = egog, then M(A) = (Sg)(M(B)).
The simplicial object is existentially closed if for all A € dom M, if |A| = n, and
n < m,and U is open in (Szmm)_1 {M(A)}, then there exist g : m <> mand B 2D A
of cardinality m such that e4 = ep o g 015, and (Sg)M(B) € U. We refer to an
existentially closed simplicial object as a model of S.

Let us check that this concept makes sense.

Proposition 2.10  Suppose S"TC is the type category of a theory T in a countable
fragment L of L, . Suppose M is a model of S"TC. Then there is a model M of T
with universe w such that for all finite subsets A of w, M(A) is the type satisfied by
(ea(0), ..., ea(JA| — 1)) in M. Moreover, all models of T with universe w arise in
this way.
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Proof Define I as a structure by saying, if P(xo, ..., x,—1) is an atomic predicate,
that

w’e '= P(iO:-"ain—l)
if and only if @ (x5 (), ..., Xo(m—1)) € M(A), where for all j, ex(j) = is(j). We
then need to verify, by induction on formulas ¢ (xo, ..., x,—1), that

M= oo, ..., in—1)

if and only if ¢ (x5 (0), . . - , X6 (n—1)) € M(A), where for all j, ea(j) = is(j)-

The only case that is nontrivial is the case where ¢ is an existential formula
Ax, w(xo, ..., x,). Butif M is existentially closed, we may find i, such that, ap-
pealing to the inductive hypothesis for y,

M = wio, ..., in),
and so
M = Fx, wio, ... sin=1,%n)
as required.
Conversely, we may construct an existentially closed simplicial object M from

a model M of T with universe w by defining M(A) to be the type satisfied by
(ea(0),...,ea(JA] — 1)) in K. O

2.4 Model theory of type categories =~ We define satisfaction and elementary em-
bedding in the obvious way.

Definition 2.11  Suppose M is a model of a type category S and {(ao, ..., dy—1)
is a tuple on w. Suppose |{ao, . ..,an_1}| = j,and g : n — j is the function
having the property that for each i, a; = eyq,....a,_,) © 8(i). Thenif p € Sn, we say
M = p(ao, ..., a,—1) if and only if

p = (S9)(M(ao, ...,an-1})).

,,,,,

Suppose M and N are models of a type category S. Then f : wi  is an
elementary embedding from M to N if and only if, for all tuples (ao, ..., a,—1) on
w, and for all p € Sn, M = p(ag,...,a,—1) if and only if N = p(ag, ..., an—1).
We say f : @ < w is an elementary isomorphism between M and N if and only if
f is an elementary embedding from M to N and f~! is an elementary embedding
from N to M.

Some of the standard theory carries over; in particular, we have an Omitting Types
Theorem.

Proposition 2.12  Suppose S is a Polish type category, n < m, p € Sn,

1-1
f @ n——m, and q is a limit point of (Sf)~'{p}. Then there is a model M
of S such that there exist ay, ..., ay—1 such that M = p(ao, ...,an—1), and there
do not exist ay, . .., ayp—1 such that M = q(ao, . . ., am—1).

Proof Each (Sln,m)’l{p}, for m > n, is a closed subspace of a Polish space so is
Polish and therefore Cech-complete; so let {U}' | k € w} be a family of open covers
of (Szn,m)’1 {p} such that whenever, for all k, V;, € U}, Cx < Vi, Cy is closed, and
Cik+1 € Cr, N rew Ck # 9; since Sn is metrizable we can assume in addition that
this intersection always has a unique point.
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Recursively construct an increasing sequence of integers ny > n and an open
subset Uy of (S1,,, ,{)_1 {p} with the following properties:

1. for each k and k" > k, there exists Vi € U; such that (St ., (Ux)) S Vi
2. for each k, (St i) (Ukt1) € Ug,
3. for each k, for all one-to-one g : m — ny extending 1, n,, g ¢ (Sf)(Ux),

4. for each k, for each [ > ny, for each open subset U of (Sz,,,“l)’l (Uy), there
exists K’ > k such that either (Slnk,l)_l(Sl,,k,,,k,)(Uk/) NU = @, or there

exists g : [ i> ny which is the identity on ny such that (Sg)(Uy) C U.
We can achieve condition 3 because in the situation described, (Sf)(U) is not
nowhere dense in (Szn,m)_1 {p}, since Sf is an open map. Now define M so that for
each k, M (ny) is the unique element of [ k>k (Stng.n, ) (Upr). Conditions 1-3 ensure
that M (ny) exists for each k, and condition 4 ensures existential closure of M. O

2.5 The Polish space of models = Now a model of S looks like a direct limit of
types, and so it is natural to arrange models of S in a space which is an inverse limit
of the Sn.

Definition 2.13  Suppose S is a type category. Then we define the model space of
S to be a topological space Xs equipped with a group action of Sy, as follows. Xg
is the set of all models of S with a topology generated by all sets of the form

{M | M(A) € U},

for all finite subsets A of w and all open subsets U of § (|A|). If o € Seo, then for all
n € w and all elements ay, ..., a,—1 of o, and all elements p of Sn,

c(M) = p(ao, ..., an—1) iff M |= pas (0, - - - » Go(n—1))-
We thus derive the usual Polish S..-space of models.

Proposition 2.14  If S is a Polish type category, then X is Polish and the action of
Seo On it is continuous.

Proof We can prove that X is Polish by embedding it as a G subspace of the
inverse limit of the spaces Sn along the maps Si,, ,, for n < m. The action of S, on
it is obviously well-defined and continuous. (In fact, the action of the dense subgroup
of all finite permutations can be extracted from the inverse system.) t

It is obvious that if £ is a countable fragment of £, , and T is a countable theory
or sentence in £, then X s is the usual space of countable models.

3 The Scott Hierarchy

We now explore what happens when we proceed to larger fragments of £, 4.

3.1 The Scott hierarchy for languages  There are many different ways of defining
a hierarchy of fragments of £, ., as was done by Morley in [7], in order to define
and reason about Scott height and Scott rank. These notions tend to give similar
values for Scott rank (i.e., the same or different by a finite quantity) on a closed un-
bounded set. We will choose a notion which is convenient as regards the topological
techniques we are using in this paper.
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Definition 3.1  Suppose £ is a countable subset of L, ,, T is a countable theory
in £, with only countably many types, and Sf is the type category of T in £. We
define XL to be the smallest subset of £, ., which includes

1. £,
2. Ap,—~Ap,3Ix A\ p,and Vx = A p for p a complete type over L realized
in amodel of 7.

