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NECESSARY AND CONTINGENT DEDUCTION

ANTON DUMITRIU

1 Introduction Mathematical logic originated and developed from the ne-
cessity to explain and to found mathematics. It is a discipline aiming,
mainly, to explain and to assure the deductive processes in mathematics.
This appears definitely even in Gottlob Frege’s works and in the develop-
ment of this science. P. S. Novicov writes': ‘“One of the fundamental prob-
lems of mathematical logic remains the analysis of the foundations of
mathematics. Now it has gone beyond the frame of this problem and is
having an important influence on the development of mathematics itself’’.

Mostowski showed® that the general problems of the foundations of
mathematics are:

A. What is the nature of the notions considered in mathematics? To what
extent are they formed by man and to what extent are they imposed from
outside, and whence do we gain knowledge of their properties?

B. What is the nature of mathematical proofs and what are the criteria
allowing us to distinguish correct from false proofs?

Considering now mathematical logic itself, as a mathematically well
built system, we remark that the central problem of this science is
Mostowski’s problem B. This problem can be simply defined as follows:
what is the logico-mathematical mechanism of the deductive process and
what justifies it?

That the principal aim of mathematical logic is to make a theory of
deduction, is shown explicitly even in Principia Mathematica by Whitehead
and Russell. The propositional calculus is called in this work ¢‘theory of
deduction’’; introducing further the idea of propositional function and quan-
tification (with apparent variables and type theory), the authors affirm they
are making an ‘‘extension of the theory of deduction’’.

More than that, Wittgenstein showed that the true formulae of mathe-
matical logic (tautologies) are only ‘‘the forms of a proof’’®, a conclusion
taken over by F. Waismann®, and developed by us®.
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We shall not go farther to quote other authors on this problem. The
main problem of mathematical logic is the problem of deduction, deduction
which justifies the mathematical truths, and makes them necessary, a ne-
cessity which seems to F. Gonseth to be ‘‘presque divine’’.

The mathematical propositions have indeed two specific characters:

1. they are true
2. they are necessary

The task of a theory of deduction, and therefore of a logico-mathemati-
cal theory too, will consist in showing that the formal structures it
establishes leads to frue and necessary propositions. We shall show in the
following pages that the logico-mathematical deduction can explain only the
truth of propositions, not their necessity.

2 Syllogistic deduction  The first to have examined deduction, under this
twofold aspect, of a logical device leading to {rue and necessary proposi-
tions, was Aristotle. The form of any deduction is, in his conception, the
syllogism. Here is what he writes in Prior Analytics®. ‘The syllogism is
a discourse (A6yos), in which some (things) being given, other (things) than
what was given follow necessarily (é¢ dvdykns), by the simple fact of what is
given’’. In this very simple phrase many precisions are made, which gen-
erally are not taken into account’. We shall only insist on the fact that the
conclusion is drawn in a necessary way (ex andnkes). Aristotle himself
emphasized the necessary character that syllogistic deduction implies, and
here is how he explained this necessity®: ‘“When three terms are having
among them such relations such as the minor term is contained in the
totality of the middle term, and the middle term is contained, or is not
contained, in the totality of the major term, then there is with necessity a
perfect syllogism between the extreme l;erms”".

The Stagirite calls a perfect syllogism that one which needs nothing
else than what is given in the premises ‘‘for the conclusion to be evident’’;
the syllogism is imperfect if it needs one or several (things), ¢‘what, it is
true, follow necessarily from the given terms, but are not explicitly
enounced in the premisses’’. These ¢‘things’’, that are implicitly con-
tained in the premises, are made explicit by immediate inferences (inver-
sion, contraposition), by means of which the syllogisms of the other figures
are reduced to the first one (perfect).

Summing up this discussion we see that the mechanism of deduction
takes finally the syllogistic forms of the first figure, which the Scholastic
logicians have called by the artificial words: Bavbara, Celarent, Dario,
Ferio.

