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ON PRIME SUBMODULES
MUSTAFA ALKAN AND YUCEL TIRAS

Throughout this paper R will denote a commutative ring with iden-
tity and M a unital module. Several authors have extended the notion
of prime ideal to modules, see, for example [1, 2]. In this paper, we
continue these investigations.

A proper submodule N of M is prime if for any » € R and m € M
such that rm € N, either rM C N or m € N. It is easy to show that
if NV is a prime submodule of M then the annihilator P of the module
M/N is a prime ideal of R. Also it is not difficult to see that N is
a prime submodule of M if and only if (N : K) = (N : M) for all
submodules K of M properly containing N.

It is well known that a submodule N of M is prime if and only if
P = (N : M) is a prime ideal of R and the (R/P)-module M/N is fully
faithful. For a prime ideal P of R, McCasland and Smith [8] defined
the set M (P) and asked the question: When does M = M(P)? In
this paper we give an answer to this question and also describe the
interrelation between the attached primes and prime submodules of an
Artinian R-module.

Let N be a proper submodule of an R-module M. The radical of
N in M, denoted by rady; N, is defined to be the intersection of all
prime submodules of M containing N. Should there be no prime
submodule of M containing N, then we put rady; N = M. On the
other hand, rad R denotes the intersection of all prime ideals of R. Let
I be an ideal of R. Then it is well known that /T = {reR:rm €
I for some n € N}. The envelope submodule REp(N) of N in M is a
submodule of M generated by the set Ep(N) = {rm:r € R and m €
M such that r"m € N for some n € N}.
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We will call N a McCasland submodule in M if it satisfies the
radical formula, that is, if radpy N = REp(N). Likewise, M will be
called a McCasland module if every submodule of M is a McCasland
submodule. A ring R is said to satisfy the radical formula if every R-
module M is a McCasland module, equivalently, if rad;;0 = RE;(0).
The question as to what kinds of module are McCasland modules has
been considered in [4, 5, 7, 8, 10]. In this paper we continue the
investigation begun in [7] into conditions under which a submodule
satisfies the radical formula. In the first section we deal with the
question as to when a representable module is a McCasland module.

Recall that M is called a multiplication module provided that for each
submodule N of M there exists an ideal I of R such that N = IM.
It is also known that radRM C REp(0) C rady0. Example 2.4
shows that they are not equal in general, but the equality holds if
M is a multiplication R-module. We also prove, in Section 2, see
Theorem 2.6, that the equality is true if M is a projective module.
We also characterize the radical of a submodule N of an R-module
M with M/N a projective R-module, as radyyN = radRM + N =
REyN(N). We show that if the ring R has R/rad R semi simple and
N is a submodule of an R-module M, then rady; N = radRM + N =

REN(N)=+/(N:M)M +N.

In [5], Leung and Man proved that any Artinian ring satisfies the
radical formula. Also it is well known that for any Artinian ring R,
R/rad R is semi simple. On the other hand, there are many examples
showing that the converse is not true in general. We prove in the last
section that if R/radR is semi simple for any ring R, then R satisfies
the radical formula.

In [7], McCasland and Moore proved that if N is a submodule
of a finitely generated multiplication R-module M, then rady,N =
V(N : M)M. They concluded their paper by mentioning that for
any R-module M and a submodule N of M one has in general
V(N : M)M C REy(N) C radyy N and asking when equality holds.
At the end of this note we also give necessary and sufficient conditions
for this equality to hold.
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1. Secondary modules. Let P be a prime ideal of a ring R. We
recall from [8] the subset M (P) of M defined by

M(P)={m € M| Bm C PM for some ideal B ¢ P}.

We will need the following lemma from [8].

Lemma 1.1, (1) Let I be an ideal of R. Then there exists a proper
submodule N of M such that I = (N : M) if and only if IM # M and
I=(M:M).

(2) For a prime ideal P of R let N = M(P). Then N =M or N is
a prime submodule of M such that P = (N : M).

Let us recall from [11] what it means for M to have a secondary
representation.

Definition 1.2. A nonzero R-module M is said to be secondary if
for all x € R, either t M = M or there exists n € N such that "M = 0.
If M is a secondary R-module then /0 : M = P is a prime ideal of R
and M is then called P-secondary.

Definition 1.3. A secondary representation for an R-module M is
an expression of the form M = M; +---+ M,, r > 0, where M; is
a secondary submodule of M for all ¢ = 1,...,r. We say that the
secondary representation is minimal if

(i) For P, =+0:M;,i=1,...,r, the P1,...,P. are all distinct,
and

(ii) No term in the sum is redundant.