We define X7 £ by recursion on n in the obvious way: namely, Egoﬁ = £, and for
all n, E'T"HOC = Z7(Z%}L). Let H7L be the smallest fragment of £, , including
Une(u 2171""6

It was hardly necessary to modify | J
sense.

new 2L to obtain a fragment, in the following

Proposition 3.2 Suppose L is a countable fragment of L, ., and T is a countable
theory over L. Each complete type over | J,,.,, 7L realizable in a model of T can
be extended to a unique complete type over QL.

Proof We can characterize types in both languages by using the following game.
There are two players, O and P. The game begins with two tuples, 3(1) over a model
WMy of T and ag over a model My of T, of equal arity. O begins by selecting an
integer n. The game then consists of n rounds.

Intheithround (i = 1,2,...,n), O selects an element ¢; of the set {1, 2} and an
element aéi of Me,. P then selects an element a’ ¢ Of Mz, Let a; = a;_lﬁai.
for j € {1, 2}.

P wins if, at the end of the game, a} and a} satisfy the same £-type; otherwise
O wins. The two tuples a(l) and ag are equivalent if and only if P has a winning
strategy. Two tuples are easily seen to be equivalent if and only if they have the same
Uneo ZFL-type and if and only if they have the same H7L-type. O

Having defined this notion of elevation in the Scott hierarchy, we can, of course, on
the assumption that 7 is scattered, iterate it. (For any 7, it may be possible to iterate
the elevation operation to some countable ordinal A, even if not all the way to ;.
However, we do not, in this paper, address the topic of how 4 is to be determined for
general nonscattered 7', or what happens there.)

Definition 3.3  If T is a theory in a language £, define languages %L, for a < wy,
as follows. Sf)"T‘Heﬁ = O797L, if H7L and all the X5.HT.L are countable. If 1 is a
limit, then SZ)%QC is the union of the H%.L for a < 4, if they are all defined.

3.2 The Scott Hierarchy for type categories = Now we define the topological no-
tion corresponding to our logical notion of elevation. The details of the following
definitions may not be particularly of interest; the important thing is that such details
exist. It is also worth noting that they correspond exactly to the logical notions in the
preceding section.

It will be useful to extend some logical notions to the situation of the model theory
of type categories.
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Definition 3.4  Suppose S is a type category. We generate a language Ls as fol-
lows.
I.If f:n— w,and p € Sn, then p(x (), ..., Xfu-1)) € Ls. [Note here that
the letter p is being used simultaneously to refer to an element of the space
Sn and to a predicate letter in the language Ls.]
2. If ¢ belongs to Lg, so does —¢.
3. If @ is a subset of Lg, all of whose free variables are taken from some finite
set, then A\ @ belongs to Ls.
4. If p € Lg, then Ix; ¢ is in L. As usual, we write Vx; for —3x;—.
Suppose M is a model of S. Then we define a satisfaction relation as follows.
1. M = p(f(0),..., f(n— 1)) under the circumstances described in Defini-
tion 2.11.
2. M = —gp iff it is not the case that M |= ¢.
3. M= \@®iffforallg € ©, M = ¢.
4. M = 3Ix, 9(ag, ..., an—1, x,) iff for some a,, M = ¢(ag, - .., a,).

Now we define a notion of type in a higher language.

Definition 3.5  An n-ary X°S-type over M is simply a singleton set {p}, where
p is an element of Sn such that, for some {(ag, ...,a,—1), M = p(ao, ..., a,—1).
Then (ag, ..., a,—1) is a realization of p in M. An n-ary ZIS-type over M is, for
some (ay, . ..,dan—1), the union of the singleton set {p}, where p is the n-ary PILKY
type realized by {(ao, . . ., ay—1), with the set of all formulas 3x g (ao, ..., a,—1, x) or
Vx —q(ao, ..., an—1,x) which are satisfied by (ao, . .., a,—1) in M, for g an element
of S(n+1). If k > 0, then an n-ary ¥+ S-rype over M is, for some (ag, . . ., an_1),
the union of the n-ary XS type realized by (aq, . .., a,_1) with the set of all for-
mulas 3x A g(ao, -..,an—1,x) orVx = A g(ao, - - ., an—1, x) which are satisfied by
(ao, ..., an—1)in M, for g(xo, ..., x,) an (n+1)-ary Z¥S-type. Ann-ary ®S-type
over M is, for some n-tuple a, the union of the XX S-types realized by a in M.

Now we define our higher-order type category.

Definition 3.6  Suppose S is a Polish type category. We define another type cate-
gory S, and amap b : HS — S, as follows. HSn is the set of all n-ary T S-types
over models of S. We give $Sn the topology generated by the sets By (p’) fork € w
and p’ € HSn, where By (p') is the set of all ¢’ € $Sn such that p’ and ¢’ include
precisely the same n-ary X/ S-types for j < k. If f : n — m, p’ € HSm, and
{ag, ..., ay_1) is a realization of p’ in M, then we define (Sf)(p’) to be that ele-
ment ¢" of §Sn such that (ar(), ..., arn—-1)) realizes ¢’. If p’ € HSn and ais a
realization of p’ in M, then we define §s(p’) to be the unique element p of Sn such
that M = p(a).

We show that it is a type category.
Proposition 3.7 Suppose S is a Polish type category. Then S is a type category.

Proof We check the conditions of Definition 2.1. It is clear that $S1,,,, is, for
each m € w, the identity on $HSm, and thatif f : m — nand g : n — k, then
DS(f og) = (HSg) o (HDSf). Now we check the numbered conditions.

1 Since S is Polish, there exist models of S, and if M is a model of S, then for each
n € w, to each n-tuple on w there corresponds a X“S-type. Thus, for each n, HSn
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is nonempty. $Sn is zero-dimensional because for each k € w, the sets Br(p’), as
p’ vary over $HSn, form a partition of HSn. It is Hausdorff because, if p’ and ¢’ are
distinct elements of $Sn, then for some k, p’ and ¢’ include different ZkS-types.
Thus Br(p’) N Br(¢)) = 2.

2 We must now show that for all f : m — n, 9SS is continuous. It is sufficient
to show this for f a permutation, or one of the maps 1, 41 or s,’;fl, since every
function from one natural number to another is a composition of such maps. Of
these special cases, the only nontrivial one is the map 1, ,+1. Accordingly, we argue
that if p’ € HSn and k € w, then (9S1,.n11) " (Br+1(p’)) is open.