Two problems must be clarified with regard to modes of the first
figure:

1. Why their conclusion is necessary and in what sense
2. Whether the proof of this.necessity is not open to criticism.

3 Necessary deduction  The above problems were already discussed by
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the old commentators, and are again, in our time, in the attention of logi-
cians. We shall explain them again in order to make some nuances precise.

Regarding the necessity of the conclusion, we must emphasize the dis-
tinction Aristotle made between the modality ‘‘necessary’’ of a proposition
and the necessary conclusion of a syllogism. These two kinds of necessity
were distinguished as being respectively the ‘‘absolute necessity’’ and the
‘“‘yelative necessity’’. ‘‘The conclusion’’, he writes, ¢‘is not necessary in
an absolute manner, but it is necessary due to the given premises’’®®. In
other words, if we start the deduction from necessary modal propositions,
the deductive device will produce conclusions having the modality ¢‘neces-
sary’’. These conclusions will be necessary in an absolute manner, while
assertorial premises will produce necessarily assertorial conclusions,
without having the modality ‘‘necessary’’. Aristotle calls these two neces-
sities' relative necessity—Twwy vTwy dwarykaiov —(the necessity in re-
spect to something existing); and absolute necessity-—-d&mA\s dwarykaiov —
(simple necessity).

Now, let us see how Aristotle proves the necessity of the conclusion,
relative necessity, if following with necessity--é¢ dwdykns—from the prem-
ises, but not having itself the modality ‘‘necessary’’—dwdtykn. The problem
has two aspects: (1) the proof reducing the syllogisms of the other figures
to the first; (2) the proof of the validity of the syllogisms in the first figure.

If every demonstration has the form of a syllogism, as Aristotle af-
firms, then to reduce the syllogisms to the first figure or to prove the
validity of the syllogisms of the first figure are circular proofs which
demonstrate nothing, and then the conclusion does not follow with necessity
from the premises.

This objection was raised by Petrus Ramus'? and later by Leibniz'?,
but it is not right, because it does not take into account the nature of the
reasonings Aristotle used in reducing or proving the validity of syllogistic
modes, which are not syllogistic demonstrations. In effect, to reduce the
other syllogisms to the first figure, and to prove the validity of the syllo-
gisms of the first figure, Aristotle uses three devices that are not syllo-
gistic: (1) immediate inferences (direct transformation of the propositions
of a syllogism into others, by conversion and transposition), (2) reduction
to absurdities, (3) ecthesis'*. Therefore, there is no circularity in the
Aristotelian proofs of the validity of the syllogistic forms, and the conclu-
sions of these valid forms follow necessarily—é¢ &wdrykns —because they
are demonstrated.

4 Non-necessary deduction In addition to this kind of deduction the Stoics
introduced ¢‘the non-demonstrated deduction’’. They divided the types of
arguments into two classes'’:

1. Demonstrated arvguments—\oyoL dmodewToL;
2. Non-demonstrated arguments-Noyot Or TpOTOL AVATODEKTOL.

The apodeiktoi arguments are the various types of syllogisms, which
Aristotle demonstrated in the Prior Analytics.
The anapodeiktoi avguments are specific to Stoic logic, the simplest
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one being the well known wmodus ponens, amply developed and used by
present day mathematical logic.

Diogenes Laertios'® says that Chrysippos considered there were five
types of such reasonings, and Sextus Empiricus'’ confirms this number,
which were the basic forms of the Stoic logic, ¢‘to which they seem to re-
duce all the others’’. Here are these basic types of inference of the non-
demonstrated deduction, as quoted by Sextus Empiricus:

1. The first argument is that deducing the consequent from the non-simple
hypothetical proposition and antecedent. In the symbols of modern logic this
is modus ponens and can be written:

p>o4q
b4

q or, as scheme of deduction, p D g.p:D.q

2. The second argument is that deducing the opposite of the antecedent
from the non-simple hypothetical proposition and the opposite of the conse-
quent:

poq
~q
~p or the scheme: pDqg.~q:D .~p

3. The third argument is that according to which, from the negation of a
conjunction and of one of its parts, one concludes the other part:

~(p.q)
A
~q or: ~(p.q).p:D.~q

4. The fourth argument is that concluding from a disjunctive proposition
and from one of its parts, the contradictory of the other part:

pva
?
~q or: pvg.p:D.~q

5. The fifth argument concludes from a disjunctive proposition and the con-
tradictory of one of its parts, the other part:

pva
~p
q or: pvqg.~p:D.q

The Stoics used to formulate these arguments considering only their
“form’’, which for them was the ¢figure’’ of reasoning, without any content;
it was the logico-grammatical form, the parts being noted with numbers, as
for instance: ¢‘if the first, then the second’’... This fact is confirmed by
many texts.'®-Here is what Apuleius writes'®: ¢“The Stoics, on the other
hand, used to replace what was written by numbers as ¢“if the first, then the
second; but the first; therefore the second’’.”” Here are the five types of
hypothetical arguments, expressed schematically with numbers:
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1. If the first, then the second
But the first
Therefore the second.

2. If the first, then the second
But not the second
Therefore not the first.

3. Not at the same time the first and the second
But the first
Therefore not the second.

4. Either the first or the second
But the first
Therefore not the second.

5. Either the first or the second
But not the second
Therefore the first.

With these five forms of reasoning, which they called ‘“simple’’, am)oi,
they built numerous other arguments, non-simple arguments—opX &mhofi—
all being reduced to the five basic ones, as we are told that Chrysippos
reduced them using ¢‘‘formulae of reduction’’, much simplified by Anti-
patros®.

All these forms of hypothetical reasonings, which form the base of
mathematical logic, were considered as valid without proof. How did the
Stoics explain the fact that they accepted these forms of reasonings without
demonstration? Firstly, they thought that a type of reasoning is correct
only from the point of view of its formal structure. That is why they be-
lieved that the Aristotelian syllogisms, although materially correct, were
formally incorrect®.

The problem of explaining the necessity of these forms of reasoning
must, nevertheless, have been the subject of their researches. It is not
admissible that such great logicians as the Stoics were not aware that fhe
necessity of the conclusion was assured by forms of reasoning whose
necessity was not proved. In this sense must be interpretated their state-
ment, that the non-demonstrated arguments are undemonstrable arguments.
The term davanddeik70¢ (anapodeiktos) means ‘‘non-demonstrated’’ but also
¢‘undemonstrable’’®®, A text of Sextus Empiricus contains a remark which
explains their position®®: ¢‘These arguments arve those which they say do
not need demonstration for being established, because they sevve as proofs
for the conclusiveness of all other arguments’’. In other words, they accept
the Aristotelian thesis, that to avoid a rvegressus in infinitum, one has to
stop somewhere--davdyun d7mpou—and that not everything can be demon-
strated.

Thus they accept axiomatically five forms of hypothetical reasonings,
without demonstrating them, and declare them ‘‘undemonstrated’’ and ‘‘un-
demonstrable’’. In this way, as we said, they succeeded in formulating a
huge number of deductive forms.
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We shall now emphasize the essential difference between these forms
of reasoning and the syllogistic forms. While the syllogistic conclusion
follows necessarily—é§ dwdrykns —the conclusion in the Stoic reasoning does
not follow necessarily but only hypothetically—e¢ vmoffégews. The syllogis-
tic conclusion follows necessarily from the premises, and this necessity is
due to the fact that it is demonatrated; in the Stoic reasoning, the conclusion
does not follow necessarily, because there is no demonstration to show that
it must follow from the premises. This result must not be understood in
the sense that the conclusion in the Stoic reasoning has the modality ‘‘hypo-
thetical’’, but only that it is obtained by means of a logical mechanism
which is not demonstrated—the Stoics said it is not demonstrable.

As Aristotle himself explained, and as we have shown, the conclusion
of a syllogism, though following necessarily, does not have the modality
“necessary’’. Likewise with the conclusion of a Stoic reasoning: the con-
clusion of a ‘‘undemonstrated’’ reasoning does not have the modality ‘“hy-
pothetical”’, but it is frue; only it is not obtained necessarily.