The set {Py, ..., P} of prime ideals of R is independent of the choice
of minimal secondary representation for M and is called the set of
attached primes of M, denoted by Att (M). In this case M is said to
be a representable module.

In this section, we study the relation between Att (M) and the prime
submodule of M. We also give a condition for a representable module
to be a McCasland module.



712 M. ALKAN AND Y. TIRAS

Let N be a submodule of an R-module M such that (N : M) is a
prime ideal in R. Then N need not be a prime submodule of M and
also for any prime ideal P of R there may be no prime submodule N
such that P = (N : M). Now we give the following:

Theorem 1.4. Let M be an Artinian R-module and M = M; +
-+« 4+ M, a minimal secondary representation with /0 : M; = P; for all
i=1,...,r. Also suppose that M /P;M is finitely generated for some i,
1<i<r. Then M has a prime submodule N such that P; = (N : M).

Proof. Since M/P,M is finitely generated we have M/P,M =
Rz + -+ + RZ,, where x; € M for all i = 1,... ,n. Then we get
M = Rxy + Rxs + -+ + Rx,, + P,M. Since P; € Att (M), by [11,
Corollary 2.6], M has a nonzero homomorphic image with annihilator
P;. Thus M has a proper submodule N such that P, = (N : M) and so
we obtain P; = (P;M : M). Now we claim that M # M (P). Otherwise,
for each 7 there exists an ideal B; with B; ,CZ P; such that B;x; C P;M.
Let B = N}, B;. Then BM C P;M, which is a contradiction. The
result now follows from Lemma 1.1. |

Let M be a nonzero Artinian module. Then for the reverse relation-
ship between the attached primes of M and the prime submodule of
M, we suppose that N is a prime submodule of the Artinian R-module
M. Then P = (N : M) is a prime ideal of R and so by [11, Corollary
2.6], P belongs to Att (M).

Now we show that the condition in Theorem 1.4, that M/P;M is
a finitely generated R-module for some P; € Att (M), is necessary.
Let M = Z(p) be an Artinian Z-module, whence M has a minimal
secondary representation. If M/q;M were a finitely generated Z-
module for some ¢g; € Att (M), then by Theorem 1.4, M(g;) would
be a prime submodule of M. But this is impossible, as we show in the
following example.

Example 1.5. Let M = Z(p>°) be an Artinian Z-module. Then we
claim that for any prime ideal ¢ in Z, M (q) = M.
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Let r/p"+Z € Z(p>) for some r € Z, n € N. If r € g, then it is clear
that r/p"+Z € M(q). If r ¢ g, then take A = (r) and so A ¢ ¢q. There
exist elements u and s in Z such that qu+sp™ = 1 and so r = rqu+rsp™.
Let rt € A. Then rt((r/p") +Z) = (tr®u)/p" +Z € qZ(p*°), and so we
have M(q) = M.

This example also gives a partial answer to the question raised in [8,
Proposition 1.7], namely when does M = M (P)?

Let Spec,, (M) denote the collection of all prime submodules K of M
such that P = (K : M), together with the module M. Let M be an
Artinian R-module. Suppose that M = M; + --- + M,. is a minimal
secondary representation for M with /0 : M; = P, forallt=1,... ,r.
Then by Theorem 1.4 and [14], all prime submodules of M can be
classified as the set {Specpi (M) : P, € Att (M)}.

Recall from [10] that an R-module M is called special if, for each
m € M and each element a of any maximal ideal M, there exists n € N
and ¢ € R\M such that ca™m = 0. Also a module M is called semi-
artinian if every homomorphic image of M has a nonzero socle. In [10],
Pusat and Smith proved that every semi-artinian module is special.
They also proved that any special module is a McCasland module.
This gives us that any Artinian module is a McCasland module. The
class of representable R-modules is, in general, larger than the class
of Artinian R-modules. Hence we investigate when a representable
R-module M is a McCasland module. First we prove that, if M is
Noetherian representable over a one dimensional domain R, then M is
a McCasland module.

It is well known that if M is a McCasland module then so is any
homomorphic image of M. Although the proof of the following lemma
is very similar to the proof of [10, Theorem 2.2], it is given for
completeness.

