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ABSTRACT. The constructive solution of the strong Stielt-
jes moment problem can be linked with positive Perron-Cara-
théodory continued fractions (PC-fractions) which are contra-
dictions of positive Thron continued fractions (T-fractions).
Their approximants are two-point Padé approximants for a
related function. The multi-point moment problem similarly
leads to positive multi-point Padé continued fractions (MP-
fraction) and positive extended multi-point Padé continued
fractions (EMP-fraction) whose approximants are multi-point
Padé approximants. These relationships are explored also in
the situation where the positivity condition is dropped.

1. Introduction. MP-fractions, multi-point Padé continued frac-
tions, have similar relationship to multi-point Padé approximants as
(general) T-fractions (Thron continued fractions) have to two-point
Padé approximants. An MP-fraction is normally the even contrac-
tion of an EMP-fraction (extended MP-fraction) just as a (modified)
T-fraction is the even contraction of a (modified) PC-fraction (Perron-
Carathéodory continued fraction). The odd contraction of an EMP-
fraction is normally equivalent to an MP-fraction, just as the odd con-
traction of a PC-fraction is basically a T-fraction (more precisely, an
M-fraction).

Positive T-fractions and positive PC-fractions are related to two-point
Padé approximants arising from strong (or two-point) Stieltjes moment
problems. In this note we discuss EMP-fractions associated with multi-
point Padé approximants arising from rational (or multi-point) Stieltjes
moment problems.
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For information on the above relationship in the two-point situation
we refer to [2, 19, 20, 23] and references found therein. For earlier

work on the corresponding relationship in the multi-point situation, see
[5, 8, 10, 11, 13, 16, 17].

General information on (multi-point) Padé approximation can be
found, e.g., in [1, 4, 9, 10, 13-15].

2. Orthogonal rational functions. Let {a4}7° be a sequence of
not necessarily distinct points on the real axis. We define the functions
wn by

wo=1, wp(z)=(—=C) - (z—an), n=12,...,

and the spaces L,, and L by

1 1 1 o
L, = —, e, — o, L= Ly
Span {wo o o } U

n=0

The elements of £,, are exactly the functions f(z) = p(2)/wn(2),
p € II,,, where II,, denotes the space of polynomials of degree at most
n.

Let u be a probability measure on (—oo, 00) such that all the functions
in the product space £ - £ are absolutely integrable. (A more general
situation can be considered where the measure is replaced by a linear
functional. See, for example, [3, 6, 7, 10].) The measure x induces an
inner product (-,-) on £ defined by

(f,9)= /_oo f®)g(t)du(t), f,g€L.

Let {¢n}22, be the essentially unique orthonormal sequence corre-
sponding to the basis {1/w,}52,. Each ¢, can be expressed in the
form

on(2) = pn(Z)

z) = Pn € I,.

wn(2)’

By the defining property of ¢,,, we have

Pnlom) #0, n=12,....
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The sequence {p,} is called regular if

degpl =1, pn(an—l) 750, n=23,....

It will be assumed throughout this paper that the sequence {¢,} is
regular.

In several parts of this paper, we shall be especially interested in the
following situation, which may be considered as an analog of the two-
point Stieltjes situation. We assume the existence of real numbers «
and ( such that

(2.1) aom < a< f< a1 <0, m=12 ...,

and we furthermore assume that the support of the measure p is
contained in [0, 00), i.e.,

(2.2) supp (p) C [0,00).

In this case the polynomial p,, and hence the function ¢, have all their
zeros in (0,00) and the sequence {p,} is regular. Whenever we deal
with this situation, we shall normalize the sign of ¢,, such that

(2.3) pam(x) >0, pams1(x) >0, pPame2(x) <0, pamss(x) <0,

for x € (—00,0). It follows from (2.7)—(2.9) that ¢,(x) > 0 for
a<zx<p.

Note that the two-point Stieltjes situation is obtained as the limiting
situation when « tends to oo along the negative axis and § = 0,
Qo = @, Qg1 = 0 for all m.

For more information on orthogonal rational functions and associated
moment theory, we refer to [3, 6, 7, 10-12], cf. also [18]. For the rela-

tionship of this theory to the theory of multi-point Padé approximants,
see especially [4, 8, 9, 13, 16, 17, 24].

