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NONOSCILLATORY SOLUTIONS OF
HIGHER ORDER NONLINEAR NEUTRAL

FUNCTIONAL DIFFERENTIAL EQUATIONS

YONG ZHOU

ABSTRACT. Consider the forced higher order nonlinear
neutral functional differential equation

Ln(x(t) + cx(t − τ)) + F (t, x(σ(t))) = g(t), t ≥ t0.

We obtain a global result, with respect to c, which are some
sufficient conditions for the existence of a nonoscillatory so-
lution of the above equation. Our results improve essentially
and extend a number of existing results.

1. Introduction. Consider the forced higher order nonlinear neutral
functional differential equation

(1) Ln(x(t) + cx(t − τ )) + F (t, x(σ(t))) = g(t), t ≥ t0,

where

L0x(t) = x(t),

Lkx(t) =
1

rk(t)
(Lk−1x(t))′, k = 1, 2, . . . , n

(
′ =

d

dt

)
,

rk : [t0,∞) → (0,∞), k = 1, 2, . . . , n − 1, rn ≡ 1, σ, g : [t0,∞) → R,
and F : [t0,∞)×R → R, t0 ≥ 0, are continuous, σ(t) → ∞ as t → ∞.

A nontrivial solution x of equation (1) is said to be oscillatory if x
has arbitrarily large zeros. Otherwise, x is said to be nonoscillatory.
That is, x is nonoscillatory if there exists a t1 > t0 such that x(t) �= 0
for t ≥ t1. In other words, a nonoscillatory solution must be eventually
positive or eventually negative, see [7, 9].
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Oscillation theory of neutral functional differential equations has
developed very rapidly in recent years. It has concerned itself largely
with the oscillatory and nonoscillatory properties of solutions, see, e.g.,
[1 15] and the references cited therein. The problem of obtaining
sufficient conditions to ensure that all solutions of equation (1) and
the special forms of equation (1) are oscillatory has been studied by a
number of authors, see [1 4, 7, 9, 11, 14]. Existence of nonoscillatory
solutions of first order or higher order neutral differential equations has
also been obtained in [2, 3, 5, 6, 8, 10, 12, 13, 15].

In [7], the authors study the first order functional differential equation

(2)
d

dt
(x(t) + cx(t − τ )) + F (t, x(σ(t))) = g(t), t ≥ t0.

They proved the following result by using the Banach contraction
mapping principle:

Theorem A [7]. Assume that

(C1) −1 < c < 1;

(C2) |F (t, x)| ≤ |F (t, y)|, as |x| ≤ |y|, and for each closed interval
[d1, d2], 0 < d1 < d2, there exists L(t) such that |F (t, x) − F (t, y)| ≤
L(t)|x − y|, x, y ∈ [d1, d2], and

∫ ∞
t0

L(s) ds < ∞.

Further, assume that∫ ∞

t0

|F (s, d)| ds < ∞, for some d �= 0,

and ∫ ∞

t0

|g(s)| ds < ∞.

Then (2) has a bounded nonoscillatory solution.

In [12], Pathi and Rath investigate the existence of nonoscillatory
solutions of first order neutral differential equation

(3)
d

dt
[x(t) + cx(t − τ )] + Q(t)f(x(t − σ)) = g(t), t ≥ t0,

where Q ∈ C([to,∞), R), σ > 0.
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Theorem B [12]. Assume that

(C3) c > 0 or c < −1;

(C4) Q(t) ≥ 0, f ∈ C(R,R) is nondecreasing, xf(x) ≥ 0 for any
x �= 0 and f satisfy the Lipschitz condition on intervals of the type
[a, b], 0 < a < b.

Further, assume that
∫ ∞

0

Q(s) ds < ∞,

∫ ∞

0

|g(s)| ds < ∞.

Then equation (3) has a nonoscillatory solution.

In [3], Agarwal, Grace and O’Regan give an existence criteria for
nonoscillatory solutions of the second order neutral differential equation

(4) L2(x(t) + cx(t − τ )) + F (t, x(σ(t))) = g(t), t ≥ t0.

Theorem C [3]. Assume the following :

(C5) |c| �= 1;

(C6) xF (t, x) > 0 for x �= 0, |F (t, x)| ≤ |F (t, y)| for |x| ≤ |y|, xy > 0.