Suppose that (9S2,.,+1)(q¢") = p’. We argue that Biy1(g") S (DStypt1)”!
(Bx+1(p")). For suppose ' € Bit1(q¢’) and that r' is the Z®S-type of a tu-
ple (ig,...,iy) on w in a model M of S. Then (HSiy p+1)(r’) is the @S-
type of the tuple (ig,...,in—1). Now (DSt 4+1)(r") € Biy1(p') if and only if
(9S1y.n1+1)(r") and p’ contain the same T+ S-type; that is, if and only if they con-
tain the same X* S-type, and also exactly the same formulas 3x ¢’ (xq, ..., Xp_1, X)
and Vx —t'(xg, ..., Xp—1,x) for ' an (n + 1)-ary ZXS-type. Now the formulas
xt'(x0, ..., Xn_1,x) (for ' a K S-type) contained in (S, ,+1)(r") are precisely
the XX S-types of all tuples (ig,...,in—1,i) as i varies over w. But the formulas
Ix 1’ (x0, ..., Xn—1, Xn, x) (for ' a Z¥S-type) contained in ' are precisely the Z*S-
types of all tuples (ig, ..., in—1,in,1) as i varies over . Because r’ € Br1i1(q),
these are exactly the formulas 3x #’'(xo, . .., X,_1, Xn, x) (for t' a ZX¥S-type) con-
tained in ¢’, and so the formulas 3x ' (xo, .. ., x,—1, x) (for #’ a ¥ S-type) contained
in (9S1,,n4+1) (") are precisely those in p’, as required.

3  We now check the weak amalgamation property. Suppose that m, ni, na, I,
f1, f2, g1, &2, p, U, and V are as in clause 3 of Definition 2.1. Without loss of
generality, let us assume that for a single k € w, for some g; € HSn; and gy € HSny,
U = Bi(q1) and V = Bi(q2). Let M be a model of S, and (ig, ..., i,—1) a tuple,
such that p is the Z¢S-type of (ig, ..., i,—1) in M. Let g be the >k S-type contained
in g1, and let g5 be the 2k S-type contained in ¢».

Fori = 1, 2, let j; be the cardinality of n; \ ran f;. Then for each i, p en-
tails w; = 3Iyo, ..., yj;-14/ (0, ..., 2n;—1), Where for each j < m, x; = 2z,
and the letters yg, ..., yj,—1 are the letters z; for which j ¢ ran f;. We must
say what we mean by this statement. If j; = 0, it simply means that y; is the
>kS-type included in p. If ji = 1, it means that y; is an existentially quanti-
fied statement contained in the Z¥*!S-type included in p. For other values of j;,
it means that there is a Z¥t/i=1§-type s contained in the ¥*!S-type included in
p such that s entails 3y, ..., y;-1¢; (20, ...,2n;—1). Thus, it follows that there
exist tuples (i1,0,...,%1,n,—1) and (i2,0,...,12,4,—1) On @ such that if q{ is the
Z@S-type of (i1,0,...,i1,n,—1) and g is the Z“S-type of (i2,0,...,i2,n,—1) in M,
then ¢{' is contained in ¢| and ¢} is contained in ¢}, and also iy ;) = i; and
i2,f,(jy = ij for all j. Now let (i3, ...,i3,-1) be a tuple on w such that for each
Js 3,6,y = 11,j and i3 ¢,(j) = i2,j. Let r be the Z®S-type of (i3p,...,13,-1).
Then (9Sg1)(r) = ¢} € U and (95g2)(r) = g5 € V. Also (9Sf1)(g}) = p, and
(9S/2)(g5) = p- Thus the weak amalgamation property is established. O



Topological Spaces and Scattered Theories 65

We pause here to make an important observation, which is crucial to understanding
the theory we are developing. It is possible that S is not Polish. In that case, the
above definition will not “work properly,” and theorems we might wish to try to
prove will not be true. This was envisaged at the outset, since the theory in this paper
was designed with counterexamples to Vaught’s Conjecture in view. It is conceivable
that one could improve the constructions in this paper to make them more general;
the author can at the time of writing see no reason why this should not be possible
but has certainly not done it himself.

Proposition 3.8  If L is a countable fragment of Ly, 0, T is a countable theory
in L, and S is the type category of L over T, then S is isomorphic to the type
category of DL over T. Also, g is well-defined and onto, and each fiber of it is
clopen; hence g is continuous.

Proof This is evident from the definitions. O

More compactly, we may say that @S’TC is isomorphic to S‘? 7L We will commit the

abuse of regarding these two categories as being equal. Now if S is a type category,

the definition of S does depend on the topology of S, but only weakly; the topology

of S came in in the definition of a model of S; and there, if each Sn is scattered, the

only aspect of the topology that matters is the set of triples {p, g, f) such that p, ¢

are types, f is a function, and ¢ an isolated member of the suspace (Sf)~'{p}.
Note that )5 depends for its definition on S.

Definition 3.9  If S is a type category, define operators H* and §%, for a < w, as
follows. §*F1S = HH*S, and HF1S = §% o hgas. If 2 is a limit, then H*S is the
inverse limit of the $*S under the maps bg’a, and likewise for f)’;.

We require that the above definition should make sense.

Proposition 3.10  Suppose S°TC is the type category of a theory T over a language
L. Then for all o < wy, if, forall f < a, .Sf)ﬁS}C is Polish, then there is an isomor-

phism I, from @“S}C to S?;i such that for alln € w, and o < p € wy, for all
p € 9°Sfn, Ta (057 (p)) = Ty(p) N 5L

Proof We perform induction over a. We have already noted that the successor case
works. One can establish the limit case by an application of the Model Existence
Theorem. However, here we follow the alternative route of proving it explicitly.
So, suppose that o is a countable limit ordinal. We assume that, for all y < «a,

&7

SZ)VSf is isomorphic to S;Q rt via an isomorphism II, . Moreover, we assume that if

d <y <a,thenforall p € H'S¥n, Hg(bgf(p)) = I1, (p) N 93 L. We note first
T

that for every f < a, if, for every n € o, @ﬁ+1 S“TCn is Polish, then, for every n € w,
@ﬁS}Cn is countable. Thus, | B<a U @ﬁS}Cn is countable, and thus (using our
inductive hypothesis) so is 97 L.

It is clear how to define II,. Suppose that (p, : y < a) is an element of the
inverse limit @“S}Cn for some n; that is, for all y, p, € @VS;Cn, and for all 6 < y,

new

IT, (py). If we can

Yy <a

ps = f)gf(p},). Then we define I1,(p, : 7y < a) tobe |J
T

. .. L DL L L.
prove that I1, does send the inverse limit of the S ; ™ntoS ; ™" n, then it will be clear
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that I, is an isomorphism, and that for alln € w and y < «, for all p € H* S"Tcn,
1T, (bg;ﬂ () =1L, (p) N OF L.