3. MP-fractions. When the sequence {¢,,} is regular, it satisfies a
recurrence relation of the form

(3.1)

on(z) = (hn+z gna )‘Pn—l(z)+Fn

- &n

2 — Qp—2

On—2(2), n=1,2,...,
zZ— oy,
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with initial conditions
po=1, ¢_1=0.

(For simplicity, we have used the following convention: z — oy means
1, z — @—1 means z.) The coefficients satisfy the inequalities

(3.2) F,#0, g,+hp(an-1—a,) #0, n=12....

Proof of this result can be found in [10] and in [3] for the analogous
situation when all the points ay lie on the unit circle. See also [5-8].
In the special situation when the points ay, arise by cyclic repetition of
a finite number of points, the recurrence formula was obtained in [16].

Let the functions p,, be defined by the same recurrence (3.1), i.e.,
(3.3)

pn<z)=<hn+ In )pn_1<z)+Fn

Z— Qp

Z— Qp-2

pn—?(z)v n=12...,
Z— Qp

with initial conditions
(3.4) po=1, p1=1

Then p, and ¢, are canonical numerators and denominators of a
continued fraction

0
(3.5) 1+ K2
n=1K,
where
0, — ”m’ n=1,2,...
Z — Qp,
(3.6)
Fom =+ I n=1,2,....
z— ap,

See [21, 22]. Continued fractions of this kind are called Multi-point
Padé continued fractions, or MP-fractions. The reason for this termi-
nology may be explained as follows. The sequence of approximants
{pn/¥n} determines a sequence of interpolation values at the table
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{00,0, 01, a1, a2, a2, 3, 3, . .. } such that {p,/@n} is an [n/n] multi-
point Padé approximant of the corresponding Newton series. See [8]
and also [4, 9, 13, 17].

The sum k, = h,, + gn may be written in various ways:
zZ— oy
T Z) + YnTn(z
h,, + 9n __ _ nGn(2) + YnTn( )7
z— z—

where {(,, 7.} is an arbitrary basis for the space II; and z,, and y,, are
constants. In particular, we find that if

(37) Qom 7é QA29m—1, m = 1, 2, ey

then we may write

(38) HZm:H2m+G2mM, m=12...,
Z — Q2m
(3.9)
2 — Qam 2 — Qam—1

Koma1 = Hoppi1———————— + Goppp1————, m=0,1,2,....

2m+1 R 2
It follows from (3.2) that
(310)  Hom #0, m=1,2,..., Gom#0, m=0,1,2,....

The representation (3.8)—(3.9) is used in [8] and we shall make use
of it in later sections. We note that, by the formal substitution
(z—aami1) — 2, (z—agm) — 1 form =1,2,..., we obtain recurrence
formulas for orthogonal Laurent polynomials. See [2], (where the
Laurent polynomials are not orthonormal but normalized such that
the left coefficient, i.e., Hy, is 1).

Now assume that (3.7) is replaced by the stronger condition

(3.11) agp # g1, Pyq=1,2,....

(Note that this is the case in the Stieltjes situation (2.1)—(2.2)). We
may then use the basis {z — a,—2,2 — a1} for II for any n > 2 to
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express the elements x,,. Thus we may write

Z = Qp-2

en:Wn77 n:374,...
Z — Qp
1
92:W2 9
zZ — (9
91:W1 & )
z — 0
oo UnEan )t Valz—any) gy
Z — Qi
- :Ug(z—a2)+v2(z_a1)
2 z— Qg
- :Ul(z—a1)+V1(Z_a2)
1 zZ— o .

This representation is used in [11] except that 6; is replaced by
W1/(z — a1). This has no influence on the recursion for {¢,}, since
p-1=0.

It should be pointed out that the functions p; that were introduced
by (3.3)—(3.4) are not the same as the associated functions as they were
defined in [11]. They are however closely related as we shall presently
show. In [11] the associated functions o,, are defined by

On(z):/oo o) =on(2) 4y 01,2,

t—2z

— 0o
The sequence {0, }52, satisfies the recursion
on(2) = knop—1+ 60,2, n=23,...,

Wi
zZ— Q7

01(2) = K109 + o—_1,

with initial conditions
op = 0, o_1= —1.
Thus the sequence {7}, with m,(2) = zo,(z) satisfies the recursion

Ty = kpTp_1 + Opn_o, n=12,...
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with initial conditions
T =0, @w_1=-1.
It follows from this that

Pn=Pn—Tn, n=012...

