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THE GENERALIZED QUASILINEARIZATION
FOR INTEGRO-DIFFERENTIAL EQUATIONS
OF VOLTERRA TYPE ON TIME SCALES

TADEUSZ JANKOWSKI

ABSTRACT. We apply the method of quasilinearization to
integro-differential equations of Volterra type. It is shown that
two monotone sequences converge quadratically to a unique
solution of our problem.

1. Introduction. Throughout this paper, we denote by T any time
scale (nonempty closed subset of real numbers R). By J = [0,T], we
denote a subset of T such that [0,7] = {t € T : 0 <t < T}. By
C(J,R), we denote the set of continuous functions u : J — R.

In this paper, we investigate the following first order integro-differential
equations of Volterra type on time scales

(1) z2(t) = f (t,x(t),/o k(t,s)x(s)As) = (Fx)(t) teld,
:Z?(O) =X € R,

where f € C(J x Rx R,R), k € C(J x J,R).

The method of quasilinearization is a well-known technique for ob-
taining approximate solutions of nonlinear differential equations (for
details, see for example [7] and references therein). There is a lot of
application of this method to ordinary differential equations both with
initial and boundary conditions. This technique can also be applied to
corresponding problems on time scales (see, for example [2, 3]). In this
paper, we apply the generalized quasilinearization method for integro-
differential problems of Volterra type on time scales. The purpose of
this paper is to exploit the recent ideas of this method applied to non-
linear differential equations (see, for example [7]). We investigate the
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case when f+ ® is convex for some convex function ®. It is shown that
two monotone sequences converge quadratically to a unique solution of
problem (1). Note that in papers [2, 3] for the corresponding function
f, the quasilinearization method was applied for ® = 0. It means that
our approach is more general than in [2,3]. In the last section, we dis-
cuss the application of the generalized quasilinearization method when
f in equation (1) is replaced by f+ g assuming that f+ ® is convex for
some convex function ® and g+ ¥ is concave for some concave function
v,

2. Calculus on time scales. In 1988, Stefan Hilger [5] introduced
the calculus of measure chains in order to unify continuous and discrete
analysis. Major works devoted to the calculus on time scales has
been conducted by Agarwal and Bohner [1], Bohner and Peterson [4],
Kaymakgalan et al. [6].

We present some definitions and notations which are common in the
recent literature. We define the forward jump operator o : T — T by

o(t) =inf{s € T :s > t},
while the backward jump operator p : T — T is defined by
p(t) =sup{s € T:s < t}.

If o(t) > t, then we say that ¢ is right-scattered. If o(t) < t, then
we say that ¢ is left-scattered. Points that are right-scattered and
left-scattered at the same time are called isolated. If ¢ < sup T and
o(t) = t, then t is called right-dense, and if ¢ > inf T and p(t) = t, then
t is called left-dense. Finally, the graininess function p : T — [0, 00)
is defined by u(t) = o(t) —t. If T has a left-scattered maximum m,
then TF = T — {m}; otherwise, T¥ = T. Now we consider a function
f:T — Randlet t € T*. Then we define f~(t) to be the number
(provided it exists) with the property that, given any € > 0, there is a
neighborhood U of ¢, i.e., U = (t — 6,t + 6) N T for some § > 0, such
that
F (@) — £(5)) = F2BIo(t) —1]] < 2lot) — 5|

for all s € U. We call f&(t) the delta (or Hilger) derivative of f
at t. If T = R, then f& = f/; if T = Z (the integers), then
FAW) = F(E+1) - (2).
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Theorem 1 [4]. Assume f, g: T — R, and let t € T*. Then we
have the following

(1) If f is differentiable at t, then f is continuous at t.

(2) If f is continuous att and t is right-scattered, then f is differen-
tiable at t with

Ay flo®) = F(t)
FO=""uw
(3) If f is differentiable at t and t is right-dense, then
0 = m 1G]

(4) If f is differentiable at t, then
F7t) = f(t) + u(®) f2 (), where f7=foo.
(5) If f and g are differentiable at t, then so is fg with
(f9)2(8) = F2(D)g(t) + f7(£)g™ (1)

A function F' : T — R is called an antiderivative of f : T — R
provided f&(t) = f(t) for all t € T*. In this case, we define the
integral of f by

/tf(T)ATZF(t)—F(S) for s,teT.

3. Some lemmas. Below we cite two lemmas from [8].

Lemma 1 [8]. Suppose that
(Hy) there is a continuous function k : J x J — Ry and Ko =
max{k(t,s): t,s € J} >0,

(H2) there exist two positive functions m,n continuous on J such
that a = sup,¢ 7 [pu(t)m(t)] < 1 and
aNoKop

2 — < 1-
) L <l
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where

No = maxn(t), mo=minm(t), P =egf_m)(a,0)—1.

teJ tes
Let
N t
(3) x=(t) > —m(t)z(t) — n(t)/O k(t, s)x(s)As,
z(0) > 0.