So, suppose that (p, : y < a) is an element of H“ S}Cn. We must show that
I, (py 1y < a)isanHFL-type, and to do that, we must create a countable structure
L-structure ¢ containing an n-tuple a such that for each y < a, interpreting M in
the natural way as an §’L-structure, IT, (p, ) is the type of a. We can do this by a
Henkin argument, exploiting the fact that % £ is countable.

To see how witnessing of existential quantifiers works in this setting, suppose
that (g, : y < a) is an element of @“Sfm. Suppose that f < a, and that
3x ¢ (x0, X1, ..., Xm—1, x) belongs to I1g(gp).

We must construct an element (r, : y < a) of (S"Q"S“Tclm,mﬂ)_l(qy Ty < a)
such that ¢ (xo, . . ., x,) belongs to I1z(rp). Because HF S;C (m 4+ 1) is countable and
Polish, it is scattered, so we can find an isolated point 74 in (.{)ﬂS}Cln,,,H)_l(qﬁ)
such that ¢ (xo, ..., x,,) € I1(rg). Let w(xo, ..., x»,) be a formula having the prop-
erty that rp is the only element of ©* Sfln’n+])_l(CIﬂ) such that I14(rp) contains
w(x0, ..., Xm).

Now, let {(a; : i € w) be a strictly increasing sequence of ordinals converging to
a such that ag = f. Let r,, = rg, and let yo = y. Given r,, € H% S“TC(m + 1),
and given a formula w;(xg, ..., X;) of @0}’96 such that r,; is the only element

DL .
of (ST‘?T zn,,,+1)_1(qai) such that Il (r,;) contains w;(xo, ..., Xy), choose ry;,,
as an isolated element of (@“HIS’TCln,nH)_l(C]a;H) with I, (r;,,) containing

wi(x0, ..., Xn), and let w;41(xg,...,xy) be a formula having the property that
. o7 e .
Yg;4, 18 the only element of (ST;)T tnn+1) " (qa,,,) such that Iy, , | (g, ) contains

Oi+1,0i
l//i+l(x03-"9-xm)' Then bsiz—l l(ra,ur]) zral--
T

Now define r,, for any y < o, so that, if @; > y, then r, = f);’fi (ra;)-
T
(This is clearly well-defined, since the f)?j are a commuting family of maps.)
T

Then (r, : y < a) is an element of the inverse limit H“ S“TC (m + 1), and
w(x0,...,Xn) € H/)’(rﬂ)

We can now carry out the Henkin construction and build a countable structure
«L-structure )¢ containing an n-tuple a such that I1g(pg) is the @goﬁ—type of ain I,

and so I, (pg : f < a)isin S?T"Cn, as required. (]

Proposition 3.11  If S is a type category, and M is a model of S, then s o M is
a model of S. Moreover, for all o < w1, if M is a model of H*S, then §5 o M is a
model of S.

Proof We must show that g o M is existentially closed. Suppose U is open
in (Szn,,,+1)_1{f)s(p)}. Then for every model M’ of S, and for all a such that
M’ = bs(p)(a), there exists g € U such that for some b, M' |= g(a, b). Hence,
since p is a £ S-type, there exists ¢ € U such that 3x,g(xo, ..., x,) € p. Hence
s~ (U) N (DStyn11)" (p) # @3 b is continuous so b (U) N (HS14,n41) "' (p)
is open in (S1,.,+1)~!(p). Hence existential closure in S gives existential clo-
sure in S. We have now established the successor stage of the induction in the second
paragraph; the limit stage is similar. O
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Note that if S is a type category and H*S is Polish, then the models of H*S are
in a natural one-to-one correspondence with the models of §; indeed, the map
M — bg’o o M is a continuous bijection from Xgeg to Xs.

4 The Trees of Types
4.1 Definition of the trees ~ We have now derived the trees of types.

Definition 4.1  Suppose S is a type category. The category TS of Vaughtian
trees of S is defined as follows. T Sn is a tree, whose elements are the elements
of Ua<a}1 $H*Sn such that if p, ¢ € TSn, then p < ¢ if and only if for some a0 < f,
p= bf’“ (g). If p € TSn, then the level of p is the unique a such that p € H*Sn. If
f :n — m,then TS is defined so that if p € H*Sm, then (TSf)(p) = (HD*Sf)(p).

We are particularly interested in counterexamples to Vaught’s Conjecture. Morley
proved in [7] that counterexamples can be identified by reference to the structure of
their Vaughtian trees, as follows.

Definition 4.2  Suppose S is a type category. We say it is slender if
1. forall @ < w; and for all n € w, H?Sn is countable, and
2. for all @ < wy, there exist n € w, f > a, and p € H*Sn such that
(f)g’a)_l{ p} has more than one element.

Morley’s theorem is the following.

Theorem 4.3  Suppose the Continuum Hypothesis to be false. Suppose L is a count-
able fragment of L, » and T is a countable theory in L. Then T is a counterexam-
ple to Vaught’s Conjecture if and only if S"TC is slender if and only if T has Ri-many
countable models.

The term “slender” for such type categories is due to Becker.

4.2 Branching structure of the trees  This section contains joint work with
N. Ackerman. The Vaughtian trees have the following properties.

Proposition 4.4  TSn is upward-closed; that is, every countable ascending chain
in TSn has an upper bound.

Proof Trivially, by definition of $*S for limit A. U

We give a fine-grained measure of how closely two elements of a Vaughtian tree
resemble each other.

Definition 4.5  Suppose p, p’ are distinct elements of $#Sn. We say they are
equal to accuracy wa + k (where a < p) if wa + k is (if it exists) the smallest
ordinal such that §5°% (p) = 55 (p'), while the T¥+! S-types included in 52+ (p)
and f)g’m—|r1 (p’) are different. If no such ordinal exists, we say p and p’ are equal to
accuracy —oo.

When we extend types to types of larger arity, this resemblance deteriorates.