4. DPositive MP-fractions. We shall in this section assume
that (3.11) holds. Note that in the Stieltjes situation described by
(2.1)—(2.2), the sequence {p,} is regular and (3.11) is satisfied.

The coefficients F,,, G, H,, can be expressed in terms of U,, V,,, W,
as follows:

(4.1) F,=W,, n=12...
(42) Gy =U, + V7, G2m+1 =Usmt+1, m=12,...
(4.3)

_ _ Uam(aom—aam—2)+Vom(@2m —am—1) _
G2 —‘/2, Ggm = L (;Y;mia%nil m—2,3,...

4) Hy=—(qUi + Vi), Hopmyr = Vo, m=1,2,...
5) Hy=U,, Hapy = Uy 22—t~ Q2m=2 ) 9 3

b)
Q2m—1 — Q2m

(This is found by direct comparison of the expressions for 6,, and £,,.)

Furthermore, it follows from [11, Section 3] that, for n = 3,4,. ..,

_ pn(an—l)
(4 6) UTL B (anfl - an72)pnfl(an71),
. V _ pn(an72)
" (ap—2 — an—l)pn—l(an—Q)’
while
(4.7)
. pa2(ar) _ co1p2(a2)p1(a1)? 4 pa(ar) (s — aq)
V2= (1 — 042)101(041)7 " (0 — 061)00,11)1(041)2171(@2)
(4.8) g, = Pile2) o palen)

(g — o)’ (o — )’
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and

(19) W, = Polonmpna(@nz) g

Pn—1 (anfl)pnfl (an72) ’

with
p2(0t1)

4.10 Wy=——"—-+"—
( ) 2 pl(az) Co,1
(4.11) Wi = coapi(ar)

© du(t
(Where 0,1 :/ i) )

— 00 t— (65}

Now we assume that we are in the Stieltjes situation with the
normalization (2.3), so that (2.1)—(2.3) holds and consequently (3.11)
is satisfied. We then find from (4.6)—(4.11) together with (2.1)—(2.3)
that

(4.12) U, <0, n=123,..
(4.13) V,>0, n=123,...
(4.14) W,>0, n=123...,

(See [11, Section 3)).

Theorem 4.1. In the Stieltjes situation with the normalization (2.3),
(i.e., when (2.1)—(2.3) are satisfied), the following inequalities hold:

(4.15) F,>0, n=1,23,...
(4.16) Gom >0, m=1,2,3,...,
(4.17) Goms1 <0, m=0,1,2,3,...,
(4.18) Hoym <0, m=1,2,3,...
( ) Hypy1 >0, m=1,2,3,....

Proof. First note that G; = Uy + Vi = [p(a1) — p1(a2)]/(a1 — ag).
Because p; has its zero in (0,00), it follows from (2.3) that p; is
decreasing in (—o00,0). Hence G; < 0. Furthermore, because py(z) =
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Hy + Gz, we have for zg € (0,00) the zero of p; that 0 = py(zg) =
Hy, + Gyxg, so that Hy = —Gizg > 0. The rest of the inequalities
(4.15) and (4.17)—(4.19) follow immediately from (4.1)—(4.5) together
with (4.12)—(4.14).

To prove the inequality (4.16) we note that, for m =1,2,...,

Z — Q2m—2

Z — Qom—
Pom(2) = |:H2m+G2m72 1:|302m1(z)+F2m Om—2(2).
Z — Qom Z — Qm

Taking the inner product with yg,,_o gives
(4.20)

Z— Qom— Z— Qo
0= G2m<$@2m—17 @2m—2>+F2m<$§02m—25 802m—2>

2 — Qlgm Z — Oigm

where the second term is positive. Again, using the recurrence for the
Yn, we get form =0,1,...,

Z — Q2m Z — Qgm—1
P2m+1 = |:H2m+17 + G2m+17]w m
Z — Ogm+41 Z — Q2m+41
2 — Q2m—1
+ Fomia P2m—1
— O2m+1

which can be written as

Z — 02am41 Z — Ooam—1
— P2m+1 = H2m+1 + G2m+17 ©2m
Z — Ogm Z — Oigm
Z — Oam—1
+ F2m+1—302m71-
Z — Q2m

We take the inner product with @g,,—2 so that, because 2,41 is
orthogonal to (pgm_gw
(4.21)