Then z(t) >0, t € J.

Lemma 2 [8]. Assume that assumptions (Hy),(Hz) are satisfied.
Then, for any h € C(J,R), the initial problem

t
(4) z2(t) = —m(t)x(t) — n(t)/ k(t,s)x(s)As + h(t),
0
x(0) =z
has a unique solution xj,.
Put
Q={(t,u,0):t e J, polt) < u < 20(t),
t t
/ k(t, s)yo(s)As <v< / k(t, S)ZO(S)AS}.
0 0
Using a mean value theorem, we have

Lemma 3. Let u >, v > 0. Assume that F,® € C(Q,R). Assume
that Fy, F,, ®,, ®, exist and F,, ®,, ®, are nondecreasing in the

second variable and Fy, F,, ®, are nondecreasing in the third variable.
Then, for F = f + ®, we have

V

f(t’uvv) - f(t,l_j,,l_)) = [Fz(t,ﬂ,@) - (I)Z(tvuav)][u - ﬂ]
t
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Note that F,, denotes the derivative of F with respect to second variable
and Fy denotes the derivative of F' with respect to the last variable.

Put
(Faw)(t) = F, (t,uos), / t k(t,sm(s)As) ,
(@,u)(t) = B, (t,u(t), /0 t k(t,s)u(s)As) .

In a similar way, we define (Fyu)(t), (®,u)(t).
For n=0,1,..., let us define two sequences {yy, z,, }, by relations
(5)
Y1 (8) = (Fyn) () +[(Foyn) (£) = (@02) ()] [Y41() =y (1)]
+[(Fyyn)(t)—(‘1>yzn)(t)]/0 k(t, $)[yn+1(s) —yn(s)]As,
teJ,
Yn+1(0) = o,
(6)
Z$+1(t) = (Fzn) () +[(Foyn) (1) = (Puzn) ()] [2n+1(t) — 20 (t)]
+[(Fyyn)(t)—(‘1’yzn)(t)]/o k(t, 5)[2n+1(5) —2n(s)]As,
teJ,

Zn+1 (0) = Zg.

A function yq is said to be a lower solution of problem (1) if

t
0 < 7 (tn(e), [ bt umas) e
0
Y0(0) < zo.
Similarly, a function zg is an upper solution of (1) if the above inequal-

ities are reversed.

Lemma 4. Suppose f € C(J x R x R,R). Assume that yo, 20
are lower and upper solutions of problem (1), respectively, and yo(t) <
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zo(t), t € J. Let u,v be lower and upper solutions of (1), respectively,
and moreover yo(t) < u(t) < v(t) < z(t), t € J. In addition, we
assume that F, I, ., ®, exist and F;, Fy, ®,, @, are nondecreasing
in the second variable and Fy, F,, ®,, ®, are nondecreasing in the third
variable (here F = f + ®). Let assumptions (Hy), (Hz) hold with

(7) m(t) = = (Fayo)(t) + (P2z0)(t), n(t) == (Fyyo)(t) + (y20)(1).
Put

h(t, w) = (Fw)(t) + M(tyw(t) + N(t /k:ts

M(t) = = [(Fou)(t) = (Dz0) ()], N(t) = = [(Fyu)(t) — (®yv)(#)).
Then
(i) the initial problems

{yNw——M@mw—N@AkﬁaM@A&Hﬁm)tea
y(0) = o,

t
{ 25(t) = — M(t)z(t) — N(t) / k(t,s)z(s)As + h(t,v) teJ,
0
x(0) = xo
have their unique solutions y, z, respectively,
(i) u(t) < y(t) < 2(t) < v(t), t € J,

(iil) y, z are lower and upper solutions of problem (1), respectively.

Proof. In view of the monotonicity of F, Fy,, ®,, ®,, we have
M(t) < m(t), N(t) < n(t), t € J. This and Lemma 2 show that
part (i) holds. To show part (ii) we put p = y — u. Then p(0) > 0, and

P2 () = (Fu)(t) = M)y (t) — u(t)]

_ N / k(t, $)[y(s) — u(s)]As — (Fu)(t)

= — M(t)p( )—N(t)/o k(t, s)p(s)As.
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Hence y(t) > u(t), t € J, in view of Lemma 1. In a similar way, we
have v(t) > z(t), t € J. Now, we put p = z —y, so p(0) = 0. In view of
Lemma 3, we have

P2 (t) = (Fo)(t) = (Fu)(t) — M(£)[z(t) — v(t) — y(t) + u(t)]
_ N /k:ts — o(s) — y(s) + u(s)]As

— M(@)[z(t) = v(t) = y(t) + u(t)]

~ N() / K(t, )[2(s) — v(s) — y(s) + u(s)|As
= — M(t)p(t) — N() /0 k(t, s)p(s) As.