If ∫ ∞

t0

r1(s1)
∫ ∞

s1

|F (s, K)| ds ds1 < ∞

for some constant K �= 0, then (4) has a bounded nonoscillatory
solution.

For the second order neutral functional differential equation with
positive and negative coefficients

(5)
d2

dt2
(x(t) + cx(t − τ )) + Q1(t)x(t − σ1) − Q2(t)x(t − σ2) = 0,

t ≥ t0,

where c �= ±1, σ1 > 0, σ2 > 0, Q1(t) ≥ 0 and Q2(t) ≥ 0, Kulenovic
and Hadziomerspahic [10] proved the following results by using Banach
contraction mapping principle.
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Theorem D [10]. Assume that

(C7) c �= ±1,

(C8) aQ1(t) − Q2(t) ≥ 0, for every t ≥ T and a > 0.

Further, assume that
∫ ∞

t0

s Q1(s) ds < ∞,

∫ ∞

t0

s Q2(s) ds < ∞.

Then equation (5) has a nonoscillatory solution.

In [7], the existence result of nonoscillatory solution for higher order
functional differential equation

(6) (x(t) + cx(t − τ ))(n) + F (t, x(σ(t))) = 0, t ≥ t0,

has been obtained.

Theorem E [7]. Assume that

(C9) c < 0,

(C10) F is nondecreasing in x, F (t, x)x ≤ 0 for (t, x) ∈ [t0,∞) × R.

Further, assume that
∫ ∞

t0

sn−1|F (s, K)| ds < ∞, for any K �= 0.

Then equation (6) has a nonoscillatory solution.

Our aim in this paper is to investigate the existence of nonoscillatory
solutions of equation (1). By using Krasnoselskii’s and Schauder’s
fixed point theorems and some new techniques, we obtain a global
result, with respect to c, which are some sufficient conditions for the
existence of a nonoscillatory solution of equation (1). Our results
improve and extend Theorems A, B, C, D and E by removing the
restrictive conditions (C1) (C10).

2. Main results. The following fixed point theorems will be used
to prove the main results in this section.
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Lemma 1 [7] (Krasnoselskii’s fixed point theorem). Let X be a
Banach space, let Ω be a bounded closed convex subset of X and let
S1, S2 be maps of Ω into X such that S1x + S2y ∈ Ω for every pair
x, y ∈ Ω. If S1 is a contraction and S2 is completely continuous, then
the equation

S1x + S2x = x

has a solution in Ω.

Lemma 2 [7, 9] (Schauder’s fixed point theorem). Let Ω be a closed,
convex and nonempty subset of a Banach space X. Let S : Ω → Ω be a
continuous mapping such that SΩ is a relatively compact subset of X.
Then S has at least one fixed point in Ω. That is, there exists an x ∈ Ω
such that Sx = x.

Theorem 1. Assume that c �= −1 and that there exists an interval
[a, b] ⊂ R+ such that

(7)
∫ ∞

t0

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

sup
w∈[a,b]

|F (s, w)| ds dsn−1 · · · ds1 < ∞,

and

(8)
∫ ∞

t0

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

|g(s)| ds dsn−1 · · · ds1 < ∞.

Then (1) has a bounded nonoscillatory solution.

Proof. The proof of this theorem will be divided into five cases in
terms of c. Let C([t0,∞),R) be the set of all continuous functions
with the norm ||x|| = supt≥t0 |x(t)| < ∞. Then C([t0,∞),R) is a
Banach space. We define a closed, bounded and convex subset Ω of
C([t0,∞),R) as follows:

Ω = {x = x(t) ∈ C([t0,∞),R) : a ≤ x(t) ≤ b, t ≥ t0}.
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Case 1. For the case −1 < c ≤ 0, by (7) and (8), we choose a T > t0
sufficiently large such that

∫ ∞

T

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1 <
(c+1)(b−a)

2
.

Define two maps S1 and S2 : Ω → C([t0,∞),R) as follows:

(S1x)(t) =

⎧⎨
⎩

(c + 1)(a + b)
2

− cx(t − τ ) t ≥ T ,

(S1x)(T ) t0 ≤ t ≤ T .
(S2x)(t)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(−1)n+1

∫ ∞

t

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

(
F (s, x(σ(s)))−g(s)

)
ds dsn−1 · · · ds1 t ≥ T,

(S2x)(T ) t0 ≤ t ≤ T.

i) We shall show that, for any x, y ∈ Ω, S1x + S2y ∈ Ω.