Theorem 4.6  Suppose p, p’ are distinct elements of HPSn which are equal to
accuracy wa + k. Then either there exists q € (@ﬁSln,n_;_])_l(p) such that there
does not exist ¢ € (9PS1yn+1)""(p') such that q and q' are equal to accuracy
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> wa + k, or there exists q' € (.SbﬂSzn,n+1)_l(p’) such that there does not exist
q € (SvgﬁSln,,H_l)’l (p) such that q and q’ are equal to accuracy > wa + k.

a+1 ,o+

1(p’ ) includes a unique 41 H*S-type; let j be
,o+

Proof Eachof ;™" (p) and b'g
that included in f)?"”l(p), and p’ be that included in b’ 1(p’). Now p and p’ are
different; however, the =¥ H*S-types included in them are the same. Therefore, there
exists some n+1-ary T¥H*S-type g such thateither 3x \ G € pandVx—~ A\ g € j/,
ordx ANgep andVx—/A\g e p.

Suppose the former. Now, for every model M of s@ﬁs and ag, ..., a,—1 € wsuch
that M = p(ao, ..., an—1), there exists a, € w such that I)S’a oM = qlag,...,a,).
Select some such M and a, and let g be the X“H* S-type realized by (ag, ..., a,),
and let g be the X”HPS-type realized by (ao, ..., a,). Then bg,aﬂ (9) = ¢, and
$PS1,.1+1(q) = p. However, there does not exist ¢ such that $7S1, ,11(¢") = p’
and g and ¢’ are equal to accuracy wa + k, or else ¢’ would entail g and so Ix A ¢
would belong to p’, giving a contradiction. (]

However, it does not deteriorate very fast.

Theorem 4.7  Suppose p, p’ are distinct elements of $PSn which are equal to
accuracy wo + k. Suppose y < wa + k. Then for all ¢ € HPS(n + 1) with
9S8ty nr1(q) = p, there exists ¢ € HPS(n + 1) with 9PS1, n41(q") = p’ such that
q and q’ are equal to accuracy at least y.

We may phrase this by saying that information about differences between types is
concealed above slant lines, that is to say, decreasing functions from @ to w;. This
is the motivating idea behind the counterexample to Vaught’s Conjecture described
in [6].

There are some results about slender theories in this paper and many in the litera-
ture. However, all of these fall short of a constructive characterization.

Question 4.8  Find a characterization of slender type categories which is suffi-
ciently explicit that (a) it can easily be used to construct slender type categories, and
(b) it is easy to use it to tell whether a type category is slender or not.

We now address the question of the branching structure of the Vaughtian trees. The
next theorem tells us that any given branch either has no side branches or has very
many of them.

Theorem 4.9  Suppose that S is a type category, and p € Sn. Then (Sf)~'{p} is

topologically discrete for allm > nand f : n i m if and only if (§s)~ ' {p} has
exactly one element. Moreover, suppose (Sf)~'{p} is topologically discrete for all
m=>nand f :n i) m, and suppose that p' is unique such that Hs(p') = p. Then

(OSF)~Mp'} is topologically discrete for allm > n and f : n LN m.

Proof Suppose first that (Sf)~!{p} is topologically discrete for all m > n and

1-1 .. .
f : n—— m. We argue that all realizations of p realize the same X“S-types by

showing that for each k they realize the same Z*S-types. Indeed, we prove that for
allk € w,allm > n,and all ¢ € (Szn,m)_l{p}, all realizations of ¢ realize the same
TKS-types.



Topological Spaces and Scattered Theories 69

We argue by induction on k. Suppose § is a Z*¥+1S-type such that ¢ € §. Then
because (Szn,,,+1)_l{q} is a discrete topological space, for every r € (Sznj,,_H)_l {q1,

there must be a Z*S-type 7 such that r € 7 and 3x A\ 7 € §, by the definition of

existential closure of models of S. Butnow forallm >n-+1and f :n+1 i) m,

(Sf)~'{r} is discrete. Hence by the inductive hypothesis for k, as applied to r, 7 is
determined by r. Hence, if § is the XS-type included in G, we may write § as

§=qU{3x \7|re S 0]

U {Vx—- /\F ‘ ré¢ (Sln,n+1)_1{q}}~

Thus ¢ is determined by ¢, and the inductive hypothesis is preserved at k + 1. Hence
all realizations of p realize the same X S-types for all k, and it follows from this that
b 5_1 {p} has a unique element.

Now suppose thatm > n, f : n LN m, (Sf)(¢) = p, and ¢q is a limit point of
(Sf)~Y{p}. Then, by Proposition 2.12, we may find models M and M’ of S such that
there exist tuples (ao, . .., a,—1) and (a, ..., a,_,) suchthat M |= p(ao, ..., an—1)
and M’ |= p(ay, ...,a,_,), and there exists a tuple (bo, . .., by_1) such that for all
i <m,a = bgiyand M = q(bo,...,bn1), but there does not exist a tuple
(by, ..., b, _,) such that foralli < m,a] = b’f(i) and M’ = q(by, ..., b, ). It
follows that (ag, ...,a,—1) and (], ..., a, ) realize different X S-types, and so
i 5_1 {p} has more than one element.

If (Sf)~'{p} is topologically discrete for all m > n and f : n i> m, then also,
whenever m > nand f : n R m, and (Sf)(q) = p. (Sg)~'{g} is topologically

discrete forall k > m and g : m i) k. Hence, (§ 5)_1{q} has a unique element.
In the topological space HSm, (hs5)~'{g} is clopen. So (HSf)~'{p’} is topologi-

. 1-1 . .
cally discrete for all m > n and f : n ——> m, where p’ is the unique element of

(0s)~'{p}- O

Corollary 4.10  Suppose p € H*Sn is not isolated in H*Sn. Then for all f < a,
(bgﬂ’ﬁ)’] {f)g’ﬂ(p)} has at least two elements.

We can thus derive a sharper characterization of slenderness.

Corollary 4.11 A type category S is slender if and only if for every a. € w1 and
n € w, 9*Sn is countable, and for every a. € w1, for every n € w, there exists
p € H*Sn such that (E)?'rl"")’1 {p} has at least two elements.

Proof Suppose that for some a« € w; and n € w, for every p € $H%Sn,

(bg“*“)’l{p} has just one element. Then by Theorem 4.9, for all p € $%Sn,

forall m > n, and for all f : n N m, (H*Sf)~{p} is topologically discrete.

Hence, for all k > n, for all ¢ € H%Sk, for all m > k, and for all f : k i) m,

(9*Sf)~q} is topologically discrete.

Then again by Theorem 4.9, for every k > n, for every p € H*Sk, (bg“"")’1 {p)
has just one element. It now follows, from the definition of the topology on
$**ISk, that for each k > n, $*+1Sk is topologically discrete. Thus, for each

p e 9™ S(n—1),forallm >n—1andforall f:n—1—"m, (H*Sf)~{p)
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is topologically discrete, and so we can prove that for each k > n — 1, $*+2Sk
is topologically discrete. Continuing in this way, $**"+1Sk is discrete for all k.
Applying Theorem 4.9 and induction on /3, we can see that, firstly, $HPSk is discrete
for all k and for all # > a+n+ 1, and secondly, that forall § > o +n+1, f)?’aﬂﬂrl
is one-to-one. It now follows that S is not slender. (]

The following is obvious.