5 Deduction by accident The results we reached so far, in a very general
manner, can be better explained, if we take into account some texts in
Aristotle’s works. The Stoic deduction supposes that in the logical mecha-~
nism of reasoning the premises can be false. This simple fact shows that
this deductive mechanism has a peculiarity, which we shall explain further.

Aristotle dealt with the cases when we draw a false conclusion from
true premises, or when we draw a true conclusion from false premises,
studying these problems in the three figures®. Here is what he writes®:
“It is possible for the premises of a syllogism to be true; it is also possi-
ble for both of them to be false, or one to be true and the other false. From
true premises it is not possible to draw a false conclusion, but from false
premises it is possible to draw a true conclusion, with this reservation: it
will not vefer to ({ for what veason)), but to what there is in fact. This is
because ({for what reason)) cannot make the object of a syllogism with
false premises”.

We shall not reproduce the whole argument of Aristotle, which is to be
found (completed) in his other works, such as Metaphysics. The explanation
of these two kinds of syllogism (with true or false premises) is summed up
by Waitz®®, Trendelenburg® and Tricot®® as follows. Aristotle starts from
the difference that exists between explaining ((what there is in fact)), indi-
cated by the conjunction 67t (since), and the explanation by ((the cause that
determines)) indicated by the conjunction §t67¢ (for what reason or cause)®.
He says that, since from false premises can be derived truth and as well
falseness, it follows that these kinds of premises (false) give us only an
explanation in fact of the conclusion, and not a causal explanation of it.
Tricot is in agreement with Waitz and Trendelenburg: ¢‘Since the conclu-
sion, although being true, does not follow from true premises, there is no
possibility of an explanation by cause, but only of the enunciation of a sim-
ple fact’’.

Examining various types of syllogism, Aristotle concludes®: ¢It is
clear that, if the conclusion is false, the propositions from where starts the
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reasoning must be necessarily false, all or only some of them; on the con-
trary, when the conclusion is true, it is necessary for the premises to be
true; but it is possible that none of the parts of syllogism be true and
nevertheless the conclusion is true, only it is not (true) necessarily. The
reason of this fact is that two things being in such a relation that the exis-
tence of one of them entails necessarily the existence of the other, the non-
existence of the last will entail the non-existence of the first, while the
existence of the last will not entail necessarily the existence of the first.
But it is impossible that the existence and the non-existence of the same
thing entail necessarily the existence of one and the same thing’’.

Tricot® sums up this argumentation: ‘It is impossible for a conse-
quent (B), which derives necessarily from an antecedent (A), to be derived
necessarily from the contradictory (proposition) of the same antecedent
(i.e., non-A). If it is true that si est homo, est animal (if somebody is a
man, he is an animal) one cannot say si non est homo, est animal (if some-
body is not a man, he is an animal)’’. We shall add to Tricot’s explanation,
that such a conclusion can sometimes be true, but not necessarily. In other
words, we can say, in some cases, that, in fact, ¢“if somebody is not a man,
it is an animal’’; but this is true only by chance. This result is stated by
Tricot in these terms®: ¢t is impossible to draw a conclusion from false
premises otherwise than per accidens’’.

We shall only add that these results are totally in accord with Aris-
totle’s concept of the nature of syllogism, of demonstration, and of science
in general. Indeed he writes®: ¢The demonstrated knowledge must result
from true premises, prime, immediate, better and prior known than the
conclusion, whose cause they are (aitiwy 70D guuTEPGOMOTR).>’

6 Conclusion The above considerations lead us to the conclusion that
reasonings of the Stoic type allow us to reach conclusions not necessarily
but as a matter of fact. More precisely, the results obtained by such logical
proceedings are simply true, but not necessarily true.