In fact, for every x, y ∈ Ω and t ≥ T , we get

(S1x)(t) + (S2y)(t)

≤ (c + 1)(a + b)
2

− cx(t − τ ) +
∫ ∞

t

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, y(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1
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≤ (c + 1)(a + b)
2

− cb +
∫ ∞

T

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

≤ (c + 1)(a + b)
2

− cb +
(c + 1)(b − a)

2
= b.

Furthermore, we have

(S1x)(t) + (S2y)(t)

≥ (c + 1)(a + b)
2

− cx(t − τ ) −
∫ ∞

t

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, y(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≥ (c + 1)(a + b)
2

− ca −
∫ ∞

T

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

≥ (c + 1)(a + b)
2

− ca − (c + 1)(b − a)
2

= a.

Hence,
a ≤ (S1x)(t) + (S2y)(t) ≤ b, for t ≥ t0.

Thus we have proved that S1x + S2y ∈ Ω for any x, y ∈ Ω.

ii) We shall show that S1 is a contraction mapping on Ω.

In fact, for x, y ∈ Ω and t ≥ T , we have

|(S1x)(t) − (S1y)(t)| ≤ − c|x(t − τ ) − y(t − τ )| ≤ − c||x − y||.
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This implies that

||S1x − S1y|| ≤ −c ||x − y||.

Since 0 < −c < 1, we conclude that S1 is a contraction mapping on Ω.

iii) We now show that S2 is completely continuous.

First, we will show that S2 is continuous. Let xk = xk(t) ∈ Ω be such
that xk(t) → x(t) as k → ∞. Because Ω is closed, x = x(t) ∈ Ω. For
t ≥ T , we have

|(S2xk)(t) − (S2x)(t)|
≤

∫ ∞

t

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, xk(σ(s)))− F (s, x(σ(s)))|

)
ds dsn−1 · · · ds1

≤
∫ ∞

T

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, xk(σ(s)))− F (s, x(σ(s)))|

)
ds dsn−1 · · · ds1

Since |F (t, xk(σ(t))) − F (t, x(σ(t)))| → 0 as k → ∞, by apply-
ing the Lebesgue dominated convergence theorem, we conclude that
limk→∞ ||(S2xk)(t)− (S2x)(t)|| = 0. This means that S2 is continuous.

Next, we show that S2Ω is relatively compact. It suffices to show
that the family of functions {S2x : x ∈ Ω} is uniformly bounded
and equicontinuous on [t0,∞). The uniform boundedness is obvious.
For the equicontinuity, according to Levitan’s result, we only need to
show that, for any given ε > 0, [T,∞) can be decomposed into finite
subintervals in such a way that on each subinterval all functions of the
family have change of amplitude less than ε. By (7) and (8), for any
ε > 0, take T ∗ ≥ T large enough so that

∫ ∞

T∗
r1(s1)

∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1 <
ε

2
.
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Then for x ∈ Ω, t2 > t1 ≥ T ∗,

|(S2x)(t2) − (S2x)(t1)|

≤
∫ ∞

t2

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

+
∫ ∞

t1

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≤
∫ ∞

t2

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

+
∫ ∞

t1

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

<
ε

2
+

ε

2
= ε.

For x ∈ Ω and T ≤ t1 < t2 ≤ T ∗,

|(S2x)(t2) − (S2x)(t1)|

≤
∫ t2

t1

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≤
∫ t2

t1

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1.
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Then there exists a δ > 0 such that

|(S2x)(t2) − (S2x)(t1)| < ε, if 0 < t2 − t1 < δ.

For any x ∈ Ω, t0 ≤ t1 < t2 ≤ T , it is easy to see that

|(S2x)(t2) − (S2x)(t1)| = 0 < ε.

Therefore {S2x : x ∈ Ω} is uniformly bounded and equicontinu-
ous on [t0,∞), and hence S2Ω is relatively compact. By Lemma 1
(Krasnoselskii’s fixed point theorem), there is an x0 ∈ Ω such that
S1x0 + S2x0 = x0. It is easy to see that x0(t) is a bounded nonoscilla-
tory solution of equation (1). This completes the proof in this case.