Proposition 4.12  [f S is slender, then for all n, TSn is uncountable, all its levels
are countable, and it is scattered: that is, a Cantor-Bendixson rank can be assigned
to the elements of 9®'\Sn (which are in natural one-to-one correspondence with max-
imal branches of £Sn); or equivalently, TSn does not contain a copy of the Cantor
tree.

We abuse terminology by discussing the Cantor-Bendixson rank of maximal
branches in TSn instead of the Cantor-Bendixson rank of elements of $®!Sn,
exploiting this natural one-to-one correspondence.

From this proposition the next easily follows.

Proposition 4.13  If S is slender, then every uncountable, downward closed subset
of TSn contains an uncountable maximal branch.

Proof Suppose that D is an uncountable downward closed subset of £Sn. Let v
be a sufficiently large cardinal, and let M be a countable elementary substructure of
(H,, €) containing S and D as elements. Then, for each f € w; N M, $PSn is an
element of M. Because si)ﬁSn is countable, it is also a subset of M.

Let A = M N wq; then A is a countable limit ordinal. Let (a,, : m € w) be a
strictly increasing sequence of ordinals converging to 1. We note that because $*Sn
is the inverse limit of the $*Sn for & < A and $”Sn is countable, it is impossible to
find a subsequence (a;,; : i € w) of (@, : m € w) and elements py, for s € <“2
such that

1. if doms = i, then p; € H*"iSn,
2. ifs Ct,doms =i, and domt = j, then p; = I)(;j’ai (po),
3. for all s, there are uncountably many members of D above py,
4. forall s, ps~0 and ps— are different.
Hence, there exist m € w and p € D N H*Sn such that the following statement is
true about p:
For all & € A there exists € A such that § > «, and there is only one
element g of $PSn such that ¢ is above p and there are uncountably
many elements of D above q.
(Here, by “q is above p,” we mean “f)g’a’" (q) = p.”) That s,
For all o € w; N M there exists f € w; N M such that f > a, and
there is only one element ¢ of $2Sn such that ¢ is above p and there
are uncountably many elements of D above q.
Now because M is an elementary substructure of (H,, €), the following statement
must be true:
For all a € w; there exists f € w; such that f > «a, and there is
only one element ¢ of $PSn such that g is above p and there are
uncountably many elements of D above g.
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Let C be the unbounded set of ordinals # > a such that there is only one element g of
$PSn such that h#-%n (q) = p and there are uncountably many elements of D above
q, and let gp be, for f € C, the element of @ﬁSn so defined. Then, if §,y € C, and
S < 7y, then f)g’ﬁ (g, ) must be gz, for all the elements of D that are above g, must
be above some element of $PSn, and ¢ p itself is the only possibility.

There is thus an uncountable maximal branch B containing all the gz for § € C.
Since D is downward closed, each gz belongs to D, and hence B is included in D,
as required. (]

Here, and elsewhere, a branch is simply a linearly ordered subset of a tree.

4.3 Atomic and saturated models ~ Suppose S is a slender type category. Referring
to the Vaughtian trees TSn, we define the predicate ®(p, a), for p € TSn and
a < wy, by recursion on o thus:

O(p,a)iff{g £ p|—3F < a D(q, f)} contains exactly one maximal branch.

Here the notation ¢ £ p means that g and p have a common upper bound, that
is, g < p or p < g. Then, of course, any maximal branch contains co-initially
many points p such that ®(p, ) holds, where a is the Cantor-Bendixson rank of the
branch, and if ®(p, a), then there exists a unique branch through p of rank > «, and
this branch in fact has rank a.

Of course, not every node necessarily satisfies such a predicate. However, for
every p € £8n, it is the case that p belongs to a branch of Cantor-Bendixson rank «
for only certain values of a.. So, let us define a related predicate ¥ (p, a) as follows:

Y(p,a)iff{g L p|3Ir = g ©(r, @)} contains at least one maximal branch,

equivalently, if and only if 3¢ > p ®(g,a). Now let us say that p generates a
branch if ®(p, o) holds for some a and define the branch generated by p to be the
downward-closure of

{g=p:0(@q,a)}
(which is an uncountable maximal branch and has rank «). Our next task is to work
out how to express the notion that every uncountable branch is generated by some
point, without referring to the branches. We do this by an indirect route.

Let us define the scattered height of p € TSn to be the supremum of the set
{f+1] 3g = pd(q,p)}. (The reason for the terminology is that p defines a
clopen subset of the topological space of branches, or equivalently of H®1Sn, which
is scattered, and the definition we have given is that of the scattered height of that
space of branches.)

Lemma 4.14 If p < q, then the scattered height of p is greater than or equal to
that of q. If ®(p, @), then the scattered height of p is a + 1.

Proof Obvious. O

Lemma 4.15 If p € TSn and the scattered height of p is a limit p, then there are
only countably many q > p such that the scattered height of q is u.

Proof Otherwise, the set of ¢ > p of scattered height x would include an uncount-
able branch B by Proposition 4.12. But some element ¢ of B would generate B.
Now necessarily, by definition of the scattered height of p, for some f < u, ®(q, f)
holds. But then the scattered height of g is f + 1 < u, giving a contradiction. O
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Lemma 4.16  Suppose that p € TSn, and the scattered height of p is a successor
S + 1. Then p belongs to just countably many uncountable branches of rank f, and
so there exists y € | such that if for some & > vy, q € $°Sn, ¢ > p, and the
scattered height of q is f + 1, then ®(q, ) holds.