By Lemma 1, z(t) > y(t), t € J. It proves that (ii) holds.

In the next step, we show that z is an upper solution of problem (1).
Note that

Z2(t) = (Fo)(t) — (F2)(t) + (Fz)(t) — M(t)[2(t) — v(t)]
_N( / k(t, 8)[2(s) — v(s)]As
> [(Fz)(t) — (Dz0) ()] [v(t) — 2(2)]

in view of Lemma 3 and the monotonicity of F,, Fy, ®,, ®,. In the
same way, we can show that y is a lower solution of problem (1). This
ends the proof. mi

4. Main results.

Theorem 2. Suppose that f € C(J x R x R,R). Assume that
Yo, 20 are lower and upper solutions of problem (1), respectively, and
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yo(t) < 20(t), t € J. In addition, assume that Fpy, Fgy, Fyy, Pua,
Dy, Pyy exist for F' = f 4+ @, are continuous and

Fox(t,u,v) >0, Fuy(t,u,v

) Fyy(t,u,v) >0,
Do (t,u,v) >0, Oyt u,v)

>0
>0, Oyt u,v)>0

for (t,u,v) € Q. Let assumptions (Hy), (Hz) hold with functions m
and n defined by (7). Then problem (1) has a unique solution being the
limit of sequences {yn,zn} defined by (5)—(6) and this convergence is
quadratic.

Proof. In view of Lemma 4, y1, 21 are well defined and yo(t) < y1(t) <
z21(t) < zo(t), t € J. Moreover, y1, 21 are lower and upper solutions of
problem (1), respectively. By induction, we have the following relation

Yo(t) <+ Syn(t) S Ynt1(t) < 2pga(t) < 2(t) < - < 2(t), tE€J

forn =0,1,.... Since the interval J is compact and the convergence
is monotone and bounded, sequences {y,, z,} converge uniformly to
some limit functions y and z, respectively. Indeed, functions y and z
satisfy the equations

y(t) = xo +/O (Fy)(s)As, z(t) = xo —|—/O (Fz)(s)As

and yo(t) < y(t) < z(t) < z(t), t € J. Put

M(t) = — [Fw <t, &(t), /Ot k(t, S)Z(S)As)
~o,(ta, [ Heszoas) |

N(t) = = [Fy(t,y(t), &(t) — @yt y(t), &2(1)];

where y(t) < & (¢ fo 5)As < &(t) fo s)As
and &1, & are contlnuous functlons Let p( ) =z(t) —y(¥), t E J Then
using the mean value theorem, we have

®) o= —M(t)p(t)—ﬁ(t)/o k(t, s)p(s)As,  p(0) = 0.
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Note that M(t) < mf(t), N(t) < n(t), t € J. This and Lemma 2
show that p(t) =0, t € J, is a unique solution of problem (8). Hence,
y(t) = z(t) on J is a unique solution of problem (1).

Now we need to show that the convergence of y, and z, to y is
quadratic. Put

Pr1(t) = y(t) = yn1(t) 2 0, gnia(t) = znga(t) —y(t) 20, L€

We see that

Pnt1(t)

= [1F0 ) - Fus)as
= [ 1Fm)(6) = @r2) @i (s) = (s
= [ — @426 [ o (7) (AT s
0 0
< [ 1E0)6) (@) pals) s
0
+ [{Em© - @) [ kerpnar)as
= [ 1Fa)(6) = @2)@p(s) = (s s
= [{iEm)6) = @26 [ K. nlon(r) = pusa(DlaT}as
0 0
= /0 [(Fzy)(8) = (Fuyn)(8) + (Pu2n)(8) = (Payn) ()] pru(s)As
+ [ {6 = F) ) + @,2)0) = @,00)(0)
></0 B(s,7) pu(r)AT fAs
+ [ () 6) = @)@ pna (s

+ /Ot {[(Fyyn)(s) = (®y20)(3)] /OS k(s,T) pn+1(T)AT}AS.
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Let

‘Fxm(tuxvy)‘ S*‘417 |Fzy( )| <A2 |Fyy(t7$7y)| §A37
|(I)mm(taxay)‘ < Blv |(I)my( )‘ < B27 |<I>yy(t,x,y)\ < B3

for (t,x,y) € Q. Then
(F2y)(8) = (Fuyn)(s) + (Pu2n)(s) — (Payn)(s)
= Lxx (3 53 / k S, T > )