Case 2. For the case c < −1, by (7) and (8), we choose a T > t0
sufficiently large such that

− 1
c

∫ ∞

T+τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

s2

rn−1(sn−1)
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1 <
(c + 1)(b − a)

2c
.

Define two maps S1 and S2 : Ω → C([t0,∞),R) as follows:

(S1x)(t)=

⎧⎨
⎩

(c + 1)(a + b)
2c

− x(t + τ )
c

t ≥ T ,

(S1x)(T ) t0 ≤ t ≤ T .

(S2x)(t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(−1)n+1

c

∫ ∞

t+τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

(
F (s, x(σ(s)))−g(s)

)
ds dsn−1 · · · ds1 t ≥ T,

(S2x)(T ) t0≤t≤T.

i) We shall show that for any x, y ∈ Ω, S1x + S2y ∈ Ω.
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In fact, for every x, y ∈ Ω and t ≥ T , we get

(S1x)(t) + (S2y)(t)

≤ (c + 1)(a + b)
2c

− x(t + τ )
c

− 1
c

∫ ∞

t+τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, y(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≤ (c + 1)(a + b)
2c

− b

c
− 1

c

∫ ∞

T

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

≤ (c + 1)(a + b)
2c

− b

c
+

(c + 1)(b − a)
2c

= b.

Furthermore, we have

(S1x)(t) + (S2y)(t)

≥ (c + 1)(a + b)
2c

− x(t + τ )
c

+
1
c

∫ ∞

t+τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, y(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≥ (c + 1)(a + b)
2c

− a

c
+

1
c

∫ ∞

T

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

≥ (c + 1)(a + b)
2c

− a

c
− (c + 1)(b − a)

2c
= a.
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Hence,
a ≤ (S1x)(t) + (S2y)(t) ≤ b, for t ≥ t0.

Thus we have proved that S1x + S2y ∈ Ω for any x, y ∈ Ω.

ii) We shall show that S1 is a contraction mapping on Ω.

In fact, for x, y ∈ Ω and t ≥ T , we have

|(S1x)(t) − (S1y)(t)| ≤ − 1
c
|x(t − τ ) − y(t − τ )| ≤ − 1

c
||x − y||.

This implies that

||S1x − S1y|| ≤ − 1
c
||x − y||.

Since 0 < −1/c < 1, we conclude that S1 is a contraction mapping
on Ω.

Proceeding similarly as in the proof of case 1, we obtain that the
mapping S2 is completely continuous. By Lemma 1, there is an x0 ∈ Ω
such that S1x0 + S2x0 = x0. Clearly, x0 = x0(t) is a bounded
nonoscillatory solution of equation (1). This completes the proof in
this case.

Case 3. For the case 0 ≤ c < 1, by (7) and (8), we choose a T > t0
sufficiently large such that

∫ ∞

T

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)|+|g(s)|
)

ds dsn−1 · · · ds1 <
(1−c)(b−a)

2
.

Define two maps S1 and S2 : Ω → C([t0,∞),R) as follows:

(S1x)(t) =

⎧⎨
⎩

(c + 1)(a + b)
2

− cx(t − τ ) t ≥ T ,

(S1x)(T ) t0 ≤ t ≤ T .
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(S2x)(t)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(−1)n+1

∫ ∞

t

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

(
F (s, x(σ(s)))− g(s)

)
ds dsn−1 · · · ds1 t ≥ T ,

(S2x)(T ) t0 ≤ t ≤ T .

The rest of the proof is similar to that of Case 1 and, thus, is omitted.

Case 4. For the case c > 1, by (7) and (8), we choose a T > t0
sufficiently large such that

1
c

∫ ∞

T+τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)|+|g(s)|
)

ds dsn−1 · · · ds1 <
(c−1)(b−a)

2c
.

Define two maps S1 and S2 : Ω → C([t0,∞),R) as follows:

(S1x)(t)=

⎧⎨
⎩

(c + 1)(a + b)
2c

− x(t + τ )
c

t ≥ T ,

(S1x)(T ) t0 ≤ t ≤ T .