Z—Qom— 2—Qom—
0= G2m+1<#2m1@2m5 802m—2> + F2m+1<#2m1502m—1; 802m—2>~

, we get

2m

Next we note that

2
Z— — Zz—Q — p _2(%
2m—1 <P2m—2(z) ( 2m 1) 2m 2( )
2 — Q2m Wom(z)
(a2m - O‘2m71)2p2m72(a2m)

wam (2)

=g(2) +
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with g € Lo,,,_1. Furthermore,
Dom(2) = pam(aam) + (2 — aam)h(z), h € lap_1,

so that the orthonormal ¢, has leading coefficient po,(asg.,) with
respect to the basis {1/wy}, and hence (1/waom, Yom) = 1/pam(@2m).
With these two observations we can conclude that

Z — Ogm—1 Z — Og2m—1
©2m, P2m—-2 ) = P2m—2, P2m
Z — O2m Z — Qm
2
_ (a2m - a?m—l) p2m—2(a2m)
P2m (a2m)

This is negative because of (2.3). On the other hand, because F,, > 0
and Gam41 < 0, we can conclude from (4.20) and (4.21) that Ga,, > 0.
This proves (4.16). O

We shall call an MP-fraction with elements given by (3.6), (3.8)—(3.9)
which satisfy (4.16)—(4.19) a positive MP-fraction. Thus, Theorem 4.1
states that in the Stieltjes situation (2.1)—(2.2) with the normalization
(2.3), the corresponding MP-fraction is positive. The reason for calling
this a positive MP-fraction is because, in the two-point case, i.e., when
Qom = a — —oo and ag,my1 = B — 0, it becomes, with proper
normalization, equivalent to a positive T-fraction. They play in the
multi-point case the same role as the positive T-fractions do in the
two-point case.

Remark 4.2. We remark that the two-point version of the formulas in
this paper do not coincide directly with the formulas given in [2]. This
is partly due to a different normalization, namely in [2] an equivalent
continued fraction is considered in which all the coefficients H,, were
chosen to be 1 (which is possible by (3.10)). More importantly, the
moments were defined differently in [2]. The nth moment there is
defined as the integral of (—x)™ instead of z™. This implies, for
example, that the inequalities of [2] corresponding to our (4.15)—(4.19)
indicate that these numbers are all positive instead of having the
present alternating sign. It also explains why in [2] the denominator
polynomials @, (z) (which correspond to our ¢, (z)) are not orthogonal,
but instead the @, (—z) are.
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5. EMP-fraction. We now turn to the general situation where
the elements of the MP-fraction can be written in the form (3.6),
(3.8)—(3.9). We shall in this section assume that the sequence {¢,}
is strongly regular, which means that in addition to (3.10) we also have

(51) Ggm#o, m:1,2,..., H2m+1750, m:O,l,Z,....

Note in particular that a positive MP-fraction satisfies this condition.

In [8] we did not use orthonormal functions ¢, but orthogonal
functions normalized such that H,, = 1 for all n. This normalization
is not consistent with the sign normalization (2.3) used here in the
Stieltjes case, (cf. (4.18)). In the extension process that we are going
to outline we shall therefore treat the general situation given by (3.6),
(3.8)—(3.9). The formulas we obtain will for H,, = 1 reduce to formulas
found in [8, Section 3].

We shall construct an extension

|$

(5.2) 1+ K2

S

n

of the continued fraction (3.5) such that (3.5) is the even contraction
of (5.2). From general formulas (see, e.g., [21, 22]) we find that {a,},
{bn} must satisfy the equations

by = ko,
boa; = 61,
b2na2n—102n—2
P BE g, n=2.3,...
2n—2
ag + b1by = Ky,
b2n
a‘2n+b2nb2n—1+a2n—1— =Kp, N=2,3,....
b2n72

These may in our situation (cf. (3.5), (3.8)—(3.9)), be written in the
following form

Flz
zZ— Q7

(5.3) beay =
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(5.0 bt 0n 2 __p, 2O
bam—2 2 — Q2m
b m m m B m—
(5.5) 4 +2624 +104 _ —F2m+1z (€5) 1,
Am, Z — Qom41
H Gz
(5.6) az + biby = — -
zZ — Q1 zZ— 7
b4m
(57) A4m + b4mb4m—1 + A4m—1 b
Am—2
— Hopy + Gl —22m=1 oy — 1.2,
Z — Oom
b4m+2
(5.8)  @ami2 + bamg2bamyr + Gamy1 b
4m
Z — Qgm Z — Qom—
:H2m+142+G2m+1 2 13 m:0,172a""
— Q2m+1 — O0gm+1
We define \,,, pn, by
(59) A2n =H,, n=12,...
Fl Fn+1
510 A = = )\n - — 1) :1727"'
(5.10) 1= G, 2n+1 Cois n
GGy -G,
5.11 =G ek L T T
(5.11) o LM = g
(5.12)
(Gnyr + Foy1/Hp)H i Ho -+ - Hy
= 1 = — 1 2 3 cee .
M1 ) H2n+1 G1G2 T Gn+1 ) n y Ly Dy