Lemma 1.6. Let R be a domain and M = M; + My an R-module.
If My is a McCasland module and My a divisible module, then M is a
MecCasland module.
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Proof. The mapping « from M; to M /M, defined by a(s1) = s1+ My
is an epimorphism and so M /M, is a McCasland module. Let N be a
submodule of M and m € rad;; N. Then m = s; + s, whence

m + M2 S (radMN+M2)/M2 = radM/MQ(N—i— MQ/MQ)

and so
s1+ My =1r1(ki + M)+ + 1y (kn + M),

where 1"f(l<:z + M) € N + My/Ms,, and so rsz € N + M. Then there
exist n; € N, d; € M, such that rflkz =mn; +d; for t; € N. Since M, is
divisible, d; = rfici for some ¢; € M> for all 7, and so rfi (ki —ci) € N,
1 < i < n. Therefore, we have

s1+sa=ri(ki—c1)+-+rplkn—cn) +2

for some x € M. It follows that x € rady;IN. There exist a nonzero
c € R and y € M> such that cx € N and = = cy. Hence it follows that
c?y € N and so x = cy € RE)(N). Therefore radyy N = REp(N).
O

Let T be a multiplicatively closed subset of R, and let S be a P-
secondary R-module. If PNT # @ then clearly T-1S = 0. Otherwise,
T-18is a T~'P-secondary T~!R-module. By Lemma 1.6 any divisible
R-module over a domain is a McCasland module and by [10, Theorem
4.8], any special R-module over a domain is a McCasland module.
Therefore, if R is a local domain with dim R = 1 then any secondary
R-module is a McCasland module. Hence we have the following.

Theorem 1.7. Let R be a domain with dmR = 1. If M is a
Noetherian representable R-module, then M is a McCasland module.

Proof. Let M = My +-- -+ M, be the minimal secondary representa-
tion with y/(0: M;) =P; for i =1,... ,n. Let M be a maximal ideal
of R. Then My = My + -+ + Mppq. Assume that P, = 0 for at
least for one k, 1 < k < n. Without loss of generality let £ = 1. In this
case M; is a divisible R-module. Now we have the following two cases:
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(i) M =P; for some j. Then M; =0 forall i # j, 2 < i <n and
so we have My = My, + Mj,,. Hence My is a McCasland module.

(ii) Let M # P; for all i = 2,... ,n. In this case M;,, = 0 and so
Mp = M, is again a McCasland module.

If P; # 0 for all ¢, then Mp, is a McCasland module since dim R = 1.
Therefore M is a McCasland module is all cases. ]

Now we continue our investigation of the conditions under which a
representable module is a McCasland module.

Lemma 1.8. Let R be a domain and M = My + M5 an R-module
with representable submodule Ms. Let N be a submodule of M. If
rtk+d € N, where r € R, k € My, d € My and t € N, then
r(k+c) € REpM(N) for some ¢ € Ms.

Proof. Assume that My = Ly + --- 4+ L, is a minimal secondary
representation with /0: L; = P, for all i = 1,... ,n. Then d can be
written as d = x;, + - + x;, for x;; € Lij7 1 < j <t. Now we use
induction on t. Let t = 1.

(a) If rL; = Ly, then we have d = r'c for some ¢ € Ms and so
rt(k+c) € N. Thus r(k + c) € REyp(N).

(b) If 'Ly = 0 for some | € N, then r!(rtk + d) = r'*'k € N and so
rk € REN(N).
Suppose now that ¢ > 1. We will divide the rest of the proof into two
parts:

1. Assume first that for at least one i; we have | € N such that

rlxij = 0. Without loss of generality we may assume ¢; = 7;. Then

otk +d) = r'Ek + (rlag, + -+ rley, ) EN

and, by hypothesis, r(k + ¢) € REp(N) for some ¢ € Ms.

2. Now assume that r'x; # 0 for all 4, 1 <1 < t, and for all [ in
N. Then r'L; = L; and so there exists ci; € L, such that z;; = rlci].
for all 4, 1 <4 < t. It follows that r'(k +¢;, +---+¢;,) € N and so
r(k+ciy, +---+¢i,) € REy(N). o
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Let N be a submodule of an R-module M. We say that N satisfies
(%) if for x € rady/N and ¢ € R such that cx € Ep(0) N N implies
x € REpN(N). M is said to satisfy () if every submodule of M satisfies
(%). Clearly any torsion free R-module over a domain satisfies (x). By
using the same argument as in the proof of Lemma 1.8, we have the
following lemma:

Lemma 1.9. Let M = M; + My be an R-module over a domain
satisfying (x) and Ms a representable submodule of M. Let N be a
submodule of M. If c € R and x € rady; N N My are such that cx € N
then © € REp(N).