Proof If p belonged to uncountably many branches of rank f, then the setof ¢ > p
such that g belonged to uncountably many branches of rank £ would be uncountable,
and so would contain an uncountable branch by Proposition 4.12, which would have
rank at least § + 1. But then the scattered height of p would be at least f + 2, giving
a contradiction. O

Note that ®(p,a) and ¥(p,a) can now be defined without any reference to
branches; ®(p, a) holds if and only if

1. for uncountably many y, there exists ¢ > p such that g is in the yth level of
¥ Sn and for cofinally many £ < a, ¥(q, f) is true but ®(g, ) is not, and
2. there exists y such that if ¢ and r are above p and also above level y, and
if for cofinally many S < a, ¥(gq, ) and ¥(r, ) are true but ® (g, f) and
®(r, ) are not, theng < rorr <gq.
If we can find in the set H,, of all hereditarily countable sets some surrogate for
ordinals o € wp which we can use to refer to the ranks of branches, then we can carry
out the definition of the statements ®(p, o) and ¥ (p, a) in the first-order structure
(Hgy, , €). We can do this—once we have observed that the property of belonging to
ZSn is definable in (H,,, €)—by letting the elements p of TSn themselves stand
for the ordinals in question; so by recursion on the ordinal a such that ®(p, a), we
can define surrogate formulas ®'(p, q), ¥/'(p, q), and £L(p, g), in which £L(p, q)
stands for ‘there exist & and 8 > a such that ®(p, a) and ®(q, B)’, ®'(p, q) stands
for L(p,q) N L(q, p), and ¥P'(p, q) stands for ‘there exists a such that ®(g, a)
and ¥ (p, a)’. We do this as follows. We declare that ¥'(p, ¢q) if and only if there
exists r > p such that ®'(r, ). If ¥/(p, q) is true but ®’'(p, q) is false, then we
declare that ¥/ (q, p) is false.

We now declare that ®'(p, q) is true if and only if either for allr, s > p, r <'s,
ors <r,andforallr, s >¢qg,r <s,ors <r,orelse

1. for uncountably many y, there exists » > p such that r is in the yth level of
TSn and for all s > ¢, if ®’(s, s) is true and D’ (s, q) is false, then P/ (r, s)
is true but @’(r, s) is not, and

2. there exists y such that if r and s are above p and also above level y, and
if for all ¢+ > g such that ®’(z, t) is true but ®’(z, ¢) is false, ¥'(r, ¢) and
Y'(s, t) are true but ®'(r, t) and ®'(s, t) are not, thenr < sors < r,

and the same conditions hold with the roles of p and g reversed.

We define L(p, ¢) to hold if and only if ®'(p, p), ®'(q, q), and ¥'(p, q) all
hold. Then £ imposes a well-order on the equivalence classes of @ from which the
ordinal ranks of the branches can be recovered.

We can also define scattered height in (H,,,, €) by expressing the concept ‘p has
scattered height o’ as

1. V6 <ady = f¥(p,y),and

2. if § > a, then =¥ (p, p),

(only, of course, we must use some surrogate for the ordinals a, £, and y, as described
above).
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Now although the proofs of the above lemmas refer to branches in T Sn, the state-
ments can be rephrased so that they do not, as follows:

1. if the scattered height of p is a limit 4, then there exists y such thatif g > p
and for some 0 > y, ¢ € $°Sn, then the scattered height of g is less than y;

2. if the scattered height of p is a successor f + 1, then then there exists y such
thatifg > p,q € @‘SSn for some 6 > y, and g has scattered height § + 1,

then @ (q, f).

Thus these statements, which are first-order over (H,, , €), are true in (H,,,, €). Thus
we can prove the following (recall that any countable elementary substructure (M, €)
of (H,,, €) is transitive, so its intersection with ey is an ordinal and is in fact a limit).

Lemma 4.17  Suppose that (M, €) is a countable elementary substructure of
(Hyp,,€). Let A = M N w;. Suppose p € 9*Sn. Then p generates a branch.

Moreover, there exists o < A such that I)g’“ (p) generates the same branch.

Proof Suppose 4 is the supremum of the increasing sequence (a,, | n € w), and that
for each n, p, = f)';’a” (p). Let 5, be the scattered height of p,. Then the sequence
(nn | n € w) is nonstrictly decreasing, so it is eventually constant. So, without loss
of generality (by omitting the first few terms of the sequence if necessary), let us
suppose that 7, = 5 for all n.

Then 7 is the scattered height of po. Because (M, €) is an elementary substructure
of (Hy, , €), nis not a limit, for otherwise there exists y < A such thatif g > po and
g € $°Sn for some d € (7, 1), then the scattered height of g is less than . But this
contradicts the fact that the scattered height of p, is # for all n. So # is a successor
S + 1. By a similar argument, there exists y < 4 such that if ¢ > po, and g € HSn
for some J € (y, 1), and the scattered height of ¢ is § + 1, then @ (g, £) holds.

Thus for all but finitely many n, ®(p,, f) holds. So each corresponding p, gen-
erates a branch of rank f. Since the p, are linearly ordered, these branches must all
be the same and must include p. Therefore p generates this branch also. U

We draw the obvious corollary.

Corollary 4.18  There exists a closed unbounded subset C of w1 such that if 1 € C,
and p € " Sn, then p generates a branch.

This result permits us to make the following definition.

Definition 4.19  Suppose a € C and f € (a, w1]. Suppose p € H*Sn. Then we
define f)g’ﬁ (p) to be the unique element of $%Sn belonging to the branch generated
by p.

We have an obvious result.
Lemma 4.20  Suppose f)‘;’ﬁ and [)gy are both defined. Then f)g’y is defined, and
%7 = bg,y Ob?ﬂ-

Now for one that is rather less obvious.
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Lemma 4.21  Suppose that (M, €) is a countable elementary substructure of
(Hy,,€),a =MNwy, f €owl,and f:m — n. Then the diagram

s
D*Sn LN O*Sm

f)?ﬂl lb?ﬁ
P
.SZ)ﬁSn ?—f> .SZ)ﬁSm
commutes.

Proof This is obvious if f < a, so suppose f > a. Suppose p € Sn, and
g = 9“Sf(p). By Lemma 4.17, there exists { < a such that if p’ = bg’z(p)
and ¢’ = E)g’C (¢), then p’ generates the branch containing p, and ¢’ generates the
branch containing g. Also, ¢’ = 9¢Sf (p').
Suppose that ®(p’, &) and ®(q’, ). Suppose it were the case that there existed
y € (¢, a) and p” € H'Sn, q" € H”Sm such that p” > p’ and ¢” > ¢q, ©(p”, &)
and ®(q”, 1), and ¢”" # ©7Sf(p"), then necessarily we would have p” = ¢’ (p)
and q” = f)g’y (g), and this would give rise to a contradiction, since ¢ = H*Sf (p).
Since (M, €) is an elementary substructure of (H,,, €), there does not exist
y € w and p” € 9'Sn, q" € $'Sm such that p” > p’ and ¢” > ¢q, ©(p”, &)
and ®(q¢”, n), and ¢” # $’Sf (p”). Hence the diagram
-
D*Sn ILLEN H*Sm
55" l lb?/’)
.,l;‘S
@ﬁSn sg_f) .SZ)ﬁSm

commutes, as required. O

At elements of the closed unbounded set C, we also have amalgamativity. For we
show that H®1 S is amalgamative and use elementary reflection.