With this notation we find the following solution of the system
(5.3)—(5.8), cf. [8, Section 3],

(513) A4m, :)\4m7 m = 1,2,...
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Ao Z — Qgm
5.14 = =) _ =1,2,...
( ) a» z—on’ A4m+2 Am+2 77 ot m )4
Z — Qom—
(5.15) Qa1 = M1 ——2=L m=1,2,...
Z — Qa2m
A1z Z— Qom—1
(516) a; = 5 Agm+1 = )\4m+1—7 m = 1, 2, e
Z— Q1 Z — O2m+1
(517) b4m = Mdam, m = 1,2,...
(518) b4m+2 = MHam+2, MM = Oa 15 27 s
Z — Qo
(519) bam—1 = Ham—1 —2m—l 1, m=1,2,...
Z — Q2m
z Z — Q2m—1
5.20) b = b = _— =1,2,....
( ) 1 —ay dm+1 = Ham+1 7 — Gomtt , m y 4y
The coefficients A, ., satisfy the equality
(5.21) Ao2n41 + Honons1 = Aon, m=1,2,....

We conclude from (3.10) and (5.1) together with (5.9)—(5.12) that
(5.22) A #£0, pn#0, n=12,....

A continued fraction ko+K22 ;a,, /b, where the elements are of the form
(5.13)—(5.20) with the coefficients satisfying (5.21) is called an EMP-
fraction (Extended MP-fraction). We have seen that an MP-fraction
satisfying (3.10) and (5.1) is the even contraction of an EMP-fraction
satisfying (5.22).

6. Positive EMP-fractions. We now consider a positive MP-
fraction with elements given by (3.6), (3.8)—(3.9). Recall that positivity
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means that (4.15)—(4.19) are satisfied. The denominator sequence is
then strongly regular and, according to Section 5, there exists an EMP-
fraction with elements given by (5.9)—(5.20) whose even contraction is
the MP-fraction.

Theorem 6.1. The coefficients of the EMP-fraction obtained by
extension of a positive MP-fraction satisfy the following inequalities:

(6.1) Aam <0, m=123..., Dumi2>0, m=01,2,...
(6.2)

A <0, dMmo1<0, m=12,..., )\4m+1>07 m=1,2,...
(63) Pam <0, m=1,2,..., Pam42 <0, m=0,1,2,...
(64) M4’m—1<07 m:1a25"'a /-l/4m+1>07 m:051727""

Proof. These inequalities follow immediately from the defining for-
mulas (5.9)—(5.12) together with (4.15)—(4.19). O

We shall call an EMP-fraction which satisfies (6.1)-(6.3) a positive
EMP-fraction. Note that by (5.21) the inequalities (6.4) are automati-
cally satisfied. Thus Theorem 6.1 states that an EMP-fraction obtained
by extension of a positive MP-fraction is a positive EMP-fraction. We
note that, in the two-point case, i.e., when as,, = a — —oo and
Qom41 = B — 0, the positive EMP-fraction becomes, with proper nor-
malization, equivalent to a positive PC-fraction. They are multi-point
generalizations of PC-fractions.

7. Contractions of EMP-fractions. When the elements of an
EMP-fraction satisfy

/’LQn#Ou ’I’L:1,2,...,

we shall call the continued fraction e-regular. It follows easily from
the discussion in Section 5 that an e-regular EMP-fraction has an even
contraction which is an MP-fraction with elements

(T1)  Fi= s, Fo=—Aop 1hons 42
H2n—2

n=23...
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(72) Gl = M2, Gn = )\gn_g Han n = 2, 3, ce

)
Han—2

(7.3) Hy,=Xop, n=12,...

In particular a positive EMP-fraction is e-regular, and thus the even
contraction exists.

Theorem 7.1. The even contraction of a positive EMP-fraction is
a positive MP-fraction.