(S2x)(t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)n+1

c

∫ ∞

t+τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

(
F (s, x(σ(s)))−g(s)

)
ds dsn−1 · · · ds1

t ≥ T,

(S2x)(T ) t0 ≤ t ≤ T.

The rest of the proof is similar to that of Case 2 and, thus, is omitted.
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Case 5. For the case c = 1, by (7) and (8), we choose a T > t0
sufficiently large such that∫ ∞

T+τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1 <
(b − a)

2
.

Define a map S : Ω → C([t0,∞),R) as follows:

(Sx)(t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a + b

2
+ (−1)n+1

∞∑
j=1

∫ t+2jτ

t+(2j−1)τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)
∫ ∞

sn−1

(
F (s, x(σ(s))−g(s)

)
ds dsn−1 · · · ds1

t ≥ T,

(Sx)(T ) t0 ≤ t ≤ T.

i) We shall show that, for any x, y ∈ Ω, SΩ ∈ Ω.

In fact, for every x ∈ Ω and t ≥ T , we get

(Sx)(t) ≤ (a + b)
2

+
∞∑

j=1

∫ t+2jτ

t+(2j−1)τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≤ (a + b)
2

+
∞∑

j=1

∫ t+2jτ

t+(2j−1)τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

≤ (a + b)
2

+
(b − a)

2
= b.
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Furthermore, we have

(Sx)(t) ≥ (a + b)
2

−
∞∑

j=1

∫ t+2jτ

t+(2j−1)τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≥ (a + b)
2

−
∞∑

j=1

∫ t+2jτ

t+(2j−1)τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

≥ (a + b)
2

− (b − a)
2

= a

Hence, SΩ ⊂ Ω.

Proceeding similarly as in the proof of Case 1 we obtain that the
mapping S is completely continuous. By Lemma 2, there is an x0 ∈ Ω
such that Sx0 = x0, that is,

x0(t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a+b

2
+ (−1)n+1

∞∑
j=1

∫ t+2jτ

t+(2j−1)τ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

(
F (s, x0(σ(s)))− g(s)

)
ds dsn−1 · · · ds1 t ≥ T,

x0(T ) t0 ≤ t ≤ T.

It follows that

x0(t) + x0(t − τ )

= a + b + (−1)n+1

∫ ∞

t

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
F (s, x0(σ(s)))− g(s)

)
ds dsn−1 · · · ds1.



1074 YONG ZHOU

Clearly, x0 = x0(t) is a bounded nonoscillatory solution of equation
(1). This completes the proof of Theorem 1.

Theorem 2. Assume that c = −1 and that there exists an interval
[a, b] ⊂ R+ such that

(9)
∫ ∞

t0

s1r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

sup
w∈[a,b]

|F (s, w)| ds dsn−1 · · · ds1 < ∞,

and

(10)
∫ ∞

t0

s1r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

|g(s)| ds dsn−1 · · · ds1 < ∞.

Then (1) has a bounded nonoscillatory solution.

Proof. By a known result [7, Theorem 3.2.6], (9) and (10) are
equivalent to

(11)
∞∑

j=0

∫ ∞

t0+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

sup
w∈[a,b]

|F (s, w)| ds dsn−1 · · · ds1 < ∞,

and

(12)
∞∑

j=0

∫ ∞

t0+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

|g(s)| ds dsn−1 · · · ds1 < ∞,

respectively. We choose a sufficiently large T > t0 such that
∞∑

j=1

∫ ∞

T+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1 <
b − a

2
.
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Define a mapping S : Ω → C([t0,∞),R) as follows:

(Sx)(t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

a + b

2
+ (−1)n

∞∑
j=1

∫ ∞

t+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

(
F (s, x(σ(s)))− g(s)

)
ds dsn−1 · · · ds1 t ≥ T,

(Sx)(T ) t0 ≤ t ≤ T.

We shall show that SΩ ⊂ Ω.

In fact, for every x ∈ Ω and t ≥ T , we get

(Sx)(t) ≤ a + b

2
+

∞∑
j=1

∫ ∞

t+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≤ a + b

2
+

∞∑
j=1

∫ ∞

T+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

≤ a + b

2
+

b − a

2
= b.
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Furthermore, we have

(Sx)(t) ≥ a + b

2
−

∞∑
j=1

∫ ∞

t+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≥ a + b

2
−

∞∑
j=1

∫ ∞

T+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

≥ a + b

2
− b − a

2
= a.