+ Fuy(5,yn(s), 4(5)) / k(s,7) pu(T) A7

0
o, ( (o). [ T>zn<T>AT) e (s) — ya(s)]
By (5, (5). Eo(5)) / k(5,7) 2n(T) — ()] A7
0
< Aypa(s) + Ao / (5, 7) pa(F)AT + Bilgn(s) + pu(s)]
B, / k(5. ) gn(r) + pa(r)] AT,
where

yn( )<€3( ) <

/k‘STyn VAT < &4(s /k:ST

yn(s) < &s(s) < zn(s),

S

/S k(s, T)yn(T)AT < &(s) < / k(s,T)zn(T)AT.
0 0

In a similar way we can show that
(Fyy)(s) = (Fyyn)(s) + (Pyzn)(s) — (Pyyn)(s)
< Aop()+ s [ Ko, 7)pa(r)AT
0

T Balau(s) + pu(s)] + B / k(5,7 [gn(r) + pa () AT,
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Using the above inequalities, we have

t t s
(9) pat1(t) <D+ Dy / Pny1(s)As + D2K0/ / Pnt+1(T)ATAS,
0 0 0

where
D= T[A||an2 + B”anz}v
lpall = max [pa(t)],  llgnll = max|g. ()],
3
A=A +TKo(242 + A3KT) + 2 [B1 + TKy(2B2 4+ B3KoT)],

1
B = B [B1 + TKy(2Bs + BsTKy)],
Dy = D11+ D12, Dz = Doy + Do,
|F$(tazay)|SD117 |(I)x(t7x7y)|§D127
|Fy(taxay)| §D217 |(I)y(t,1'7y)|§D22.
To obtain the formula for D we applied the property that 2ab < a? + b?

for nonnegative a,b. By w we denote the right-hand side of equation
(9). Then

t
w™(t) = Dipns1(t) + D2Ko/ Pri1(T)AT.
0

Note that w®(t) > 0 on .J, so w is nondecreasing. This yields

wh(t) < aw(t) teJ,
{w(O):D

with @ = D1 + Dy KyT. The constant « is positive, so « is positive
regressive, i.e., 1 + p(t)a > 0. This and Theorem 6.1 of [4] yield

w(t) < Dey(t,0), teJd

(10) Prsi(t) < w(t) < Deql(t,0),
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SO

(11) Ip-+1ll < a1 [Allpall® + Bllga ]
with a1 = T'maxey eq(t, 0).
In a similar way, we can show that

I? I?

lgn+1ll < 2|lpnll” + asllgn

for some positive g, a3. This and (11) prove the assertion of Theo-
rem 1. It ends the proof. u]

Remark 1. If T = R, then e, (t,0) = exp(at), but if T = Z, then
ea(t,0) = (14 a)'.

We can also discuss the case when f in equation (1) is replaced by

f -+ g. Then problem (1) takes the form

o2 (t) = (Fx)(t) + (Gz)(t) te€J,
(12) {a:(O) =z9€ R

with
E0 = 1 (1200, [ bit.5)2(5)25)
(Ga)(t) = t.010), [ t kit o)) ).

For n=0,1,..., let us define two sequences {y,, z, }, by relations
(13)
Y1 (1) = (Fyn + Gyn) () + V(Y 20) [n1.(£) =y ()]
t
+W tyYn, 2n / ]f yn+1 ) yn(s)]As te J,
0

Yn+1(0) = o,

(14)

ZnA-s-l(t) = (fzn + gzn)(t) + V(t, Yn,s Zn)[zn+1(t) - Zn(t)]
+W(t,yn,zn)/0 k() [2ns1(s) — 2n(s)]As  te )

Zn+1(0) = o,
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where I'= f 4+ &, G = g+ ¥ and

V(t,yn, 2n) = (Foyn)(t) — (Pazn)(t) + (Gozn) () — (Vayn) (1)
Wt Yns zn) = (Fyyn) () — (Pyzn) ()] + (Gyzn)(t) — (Tyyn)(t).

Theorem 3. Suppose that f,g € C(J x R x R,R). Assume that
Yo, 20 are lower and upper solutions of problem (12), respectively and
Yo(t) < z0(t), t € J. In addition assume that Fpp, Fyy, Fyy, Pz, Poy,
Dy Guzy Goyy Gyyy Yoz, Yoy, Wy, exist for F=f+®, G=g+ V¥,
are continuous and

Fop(t,u,v) >0, Fyy(t,u,v) >0, Fuu(t,u,v)>0,
Pop(t,u,v) >0, Bgy(t,u,v) >0, Pyy(t,u,v) >0,
Gara(t,u,v) <0, Ggy(t,u,v) <0, Gyylt,u,v) <0,
Voot u,v) <0, Wuy(t,u,v) <0, Wy (t,u,v) <0

for (t,u,v) € Q. Let Assumptions (Hy), (Hz) hold with functions
m(t) = - V(t7 Yo, Z0)7 ?’l(t) = - W(tv Yo, ZO)'

Then problem (12) has a unique solution being the limit of sequences
{Yn, zn} defined by (13)—(14), and this convergence is quadratic.
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