Proof. The inequalities (4.15)—(4.19) follow immediately from (6.1)—(6.3)
and (7.1)—(7.3). O

When the elements of an EMP-fraction satisfy

/1‘2m+17é07 ’I’L:0,1,2,...,

we shall call the EMP-fraction o-reqular. An o-regular EMP-fraction
1+ K22 ay /by given by (5.13)—(5.21) has the odd contraction

where the elements are given by (see [21, 22])
)\O =1+ >\17

b2n+1 n—=1.2

g Ly ooy

&n = —Qap—102p b >
2n—1

b2n+1
, n=1,2,....
bop—1

Substituting from (5.13)—(5.20), we get

NMn = G2nt1 + bapbani1 + azn
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Z — Qm

Som+1 = Zoamy1 ————, m=0,1,2...
Z — 0oam42
nzm:XQmm—FYQmﬂ, m=12...
Z — 02m41 2 = Q2m41
2 — Qomi1 (2 — aom)(z — aomy1)
2 = Xo —+Y; ;
l2m1 mH Z — Q2m4-2 m (Z - 052m71)(z - 0l2m+2)
m=0,1,2,...,
where
H2n+1
(7 4) Zn - _)‘2n>\2n—1 ) - 1, 27
H2n—1
(7.5) X, =MXop, n=12,
(7.6) Y, = Aoy B20HL 19
Han—1

By a simple transformation, see [8, Section 6], this continued fraction is
seen to be equivalent to an MP-fraction A\g+K>2 ;uy, /v, (corresponding
to the interpolation sequence {aw, a1, a4, as, ... }), where

Z— Q2m-3

u??n:ZQYn ) m:172a"'
Z — Qgm—1
Z — Q2m
U2m+1 = Z2m+1 o m=0,1,2,...
- 2m+4-2
Z — Q2m
U2m:X2m+}f2mTa m:]-,Zv"'
— 42m—1
Z — Q2m—1 Z — Q2m
Vo1 = Xomy1 ———— + Yo —, =1,2,
2 = Q2m+2 2 = Q2m+2

A positive EMP-fraction is clearly o-regular, and thus the odd contrac-
tion exists.

Theorem 7.2. The odd contraction of a positive EMP-fraction
is equivalent to an MP fraction of the form Ao + K22 u, /v, and
Ao — K22 up, /v, is a positive MP-fraction.
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Proof. From (5.21), (6.1)—(6.3) and (7.4)—(7.6), we find that

Zy <0, Zn>0, n=234,...
Xo>0, Xop <0, m=12,...

Xom+41 >0, m=20,1,2,...
Yo > 0, m=12 ...
Y2m+1<07 m=0,1,2,....
So the theorem is proved. |

Remark 7.3. A remark similar to the one given in Remark 4.2 is in
order here. The alternating sign for the X,, and Y,, can be avoided if
the nth moment is defined with an additional factor (—1)".

Acknowledgments. The work of the first author is partially sup-
ported by the Belgian Programme on Interuniversity Poles of Attrac-
tion, initiated by the Belgian State, Prime Minister’s Office for Science,
Technology and Culture. The scientific responsibility rests with the au-
thor. The work of the second author was partially supported by the
scientific research project PB 96-1029 of the Spanish D.G.E.S.

REFERENCES

1. G.A. Baker, Jr. and P.R. Graves-Morris, Padé approximants, vol. 59, Encyclo-
pedia Math. Appl., 2nd ed., Cambridge Univ. Press, 1996.

2. C. Bonan-Hamada, W.B. Jones and O. Njastad, Natural solutions of strong
Stieltjes moment problems derived from PC-fractions, in Orthogonal functions,
moment theory and continued fractions (W.B. Jones and A.S. Ranga, eds.), Lecture
Notes in Pure and Appl. Math., vol. 199, Dekker, New York, 1998, pp. 15-30.

3. A. Bultheel, P. Gonzdlez-Vera, E. Hendriksen and O. Njastad, Orthogonal
rational functions with poles on the unit circle, J. Math. Anal. Appl. 182 (1994),
221-243.

4. ———, Orthogonality and boundary interpolation, in Nonlinear numerical
methods and rational approzimation II (A.M. Cuyt, ed.), Kluwer Acad. Publ.,
Dordrecht, 1994, pp. 37-48.

5. , Recurrence relations for orthogonal functions, in Continued fractions
and orthogonal functions (S.C. Cooper and W.J. Thron, eds.), Lecture Notes in
Pure and Appl. Math., vol. 154, Dekker, New York, 1994, pp. 24-46.