Theorem 1.10. Let M = My + My be an R-module over a domain
satisfying (x). If My is a McCasland module and Ms a representable
submodule of M, then M is a McCasland module.

Proof. Let N be a submodule of M. Take m € rady/N. Then
m = my + my where m; € M, and my € Ms. As in the proof of
Lemma 1.6, we have

my 4+ My = ri(ky + M) + - + rp(kn + M)

for some n € N, r; € R, k; € M, (1 <i < n), and there exist t € N,
u; € N and v; € My, (1 <4 < n), such that

rfiki:ui—i—vi, 1< <n.

By Lemma 1.8, r;(k; + ¢;) € REp(N) for some ¢; € My and each
1 <i<n. Thus

m=ri(k1+c)+ - F+rplkn+ecn)+a

for some z € My, whence there exists a ¢ € R such that cx € N.
Therefore by Lemma 1.9 we get © € REj(N). This completes the
proof. a

We do not know if Lemma 1.9 remains true when M = M; + M> is
an arbitrary R-module. If so then Theorem 1.10 could be extended in
the natural way.
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2. The radicals of a submodule. In this section we characterize
the radicals and envelopes for a certain class of submodules. Also we
prove that a ring R for which with R/rad R is semi simple satisfies the
radical formula. We begin this section with the following simple-known
lemma.

Lemma 2.1. Let Ny and Ny be submodules of an R-module M with
N1 - NQ. Then

(i) REy)n, (N2/N1) = REN(N2)/Ny.
(11) I‘ad]\/[/N1 (NQ/Nl) = radM(Ng)/Nl.

In [4], James and Smith proved that if M is an R-module such that
radys0 = RE)(0) then so is any direct sum of M. Now we will show
that if M is a McCasland module then any direct summand N of M
is a McCasland module. Let M be direct sum of the R-modules M;,
i1 € I. Let N = ®N; be a submodule of M such that NN; is a submodule
of M; for all i € I.

Lemma 2.2. Let M and N be as above. Assume that P is a
prime ideal of R. Then N is a P-prime submodule of M if and only if
whenever N; # M;, N; is a P-prime submodule of M; for alli € I.

Proof. Let N = ®&N;, where N; is a submodule of M;, ¢ € I. Then
N is a P-prime submodule of M if and only if M/N = ®M,;/ & N; =
®(M;/N;) is a torsion free (R/P)-module if and only if M;/N; is a
torsion-free R/P-module for all ¢ € I if and only if N; is a P-prime
submodule of M; for all ¢ € I such that N; # M;. a

Now we show the condition in Lemma 2.2, that for all i € I, N;
should be a P-prime submodule of M;, is necessary: Let R = Z and
assume that M is the R-module Z & Z and N = 3Z @ 2Z. Then it is
easy to see that (N : M) = 6Z and so N is not a prime submodule of
M.

Lemma 2.3. Let M and N be as above. Then we have
(i) RENM(N) = @i REM, (N;).



718 M. ALKAN AND Y. TIRAS

(ii) radps N = @radp, N;.

(iii) radp, N; = REwN,(N;) for all i € I if and only if radyy N =
REp(N).

Proof. (i) Suppose that rm € REp(N), where m = (m;) € &M,
and 7 € R. Then for some integer k, r*m € N and so we have
r*m = (r*m;) € @®;erN;. This means that 7*m; € N; and rm; €
RE, (N;) for all ¢ € I and then (rm;) € @;erRENM, (N;). Therefore,

RE)N(N) = ®ierRE M, (N;).

(ii) Suppose that m € rady N and m ¢ @rady, N;. Let m; denote
the projection map from M to M;. Then there exists ¢ € I such that
m;(m) ¢ radyg, N;. This means that there exists a prime submodule P;
of M; such that N; C P; but ﬂi(m) ¢ P, Then K = P, ® (@i#ij)
is a prime submodule of M such that N C K and m ¢ K. Thus
m ¢ radpy N, a contradiction. Hence, rady, N C @ radyy, IV;.

(iii) This is clear from (i) and (ii). u]

It is well known that rad RM C RE;(0) C rad,0 for any R-module
M. In general we do not have equality, as is seen from Example 2.4.
However equality is known to hold for a multiplication module, and we
will prove that it holds for a projective R-module also.