Hence, SΩ ⊂ Ω.

We now show that S is continuous. Let xk = xk(t) ∈ Ω be such that
xk(t) → x(t) as k → ∞. Because Ω is closed, x = x(t) ∈ Ω. For t ≥ T ,
we have

|(Sxk)(t)−(Sx)(t)| ≤
∞∑

j=1

∫ ∞

T+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·

· · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

|F (s, xk(σ(s)))−F (s, x(σ(s)))| ds dsn−1 · · · ds1

Since |F (t, xk(σ(t))) − F (x(σ(t)))| → 0 as k → ∞, by apply-
ing the Lebesgue dominated convergence theorem, we conclude that
limk→∞ ||(Sxk)(t) − (Sx)(t)|| = 0. This means that S is continuous.
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In the following, we show that SΩ is relatively compact. By (11) and
(12), for any ε > 0, take T ∗ ≥ T large enough so that

∞∑
j=1

∫ ∞

T∗+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1 <
ε

2
.

Then for x ∈ Ω, t2 > t1 ≥ T ∗,

|(Sx)(t2) − (Sx)(t1)|

≤
∞∑

j=1

∫ ∞

t2+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

+
∞∑

j=1

∫ ∞

t1+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≤
∞∑

j=1

∫ ∞

t2+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

+
∞∑

j=1

∫ ∞

t1+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

<
ε

2
+

ε

2
= ε.

For T ≤ t1 < t2 ≤ T ∗, we choose a sufficiently large J ∈ N+ such that
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T + jτ ≥ T ∗ as j ≥ J . For x ∈ Ω

|(Sx)(t2) − (Sx)(t1)|

≤
∞∑

j=1

∫ t2+jτ

t1+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≤
J∑

j=1

∫ t2+jτ

t1+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

+
∞∑

j=J+1

∫ t2+jτ

t1+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
|F (s, x(σ(s)))|+ |g(s)|

)
ds dsn−1 · · · ds1

≤
J∑

j=1

∫ t2+jτ

t1+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1

+
∞∑

j=1

∫ ∞

T∗+jτ

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)| + |g(s)|
)

ds dsn−1 · · · ds1.

Then there exists a δ > 0 such that

J∑
j=1

∫ t2+jτ

t1+jτ

r1(s1)
∫ ∞

s1

r2(s2)

· · ·
∫ ∞

sn−2

rn−1(sn−1)
∫ ∞

sn−1

(
sup

w∈[a,b]

|F (s, w)|+|g(s)|
)

ds dsn−1 · · · ds1 <
ε

2
,

if 0 < t2 − t1 < δ.



NONOSCILLATORY HIGHER ORDER NONLINEAR FDES 1079

Hence,

|(Sx)(t2) − (Sx)(t1)| <
ε

2
+

ε

2
= ε, if 0 < t2 − t1 < δ.

For any x ∈ Ω, t0 ≤ t1 < t2 ≤ T , it is easy to see that

|(Sx)(t2) − (Sx)(t1)| = 0 < ε.

Therefore {Sx : x ∈ Ω} is uniformly bounded and equicontinuous on
[t0,∞), and hence SΩ is relatively compact. By Lemma 2 (Schauder’s
fixed point theorem), there is an x0 ∈ Ω such that Sx0 = x0. That is,

x0(t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a + b

2
+ (−1)n

∞∑
j=1

∫ ∞

t+jτ

r1(sn−1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

∫ ∞

sn−1

(
F (s, x0(σ(s)) − g(s)

)
ds dsn−1 · · · ds1 t ≥ T,

x0(T ) t0 ≤ t ≤ T.

It follows that

x0(t) − x0(t − τ ) = (−1)n+1

∫ ∞

t

r1(s1)
∫ ∞

s1

r2(s2) · · ·
∫ ∞

sn−2

rn−1(sn−1)

×
∫ ∞

sn−1

(
F (s, x0(σ(s)) − g(s)

)
ds dsn−1 · · · ds1,

t ≥ T.

Clearly, x0 = x0(t) is a bounded nonoscillatory solution of equation
(1). This completes the proof of Theorem 2.