6. , A Favard theorem for rational functions with poles on the unit circle,
Bast J. Approx 3 (1997), 21-37.




626 BULTHEEL, GONZALEZ-VERA, HENDRIKSEN AND NJASTAD

7. , A rational moment problem on the unit circle, Methods Appl. Anal.
4 (3) (1997), 283-310.

8. , Continued fractions and orthogonal rational functions, in Orthogonal
functions, moment theory and continued fractions: Theory and applications (W.B.
Jones and A.S. Ranga, eds.), Lecture Notes in Pure and Appl. Math., vol. 199,
Dekker, New York, 1998, pp. 69-100.

9. , Interpolation of Nevanlinna functions by rationals with poles on the
real line, in Orthgonal functions, moment theory and continued fractions: Theory
and applications (W.B. Jones and A.S. Ranga, eds.), Lecture Notes in Pure and
Appl. Math., vol. 199, Dekker, New York, 1998, pp. 101-110.

10. , Orthogonal rational functions, Cambridge Monographs Appl. Com-
put. Math., vol. 5, Cambridge Univ. Press, Cambridge, 1999.

11. , A rational Stieltjes moment problem, Appl. Math. Comput. 128
(2-3), (2002), 217-235.

12. , Determinacy of a rational moment problem, J. Comput. Appl. Math.
133 (1-2) (2000), 241-252.

13. , Monotonicity of multi-point Padé approrimants, Comm. Anal. The-
ory Continued Fractions 8 (2000), 12-27.

14. M.A. Gallucci and W.B. Jones, Rational approzimations corresponding to
Newton series (Newton-Padé approzimants), J. Approx. Theory 17 (1976), 366—-392.

15. A. Gonchar and G. Lépez, On Markov’s theorem for multipoint Padé ap-
proximants for functions of Stieltjes type, Math. USSR-~Sb. 105 (1978), 512-524.
English transl.: Math. USSR-Sb 34 (1978), 449-459.

16. E. Hendriksen and O. Njastad, A Favard theorem for rational functions, J.
Math. Anal. Appl. 142 (2) (1989), 508-520.

17. , Positive multipoint Padé continued fractions, Proc. Edinburgh Math.
Soc. 32 (1989), 261-269.

18. M.E.H. Ismail and D.R. Masson, Generalized orthogonality and continued
fractions, J. Approx. Theory 83 (1995), 1-40.

19. W.B. Jones, O. Njastad and W.J. Thron, Continued fractions associated with
the trigonometric moment problem and other strong moment problems, Constr.
Approx. 2 (1986), 197-211.

20. , Perron-Carathéodory continued fractions, in Rational approximation
and its applications in mathematics and physics (J. Gilewicz, M. Pindor and W.
Siemaszko, eds.), Lecture Notes in Math., vol. 1237, Springer-Verlag, Berlin, 1987,
pp. 188-206.

21. W.B. Jones and W.J. Thron, Continued fractions. Analytic theory and
applications, Addison-Wesley, Reading, Mass., 1980.

22. L. Lorentzen and H. Waadeland, Continued fractions with applications, Stud.
Comput. Math., vol. 3, North-Holland, Amsterdam, 1992.

23. J.H. McCabe and J.A. Murphy, Continued fractions which correspond to
power series expansions at two points, J. Inst. Math. Appl. 17 (1976), 233-247.

24. O. Njastad, Multipoint Padé approximation and orthogonal rational func-
tions, in Nonlinear numerical methods and rational approzimation (A. Cuyt, ed.),
D. Reidel Publ. Co., Dordrecht, 1988, pp. 259-270.



POSITIVITY OF CONTINUED FRACTIONS 627

DEPARTMENT OF COMPUTER SCIENCE, K.U. LEUVEN, BELGIUM
E-mail address: Adhemar .Bultheel@cs.kuleuven.ac.be

DEPARTMENT OF MATHEMATICAL ANALYSIS, LA LAGUNA UNIVERSITY, TENERIFE,
SPAIN
E-mail address: pglez@ull.es

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AMSTERDAM, THE NETHER-
LANDS
E-mazil address: erik@wins.uva.nl

DEPARTMENT OF MATH. SCI., NORWEGIAN UNIV. OF SCIENCE AND TECHNOLOGY,
TRONDHEIM, NORWAY
E-mail address: njastad@math.ntnu.no