This consequence was very well known to the Scholastic logicians, who
taking over and developing these logical deductive mechanisms, called them
‘‘consequences’’—consequentiae—showed that there were two kinds of such
consequences: (1) consequentia formalis; (2) consequentia materialis®*. The
valid consequence (bona) by virtue of its form—de forma—is that one which,
if it signifies something adequately by its antecedent, signifies it also ade-
quately by its consequent. The valid material consequence—materialis
bona—is that one whose consequent is not a consequent by virtue of the
formal meaning of the antecedent. An example of such a consequentia bona
matevrialis is: Homo est asinus, evgo baculus stat in angulo (‘“Man is an
ass, then the stick is in the corner’’).

Any formal consequence is also valid materially, but not vice-versa
(Scholastic rule). The main rule of material consequence is the following:
Ex falsis verum, ex veris nil nisi verum (from false (propositions) the
truth, from true (propositions) nothing but truth).

Accepting this kind of deduction, the logico-mathematical forms of de-
duction can reach queer results. Let us consider the above example given
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by the Scholastic logicians: Homo est asinus, evgo baculus stat in angulo.
This implication is true since its first number is false; but from false the
truth can be deduced; therefore baculus stat in angulo, a materially true
proposition (if it is true in fact) is a conclusion drawn from false proposi-
tions. But it is drawn by accident.

The first to have drawn the attention on these queer and arbitrary ways
of concluding was C. I. Lewis®. He says that all these curious conse-
quences are due to the fact that the implication of Russell is an implication
in extension, without any analogous relation in intension. The inference de-
pends, in his opinion, on the meaning of the propositions; therefore it is a
relation in intension. Russell’s implication appears to Lewis as a material
implication, since only in materially given cases can a real inference be
established, otherwise it says nothing and for this reason it is contingent.
This was just Aristotle’s opinion, as we have seen, only it was more syste-
matically exposed.

The solution Lewis proposed was to introduce modalities as values for
propositions: possible, impossible, necessary etc., in order to obtain con-
clusions having the modality necessary. But he, as well as other logicians
who constructed formal systems by means of modalities, did not take into
account the precise difference Aristotle made between the necessary prop-
osition (dwdrykn) and those that obtained necessarily (é§ dwdykns). By intro-
ducing modalities in the development of deduction, one can show only the
relations among modal propositions; but mathematical truth is never ex-
pressed through modal propositions. On the other hand, deduction in modal
systems is made by virtue of the same schemes of deduction, which are not
demonstrated, and thus this deduction is contingent. That is evident, once
the implication of Lewis, as well as other implications, can lead to a con-
clusion starting from false propositions. Aristotle’s deduction imposed, as
we have seen, the condition that the premises be f{rue; in this case the
syllogistic conclusion necessarily was true. In the contrary case, the con-
clusion cannot be necessarily true.

What is interesting, and what ought to have struck anyone studying the
logical mechanism of mathematics, is the fact that all—absolutely all—
propositions of a mathematical theory are ¢rue. There is no false proposi-
tion in such a theory. That situation has been emphasized by the Roumanian
mathematician Octav Onicescu®®, who has consequently built up a logical
system with a single value, the truth, which is able, in his opinion, to ex-
plain the real deductive articulation of the propositions of a mathematical
theory.

Mathematical logic did not renounce the use of material implication,
and numerous forms of it developed. It developed in this sense with the
logistic mechanism, built up in this way, i.e., transforming the whole theory
of deduction into a formal deductive system (using, or not using, modal-
ities). It tried to establish the logical foundations of mathematics. Putting
aside other problems raised by this construction, we remark that mathe-
matical logic, considered only as the deductive tool of the mathematical
sciences, is able to deduce the truth of mathematical propositions, but has
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no capacity to deduce necessarily this truth—necessity which appeared to
Gonseth, as we have said, ‘“almost divine’’. In other words mathematical
logic can show that a mathematical proposition is true in fact, but cannot
give the reason (5toTe) that makes it necessarily true.

In this way, necessary deduction was transformed into contingent de-

duction. This means, however, that the deductive device of symbolic logic
can not explain what is most essential to the nature of mathematical truths:
their necessity.
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