When rk(t) ≡ 1, k = 1, 2, . . . , n, equation (1) reduces to

(13) (x(t) + cx(t − τ ))(n) + F (t, x(σ(t)) = g(t), t ≥ t0.

By using Theorems 1 and 2, we obtain the following results.

Corollary 1. Assume that c �= −1 and that there exists an interval
[a, b] ⊂ R+ such that

(14)
∫ ∞

t0

sn−1 sup
w∈[a,b]

|F (s, w)| ds < ∞,
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and

(15)
∫ ∞

t0

sn−1|g(s)| ds < ∞.

Then (13) has a bounded nonoscillatory solution.

Proof. We note that (14) and (15) are equivalent to

∫ ∞

t0

∫ ∞

s1

· · ·
∫ ∞

sn−2

∫ ∞

sn−1

sup
w∈[a,b]

|F (s, w)| ds dsn−1 · · · ds1 < ∞,(16)

and ∫ ∞

t0

∫ ∞

s1

· · ·
∫ ∞

sn−2

∫ ∞

sn−1

|g(s)| ds dsn−1 · · · ds1 < ∞,(17)

respectively. This implies that (7) and (8) hold, so the proof is
complete.

Corollary 2. Assume that c = −1 and that there exists an interval
[a, b] ⊂ R+ such that

∫ ∞

t0

sn sup
w∈[a,b]

|F (s, w)| ds < ∞,(18)

and ∫ ∞

t0

sn|g(s)| ds < ∞.(19)

Then (13) has a bounded nonoscillatory solution.

The proof is similar to that of Corollary 1.

Example 1. Consider the higher order neutral differential equation

(20) (x(t) + cx(t − τ ))(n) +
1
tα

xβ(t − σ) = 0, t ≥ t0

where n is a positive integer, c ∈ R, τ , σ ≥ 0, β > 0.
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When c �= −1, α > n, for any real number b > a > 0,∫ ∞

t0

sn−1 sup
w∈[a,b]

{
wβ

sα

}
ds ≤ bβ

∫ ∞

t0

1
sα+1−n

ds < ∞,

by Corollary 1, equation (20) has a bounded nonoscillatory solution.

When c = −1, α > n + 1, for any real number b > a > 0,∫ ∞

t0

sn sup
w∈[a,b]

{
wβ

sα

}
ds ≤ bβ

∫ ∞

t0

1
sα−n

ds < ∞,

by Corollary 2, equation (20) has a bounded nonoscillatory solution.

Remark 1. Minor adjustments are only necessary to discuss the
neutral functional differential equation

(21) Ln(x(t)+cx(t−τ ))+F (t, x(σ1(t)), . . . , x(σm(t))) = g(t), t ≥ t0,

where m ≥ 1 is an integer.

Theorem 3. Assume that c �= −1 and that there exist some interval
[ai, bi] ⊂ R+, i = 1, 2, . . . , m, such that∫ ∞

t0

r1(s1)
∫ ∞

s1

r2(s2)

· · ·
∫ ∞

sn−2

rn−1(sn−1)
∫ ∞

sn−1

sup
(w1,w2,... ,wm)∈[a1,b1]×[a2,b2]···×[am,bm]

|F (s, w1, w2, . . . , wm)| ds dsn−1 · · · ds1 < ∞,

and (8) holds. Then (21) has a bounded nonoscillatory solution.

Theorem 4. Assume that c = −1 and that there exist some interval
[ai, bi] ⊂ R+, i = 1, 2, . . . , m such that∫ ∞

t0

s1r1(s1)
∫ ∞

s1

r2(s2)

· · ·
∫ ∞

sn−2

rn−1(sn−1)
∫ ∞

sn−1

sup
(w1,w2,... ,wm)∈[a1,b1]×[a2,b2]···×[am,bm]

|F (s, w1, w2, . . . , wm)| ds dsn−1 · · · ds1 < ∞,

and (10) holds. Then (21) has a bounded nonoscillatory solution.
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Remark 2. Theorems 1 and 2 improve and extend Theorem C by
removing the conditions (C5) and (C6). Corollaries 1 and 2 improve
and extend Theorems A, B and E by removing the conditions (C1),
(C2), (C3), (C4), (C9) and (C10). Theorems 3 and 4 improve and
extend Theorem D by removing the conditions (C7) and (C8).
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