Proposition 4.22  Suppose that S is a slender type category. Then 'S is amal-
gamative. Also, if a € C, then 9*S is amalgamative.

1-1
Proof Suppose p € H%Sm, q1 € HSny, ¢ € HSny, fi : m— ny,

1-1 1-1 1-1
frim——>ny, g1 :n——>1,g 1 np—— I, rang; Nrangy, = ran g o ran fi,

and the diagram

S
m —> ni
le lg1
&
ny — 1
commutes. Then, for each a < i, if we let U = (bg’l’a)_l{f)(g"a(ql)} and
Vo= (55" 705" " (q2)}, then by definition of a type category there exists

r* e H“18I such that H*1Sg(r) € U, 9*'Sgr(r) € V, and H*1S(g1 o f1)(r) = p.
Now, H*Sg; (f)gf"a(r)) = b?l’a (g;) fori = 1,2, and obviously also if # < a, then
9PSg: (62F (r)) = 69" (gi) fori = 1,2.

Thus, the set

{r ‘ o € w (r € 91 A H%Sgi(r) = f)?]’“(qi) fori =1, 2)}
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is uncountable and downward-closed in IS/, and therefore contains an uncount-
able branch B. Suppose r’ generates this branch and belongs to $?SI. Then for
all a € (y,w1), f)g’a (r"), which, by definition, belongs to B, satisfies the defining
property of B, namely, that $%Sg; (0%“(r)) = 65""(gi) for i = 1,2. Hence also,
H»18g: (0% (r)) = gi fori = 1, 2, and so amalgamativity of ! is proved.
Now suppose the branch containing p is generated by p’, the branch containing

gi is generated by ¢/ for i = 1,2. Then the following statement is true about p’, g}
and g:

There exists r’ € TSI such that r’ generates a branch, and for all y

at least as great as the levels of p’, g}, g5, and r’, if r” is the element

of the branch generated by r’ on level y and p”, ¢{, and ¢} are the

elements, respectively, of the branches generated by p’, ¢{, and ¢} on

level y, then (Sg;)(r") = ¢/" and (Sf;)(¢]) = p” fori =1, 2.
This is all expressible in first order in (Hy,, , €), and is true in (H,,,, €), and is there-
fore satisfied by (H,,, €) as a first-order structure.. Hence it is also true in any
countable elementary substructure (M, €) of (H,, , €) which contains p’, ¢{, and g5.
It follows that if o € C, then H*S is amalgamative. O

We define atomic and saturated models of an element of a type category in the way
that one would expect.

Definition 4.23  Suppose S is a type category, p € Sn, and M is a model of S.
Then M is an atomic model of p if and only if M = p(0,1,...,n — 1), and for all
finite subsets A of w including {0, 1, ...,n — 1}, if ¢ = M(A), then ¢ is isolated in
(Szn,‘A\)fl {p}. M is a saturated model of p if and only if M = p(0,1,...,n — 1),
and whenever M = ¢(ig, ..., ik—1) and r € (Slk,k+1)_1{q}, then there exists iy
such that M = r(ip, ..., ig).

If £ is a countable fragment of £, 4, T is a theory in £, and S“TC is scattered (as is
the case if S"TC is slender), then it is well known that for any p € S;Cn, there exists an
atomic model A, of p.

We can now prove the following.

Corollary 424 Ifa € C and p € 9D*S0, then there exists a saturated model
S, of p.

Proof $“S is amalgamative, and all H*Sn are countable. (|

There is a correspondence between a type in a theory and the orbit under the auto-
morphism group of a tuple realizing that type in a saturated model. Thus we now
have, as a corollary, the following.

Theorem 4.25  Suppose T is a countable theory in a countable fragment L of
Loy,w and S°TC is slender. Then there exists a closed unbounded subset C of w1 such
that if p € 'S0 generates a branch, then for all o € C such that o. > 7, there exist
atomic and saturated models U, and ©, of bg’a (p), and for a. < B elements of C
there exist functions aq.p : g — Wp, Sap : ©u = Sp, and iy : Wy — Sy such
that

L. iy, ag,p, and s, p are H°L-elementary embeddings (strictly, a, p is an em-
bedding of U, into the reduct of Ag to DL, and similarly for s, p);
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2. moreover, for a. < f, if X is a tuple on S, satisfying a type p € H*Sn, then
Sa,p(X) satisfies the type hg’ﬁ(p) inSg;

ifa <pB <y thena,y, =agy oagpandsg, =Spy 0 Sqp;

4. ifa < B are elements of C, then the diagram

w

Ay —L5 90

iul liﬂ
~ Sa,ﬂ ~
Dg — L‘_’/ﬁ
commutes,

5. if Ais a limit point of C, then ; = J,, ., ranay, ;, and S, = |J,_; ransg ;.

Sacks has proved the following (see [8]).

Theorem 4.26  Suppose S is a slender type category. Then there is a branch B of
rank 1 in TS0, with associated atomic models 2, satisfying the following condi-
tions. If a < f are admissible, then there exists a function aq g : Uy — WUg such
that

1. aq p is an O%L-elementary embedding;
2. ifa < f <y thenag, =ag, odsp;
3. if A is a limit of admissibles, then A; = |, _, ranay, ;.

The decrease of generality in restricting attention to one nonisolated branch is of
little importance, since from a slender type category we can generate one in which
£S0 has only one nonisolated branch. However, the increase of generality resulting
in the expansion of the closed unbounded set to the set of all admissibles is very
striking.

The following result was stated by Steel in [ 10] and a proof given by Becker in [2],
where again we have the embedding holding on the class of all admissible ordinals.

Theorem 4.27  Assume Projective Determinacy. Suppose S is a slender type cat-
egory such that TS0 has only one nonisolated branch. Let ©, be the associated
saturated models, for admissible a. Then if a < p are admissible, then there exists
a function sq p : Sq — ©p such that

L. sq,p is an O%L-elementary embedding;
2. ifa < B <y thensy, =sp, 0Sqp;

3. if A is a limit of admissibles, then S, = |J ran s, ;.

a<i

This gives us a way of defining the functions bg’ﬁ when a is admissible, and if we
assume Projective Determinacy, then it seems plausible that Theorem 4.25 should be
provable for slender type categories with just one nonisolated branch in S0, with
the closed unbounded set C improved to the set of all countable admissible ordinals.
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