Example 2.4 [13]. Suppose that R denotes the polynomial ring Z[z],
and let M = R@ R. Let N be the submodule N = R(z,4) + R(0,z) +
2?M of M. It is easy to check REy(N) = N +aM = R(0,4) + xM
and radyy N = R(0,2) + M. Let M = M/N. Then by Lemma 2.1,
we have rad RM = 0, REx(0) = (R(x,4) + M)/N and radp0 =
(R(x,2) +xM)/N.

Now we give the following simple lemma.

Lemma 2.5. Let M and N be R-modules, and let o be an epimor-
phism from M to N. Then we have
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(i) Let P;, i € I, be submodules of M satisfying Kera C P; for all
i€ l. Then a(NP;) = Na(P;).

(il) a(radyKer ) = radn0. In particular, a(radp0) C rady0.

Proposition 2.6. Let M be a projective R-module. Then rad RM =
REM(O) = radMO.

Proof. Let M be a projective R-module. Then there exists a free
R-module F' and an R-module A such that F = M @ A.

First we prove that our claim is true for F. Let {z; | ¢ € I} be
a basis for F. Then F' = ®Rx; and so each z € F has a unique
expansion ¢ = Y r;x; where r; € R and almost all r; = 0. Define
a homomorphism «; from F to R by «;(z) = 7;. Then «; is an
epimorphism for all € I and we obtain x =}, _; a;(z)2;.

Let u € radp0. Then u = Y rz; = > a;(u)z;, where r; € R and
almost all ; = 0. Hence, by Lemma 2.5 we have u = Y a;(u)x; €
radF'. Now we have radr0 C radF and so radp0 = radF.

Take m € rady;0. By Lemma 2.3, it follows that radz0 = rad;;0 &
rad40 and so we have m € radp0 = rad RF' = rad R(M @ A) =
rad RM @ radRA. This implies that m = ) rym; + Y k;a;, where
ri, kj € radR, m; € M and a; € A. Therefore, m = > rm,; €
rad RM. This completes the proof. ]

The following theorem can be obtained using Lemma 2.1 and Propo-
sition 2.6.

Theorem 2.7. Let N be a submodule of an R-module M such that
M/N is projective. Thenradpy N = REp(rad RM+N) =rad RM+N.

Let N be a prime submodule of an R-module M. Then (N : M) is a
prime ideal of R and N = RE);(N) = radp/N. But the converse is not
true in general. (Consider the Z-module Z @ Z). Thus Theorem 2.7
has the following immediate consequences.
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Corollary 2.8. Let N be a submodule of an R-module M such that
M/N s a projective R-module and rad RM C N. Then radyyN =
REN(N)=N.

Denote R/rad R by R, M/rad RM by M and consider a ring R such
that R is semi simple.

Theorem 2.9. Let R be a ring such that R is semi simple, and
let N be a submodule of an R-module M. Then we have rady N =
REy(N)=+\/(N:M)M + N =rad RM + N.

Proof. First assume that NV = 0. Then it will be enough to show
that rady;0 = rad RM. Since R is semi simple, M is a semi simple
R-module and so rad RM = radz70 = 0. On the other hand, since
rad RM C rad;;0, we have

rad;;0 = (radp0)/rad RM = 0.

This means that rad;0 = rad RM = /(0 : M) M.
Now let N # 0. Then we have

rady /N0 =rad R(M/N) = +/(0: M/N)M/N.

Therefore, radpyy N = rad RM + N = /(N : M) M + N = REp(N).
O

Corollary 2.10. Let R be a ring such that R is semi simple. Then
R satisfies the radical formula.

Proof. Let M be any R-module. Then by Theorem 2.9, rady0 =
VO:MYM = rad RM. As rad RM C REp(0) C radp0, we get
rad RM = RE)(0) = radp0. This means that M is a McCasland
module, hence the result. o

We conclude this note by making the following observations. Let N
be a submodule of an R-module M. It is easy to check that

rad RM C /(N : M) M C REy;(N) C rady N
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for any submodule N of an R-module M. In [7] McCasland and
Moore ask when /(N : M)M = REp(N) = radp(N). Now we can

give an answer to their question. If the hypothesis of Theorem 2.7,
or Theorem 2.9, are satisfied, then N C /(N : M) M if and only if

V(N : M)M = REy(N) =radpyN. (In general N € /(N : M) M).

Acknowledgments. The authors give their very special thanks
to the referee whose comments have helped improve the exposition of
this paper and for suggesting the name McCasland submodule for a
submodule satisfying the radical formula.
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